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Abstract We examine the classical problem of the existence of a threshold size for a patch to allow for survival of a given population in the case where the patch is not completely isolated. The surrounding habitat matrix is characterized by a non-zero carrying capacity. We show that a critical patch size cannot be strictly defined in this case. We also obtain the saturation density in such a patch as a function of the size of the patch and the relative carrying capacity of the outer region. We argue that this relative carrying capacity is a measure of the isolation of the patch. Our results are then compared with conclusions drawn from observations of the population dynamics of understorey birds in fragments of the Amazonian forest and shown to qualitatively agree with them, offering an explanation for the importance of dispersal and isolation in these observations. Finally, we show that a generalized critical patch size can be introduced resorting to threshold densities for the observation of a given species. Keywords Population dynamics · Critical patch size · Isolation · Fisher–Kolmogorov equation Mathematics Subject Classification (2000)
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1 Introduction The study of population dynamics in finite spatial domains presents features that would not be present if the domain were to be considered infinite. We refer here, in particular, to the classical results of Skellam [24] and Kierstead and Slobodkin [13], which say that a single species—behaving according to a simple diffusion law plus a linear growth hypothesis (KISS model)—cannot subsist if the domain’s size is smaller than a critical value. That is, a given initial condition consisting of a certain distribution of the population over the domain will asymptotically approach zero if the domain is smaller than the critical value. If a saturation mechanism is also considered, in the case where the population can subsist, the domain will be populated at a certain saturation value, which also depends on the domain’s size. The minimum size appears as an effect of the competition between growth √ and diffusion, and can be inferred from dimensional analysis to be proportional to D/a, where D is the diffusivity and a is the growth rate. In more technical terms, one also needs to impose Dirichlet conditions at the boundary of the domain. If, however, one imposes more general conditions, like the Robin conditions, we still obtain a critical patch size [8,16]. The KISS model is a simple one and does not take into account many issues present in real populations. To cite a few, we could have advection, the population might not be passive, and the underlying stochastics could be more involved than a simple gaussian process (e.g., home-range effects, stratified diffusion). Besides, the species under consideration must be effectively non-interacting with other active species. Nevertheless, the KISS model and its critical patch size are at the heart of many important effects in nature related to populations in bounded and patchy domains. Patchiness in plankton distributions in the oceans, a well documented fact [2], has been claimed to be related to underlying patchiness of the living conditions (nutrients, currents,…) [20], and the critical plankton filament’s width can be inferred from KISS-like models, as in [18], being an instance of the critical patch size phenomenon. Another application is species-area relations, which say that the number of species inhabiting an island depends on its area, making larger islands capable to support more species than smaller ones, if other conditions are similar. It can be deduced from the critical patch size, as in [7], giving an alternative formulation to the biogeographic theory of MacArthur and Wilson [17] and bridging a gap between population and community levels. Refuge design and community ecology incorporate these trends. The existence of a critical domain size can also be studied in a controlled experimental situation using bacteria (Escherichia coli) on a petri dish or a glass channel and irradiating it from the top with intense UV light, except for a region (the so-called mask) where bacteria can live [15,19,22]. Dynamics can be made effectively one-dimensional in space and may be properly modeled by the Fisher–Kolmogorov– Petrovskii–Piskunov (FKPP) equation: ∂ 2 u(x, t) ∂u(x, t) + au(x, t) − bu 2 (x, t), =D ∂t ∂x2



(1)



where D and a have the same meaning as before, u represents the bacteria density and b/a is the inverse of the carrying capacity. This equation has been extensively studied,
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and its applicability to this bacterial system has been discussed [12,22]. Stationary solutions to Eq. (1) have also been obtained in [12] for the specific Dirichlet problem, u(x, ±L/2) = 0, L being the length of the region available for life. These solutions are given in terms of Jacobi elliptic functions. Further, other set-ups have also be studied, involving oscillating masks, both theoretically [3] and experimentally [15]. On an ecological scale, experiments are less precise and have to be carried out over large periods of time, typically of some years and, besides, some lack clear definitions of what is being measured [9], preventing comparison with models. However, recent results [10] have investigated populations of understorey birds in forest patches in Amazonia and plotted the equilibrium population against patch size. In most cases, a 100% population suppression due to space limitations was, however, not found. What was observed is a lowering of the population for smaller patches and a saturation for larger ones. As a matter of fact, strict Dirichlet conditions do not usually occur real systems in population biology. One has, in general, soft boundaries and the “death region” is not totally uninhabited. Although in the laboratory experiments with bacteria UV light intensity can be made as strong as necessary to effectively annihilate life outside the mask region, in ecological problems this is often not so, nor is it in plankton populations. Regions between islands or patches may allow for life (for a controlled observation in an ecological context, see [23]). It is therefore sensible to replace the boundary value problem for Eq. (1) by an initial value problem on , with spatially varying environmental conditions, such that islands or patches are represented by regions favorable to life and the former “death region” is now replaced by a region unfavorable to life. In respect to this, one should mention a large body of mathematical results concerning FKPP-type equations in general domains [4]. Finally, we should also mention that the FKPP model and its variants assume time to be a continuous variable, neglecting generational effects. This can be particularly important in regard to the population dynamics of annual plants, as discussed in [14]. In this paper we will model the unfavorable region as one whose carrying capacity is much lower than the carrying capacity of the favorable region [5,21]. Therefore, in Eq. (1) we will consider a space dependent b. This represents spatial variability of the environmental conditions on sufficiently large scales and is a keystone of landscape ecology. We should note that in [16] a similar problem to the one considered here is treated, but with the unfavorable region being modeled as one where the growth ratio is negative. Contrary to the results that we will present, their case implies the existence of a critical patch size even in the non-isolated case. Our formulation relies on the ratio of carrying capacities as measures of relative habitat favorableness. As we will argue, it can be thought as a measure of isolation, a patch being completely isolated ( for a given species) when no population of that species can exist outside it. This paves the way to the study of the interplay between patch size and isolation in a same model. We will put ourselves in the context of the FKPP equation. For a first approach, we will consider b constant by parts, which will allow us to obtain analytical results. We will proceed by studying the nonlinear problem and by looking for time independent solutions, a procedure that will allow us to obtain an implicit form for the maximum population size. It will turn out that a minimum patch size does no exist and that the equilibrium population does not drop to zero unless the carrying capacity drops to zero



123



524



W. Artiles et al.



in the unfavorable region. We find a dependence of the maximum population density in a patch with the size of this patch that corresponds qualitatively to the findings of [10]. As will be discussed in the final section, a generalized critical length can be defined if we previously introduce a density threshold such that densities below a certain value cannot be detected. The structure of this paper is as follows: in Sect. 2 we will define our problem mathematically and in non-dimensional variables; in Sect. 3 we will give analytical results on the time-independent solutions. In Sect. 4 we will numerically investigate the analytical expressions obtained in the previous section. Finally, Sect. 5 is devoted to final discussions and to the definition of a generalized critical length.



2 Non-dimensional equations In accordance with the above discussion, we will therefore consider the FKPP equation, Eq. (1), with (x, t) ∈ (, + ). Implicitly, we will be dealing with an initial-boundary value problem, and with continuity conditions at the patch interface. In our analytical study, however, we will look for stationary solutions of the problem, avoiding to cope with the full IBVP. Convenient non-dimensional variables can be introduced in a standard way as:   D , x=x a (2) 1 t =t , a implying that:  ∂x = ∂x 



a , D



(3)



∂t = ∂ a. t



This scaling is suited for a situation where environmental variability, which will be embodied in a the carrying capacity, occurs at scales larger then the diffusion scale, and where the small-scale variability can be neglected at expenses of an averaged carrying capacity. The resulting equation, after plugging the scalings into Eq. (1) is: ∂ 2 u(x, t) ∂u(x, t) = + u(x, t) − Cu 2 (x, t), ∂t ∂x2



(4)



where primes were dropped for notational convenience and C = b/a. Spatial heterogeneity is introduced as:  C1 , if | x |< L/2, (5) C(x) = C0 , if | x |> L/2, where√L is the non-dimensional size of the patch, related to its actual size, l, by l = L D/a.
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Fig. 1 The temporal evolution of the maximum of the population density when L > L c . The initial condition is centered at zero



Further, continuity of u(x, t) and its x-derivative will be imposed at x = ±L/2 [6,16]. Our interest relies on the case in which C0 > C1 , so that at patch of size L is surrounded by a less favorable region for the population in question. In [12] the case with C0 → ∞ has been considered, and a stationary solution in terms of Jacobi elliptic functions has been given. In this situation the problem reduces to a boundary value one, given that u(x, t) = 0 for | x |> L/2. The critical patch size in this case is L c = π . This means that an initial condition evolves either to zero, if L < L c , or approaches the elliptic function solution if L > L c . The evolution of the maximum of u(x, t) in time in this second case is plotted in Fig. 1. In the present formulation, the limit C0 → ∞ (zero exterior population density), reduces the problem to the logistic equation with Dirichlet conditions at x = ±L/2, as used by Skellam [24]. Dirichlet boundary conditions are obviously not the most general conditions to impose at a boundary. In the present case they are a consequence of matching the exterior and interior logistic equations through the continuity of u(x, t) and u x (x, t) at x = −L/2 plus the limit of zero carrying capacity. If, on the other hand, we had taken the growth ratio in the exterior region to be zero, matching populations and their fluxes would lead us to a Neumann condition at x = −L/2, thus representing a closed patch [8]. In the present setting, however, with C1 /C0 as the parameter characterizing the habitat differences, a Neumann case is excluded. In a more general formulation, with both carrying capacities and growth rates depending on the patch, one could also produce limits yielding mixed conditions (Robin conditions) of the form αu(x, t) + βu x (x, t) = 0, representing a mixture of absorption and reflection at the boundary.



3 Stationary solutions We now consider Eq. (4) with C(x) given by Eq. (5). Differently from the previous case, we have a penetration in the outside region. It is intuitively clear that in the inner
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region the population should go to a stationary profile, while in the outer region the population should asymptotically go to 1/C0 for large times. Let us redefine the density variable as u=



3 φ , 2 C1



(6)



so that ∂ 2φ ∂φ 3 = + φ − k(x)φ 2 , ∂t ∂x2 2



(7)



and k(x) =



⎧ ⎨



k=



⎩ 1,



C0 , if | x |> L/2, C1 if | x |< L/2.



(8)



The problem for φ(x, t) can be written now as: 3 φt = φx x + φ − kφ 2 , |x| > L/2 outside, 2 3 φt = φx x + φ − φ 2 , x| < L/2 inside. 2



(9)



Defining φ o as the population density in the outer region and φ i as the population density in the inner region, we have the boundary and initial conditions given by:     L L i φ ± ,t = φ ± ,t , 2 2     L L o i φx ± , t = φx ± , t , 2 2 o



φ o (±∞, t) = K ,



(10)



φ(x, 0) = φ0 (x), where K is a constant. Therefore, we have continuity of the population and its flux at the boundaries x = ±L/2. In addition, if φ0 (−x) = φ0 (x), we have a symmetric problem and therefore for all time φ(−x, t) = φ(x, t). The main question to be formulated is: from a given initial population density, under which condition will the inner region be fully populated? This is equivalent to the existence or not of a stationary non-trivial solution φ(x, ·), for which there is a set of solutions φ|ϕ (x, t) of the system (9–10) that converge to φ(x, ·), that is: lim φ|ϕ (x, t) = φ(x, ·).



t→∞
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2 On the other hand, in the outer region, φ(x, t) = 3k is a solution. Therefore, it is 2 natural to take K = 3k . With the symmetry assumption, we thus arrive at the following equations for the stationary solutions:



3 φx x + φ − kφ 2 2 3 φx x + φ − φ 2 2   L o φ − ,· 2   L o φx − , · 2



= 0, x < −L/2,



= 0, 0 > x > −L/2,   L i = φ − ,· , 2   L i = φx − , · , 2 2 φ o (−∞, ·) = . 3k



(11)



where now x < 0. We do not consider the conditions for the positive values of x because φ(x, ·) does not depend on the initial conditions and the symmetry conditions imply φ(−x, ·) = φ(x, ·). We will also omit the o and i when no confusion can arise. Equation (11) has the form φx x = F(φ) and we can separately integrate in each region [11]. We will consider the solution as an implicit equation, that is, x = g(φ). The continuity condition for the population and its first derivative at x = − L2 together with the symmetry condition will then allow us to define a unique solution for φ(x, ·). Our first step is to integrate the differential equation to obtain an expression with four undetermined constants. This can be done multiplying the differential equation by φx /2 and integrating: φx2 + φ 2 − kφ 3 − ao = 0, x < −L/2, (12)



φx2 + φ 2 − φ 3 − ai = 0, 0 > x > −L/2, where a0 and ai are integration constants. Note that for x < −L/2 we have 1 , xφ =  3 kφ − φ 2 + ao



and a similar expression for the outer solution. We chose the sign of the square root so that the problem remains formulated on the negative x-axis. Now we integrate in φ and the solution may be expressed as: dφ  + bo x < −L/2, x(φ) = 3 kφ − φ 2 + ao (13) dφ  x(φ) = + bi 0 > x > −L/2, φ 3 − φ 2 + ai where bo and bi are new integration constants, that together with ao and ai will be determined from the boundary conditions.
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Fig. 2 General aspect of the solution to Eq. (11). The point where we have the maximum population density is called φ ∗ and the point where the population density penetrates in the unfavorable region is called φ +
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The boundary conditions for the inverse problem x(φ) can be better seen in Fig. 2. In the inner region, where |x| ≤ L2 , we have a value φ(0, ·) = φ ∗ for which φx (0, ·) = 0, which is the maximum population density. In addition, there is also a 2 < φ + ≤ φ i ≤ φ ∗ < 23 , value φ + for which φ o (− L2 , ·) = φ i (− L2 , ·) = φ + . Clearly, 3k ∗ where k > 1. At φ , we have: xφ (φ ∗ ) = ∞,



(14)



x(φ ) = 0.



(15)



∗



We can easily check that these conditions are verified by: φ 



x(φ) = φ∗



dϕ ϕ3 − φ∗3



0 > x > −L/2,



− ϕ2 + φ∗2



giving us the inner solution parametrized by φ ∗ . In the outer region, where |x| ≥ L2 , the population density obeys The relevant conditions are;  xφ



2 3k



2 3k



(16)



< φo ≤ φ+.



 = ∞,



(17)



L x(φ + ) = − . 2



(18)



The outer solution, parametrized by φ + , satisfying these conditions can be written as: φ x(φ) = φ+
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Therefore, for each region we have a solution, given by (16) and (19), but yet we do not know the values of φ ∗ and φ + . These are determined from the continuity of the population and its flux at φ(− L2 , ·) = φ + . From the flux continuity at x = − L2 we can express φ + as a function of φ ∗ , φ + − φ + − φ ∗ 3 + φ ∗ 2 = kφ + − φ + + 3



2



3



2



4 27k 2



or  +



φ =



φ∗2 − φ∗3 − k−1



4 −2 27 k



1 3



= f (φ ∗ ).



(20)



From the continuity of the population density and (20) we will have: f (φ ∗ )



 φ∗



dϕ ϕ3



− ϕ2



− φ∗3



+ φ∗2



L =− . 2



(21)



This condition determines the value of φ ∗ and makes the problem completely determined, with unique solution. Let now P[φ] be a primitive of the integral in Eq. (21). Then G(φ ∗ , L) = P[ f (φ ∗ )] − P[φ ∗ ] +



L ≡ 0. 2



(22)



This expression gives us a relation between the maximum amplitude of the population density, φ ∗ , and L. As the above function is not given in terms of elementary functions, from this point on we ought to proceed numerically. 4 Numerical results and the critical patch size Instead of looking at the solution to Eq. (7), we will examine the relation between the maximum population and the patch size. We have plotted φ ∗ in terms of L by numerically solving Eq. (22), for several values of k. These plots are given in Fig. 3. As compared with the situation previously studied, where k = ∞, we do not have anymore a sharp value of L such that there is no possible life in the inner region. Instead, what can be seen in Fig. 3 is a singular kind of behavior for large k of the “boundary layer” type. For intermediate values of k the behavior is such that no strict critical behavior appears and the favorable region can be considerably populated for values of L smaller than π . The intersection of the curves with the φ ∗ -axis can be shown to be at φ ∗ = 2/3k. It is also instructive to plot φ ∗ as a function of k for several values of L, as in Fig. 4. The curve L = π separates two regions. For L < π , φ ∗ goes asymptotically to zero as k increases. For L > π , φ ∗ goes asymptotically to a constant. In this plot, the effect of a softer isolation is clearly seen.
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Fig. 3 Maximum population density as a function of L, for several values of k
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Fig. 4 The maximum population density as a function of k for several values of L



5 Measuring isolation Before proceeding to further discussions, let us make a clearer sense of the interpretation of the constant k as describing isolation. The word isolation is sometimes used rather loosely, at the same time denoting the distance from favorable habitat as well as the difficulty to reach it. Above, the constant k is a relative measure of the harshness of the outer region. The larger k, the smaller the density of the outer population. In this respect it measures how closed the inner region is. A best insight of its significance can be grasped by the following argument. Consider a population evolving on a more complex matrix, described by the following equations: ψx x + ψ − ψ 2 = 0, if |x| 
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L , 2



ψx x + ψ − k(x)ψ 2 = 0, if |x| >



(24)



where k(x) is function describing the more complex matrix in the outside region, which might encompass regions both of harsher and of more favorable patches. In principle, this describes a more realistic situation. Compared with Eq. (9), we have the same patch (the inner region) but with different outer regions. This problem, with a symmetric k(x) and with continuity of ψ and ψx at − L2 has a unique solution. Now, for any problem defined by (23) and (24) there exists a k such that Eq. (9) has the same solution as Eqs. (23,24) in the inner region|x| < L/2. This follows directly from the uniqueness of the solutions. Consider for instance Eqs. (23,24). The inner solution ψ i (x) is uniquely determined by: ψxi (0)



= 0 and



ψxi



  L − = F. 2



(25)



The outer solution ψ o (x) is in turn fixed by:   L = F. ψxo (−∞) = 0 and ψxo − 2



(26)



Imposing that continuity of the solutions at x = − L2 implies that:     L L o =ψ − ≡ G(F), ψ − 2 2 i



(27)



which is an equation that determines F and consequently G. Now consider Eq. (9). Let us impose that its inner solution φ i (x) be the same as i ψ (x). To ensure this, it is sufficient that: φ i (−L/2) = G(F); φxi (−L/2) = F



(28)



The outer solution of Eq. (9), in turn, with conditions φxo (∞) = 0 and φ o (−L/2) = G is: φ



o



x(φ o ) = G(F)



dϕ 



kϕ 3 − ϕ 2 +



4 27k 2



−



L . 2



(29)



For a given k this is the solution. However, by continuity, we must also have φxo (−L/2) = F, which is can only be satisfied for a precise value of k. Therefore, this last condition determines k in such a way that the more complex problem has the same inner solution as the simpler problem. The result above shows that our interpretation of k as a measure of isolation goes beyond the simple habitat matrix implied by our mathematical setting. In short, we
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can say that k is an effective measure of the effects of the outer region on the inner one. 6 Discussion We shall now draw conclusions from the mathematical results above, putting them in appropriate biological context. √ First of all, one should note that different species have different inherent length scales D/a, as both D and a are species-specific. Therefore the size of a certain patch is seen differently by different species. The same happens to the isolation parameter k, which depends on how a given species interacts with the surroundings and with distant patches. Second, in order to make sense of φ ∗ , define the total population in a given patch as: l P=



u(x)d x, 0



√ where l is the patch size, l = L D/a. Then, 



L P=







φ(x ) 0



D 3 dx = a 2C1



L



 



φ(x ) 0



D 3a d x ≈ Lφ ∗ a 2b1 



3a 2b1







   la D 3 , = φ∗ a 2 b1



where b1 is the value of b in the inner region. Therefore, φ ∗ is proportional to the fraction of the population inhabiting the favorable patch as compared with a situation where b = b1 everywhere. Consider now the issue of the influence of the patch size and of the isolation in the study of species abundance in a region undergoing fragmentation, as is the case, for example, of areas in the Brazilian Amazon forest. In recent work [10,26], understorey bird species have been object of study at the patch level under controlled monitoring, in the context of the BDFFP project. Maximum occupancy has been plotted against patch size for a number of species [10]. The curves obtained show the typical features of Fig. 3, where a smooth transition from small to high occupancy rates appears as the area is increased, without however showing a critical value of the patch size. This suggests that these species do not see the region surrounding the patch as being completely improper to life, generating an effect of reduction of effective isolation. Moreover, species have been classified according to their dispersal ability, whose influence on the equilibrium population have been discussed. From [10,26] three important conclusions can be drawn: 1. There is a clear correlation between habitat size and saturation density, which is higher for larger patches. 2. Species with higher dispersal ability are more prone to local extinction, having smaller saturation densities.
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3. Isolation may or not have an effect on the equilibrium population, being more pronounced for good dispersers. All of the above can be explained by our simple model. The first item is directly related to the plot in Fig. 3 where the maximum of the population density always increases with the patch linear dimension. With respect to the second item above, √ we must note that for a fixed patch of size l, the non-dimensional length L = l a/D is smaller for good dispersers, which see space smaller. Therefore, good dispersers fall to the left side of the plot in Fig. 3, and have, consequently, smaller saturation densities than bad dispersers under the same situation. As for the last of the above conclusions, about the influence of isolation, it can be understood by the same token: for a fixed patch of size l, L is a measure of the inverse of dispersal ability. From Fig. 4 we see that the slope of φ ∗ with k is much larger for small L, that is for good dispersers. Therefore the saturation density is much more sensitive to changes in the isolation parameter for good dispersers. Equivalently, in Fig. 3, the right side of the plot, corresponding to larger values of L shows almost no dependence on k. Bad dispersers do not react to isolation. These results are obviously not meant to be a complete theoretical discussion of the trends observed in the BDFFP experiments, as the factors determining the actual dynamics may be complex and eventually cannot be described by a simple single-species model. Nevertheless, a good number of the bird species studied in [10] seems to obey patch-occupancy laws whose general traits may be described by the simple mathematical model presented here. Finally, we should mention that a generalization of the concept of critical length may be defined in ecological applications after the introduction of a threshold density [1,25] below which the observation of the species is not possible. Obviously this is a species and observation method dependent value. Let us denote by Φ this threshold value. On the φ ∗ -L plane (Fig. 3) consider the intersection of a given k-constant curve with φ ∗ = Φ and let us call the corresponding patch size L c . Obviously, if L < L c then observations will not detect the presence of the species. Thus L c is a generalized critical length. Moreover, constant k curves intersect the φ ∗ -axis at φ ∗ = 2/3k and therefore if Φ < 2/3k, no intersection occurs, and in this case L c is not strictly defined or, equivalently, we may define L c ≡ 0 in this case. Clearly L c depends on k and we plot this dependence in Fig. 5. From a theoretical perspective about the threshold size of a patch to allow for survival of a population, we can reach the following conclusions: 1. Non-isolated patches do not display a critical behavior in the strict sense. For any value of L there can be a population in the favorable region. 2. A generalized critical patch size can be defined resorting to the existence of a threshold density below which observations of the species in question is not effectively possible. 3. The variation of L c with k is strong for small k and approaches a saturation value for large k. Therefore, changes in the isolation parameter are not so important for large k. In other words, in patches already strongly isolated, the patch size is the defining parameter for the population occupancy. 4. The non-existence of a strict critical patch size comes from the fact that the population can persist at lower densities in the exterior region due to the combination
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Fig. 5 Generalized critical patch size (L c ) as a function of k. In a we show a wide range of k and in b we zoom the origin. The numbering of the curves corresponds to the threshold density value Φ



of a positive growth rate with a small carrying capacity. This is in contrast to the model given by [16] where the outer region is modeled by a negative growth rate, and therefore would not be able to sustain a stationary population per se. In brief, we have examined the FKPP equation in a simple 1-dimensional geometry admitting a space dependent carrying capacity, constant by parts, modeling a region proper to life surrounded by a region improper to life. The degree of isolation of the region is connected to the relative value of the carrying capacities. We looked for stationary solutions of the nonlinear problem, obtained in implicit form. Further, we have examined the dependence of the maximum value of the population density on both patch size and relative carrying capacity. Next, we give interpreted the relative carrying capacity as a measure of isolation, and we have shown that predictions of our model are in agreement with recent observations of population dynamics of understorey birds in fragments of the Amazonian forest. Finally, by introducing a threshold density, we have defined a generalization of the critical patch size and we studied the dependence of this critical size on the surrounding carrying capacity. Acknowledgments The authors express their gratitude to Prof. Kenkre (University of New Mexico) for useful discussions and support. PGSC thanks CAPES/Brazil for financial support. W.A. thanks FAPESP for financial support and R.A.K thanks CNPq for partial support.
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