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Math 109b - Final • Deposit your finished exam into the homework box by 5pm on March 15, 2017 (Wednesday). • You have three hours to finish all five problems. • Write your solutions in a blue book. • Write down the time and date you started the exam and the time and date you finished the exam on the cover of your blue book. • You may refer ONLY to your class notes and homework. • Do not look at the problems or discuss the problems with anybody before taking the exam. Good luck!
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1. (22 points) Let S be the genus 2 surface. (a) (8 points) Compute the Euler characteristic of S. (b) (6 points) Show that every smooth vector field on S must have a singular point. (c) (8 points) Show that for every smooth immersion φ : S → R3 , there is a point p ∈ S where the principal curvatures are of opposite signs. p 2. (16 points) Let T2 := {(x, y, z) ∈ R3 : ( x2 + y 2 − 2)2 + z 2 = 1}, i.e. T2 is the surface obtained by rotation the circle {(x, y, z) : (x2 − 2)2 + z 2 = 1, y = 0} (in the y = 0 plane in R3 ) about the z-axis. Also, let φ = id : T2 → R3 . (a) (8 points) Let γ : [0, 4π] → T2 be the smooth curve given by γ : t 7→ (2 cos 2t , 2 sin 2t , 1). Compute the absolute value of the geodesic curvature of γ at every t ∈ [0, 4π]. (b) (8 points) Find a geodesic of the immersion φ, and show that it is a geodesic. 3. (16 points) Let φ : R2 → R3 be a smooth immersion and let h·, ·i be the induced Riemannian metric on R2 . Suppose that for all (x, y) ∈ R2 ,   ∂ ∂ , = y 2 + 1, ∂x (x,y) ∂x (x,y) (x,y)  ∂ ∂ , = 0, ∂x (x,y) ∂y (x,y) (x,y)   ∂ ex ∂ , = . ∂y (x,y) ∂y (x,y) (x,y) y 2 + 1 



(a) (8 points) Show that K(x, y), the Gaussian curvature of φ at the point (x, y), is negative for all (x, y) ∈ R2 . (b) (8 points) Let p1 and p2 be a pair of distinct points in R2 . Show that all geodesics γ : I → R2 of φ between p1 and p2 have the same image. 4. (30 points) In this problem, S is connected, orientable, and has a smooth immersion S → R3 . In particular, S is equipped with a Riemannian metric and we can define a covariant derivative on S. Are the following statements true or false? If it is true, give a proof. If it is false, give a counter example. (a) (10 points) If p is an isolated singular point of a smooth vector field on S, then its index cannot be zero. (b) (10 points) Let φ1 : S1 → R3 and φ2 : S2 → R3 be two immersions of smooth surfaces. If there is an isometry f : S1 → S2 (Si is equipped with the metric induced by φi ), then for any p ∈ S1 , the mean curvature at p is equal to the mean curvature at f (p). (c) (10 points) Let γ : I → S be a smooth curve and let σ, τ : I → T S given by σ : t 7→ (γ(t), v(t)) and τ : t 7→ (γ(t), w(t)) be unit vector fields along γ so that d dt hv(t), w(t)i = 0. Then σ is parallel along γ if and only if τ is parallel along γ. 5. (16 points) Let γ : [0, 2π] → S2 be the smooth curve given by γ : t 7→ (cos(t), sin(t), 0). 2



(a) (8 points) Find a smooth vector field σ : S2 → T S2 so that • σ has a unique singular point q, • q does not lie in γ(I). (b) (8 points) Let X be a vector field on S2 . Show that there is some t ∈ [0, 2π] so that X(γ(t)) = γ 0 (t).
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