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Mathematical Models of tumor growth Paolo Crosetto, Matteo Icardi and Marco Scianna Politecnico di Torino Course of Mechanics of Porous Media July 24, 2007 Abstract In this paper we present some mathematical models of normal and abnormal tissue growth. In the first section there is an introduction to the problem that gives an overview of the situation being modeled. The second section deals with a detailed phenomenological description from a biological point of view. In the third and the fourth one we have respectively analyzed the mathematical models of Chaplain et al and of Preziosi-Tosin. In Section 5 we presented and simulated some models obtained from a synthesis of these papers. Finally in the last section we report some final remarks and considerations about our work.
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Introduction



Over the last few years there has been a lot of attention paid to modeling avascular tumor growth and tumor invasion of host tissue. We can start from the observation that tumor cells become insensitive to anti-growth signals and evade apoptosis. Having lost their internal programme-for-dell-death, they acquire a limitless replicative potential, grow rapidly and invade the surrounding tissue. Attention is then focused on how the nutrient (oxygen, for example) diffusing through the tumor boundary affects the growth of the tumor, with the formation of a necrotic core, of an intermediate layer of quiescent cells and an outer rim of proliferating cells. Most mathematical models underline the existence of a limiting radius that is well-known from experiments. An interesting point of view is to examine certain important biomechanical factors and to focus on the role of how a cell senses the presence of the other cells and its own compressure state , how this affects its proliferative ability and how an imperfect perception may cause hyperplasia (which may be considered the first stage of tumor genesis). In our models we neglect the effects of external nutrients and other chemical/growth factors and choose to focus only on biochemical effects. Recently the effect of stress on the process of mitosis and apoptosis of tumor cells has been studied and the concepts of multiple natural configuration and of accretive forces have been introduced to model tissue (which appears in the case of large deformation). So the simultaneous presence of growth and deformation make it impossible to use standard continuum mechanics. An underestimation of the compressure state of the local tissue and then of the subsequent stress which is exerted on a cell, can generate by itself a clonal advantage on the surrounding cells leading to the replacement and the invasion of the healthy tissue. In addition to biomechanical effects, the model deals with the effect of the production of ECM and of matrix degrading enzymes (MDEs). On one hand cells produce ECM to let adhesion, spreading and motility grow, on the other ECM itself may be a barrier to normal cell movement. MDEs are produced in many stages of tumor growth and they interact with inhibitors, grot factors and tumor cells and they can degrade the ECM. So, in this type of model, the start is the assumption that when cells are in a crowded environment they are affected by the presence of other cells and their behavior depends on their interaction with the pressure and this has some consequences on mitosis and on the production of ECM and MDEs. The first step is to observe that cells replicate if they sense there is enough space (if they sense that there is a sufficient number of cells around them, they may alter their activity and enter a quiescent state ready to re-activate their replication programme if some of those cells die). Then it is useful to underline that cells constantly produce ECM and matrix degrading enzymes and that they move toward regions with lower stress. Even if cellular mechanotrasduction is not the only cause of formation of hyperplasia and tumors and that chemical factors will operate to regulate the reproduction rates, it is important to fucus on the role of cell contact and compressure so that the only thing that changes a normal cell into an abnormal cell is how it senses and responds to the stress exerted on it. In fact if a cell does not sense stress correctly, it continues to replicate even if there are already other cells around it and the space is insufficient (and this is the first stage to 2
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PHENOMENOLOGICAL DESCRIPTION



hyperplasia and tumors in tissue). The stress acting on the cell and its influence on the evolution of the cell population bring mostly three consequences: cell replication, the production of ECM and the release of MDEs. Another point of view is to take into account the different constituents present in a tumor. In fact it became evident that models of avascular tumor growth working under the hypotheses that the tumor in made by only one type of cells (having a constant density) were insufficient, so the theory of mixtures was proposed (multiphase models). This approach let us evaluate the stresses and describe the density variation within the tumor and the host tissue and to analyze the mechanical interaction among the different constituents ( cells and ECM, for example, whose behaviors are studied in detail from the attachment detachment process). So this model deals with tumor growth, ECM remodeling and mechanical interaction with the host tissue (in particular with forces between cells and ECM). By experiments it is point out (using a macroscopic scale) that if the pressure acting on the cell is not strong enough, then the cell moves together with the ECM. They can deform but the adhesion sites are not broken. If an ensemble of cells is subject to a high tension of shear, some bonds break and other form. In particular this occurs in the case of duplicating cell need to displace its neighbors to make room for its sister cells. Soft tissues are mainly made of ECM and cells. The former can be modeled as a network of fibrous material, the latter as an ensemble of sticky and highly deformable baloons living in it. So we can deal with a mixture of constituents made of tumor and host cells, within a porous structure (ECM), which is wet by a physiological extracellular fluid. The link between the two points of view consists in the inclusion of the dependence of the cell proliferation rate on cellular stress. Many other applications of multiphase models have been proposed, some of them also including the effect of the mechanical interactions with the surrounding tissues.
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Phenomenological Description



Let us start our dissertation with the first type of model presented in the introduction (to start with the most simply case). The rate of proliferation of most cells decreases when they came in contact and this phenomenon is called contact inhibition of growth. As we see later after an initial exponential growth cell density saturates. In Figure 1 is reposted, as an example the case of human breast cells, which is taken by experimental results by Tsukatani. The starters of the phenomenon are the cadherins, the transmembrane receptors involved in homophilic cell-cell interactions, because of their crucial role in cell-cell adhesion and mechanotrasduction. The link between overexpressure of cadherins and growth inhibition is a characteristic shared by all types of cadherins. Some experiments show that the interaction of cells with synthetic beads coated with N-cadherin ligands spread over the substratum on which the cells live leads to growth arrest at the G1 phase of the cell-cycle.
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Figure 1: Growth of human breast epithelial cells



Figure 2: The way in which a cell attaches to a substrate
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Figure 3: The process involved in the attachment of a cell on the ECM Others point out that coating underlying substratum with the extracellular domain of recombinant VE-cadherin suppresses cell proliferation. It is also found that a prolonged expressure of E-cadherin may cause apoptosis and that the disruption of the intercellular cadherin junctions triggers the production of growth factors which contribute to induce proliferation. By this mechanism the loss of contact responsiveness can lead to deregulated growth, a phenomenon associated with the formation of hyperplasia and malignant transformation. This misperception of the presence of neighbouring cells can be considered fundamental in the development of tumors (”cadherin switch ”) as the ”angiogetic switch” for vascularization of tumors. Cadherins represent the visible side of the process because of their transmembrane location but they are helped in their role by catenins, the proteins cadherin link to for a functional cell adhesion. It was found that when epithelial cells are grown in vitro at low densities, there is an increased β- catenin activity which reduces at higher confluency. In physiological conditions upon reaching confluency the expressed cadherins sequester catenins downregulating their activity, so that as a final result cell adhesion negatively affects cell proliferation. Conversely, upregulation of catenins is known to induce cell proliferation by a cascade of events. The mechanism of contact inhibition of growth seems to be the following: • the under-expressure of catenins, which can be due to cell contact and over-expressure of cadherins, determines the accumulation of the cyclindependent kinase (cdk) inhibitors p16, p21 and p27; • p16 blocks the activity of cdk4 by associating cyclin D from cdk4 and binding to ck4; • p27 inhibits cdk2-cyclin E by binding to the complex; • conversely, up-regulating of catenins leads to the expressure of cyclin dependent kinase and then to DNA replication and mitosis. • in contact inhibited cells the relative levels of hypophosphorilated retinoblastoma (pRB) increases.
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Figure 4: Protein cascade involved in contact inhibition of growth Catenon is an important crossing of several cascades leading to contact inhibition of growth, α and β- catenins bind to the tumor suppressor gene product adenomatous polyposis (APC) and APC mutations in the region responsable for binding catenins are associated with the development of hyperplasia. The growth suppressive-effect of E-cadherin requires the presence of its cytoplasmatic β-catenin interaction domain, catenin over-expresison is related to Wnt signaling and catenin transcriptional activity is implicated in inducing hyper-proliferation in various tumor. A decreased cadherin/catenin association contributes to neoplastic formation. In our model we focus our attention in the case that something was wrong in the cascade of events described above generating an imperfect mechanotransduciton relative to the compressed state of a cell and therefore an abnormal duplicaton of cells. Growing tissues are not in a stress-free configuration, in fact cells prefer to feel a moderate amount of stress. A residual stress is present in many cases and may related to differential growth (there is the possibility of duplication at moderate levels of compressure). ECM is composed by many constituents produced by a variety of stromal cells, mainly fibroblast. In order to simplify the dissertation we initially won’t distinguish among the different types of cells in the tissue (see the other model presented in the introduction), but only between normal and abnormal cell populations and stoma. So we can say that the cell population produces ECM. The percentage of cells and ECM changes considerably from tissue to tissue, in vitro endogenous proteins such as fibronectin and von Willebrand factor are released by endothelial cells so that a complex matrix is organized in few hours after seeding. The ECM is continuously renewed and remodeled through both the production of matrix metallo-proteinases (MMP) and the synthesis of new ECM components. In stationary physiological conditions the remodeling of ECM is much slower than when a new tissue has to be produced. This process is affected by the stresses and strains the tissue is subject to. Experiments to quantify the production of ECM mainly under cyclic stretch 6
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Figure 5: Fibres of ECM conditions have been performed : increased production of ECM, growth factor production and collagenase activity was also generated by mechanically stimulating cardiac fibroblast. It has been studied the differences between the chemical and morphological characteristics of the ECM of normal tissue and that of tumors (for example variations in the contents of type I collagen, fibronectin and laminin). Increased expressure of fibronectin not balanced by increased collagenase activity was also observed. In same case of hyperplasia both the amount of cells and of ECM increase. The alteration in the ECM components can be due to several probably concurring reasons: • increased de novo synthesis of ECM proteins; • decreased activity of its degrading enzyme (MMP); • upregulation of the tissue-specific inhibitors of metalloproteinase (TIMP). The composition of ECM also changes with tumor progression and is so important in determining cell growth, differentiation and movement.
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Chaplain Model



The first model we present is taken from Chaplain ([2]). This model is based on the hypothesis that: • cells replicate if they sense there is a sufficient space; • if not, they enter a quiescent state ready to reactivate if and only if a neighboring cell dies; • cells constantly produce ECM and MDE; • cells moves preferentially toward regions with lower stress.
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CHAPLAIN MODEL



Figure 6: Biochemical signal by the ECM to the cell In constructing the model we refer to the volume ratio related to both normal and abnormal cells and extracellular matrix, the fraction of volume occupied by the single constituents. The term ”abnormal cells” is used to denote in general those cells which respond in a physiologically different way to compressure and might give rise to a tumor at some later stage in their evolution, so abnormal ECM will be that produced by such abnormal cells.



3.1



Equations



• φh is the volume ratio occupied by normal cells; • φt is the volume ratio occupied by tumor cells; • ϕh is the volume ratio occupied by host ECM; • ϕt is the volume ratio occupied by ECM produced by tumor cells, which is known to be structurally and chemically different from that produced by normal cells. These state variables are then already dimensionless and are in the range [0, 1]. Their values depend on the tissue considered. In addition to the volume ratios above, another fundamental state variable is • c, the concentration of matrix degrading enzymes (MDEs), for example plasminogen activators or matrix metalloproteinases. On the contrary of cells and ECM , MDEs are considered as macromolecules which diffuse in the extracellular liquid without occupying space. 8
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CHAPLAIN MODEL



We now define the overall volume ratio occupied by cells and ECM: φ = φh + φt + ϕh + ϕt



(1)



It is assumed for simplicity that all cells and matrix constituents of any origin contribute equally to the sensing of stress by the cells. Another important role is played by the relation between the overall volume ratio and the stress. The simplest features characterizing stress are that it vanishes below a value ψ0 (the stress-free volume ratio , corresponding to the confluent volume ratio), is increasing for φ > φ0 and tends to infinity at φ = 1:   φ − φ0 (2) Σ(φ) = E(1 − φ0 ) 1−φ + where f+ is the positive part of f and E is the value of the derivative in φ = φ0 , a sort of Young modulus for moderate compressures. Since φ ≈ φ0 we can approximate the above relation with : Σ(φ) = E(φ − φ0 )+



(3)



This constitutive relation is not able to describe the response to tensile stresses and adhesion-like behaviors. The mass balance equations for the two types of cells in our model are: ∂φh + ∇(φh vφh ) = Γφh φh − δφh φh ∂t



(4)



∂φt + ∇(φt vφt ) = Γφt φt − δφt φt (5) ∂t where the death coefficient are considered constant, though apoptosis may be influenced by the stress level. As we said in the introduction, cells replicate if they feel there is a sufficient space, so if there is a sustainable level of compressure (φ ≤ φ˜h ), or equivalently ˜ h , with Σh = Σ(φ˜h )). stress (Σ ≤ Σ The value φ˜h is supposed to be nearly equal to the stress-free value φ0 for normal cells and larger for abnormal ones (φ˜t > φ˜h ).If the growth is independent of φ (φ˜t ≥ 1), the cells are completely insensitive to mechanical cues and continue replicating independently of the compressure level. One possible mechanism depending on compressure for the growth coefficient is: Γh (φ) = γh Hσ (φ − φ˜h ) Γt (φ) = γt Hσ (φ − φ˜t ) where Hσ is a monotonic mollifier of the step function with the properties that it is a continuous function with Hσ (φ) = 1 if φ ≤ 0 and Hσ (φ) = 0 if φ 6= σ. In particular:  φ≤0  1 0 φ>σ Hσ (φ) = (6)  1 − φσ otherwise 9
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For φ˜h > φ0 , Hσ can be defined as a switch mechanism based on the stress level using the correspondence between compressure and stress). The growth term may depend also on other quantities, for example the amount of nutrient and growth factors, but we focus on the case of all nutrients are abundantly supplied and neglect the effect of factors. So we assume that all the constituents necessary for the cell to grow and undergo mitosis can be found in the extracellular liquid that is a passive constituent in the global mass balance equation. The case of γh = γt means that the reproduction rate is the same and only the stress perception is different φ˜h < φ˜t . Regarding the motion of normal cells, observing that they move in the intricate network formed by the ECM, the ensemble of cells may be modeled as a granular material in a porous medium. So the momentum equation for cells may be written as:   ∂vh + vh ∇vh = ∇Th + mh (7) ρφh ∂t which neglecting inertia and introducing the usual porous media assumptions on the stress tensor Th and on the interaction forces mh leads to : vh = −K∇Σ(φ)



(8)



where K is related to the permeability of the medium and also to the ability of cells to move through the ECM network. In fact it will depend on the amount of ECM for two main reasons: • space occupation • presence of adhesion sites. Increased motility is observed for regions with higher concentration of ECM, but it decreases again for large values of ECM concentration because of the increase of adhesive sites. This closure means that cells move away from the overcrowded region where they feel pressed, until they reach a stress-free configuration ( the motion is down the stress gradient, or the overall density gradient). We now assume that normal and abnormal cells behave in the same way under compressure: v ≡ vt = vh = −KΣ′ (φ)∇(φ)



(9)



so that the previous equation rewrites as: ∂φh = ∇(φh KΣ′ (φ)∇(φ)) + [γh Hσ (φ − φ˜h ) − δh ]φh ∂t



(10)



∂φt = ∇(φt KΣ′ (φ)∇(φ)) + [γt Hσ (φ − φ˜t ) − δt ]φt (11) ∂t ECM is a intricate network of fibrous material made of many macromolecules, including fibronectin, laminin and collagen, and it can be degraded by MDEs. MDEs are produced (or activated) by the cells, diffuse throughout the tissue
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Cell Type CHO CHO L929 FIBROBLAST HBE BPAEC



Duplication Time (hours) 18-19 14-21 10-12 16.2 22.3 38-44



CHAPLAIN MODEL



Growth rate (days−1 ) 0.86-0.91 0.8-1.2 1.4-1.6 1.03 1.75 0.38-0.44



Figure 7: Duplication time and growth rate of some important type of cells. and undergo some form of decay (passive or active). The governing equation for the evolution of MDE concentration is given by: ∂c = k∇2 c + P (φh , φt , c, Σ) − D(c, φh , φt )c (12) ∂t Functions P and D model the production of active MDEs by normal and abnormal cells and they decay, respectively. We suppose D = τ1 constant and P = πh (Σ)φh + πt (Σ)φt . But πh and πh may be constant. Upon contact, MDEs degrade the ECM produced by the cells in a stressdependent way. The degradation process can be modeled by: ∂ϕh = µh (Σ)φh − νcϕh ∂t



(13)



∂ϕt = µt (Σ)φt − νcϕt (14) ∂t where ν is a positive constant and µn and µa depend on whether the cells are in a confluent situation or not, or on the fact that the tissue is subject to strain (but we may take them as constants). We have distinguished the production of ECM by normal and abnormal cells because they are morphologically and chemically different. The production rates can be different, while it is known that degradation by MDEs does not distinguish between two types of ECM. Summarizing the system of equation is:                           



= ∇[φh KΣ′ (φ)∇φ] + γh Hσ (φ − φ˜h )φh − δh φh



∂φh ∂t ∂φt ∂t



= ∇[φt KΣ′ (φ)∇φ] + γt Hσ (φ − φt )φt − δt φ˜t ∂ϕh ∂t ∂ϕt ∂t



∂c ∂t



(15)



= µh (Σ(φ))φh − νcϕh = µt (Σ(φ))φt − νcϕt



= k∇2 c + πh (Σ(φ))φh + πt (Σ(φ))φt −



c τ



where Hσ and Σ are defined by the constitutive laws written above and φ = φh + φt + ϕh + ϕt is the percentage of volume not occupied by the extracellular liquid.
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Figure 8: AFM



4



Multiphase model



As we have seen in the introduction, the other point of view require the theory of porous media and mixtures. This second model is taken from PreziosiTosin ([1])



4.1



Experiments



Since we want to describe the multiphase modeling framework taking into account of tumor growth, ECM remodeling and mechanical interaction with the host tissue we have to focus on the forces between cells and ECM. To do this we used some results by experimental evidences presented in Baumgartner, where the attachment/detachment process occurring between cells and ECM is studied. The test considered is done with an AFM (atomic force microscopy). The test consist in gluing a functionalized microsphere at the tip of the AFM cantilever and in putting this microsphere in contact with the cell and allowing enough time to attach well. Then the cantilever is pulled away at a constant speed (in the range of 0.2 − 4µ m / sec ). Adhesion gives rise to the measurement of a stretching force and a characteristic jump indicating the rupture of an adhesive bond. Since a sphere binds to many reports, it is common to experience multiple unbinding events occurring at different instants during the single experiments. It has been found that the adhesive strength of a single bond is in the range of 35− 55 pN and, because of the density of VE-cadherin on a cell surface is about 400 − 800 molecules / µm2 of the surface, the resistance to pulling is of the order of 0.1 kPa.



4.2



Equations



According with the second point of view soft tissue are made of several cells populations living within a porous structure. the ECM, which is wet by a
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4 MULTIPHASE MODEL



Figure 9: The use of the AFM physiological extracellular fluid. In principle, such a phisical system is a mixture of many different interacting components whose main features are: • there are two cells populations (like in the other model) : tumor cells (φt ) and normal cells (φh ). both are in the interval [0.1]; • the ECM is considered as a whole without distinguishing is components (collagen, elastin, fibronectin ...) We denote by φm ∈ [0, 1] the ECM volume ratio; • we assume that the extracellular fluid (φl ) fills all interstices of the mixtures, so that no empty space is left within the latter (assumption of saturated mixture). Let us introduce the index set C = {t, h, m, l} to identify the components of the mixture; if α ,β ∈ C the notation Cα,β denotes the index sets C \ {α, β}. The ”saturated mixture” assumption implies that X φα = 1 (16) α∈C



and, for each of the above state variables there is a mass balance equation of the form written in the previous section.   ∂φα ρα + ∇(φα vα ) = ρα Γα (17) ∂t where ρα is the density of the single component, vα his velocity and Γα ∈ R are the source sink term.
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The equation above obviously means that the volume ratio of a single component may change because it may flow (the gradient term) or because it may source or sink, it may also be re-written as ∂φα + ∇(φα vα ) = Γα ∂t



(18)



This equation implicitly assumes that all constituents of the mixture have the same (constant) mass density ρ, which equals of the physiological fluid. Summing over α and taking into account the assumption yields: ! X X ∇ φα vα = Γα (19) α∈C



α∈C



if in addition the mixture is closed, so that mass exchanges occur only among its constituents, then X Γα = 0 (20) α∈C



and the above equation rewrites as ∇



X



φα vα



α∈C



!



=0



(21)



These two equations are differential versions of the algebraic saturation constraint. Now we may define the composite velocity vc of the mixtures as the weighted average of the velocities of the constituents: X vc = φα vα (22) α∈C



so that for a closed mixture we have:



∇vc = 0 This result can be regarded as the counterpart of the incompressibility constraint for a classical continuum. It is useful to notice that even if we have assume that the density for each constituent is constant, we are not allowed to conclude o the solenoidality of any vα . Obviously if external mass sources/sinks are introduced the assumption made for closed mixtures doesn’t yield and also the solenoidality of the composite velocity is lost. In multiphase models velocity fields are determined by taking into account the mechanical response of the constituents to the mutual interactions. In describing growth phenomena the inertial effects are negligible and the corresponding terms can be dropped in the momentum equations   ∂vα eα + m e α + ρα φα bα ρα φα + vα · ∇vα = ∇T (23) ∂t that can be re-written as:



−∇(φα Tα ) + φα ∇p = mα where 14



(24)
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• p ∈ R is introduced as a Lagrange multiplier due to the saturation constraint and it can be seen as the interstitial pressure of the extracellular fluid; • Tα ∈ R3×3 is the excess stress tensor of the constituent α ,accounting for the characteristic internal stress of the latter; • mα ∈ R3 is the resultant of the forces acting on the constituent α due to the interactions with the other components of the mixture. In particular we have that: e h = −φh pI + Th • T e t = −φt pI + Tt • T



e m = −φm pI + Tm • T e l = −φl pI + Tl • T



e h = p∇φh + mh • m e t = p∇φt + mt • m



e m = p∇φm + mm • m e l = p∇φl + ml • m



In the theory of deformable porous media the excess tensor Tl can be neglected to obtain Darcy-like laws. The interstitial pressure p represents the overall internal stress of the liquid phase, and the corresponding momentum equation for the extracellular fluid becomes φl ∇p = ml (25) The interaction forces mα can be written as X mα = mαβ



(26)



β∈Cα



where mαβ represents the external force exerted on the constituent α by the constituent β with the two constituents not equal each other. In the mixture theory the sum of every mα is equal to the global momentum transfer due to the mass exchanges produced by phase transitions among the components. In the biological phenomena this momentum is very small compared with the magnitude of the interaction forces, so we can write that the above sum is zero and we can consider the action - reaction principle (mαβ = −mβα ). Let us consider the interaction between the extracellular fluid and the other components of the mixture: Darcy law is written by taking mlβ proportional to the relative velocity between the fluid and the constituent β via a positive definite matrix Mlβ ∈ R3×3 : mlβ = Mlβ (vβ − vl ) Mlβ depends in a non linear way on the volume ratios φl , φβ . 15



(27)
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By writing ml =



X



Mlβ (vβ − vl ) =



β∈Cl



where Ml =



P



β∈Cl



X



Mlβ vβ − Ml vl



(28)



β∈Cl



Mlβ we obtain the generalized Darcy law : X



Mlβ (vβ − vl ) = φl ∇p



β∈Cl



relating to the relative motion of the fluid within the mixture to the local pressure gradient. Since each Mlβ , β ∈ Cl , is positive definite, so is also Ml , and therefore invertible. So we obtain   X  vl = M−1 Mlβ vβ − φl ∇p (29) l β∈Cl



P



Since φl = 1 − β∈Cl φβ , we can represent the velocity of the extracellular fluid in terms of the volume ratios and velocities of the remaining components of the mixture, along with the interstitial pressure p. By easy algebraic passages we obtain   X X  − ∇ · φ2l M−1 p = ∇ (φl M−1 Γβ (30) l ∇˜ l Mlβ + φβ I)vβ β∈Cl



β∈Cl



where I is the identical matrix. If the mixture is closed the second side of the above equation drops and one simply obtains an equation for p, formally independent of any unknown quantity linked to the extracellular fluid (see next section). Since cellular mechanical properties are virtually not influenced by the progression state, all cells respond at the same way to the compressure of the other surrounding cells, independently of the specific population they belong to. From the mechanical point of view this corresponds to regarding tumor and host cells as a unique population with the same excess stress tensor, denoted by Tφ : Tφ := Tt = Th



then tumor cells press host cells with a stress proportional to ∇(φt Tφ ), and at the same time are pressed by the latter with a stress proportional to ∇(φh Tφ ) . For an integral balance law, these contributions have to be multiplied by the volume ratio of the population they act upon, with the reference to the overall cellular component of the mixture. Defining: φ := φt + φh the interaction force mth is equal to: mth =



φt φh ∇(φh Tφ ) − ∇(φt Tφ ) φ φ



(31)



and the momentum equations for the cell populations is −



φα ∇(φTφ ) + φα ∇p = mαm − Mlα (vα − vl ) φ 16



(32)



4.2 Equations



4 MULTIPHASE MODEL



with α = t, h. The interaction forces mαm depend on the volume ratio of both the ECM constituents and the cells, and consequently on the portion of free space φl filled by the extracellular fluid. So they become very large when φl → 0 due to the lack of available space. There is an optimal concentration of ECM for the cell motility, which then decreases as the ECM content gets both smaller (because of the lack of substrate to move on) and larger (because of the increased number of adhesive links). This assumption can be modeled by saying that mαm (with α ∈ Cm,l ) increase for both small and large φm . mαm may be taken proportional to the relative velocity vm − vα , which amounts in essence to envisaging a viscous friction between cells and ECM. So it can be written as mαm = Mαm (vm − vα ) (33) where Mαm is a positive definite matrices and it depends on the volume ratio φm and on φmα . Another model of the attachment/detachment process between cells and ECM is based on the fact that to each populaiton α there corresponds a minimal threshold σαm of the strength of the interaction force with the ECM causing the detachment. If |mαm | < σαm the interaction is not strong enough and cells remain attached to the ECM. Conversely if |mαm | ≥ σαm they detach and in this case, following some guidelines of visco-plasticity, there is the idea of proportionality of the forces in excess to the relative velocity vm − vα .  0 |mαm | < σαm    Mαm (vm − vα ) = (34) mαm |mαm | ≥ σαm (|mαm | − σαm ) |m  αm |  



which is equal to



 + σαm Mαm (vm − vα ) = 1 − mαm |mαm | It is useful to underline that, unlike the previous viscous case, this definition is univocal only for |mαm | ≥ σαm as   σαm mαm = 1 + Mαm (vm − vα ) (35) |Mαm (vm − vα )| and that the equation for the viscous case is recovered by the above one in the limit case σαm = 0. At least the velocity fields vl,t,h may be express in terms of the internal and external stress on the corresponding components of the mixture as the vm of the ECM. Its momentum equation can be replaced by the analogous one for the whole mixture: ! X −∇ φα Tα + (1 − φl )∇p = −ml (36) α∈Cl
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Tissue Normal mammary gland Average breast tumor Stroma attached to tumor Reconstituted basement membrane Collagen (2.0 mg ml) Collagen (4.0 mg ml)



Elastic Modulus (Pa) 167 ± 31 4049 ± 938 916 ± 269 175 ± 37 328 ± 87 1589 ± 380



Figure 10: Elastic modulus of some different type of cells. so finally: −∇ (φTφ + φm Tm ) + ∇p = 0 4.2.1



(37)



Stress Tensors



The above momentum equations call for the specification of the constitutive laws describing the response of the cells and the ECM to stress. Unlike the inert matter dealt with by classical continuum mechanics, living material continuously changes, for example ECM is frequently remodeled and cells undergo proliferation and death precesses during their evolution. So there is a conceptual difficulty in describing tumors as solid masses, for this would force to identify a relationship between stress and deformation, which ultimately requires a reference configuration, hence a Lagrangian treatment of the system. The main problem is to understand when and under what assumption cells and ECM behave like solids, like (visco-elastic) liquids, or like visco-plastic bodies. Some experiments show that in absence of remodeling the collagen and elastin can be considered as elastic compressible materials with different elastic features. In figure 10 there are some example of elastic modulus of some different type of cells. Instead studying the behavior of cells is more difficult.If tumor cells are modeled as a fluid they can be be seen from the Eulerian point of view ant the cell stress may be described in terms of volume raitos and deformation rates.In this case the ’cellular liquid’ lives within a solid structure given by ECM, so that the whole matter is like a visco-elastic body. A possible constitutive equation for the cellular matter is Tφ = −Σ(φ)I



(38)



where Σ : [0, 1] → R is a (non) linear pressure like function depending on the overall cell volume ratio φ = φt +φh , whose positive values indicate compressure. The above equation refers to an elastic fluid, so one may consider a viscous contribution of the form Tφ = 2µDφ + (−Σ(φ) + λ∇vφ )I



(39)



where µ,λ > 0 and vφ = φt vt + φh vh is the restricted to cellular component composite velocity and Dφ =Sym(∇vφ ) is the corresponding deformation rate tensor.
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Figure 11: Cell stress as a function of cell volume ratio for both normal and abnormal cells Remark: we refrain from dealing with visco-elastic constitutive relation since visco-elastic behaviors are less influential on cell growth phenomena. The characteristic time of the viscous response of biological tissues is of the order of tens of seconds, so it is by far much lower than that needed for cell duplication, which ranges instead from nearly one day up to several days. 4.2.2



Reduced equations



It is useful to distinguish the contribution of the terms related to the pressure gradient and to interaction with the extracellular fluid (∇p and mαl for α ∈ Cl ), from those related to the interaction between tumor and host cells and between cells and ECM (mαβ for α ∈ Cl ,β ∈ Cl ). In fact one can assume that the magnitudes of the former are negligible with respect to those of the latter φα |∇p|, |mαl | = o(|∇(φα Tα )|, |mαβ |) so that the momentum balance reduces to −∇(φα Tα ) =



X



mαβ



(40)



β∈Cα,l



with α ∈ Cl . By this assumption the equations for p and for vl live in principle a life apart since their integration is a by-product of the solutions of the other equations of the model. This is also true for a closed mixture (see the next section). So it may be recover a posteriori the interstitial pressure p and the velocity vl of the extracellular fluid, observing that −



φα ∇(φTφ ) = mαm φ



(41)



(α = t,h) and that summing over α ∈ Cl and recalling the action-reaction assumption yields: 19
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∇(φTφ + φm Tm ) = 0



SIMULATIONS



(42)



which is the momentum balance equation for the whole mixture. Then we can obtain explicit expressures of the velocities vt and vh in terms of vm and the internal stress of the cellular matter vα − vm =



φα −1 M ∇(φTφ ) φ αm



in case of viscous friction between cells and ECM or +  φα σαm − M−1 vα − vm = αm ∇(φTφ ) φ |∇(φTφ )|



(43)



(44)



in the case of visco-plastic interaction (α = t,h). Remark: the last equation is the same of the above one with σαm = 0.
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Simulations



In this section we will use the models analyzed in the previous sections to write a set of equations, then we will put it in dimensionless form and finally we will present the results of our simulations carried out with Comsol Multiphysics. In the first part we have studied populations of cells that remain segregated. To do this we have used the level set method. Instead in the second part we consider the same model but with two populations that can mix.



5.1



The set of equations



In this section we consider the multiphase model of Preziosi-Tosin ([1]). We consider the following hypothesis: if we want to calculate the pressure over the domain we must consider the mixture closed, taking into account the extracellular liquid volume ratio. Then, at each time step the volume ratios found are substituted in a generalized Darcy law in order to calculate the pressure. Furthermore in this model the extracellular matrix is considered at rest (the situation would not change if the matrix moves with constant speed). The last assumption is a very simplifying hypothesis, because the ECM is considered as a rigid scaffold, within which cells and extracellular fluid move and evolve in time. From the macroscopic point of view, this implies that the whole tissue behaves like a rigid porous medium: any possible external action on it is sustained by the ECM, while cells and extracellular fluid in the core of the tissue stand no external stress impose on the mixture. So the velocity vm of the ECM is independent of the spatial variable x ∈ R3 , since the ECM does not undergo internal deformations. It is not restrictive to assume vm ≡ 0 because possible rigid motions of the ECM are irrelevant in the study of growth processes. Because of the above consideration, no momentum equation for the ECM is needed, and the stress tensor Tm has to be regarded formally as a Lagrange multiplier. 20
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As we have seen, mass and momentum equations of the mixture components are



∂φα + ∇(φα vα ) = Γα ∂t φα − ∇(φTφ ) = mαm φ



∂φm = Γm ∂t In the simulations we take into account a mono-dimensional so the system that we are going to solve is formed by the following equations:  ∂φm  ∂t = Γm      2    φn  ∂φh = ∂ −1 ∂  M ((φ + φ )Σ(φ + φ )) + Γh  h t h t h,m ∂x ∂t ∂x φh +φt       2  φt ∂φt −1 ∂ ∂ = M ((φ + φ )Σ(φ + φ )) + Γt h t h t t,m ∂x ∂t ∂x φh +φt         ∂c = κ ∂ 2 c2 + πh h + πt t − c/τ   ∂t ∂x       ∂ 2 −1 ∂p −1 −1 ∂ ∂x (φl Ml ∂x )= ∂x (φl Ml Mlh + φh )vh + (φl Ml Mlt + φt )vt −Γh−Γt−Γm (45) where vα are  + φα ∂ vα = − M−1 ((φh + φt )Σ(φh + φt )) (46) αm φh + φt ∂x and Σ(φ) = E(1 − φ0 )







φ − φ0 1−φ







.



(47)



is the function defined in previous section which depends on the overall cell volume ratio φ = φt + φh The main differences between this model and the one described in [2] are: • the total concentration used in the stress constitutive law in Chaplain is φ = φt + φh + φm while here it is φ = φt + φh . This means that the ECM concentration does not affect the cells feeling of being pressed and also that the cells behavior is independent of the ECM. • The constitutive law for the stress tensor in [2] is T = Σ(φ), while here it is T = φ Σ(φ). We guess that the latter is the correct one because it is obtained using the mixtures theory. 5.1.1



Growth terms



Source/sink terms Γα appearing at the right-hand side of the mass balance equations dictate the growth mechanisms of the mixture, since they describe gain (Γα > 0) and loss Γα < 0 of each constituent α. For a closed mixture (which we are simulating) their sum have to be equal to zero, since no exchange of material with the external environment takes place. 21
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In such a case, gain and loss processes of the mixture components are related: to any increase in the quantity of a certain constituent there must correspond an analogous decrease in the amount of some other constituents so that we can say that the components of the mixture are continuously converted into one another. Growth mechanisms are affected by several factors, for example the overall amount of some of the constituents of the mixture, their stress state, the availability of specific chemical ck that diffuse and are transported through the mixture.  Γα = Γα {φβ , Tβ }β∈C , {ck }K k=1 , ...



So it is not possible to indicate a general structure for the Γα ’s, but they may be specialize from time to time. The hypotheses on the form of the growth terms made in these simulations are Γα = −δα φα H(φ − φ˜α ) + γα φα (48) for α = h, t, where H is a continuous step function as defined in [2] (see chapter 2) and φ˜α is the value of cells volume ratio over which the α-type cells die; Γm = −νdφm + µφ



(49)



for the ECM. The scaling factor introduced in the equation 55 produces a modification also in the coefficient ν˜ that becomes ν˜ = νπγh τ . 5.1.2



Dimensionless equations



In order to reach a dimensionless form for the equations we have to choose some reference values for pressure, length, time and mass. We call these values P , L and T . The non dimensional form of the other quantities is retrieved as a consequence of the reference ones. Defining the following non dimensional quantities T e l = Ml P T , v e β = vβ , M L2 L



e β = Γβ T, Γ



we can re-write the Darcy law multiplied for T as   X X e −1 ∇e e −1 M e lβ + φβ I)e e · (φ2l M e p) = ∇ e eβ . ∇ (φl M vβ  − Γ l l β∈Cl



(50)



β∈Cl



For the ECM momentum equation we trivially obtain ∂φm ˜ m. =Γ ∂ t˜



(51)



In order to obtain the dimensionless version of the equations for the cell volume ratios we observe that the mass unit is M = T 2 LP , so Mαm =



T 2 LP e Mαm T



The constitutive law used in this model is



Tφ = −Σ(φ) = −E(1 − φ0 ) 22



(φ − φ0 )+ 1−φ



(52)
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that represents an elastic fluid (fluid without viscosity, where the shear stresses are zero). This choice represents a strong approximation but if we choose a characteristic time of the order of days it is acceptable because the visco-elastic effects become negligible (see also 4.2.1). where φ0 is a value of the total cells volume ratio under which the stress is zero. E is a sort of Young modulus that links stress and concentration. As the following relation holds −∇ · (φTφ ) = F where F is a force per unit volume, measured in [F ] = L(T 2 LP )/T 2 L13 . The dimensional analysis gives 1 L [E] = 2 T 2 LP L T



⇒



[E] = L3 P.



Note that in the classical treatment stress and strain measure unit are independent of space unit, here to get those quantities we should consider the per unit volume formulations, that means we should multiply forces, stresses, sup1 ply terms, dimensional coefficients as M−1 αm times L3 . Then we would get that [E] = P . In the IS we would have obtained [E] = N/m2 , that is the classical Young modulus measure unit. As we saw in the previous section the velocities of the cells are described in the following equation   φα vα = − M−1 αm ∇((φt + φh )Σ(φt + φh )) φh + φt where α = h, t. The dimensional analysis confirms our assumption. Considering then 1 ˜ Σ(φ) = Σ(φ) 3 L P and multiplying times T the equations for the cells we can write  2  ∂φα 1˜ φα T 1 ˜ ˜ 3 ˜α −T ∇· ∇(φΣ(φ)L P ) = Γ L φ T 2 LP L ∂ t˜ that leads to



∂φα ˜· −∇ ∂ t˜







 φ2α ˜ ˜ ˜α. ∇(φΣ(φ)) = Γ φ



(53)



(54)



The last equation considered is a standard diffusion equation for the MDE in the extracellular liquid. In a dimensionless form it reads ∂c ˜ ∆c ˜ +π =K ˜h φh + π ˜t φt − d/˜ τ ∂ t˜ where



(55)



˜ = T K, π K ˜h = πh T, π ˜t = πt T, τ˜ = τ /T L2 and c is the number of MDE molecules per µm2 divided by a reference value c0 = 15 103 molecules /µm2 . By multiplying this equation times πh1 τ it remains dimensionless. This is the form used in the model [2] and considered in our simulations. Our choice for the three fundamental units are 23
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• T = 1/γh , q −1 Mhm E • L= γh µm, • P =



Ml T L2



=



2 Ml γh . M−1 hm E



Experimental results ([2]) show that: • γh = 0.746 days−1 • the generation coefficient for the ECM is about µ = 0.1days−1 , so µ ˜ = 0.1/γh; • τ ≈ 0.005 days, so τ˜ = τ γh ; • πh ≈ 400 days−1 , thus π ˜h ≈



1 γh τ ;



• δh ≈ 0.1 days−1 implies that δ˜h ≈ 0.1/γh • the diffusion coefficient for MDE has the value 2



2



2 µm 7 2 K = 0.85 10−6 cm s = 0.85 10 s ≈ 0.74 10 µm /day. ˜ = −1K . Supposing as in [2] that We have K Mhm Eπh τ



M−1 hm E



≈



2 1 µm s



≈ 105 µm2 /day



˜ ≈ 100; and noting that πh τ = 2, we impose K • using the results obtained in the previous point we can state that p L ≈ 105 µm2 ≈ 100µm



• the equation for the concentration can be considered in terms of the number of molecules per micrometer c¯ or in terms of this value divided by the concentration c0 . The use of the former representation would make the scaling factor c0 appear in the coefficients πh , πt and τ , so we will use the latter representation; 2



µm days, that gives • the ECM coefficient ν is such that ν/c0 ≈ 10−5 molecules 1 ν˜ ≈ 6 πh τ /γh ;



We can notice that without knowing the Young modulus E and Mhm we can calculate almost each coefficient anyway as well as the space characteristic unit L. The value that appears in the equations indeed is   2 T e −1 EL3 P e −1 E L M−1 E = M =M αm αm αm 2 T LP T



that in non-dimensional form gives



1 e −1 E = M−1 E T = M−1 E M = 1. αm αm αm −1 2 L γh (Mαm E/γh )



In order to get the characteristic pressure P we would need an experimental measure of Ml , that is the sum of the coefficients Mlα , described in [1]. This 24
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parameter is related to the viscosity of the extracellular fluid. However without knowing this value we can calculate the pressure in the extracellular fluid in terms of the measure units defined. Substituting we can get PT e l = Ml P T = Ml = 1. M 2 2 L L (Ml T /L2 )



the volume ratio on the boundary and the external one. Here we consider the coefficients Mlβ in the pressure equation all equal. This means that the extracellular fluid exerts the same friction force over each other component of the mixture (host and tumor cells and ECM). As they must sum to one we consider Mlβ = 0.¯3. Furthermore we can notice that the hypothesis made that M−1 αm is constant is not realistic since it should depend non linearly on the ECM concentration, thus to obtain a more realistic model we could for example substitute M−1 αm with M−1 αm Bubble(φm ) where Bubble(φm) = C(φm − φlow )+ (1 − φm + φhigh )+



(56)



In this relation C is an arbitrary constant, φlow is the value of ECM volume ratio under which the cells do not move any more and φhigh is the value over which the cells can not displace because thy are too tied together with the ECM.



5.2



Segregated populations



A first attempt to simulate the whole system that allows to calculate pressure depending on time fails after few time steps, this means that for some values of the volume ratios φα (t), the discretized pressure equation does not converge to a solution. So a possible way is to solve the system of equations without the pressure one and use the results to calculate it. The domain considered has length 6L = 600µm and the boundary conditions that we fix in our simulations are Neumann-type. This means that the cells are confined in a region, that in our case is −3L ≤ x ≤ 3L and there is no flux through the boundary. The assumption of Dirichlet boundary conditions would have meant to suppose that the cells can move out from considered domain. Instead the imposition of Cauchy boundary conditions could be used in this case if the cells can move out from the specified domain but there is a jump between the volume ratio on the boundary and the external one. 5.2.1



Simulation 1



In the first simulation we have considered φ˜h = 0.5 and φ˜t = 0.9. Perhaps these values are not the most realistic ones but they allow a clear visualization of the model features. The initial condition is a constant one equal to 0.5. Figure 12 shows that the interface between the two populations moves fast until there is concentration equal to φt everywhere. This happens because the apoptosis tax in the host cells is smaller than the tumor cells growth tax. In fact we can
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Figure 12: Volume ratios of tumor cells (red) and normal cells (black) of the first simulation plotted at each time step of 0.1T until t = 5T = 6.7 days. observe that when a constant volume ratio is reached everywhere on the domain the free boundary velocity reduces and the tumor cells expand more slowly. We will refer in this paper to the transient state when the total cells volume ratio is not the same in every point of the domain, while we will call steady state each configuration obtained when the total cells volume ratio reaches the same value over the whole domain. 5.2.2



Simulation 2



Another simulation gives the result shown in figure 13. Here the parameters chosen are more realistic, in fact we take φ˜h = 0.55, φ˜t = 0.7 with the same initial condition. For this simulation we can also see in figure 14 the ECM evolution. We have supposed an initial condition of constant ECM volume ratio equal to φm = 0.1. The volume ratio reduce until a stationary value (φmstat = 0.26) is reached, for which ECM production and degradation are balanced. The phase in which the interface moves because of a difference in the concentrations ends after about Ttrans = 2T . We can notice a slight depressure in this phase for the ECM in the right part of the domain. It could be explained looking at the MDE graphic in figure (15). The initial condition for the MDE is constant equal to zero. The slow movement at the interface could find an explanation also in the form of the continuous step function Hσ (x), where for us σ = 0.1: in fact when φt ≈ 0.7 the cell production is very small. We observe that in this model the coefficients Mαm do not depend on the stress level φ and neither on the matrix volume fraction φm . This means that
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Figure 13: Volume ratios of tumor cells (black) and normal cells (red) of the second simulation plotted at each time step of T until t = 5T = 6.7 days.



Figure 14: The ECM history from the second simulation plotted at each time step of 0.1T until T = 5T = 6.7 days
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Figure 15: The MDE history until T = 5T = 6.7 days the cells move with the same velocity whatever the ECM concentration is and for every stress level. We can remark also that experiments show that the MDE production grows in a localized region on the interface between host and tumor cells. This because the cells need to degrade the ECM to move. 5.2.3



Simulation 3



Thus we can improve the model using a function like (56) for Mαm and keeping the ECM production localized on the interface. We take as coefficients in (56) C = 10, φlow = 0.1, φhigh = 0.9. We suppose in the following simulation that the MDE is produced only at a distance of about d = 50µm. The resulting solution however is incorrect. In fact a new source term in the MDE concentration equation must be added in order to balance the sink term out of the production region. With this new source term the equation out of the near-interface region becomes ∂c ∂2c c = κ 2 − + ε(φh + φt ). ∂t ∂x τ 2



∂ c Thus for the boundary regions, where ∂x 2 ≈ 0, in the stationary case we get from the above equation c = τ ε(φh + φt ).



Substituting in the ECM equation in the stationary case νcφm + µ(φh + φt ) = 0 ⇒ ε =
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Figure 16: Volume ratios of cells in the third simulation plotted at each time step of 0.5T until t = 5T . where the previous simulation shows that the ECM concentration φm in the stationary case reaches a value of about φ¯m = 0.26. We can notice that for the values φm = 0.26 and φhigh = 0.9, φlow = 0.1 the −1 steady state cells coefficient M−1 mn is about Mmn = 0.8. This result is consistent because this value should be about one for the previously developed approach. However the φhigh = 0.9 and φlow = 0.1 values are probably incorrect because the ECM varies in a range of value between about 0.1 ≤ φm ≤ 0.3. Thus we set φhigh = 0.6, φlow = 0.05 that means that the cells are at rest when the matrix concentration reaches these two values. With these new values we must set the constant C = 20 in order to get M−1 mn ≈ 1 in the steady state. Furthermore another limit in the considered model is that function (56) reaches its maximum in φm = 0.5 for the former values of the parameters φhigh and φlow , in φm = 0.325 for the latter values of the parameters, because (56) is a parabola. However the value of φm for which the velocity is maximum should be less than φm = 0.26 that is the steady state value. Thus (56) is perhaps an improvement with respect to φm =const, but gives an approximation that does not fit well the real ECM behavior. We can see in figure 16 the volume ratio of the normal and tumor cells and in figure 17 the MDE concentration. As the MDE production is proportional to the total cells volume ratio at first it is lower in the normal tissue then, while remaining quite constant in time in the tumor region, the concentration grows in the host region because of the increasing of cells volume ratio and the shifting of the interface. Instead in figure 18 we have the ECM volume ratio. For this simulation we have also calculated the interstitial pressure with the last
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Figure 17: The MDE concentration in the third simulation plotted with time step 0.5. It is concentrated near the interface.



Figure 18: The ECM volume ratio of the third simulation plotted with time step 0.5. Its production is obtained using the bubble function.
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Figure 19: Interstitial pressure of the third simulation plotted at t = 5T . equation of the system (see figure 19). From biological considerations we have set Dirichlet condition at the right boundary (with an arbitrary value p = 1) and Neumann at the other side. The line represents the pressure at the end of the simulation (t = 5T ) and it is higher on the tumor side. This result is coherent with experimental results. 5.2.4



Simulation 4



This simulation is analogous to the previous one but the tumor grows until t = 10T and the bubble function is not used so M−1 hm = 1. The MDE is still produced mainly on the interface. We can see more clearly in figure 20 the movement of the interface and the tumor cells that tend to cover all the domain. Also for the MDE and ECM (figure 21 and 22) is more clear the evolution because taking more time steps allow us not to consider the transient part.



5.3



Mixing Populations



Supposing that the two populations mix together the previous considerations about the localization of the MDE production should be modified, in fact there is not an interface between the two populations. We know that an MDE excess is produced when the cells move so we could impose that the production grows when the cells velocity overcome a certain value, in fact we know that the cells velocity in every point is given by the formula 46. However this approach would imply an inference on the critical value of the velocity over which MDE is produced, so we limit ourselves to consider a constant MDE production over the entire domain. 5.3.1



Simulation 5



The model equations considered and the constitutive laws are the same as in the previous simulations. The initial conditions are constant for the host cells φh = 0.3 31
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Figure 20: Volume ratio of the fourth simulation plotted with time step T until t = 10T .



Figure 21: MDE concentration of the fourth simulation plotted with time step T until t = 10T .
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Figure 22: ECM history for the fourth simulation plotted with time step T until t = 10T . while for the tumor cells it is  0.1(1 + cos(πx)) f or x < −1 φt (0) = 0 otherwise



(57)



We will consider M−1 hm = 1 constant. The results are represented in 23. In this figure the tumor cells start from the initial conditions   0 f or x < −1 0.01(1 + cos(πx)) f or − 1 < x < 1 φt (x) = (58)  0 f or x > 1



The tumor cell volume ratio starts growing while host cells die in correspondence of the tumor growth. Then at a time t ≈ 3T the domain where φt 6= 0 starts expanding. The host cells at the same time change configuration because, as tumor cells start moving, they are pressed and shift toward the domain boundary. Then, as cells moves fast with respect to the host cells death tax, the tumor grows faster near the boundary of its domain, because host cells can shift toward the boundary. In figure 24 is plotted the sum of the volume ratio of normal and tumor cells while in figure 25 and 26 is plotted respectively the ECM volume ratio and the MDE concentration. Also for this simulation we have calculated the interstitial pressure as we can see in figure 27. In this case there is a Dirichlet condition at the right and at the left side because at the boundary there are the normal cells that we suppose to have a constant pressure.
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Figure 23: The normal and tumor cells history in the fifth simulation with time step 0.5T until a time of t = 8T .



Figure 24: The total cell volume ratio in the fifth simulation with time step 0.5T history until t = 8T .
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Figure 25: The ECM volume ratio in the fifth simulation with time step 0.5T history until t = 8T .



Figure 26: The MDE concentration history in the fifth simulation with time step 0.5T until t = 8T .
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Figure 27: Interstitial pressure for the fifth simulation after 8T . 5.3.2



Simulation 6



To conclude our work we present in figure 28 also a simulation of mixing population with Chaplain’s model 15 done with Mathematica. The bubble function is used with parameters φhigh = 0.6, φlow = 0.05. We can see that the result is similar to the previous one although we have used different initial condition.
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Conclusions



In this paper we have presented and developed a mathematical model focusing on the potential role that an incorrect mechanotrasduction and the interaction forces between cells and ECM (seen from a multiphase point of view) may play in causing the hyper-proliferation of cells in a tissue. In replacing the normal tissue with the abnormal one we have focused on three stages: a first phase in which some abnormal cells simply replace the normal ones, a second in which the hyper-proliferation of the abnormal cells causes a progressive compression within the tissue itself, and the last in which the tissue reaches a compressed state and presses itself the surrounding environment. At the same time (case of mixing populations of the two type of cells) the tumor cells progressively replace the normal ones in the tissue. In this case also the the production rates of MDE and ECM is different than in the corresponding physiological state (see the last simulation): a pathological percentage of ECM is observed. An increased production of ECM not balanced by an increased release of MDE leads to tissues with more ECM than normal, as in many fibrosis and in colon cancers. On the other and, excessive degradation of ECM due to the excessive production of MDE leads to other malignant tumors and many other chronic inflammatory diseases. There are some possible ways to improve the model: first, obviously, it could be simulated in more than one dimension (in axial symmetry as well), with some other more realistic initial or boundary condition or coefficients. It would be also interesting to develop a multi-scale model which takes into account in full of the cascade event show in the physiological description, possibly joined with 36
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Figure 28: Chaplain’s model (sixth simulation) solved until t = 5T and plotted every T . The blue line is the tumor cells volume ratio. This cells starts with distribution f = 0.1 + (Cos(x/2) + 1) 21 0.1 and grow until 0.4. The azure line is the host cells volume ratios which initially are constant (0.2), while the violet line is the total ECM volume ratio.In this simulation the domain considered is x ∈ [−2π, 2π]. those involving growth factors. Another interesting generalization of the model could take into account the fact that remodeling process is strongly affected by the stresses and strains the tissue is subject to (needing qualitative measurement). Quantitative measurements on the growth rates and on the production rates of ECM and MDEs under different conditions would also allow a further validation of the model. Another possible development of the model could lead to use a more complex constitutive relation (like in Ambrosi and Preziosi) for the cell stress. However eventually our model may be applied to particular and different biological tissue (for example bones or blood vessel).
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cells constantly produce ECM and MDE; ...... mn = 0.8. This result is consistent because this value should be about one for the previously developed approach. 
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