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Moonshine Monstrous Moonshine From Monstrous to Mathieu Moonshine



Moonshine Monstrous Moonshine (Conway and Norton 1979) There is an unexpected connection between the largest sporadic simple group — the Monster — and Hauptmoduls for modular groups of genus zero. Mostly understood! Mathieu Moonshine (Eguchi, Ooguri and Tachikawa 2010) There is an unexpected connection between the largest Mathieu group M24 and the complex elliptic genus of K3 surfaces. No good understanding yet!
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Monstrous Moonshine



John McKay The first coefficient of the absolute modular invariant j(q) − 744 = q −1 + 196884 q + 21493760 q 2 + · · · which parameterizes complex elliptic curves satisfies 196884 = 1 + 196883 where the two numbers on the right are the dimensions of the two smallest irreducible representations of the Monster.
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Moonshine Monstrous Moonshine From Monstrous to Mathieu Moonshine



Moonshine Conjecture (Conway & Norton 1979) There exists a graded “Moonshine module” \



V =



∞ M



Vn\



n=0



with a grading preserving Monster action such that the McKay-Thompson series Tg (q) = q −1



∞ X



tr(g |Vn\ )q n



n=0



for g ∈ M are explicitely given modular functions for genus zero groups.
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Moonshine Monstrous Moonshine From Monstrous to Mathieu Moonshine



VOAs



Theorem (Borcherds, Frenkel/Lepowsky/Meurmann 1985) There exists a vertex operator algebra (= chiral algebra of a two-dimensional conformal field theory) V \ of central charge 24, with the Monster as its automorphism group.



Corollary The Moonshine module V \ is a module over the Virasoro algebra L leading to a decomposition V \ = ∞ M(h) into isotypical h=0 components compatible with the Monster action.
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Generalized Kac Moody Algebra Theorem (String theory, Frenkel/Garland/Zuckerman, Borcherds) On the VOA W = V \ ⊗ VII1,1 ⊗ Vghost of central charge 0 there is the action of a BRST-operator and its the degree 1 cohomology 1 group g = HBRST (W ) has the structure of a Lie algebra. Theorem (Monster Lie algebra (Borcherds 1992)) The above Lie algebra g is a II1,1 -graded generalized Kac-Moody algebra with denominator identity p −1



Y



(1 − p m q n )c(mn) = j(p) − j(q)



m∈Z, m>0 n∈Z



where c(n) is the coefficient of q n in χV \ = j(q) − 744 = q −1 + 196844 q + 21493769 q 2 + 864299970 q 3 + · · · . Gerald H¨ ohn Kansas State University
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Moonshine Monstrous Moonshine From Monstrous to Mathieu Moonshine



The equivariant denominator identity of the monster Lie algebra tr(g |Λ∗ (E )) = tr(g |H ∗ (E ))



(g = F ⊕ H ⊕ E )



is given by p



−1



Y m∈Z, m>0 n∈Z



∞ X 1 exp c k (mn)(p m q n )k k g



! = Tg (ptokyo2014.)−Tg (q)



k=1



where cg (n) is the coefficient of q n in Tg (q) = q −1



∞ X



tr(g |Vn\ )q n



n=0



implying that the McKay-Thompson series are completely replicable and hence are Hauptmoduls (Borcherds, more directly Cummins & Gannon). Gerald H¨ ohn Kansas State University
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Extremal VOAs and CFTs - H. (1995): Notion of an extremal VOA was introduced. - Only known example for c = 24k: V \ with c = 24. - H. (2007): extremal VOAs provide examples of conformal 11-designs. - Witten (2007): CFTs based on extremal VOAs may describe black holes in 3-dimensional quantum gravity by AdS/CFT correspondence. - Introduced N = 1 extremal SVOAs. \ - Only known example: VD12 + at central charge c = 12 with Co1 as automorphism group (Duncan 2005). - Gaberdiel, Gukov, Keller, Moore, Ooguri (2008): introduced N = (2, 2) extremal CFTs. - Only known examples: CFTs from nonlinear σ-models on K3 at c = 6 (mathematically only partially understood). - Since SU(2) ∼ = Sp(1): N = (4, 4) symmetry for c = 6. Gerald H¨ ohn Kansas State University
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Representation theory of the N = 4 Virasoro Algebra Theorem (Eguchi, Ooguri and Taormina 1989 (physical language)) The N = 4 Virasoro SVOA at central charge c = 6 has for conformal weight h > 0 exactly one irreducible representation with character χh+1/4 (q, y ) = q h θ1 (q, y )/η(q)3 and for h = 0 there are two irreducible representations with characters χ1/4,0 (q, y ) and χ1/4,1/2 (q, y ) explicitely given by certain Appell-Lerch sums. Decomposing the extremal c = 6 character into these N = 4 characters gives: P c=6, N =4 χext = 20 · χ1/4,0 + ∞ n=0 An · χn+1/4 (q, y ) with 1



Σ(q) := q − 8



P∞



n=0 An



  1 · q n = q − 8 −2 + 90q + 462q 2 + · · ·



an explicitly given Mock modular form of weight 1/2. Gerald H¨ ohn Kansas State University
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The Moonshine Towards an understanding



The Mathieu group M24 (Mathieu 1861) has 26 conjugacy classes and 26 irreducible representations of dimensions 1, 23, 45, 231, 253, 483, 770, 990, 1035, 1265, 2024, 2277, 3312, 3520, 5313, 5544, 5796, 10395. Eguchi, Ooguri and Tachikawa 2010 The first coefficients of the Mock modular form 1



Σ(q) = q − 8 −2 + 90q + 462q 2 + 1540q 3 + 4554q 4 + 11592q 5 + · · ·







satisfy 90 = 2 · 45, 462 = 2 · 231, 1540 = 2 · 770, 4554 = 2 · 2277, . . . where the numbers on the right are the dimensions of irreducible representations of the Mathieu group M24 . Gerald H¨ ohn Kansas State University
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The Moonshine Towards an understanding



Mathieu Moonshine Conjecture (Gaberdiel/Hohenegger/Volpato and Eguchi/Hikami 2010) There exists a graded “Moonshine module” K\ =



∞ M



Kn\



n=0



with a grading preserving M24 action such that the McKay-Thompson series Σg (q) = q −1/8



∞ X



tr(g |Kn\ )q n =



n=0



fg (q) e(g ) Σ(q) − 3 24 η (q)



for g ∈ M24 are explicitely given by certain weight 2 modular functions fg (q). Furthermore, Kn\ is for n > 0 a honest (i.e. not just virtual) M24 -module. Gerald H¨ ohn Kansas State University
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The Moonshine Towards an understanding



1A : Σ1A (τ ) = Σ(τ )   1 (2) 3 2A : Σ2A (τ ) = Σ(τ )η(τ ) − 4φ2 (τ ) 3η(τ )3 η(τ )5



2B : Σ2B (τ ) = −2



η(2τ )4   (3) 3 3A : Σ3A (τ ) = Σ(τ )η(τ ) − 6φ2 (τ ) 4η(τ )3 1



η(τ )3



3B : Σ3B (τ ) = −2



η(3τ )2 η(2τ )8



4A : Σ4A (τ ) = −2



η(τ )3 η(4τ )4   1 (2) (4) 3 4B : Σ4B (τ ) = Σ(τ )η(τ ) + 2φ2 (τ ) − 12φ2 (τ ) 6η(τ )3 4C : Σ4C (τ ) = −2



η(τ )η(2τ )2



η(4τ )2   (5) 3 5A : Σ5A (τ ) = Σ(τ )η(τ ) − 10φ2 (τ ) 6η(τ )3   1 (3) (6) (2) 3 Σ(τ )η(τ ) + 2φ2 (τ ) + 6φ2 (τ ) − 30φ2 (τ ) 6A : Σ6A (τ ) = 12η(τ )3 1



6B : Σ6B (τ ) = −2



η(2τ )2 η(3τ )2 η(τ )η(6τ )2
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7A : Σ7A (τ ) = 8A : Σ8A (τ ) =



1 8η(τ )3



  (7) 3 Σ(τ )η(τ ) − 14φ2 (τ )



1 12η(τ )3



10A : Σ10A (τ ) = −2



The Moonshine Towards an understanding



  (8) (4) 3 Σ(τ )η(τ ) + 6φ2 (τ ) − 28φ2 (τ )



η(2τ )η(5τ )



η(10τ )   264 (11) 3 2 11A : Σ11A (τ ) = Σ(τ )η(τ ) − 22φ2 (τ ) + (η(τ )η(11τ )) 12η(τ )3 5 1



12A : Σ12A (τ ) = −2 12B : Σ12B (τ ) = −2



η(4τ )2 η(6τ )3 η(2τ )η(3τ )η(12τ )2 η(τ )η(4τ )η(6τ )



η(2τ )η(12τ )  2 (2) 182 (14) (7) 3 14A : Σ14A (τ ) = Σ(τ )η(τ ) + φ2 (τ ) + 14φ2 (τ ) − φ (τ )+ 24η(τ )3 3 3 2  +112η(τ )η(2τ )η(7τ )η(14τ ) 1



 3 (3) 105 (15) (5) 3 Σ(τ )η(τ ) + φ2 (τ ) + 5φ2 (τ ) − φ (τ )+ 2 2 2  +90η(τ )η(3τ )η(5τ )η(15τ ) ! 7η(7τ )3 1 η(τ )3 21A : Σ21A (τ ) = − − 2 3 η(3τ )η(21τ ) η(3τ )   1 276 1932 (23) 3 Σ(τ )η(τ ) − 46φ2 (τ ) + (2f (τ ) − g (τ )) + g (τ ) 23A : Σ23A (τ ) = 3 24η(τ ) 11 11 Gerald H¨ ohn Kansas State University Mathieu Moonshine and Symmetries of Hyperk¨ ahler Manifolds



15A : Σ15A (τ ) =



1



24η(τ )3
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The Moonshine Towards an understanding



Theorem (Cheng, Duncan 2012) The modular forms Σg (q) are Rademacher sums naturally associated to an element g ∈ M24 .



Theorem (Bringmann, Duncan, Rolen 2014) The function fg can be characterized by their behaviour at cusps.



Theorem (Gannon 2012) The above Mathieu Moonshine conjecture is true.
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The Moonshine Towards an understanding



N = (4, 4) SUSY CFTs and the Conway group Aspinwall & Morrison (1997): Moduli space of c = 6, N = (4, 4) super symmetric CFTs. This space can be expressed in terms of the Mukai lattice H ∗ (X , Z) of a K3 surface X and forms enlarged version of the moduli space of K3 surface. N =4 The extremal character χc=6, appears as the graded dimension ext of certain BPS-states. Theorem (Gaberdiel, Hohenegger and Volpato 2011) Let G be a finite group of automorphisms of such an N = (4, 4) SUSY CFT. Then G is a subgroup of Co0 = Aut(Λ) with an at least four-dimensional fixed point space under the natural action of Co0 on R24 . Conversely, each such group appears as automorphism group of such a CFT.



Most conjugacy classes of M24 appear as symmetries of such CFTs, but also a few classes outside of M24 . Gerald H¨ ohn Kansas State University
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The Moonshine Towards an understanding



The mathematical picture for N = (4, 4) SUSY CFTs Theorem (Huybrechts 2003) The physical moduli space of N = (4, 4) super symmetric CFTs of K3 type can be identified as the moduli space of pairs of generalized Calabi-Yau structures on a K3 surface. Theorem (Huybrechts 2013) Symplectic autoequivalences of the derived category of sheaves on a K3 surface fixing a stability condition can be identified with subgroups of Co0 = Aut(Λ) with dim ΛG ≥ 4. Theorem (Benz-Zvi, Heluani, Szczesny, Zabzine 2008–2011 ) The chiral de Rham complex can be defined for generalized Calabi-Yau manifolds. For a manifold of complex dimension 2 the chiral de Rham complex is a module over two commuting copies of the N = 4 super Virasoro algebra of central charge c = 6. Gerald H¨ ohn Kansas State University
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The geometry of K3 surfaces Hyperk¨ ahler manifolds The complex elliptic genus



Symplectic group actions on K3 surfaces K3 surface: simply connected complex surface with trivial canonical line bundle, e.g. X = {(x0 : x1 : x2 : x3 ) | x04 + x14 + x24 + x34 = 0} ⊂ CP3 . Theorem (Mukai 1988, (Xiao, Kond¯ o, Hashimoto, H. & Mason)) Let G be a finite group of automorphisms of a K3 surface acting trivially on holomorphic 2-forms (symplectic action). Then G is a subgroup of M23 < M24 with at least five orbits under the natural action of M24 on 24 elements. Conversely, each such group appears as automorphism group. There are eleven maximal such groups.
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The geometry of K3 surfaces Hyperk¨ ahler manifolds The complex elliptic genus



Remark: There are 8 conjugacy classes in M24 which are represented by symplectic automorphisms g on a K3 surface. Theorem (Creutzig & H. 2013) The equivariant elliptic genus χy (g ; q, LX ) coincides for the 8 conjugacy classes in M24 which are represented by symplectic automorphisms with the expression determined by Σg (q).



Theorem (Creutzig & H. 2013) Together with Mukai’s theorem this implies that the elliptic genus has the structure of a (virtual) M24 -module.



Gerald H¨ ohn Kansas State University



Mathieu Moonshine and Symmetries of Hyperk¨ ahler Manifolds



Introduction Mathieu Moonshine Symmetries of Hyperk¨ ahler manifolds



The geometry of K3 surfaces Hyperk¨ ahler manifolds The complex elliptic genus



K3 surfaces as Hyperk¨ahler manifolds The vector space V =



∞ O



2



2



Λqn+1/2 (C ⊕ C ) ⊗



n=1



∞ O



2



Sqn (C2 ⊕ C )



n=1



carries a SVOA structure of central charge c = 6 on which SU(2) acts by automorphisms. A K3 surface can be equipped with a K¨ahler metric with holonomy group SU(2) ∼ = Sp(1) (Hyperk¨ahler manifold). Theorem (Physicists, Tamanoi 1995, Creutzig/H. 2012) The elliptic genus χy (q, LX ) of a K3 surface X is a module over the SVOA V Sp(1) which contains the N = 4 Virasoro SVOA at c = 6 as a subalgebra. Gerald H¨ ohn Kansas State University
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Hilbert schemes For a K3-surface X let X n /Sn be its n-symmetric power. n /S called the Hilbert scheme of n It has a resolution X [n] := X^ n points on X .



The Hilbert scheme X [n] of X is a Hyperk¨ahler manifold. There are additional Hyperk¨ahler metrics deformation equivalent to a Hilbert scheme X [n] called Hyperk¨ahler manifolds of type X [n] . Automorphism groups G of Hyperk¨ahler manifolds of type X [n] can be described by subgroups of O(H 2 (X [n] , Z)). There exist automorphisms g of Hyperk¨ahler manifolds of type X [n] which are not induced from X .
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A Hyperk¨ ahler manifold is a Riemannian manifold with Sp(k) holonomy. Its dimension is 4k. It has a family of complex structures parameterized by S 2 which allows to study it using complex geometry. Essentially, it is the same as what is called a holomorphic symplectic manifold. The only known irreducible compact simply connected examples: 4n-dimensional manifolds deformation equivalent to the Hilbert scheme X [n] of a K3 surface X . 4n-dimensional generalized Kummer varieties for n ≥ 2. Two examples in dimension 12 and 20 found by O’Grady. Classification: In dimension 4, the only compact examples are the K3 surfaces and complex 2-tori. In dimension 8, there are only finitely many topological types (Salomon 1996, Guan 2001). Gerald H¨ ohn Kansas State University
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Finite Isometries Theorem Let Y be a simply connected compact Hyperk¨ahler manifold. Then L := H 2 (Y , Z) is an even integral lattice of signature (3, b2 (Y ) − 3) under the Beauville-Bogomolov pairing. Example: H 2 (K 3[n] , Z) ∼ = U ⊕3 ⊕ E8 (−1)⊕2 ⊕ h2 − 2ni Theorem Let Y be a Hyperk¨ahler manifold of K 3[n] type. Then there is an injective map ν : Aut(Y ) −→ O(L). Theorem Let Y be a Hyperk¨ahler manifold of K 3[2] type and G ⊂ Aut(Y ) be finite. Set LG := (LG )⊥ . Then LG is a negative definite sublattice of L without roots (vectors of norm −2). Gerald H¨ ohn Kansas State University
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From now on, let Y be a Hyperk¨ahler manifold of K 3[2] type. Aim: Classify conjugacy classes of subgroups G of O(L) arising from isometries of Y . Main intermediate step: Classify pairs (LG , G ) where LG is a negative definite lattice of rank ≤ 20 without roots and G ⊂ O(LG ) such that (LG )G = 0 and G acts trivially on the discriminant group L∗G /LG . Theorem (Mongardi 2013 & 2014, (Gaberdiel/Hohenegger/Volpato) ) (LG (−1), G ) can be embedded into the Leech lattice Λ such that G ⊂ O(Λ) ∼ = Co0 and LG (−1) ∼ = ΛG . Aim: Classify subgroups G of O(Λ) with fixed-point lattice ΛG of rank at least 4. Problem can be reduced mainly to classifying the G inside the maximal subgroup 212 :M24 of Co0 . Otherwise, G can described by an S-lattice. The group 212 :M24 has 279, 343 conjugacy classes of non 2-subgroups and about 10, 000, 000 classes of 2-subgroups (H. & G. Mason). Gerald H¨ ohn Kansas State University
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Further restrictions Lemma The equivariant χy -genus of Y equals 6 + t2 + s 2 y 2 where t = Tr(g |H 1,1 (Y )) and s = Tr(g 2 |H 1,1 (Y )). χy (g ; Y ) = 3 (1 + y 4 ) − 2t (y + y 3 ) +



Theorem (Equivariant Atiyah-Singer index theorem) χy (g ; Y ) =



X



dim CF Y



F ⊂Y g k=1



xk (1 + ye −xk ) 1 − e −xk



4−dim Y FC k=1



0



1 + y λk e −xk 0 [F ]. 1 − λk e −xk



Lemma The fixed-point set Y g of a non-trivial isometry g is a union of Hyperk¨ahler manifolds F of dimension 4 or 0, i.e., of K 3 surfaces, 2-tori or points. Gerald H¨ ohn Kansas State University
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Lemma (ATLAS of finite simple groups) There are 42 conjugacy classes of elements g in Co0 with a fixed-point lattice of rank at least 4. They are characterized by the triple (order(g ), s + 3, t + 3) where s + 3 resp. t + 3 is the trace of g resp. g 2 on Λ ⊂ R24 .



Theorem (H. & Mason (2014)) Let g be an isometry of Y . Then g belongs to 15 of the above 42 conjugacy classes. In each case there is a uniquely determined fixed-point configuration. Eleven classes are contained in M24 ⊂ 212 :M24 , four classes are not in 212 :M24 . (All fifteen possibilities are realized.)
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We call a g ∈ Co0 belonging to one of the 15 above conjugacy classes admissible. Theorem (H. & Mason (2014)) There are 198 conjugacy classes of subgroups G of Co 0 containing only admissible elements and with fixed-point lattice ΛG of rank at least 4. These groups G belong to the following three types: (a) G is a subgroup of M23 with at least four orbits on 24 letters. (b) G is a subgroup of the two S-lattice groups 34 :A6 or 31+4 :2.22 and not contained in 212 :M24 . (c) G is a subgroup of a group of order 16, 32, 64 or 48 contained in 212 :M24 but not in M24 .
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Realization I Theorem (H. & Mason (2014)) All groups G of type (a) and (b) and certain G of type (c) of order 16, 32, 64 can be realized as subgroups of O(L). Remark: There are in general several conjugacy classes in O(L) for a given realizable conjugacy class G ⊂ Co0 for three possible reasons: There are two possibilities for the genus of LG . There are non-isometric lattices in the genus of LG . There are non-equivalent extensions of LG ⊕ LG to the lattice L = H 2 (Y , Z). All three cases sometimes happen. Gerald H¨ ohn Kansas State University
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Realization II Theorem (Torelli Theorem (Verbitsky, Markman and Huybrechts)) Let G ⊂ O(L) preserve the Hodge structure of H 2 (Y , Z). Then G is induced by a subgroup of the group of birational maps of Y . Theorem (Mongardi (2013)) The groups G ⊂ O(L) with negative sublattice LG without roots can be realized as groups of birational maps of a certain Y of type K 3[2] . Theorem (Mongardi (May 2014)) The groups G ⊂ O(L) with negative sublattice LG without short roots of norm −2 and certain long roots of norm −10 can be realized as groups of automorphisms of a certain Y of type K 3[2] . Gerald H¨ ohn Kansas State University
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Realization III Theorem (H. & Mason (2014)) All the groups G of type (a) and (b) can be realized as the automorphism groups of Hyperk¨ahler manifolds of deformation type K 3[2] but non of the groups of type (c). Also: description of all deformation equivalence classes of such group actions (up to some conjecture on the spinor genus in some cases). Note: The thirteen maximal groups of type (a) inside M23 are: 1 2 3 4 5 6 7 8 9 10 11 12 13 no. G L2 (11) A7 (3 × A5 ):2 2×L2 (7) 23 :L2 (7) L3 (4) 24 :A6 24 :S5 M10 S6 32 :QD16 24 :(S3 )2 26 (32 :2) order 660 2520 360 336 1344 20160 5760 1920 720 720 144 576 1152 Gerald H¨ ohn Kansas State University
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Realization IV Let G be an automorphism of a K3 surface X . The G induces an automorphism of Y = X [2] . 82 of our 198 groups G contain only elements of the 8 possible K3 conjugacy classes and have a fixed-point lattice ΛG of rank at least 5 in agreement with work of Hashimoto (2011). By the Torelli theorem for K3, they can be realized by symplectic automorphisms of a certain K3 surface Y and thus of a Y of type K 3[2] . Also, we have obtained a new proof of Mukai’s theorem using the subgroup structure of Co0 . Theorem (Kawatani, Namikawa, Mongardi, H. & Mason) The subgroups L2 (11), A7 , (Z3 × A5 ):Z2 , M10 of type (a) and the groups 34 :A6 , 31+4 :2.22 of type (b) can be realized as automorphism groups of explicit fano varieties of cubic fourfolds. Gerald H¨ ohn Kansas State University
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The complex elliptic genus The complex elliptic genus appeared in the physical literature from a non-linear σ-model (Lerche, Vafa, Warner 1989) and can be reinterpreted as the S 1 -equivariant χy -genus of the loop space (Witten). Its topological properties as a genus have been first investigated by Kri˘cever (1990) and by myself (Diploma 1991). Definition d



χy (q, LX ) := y − 2 χy X ,



∞ O



Λyqn T ∗ ⊗



n=1



where Λt E =



L∞



i=0



Λy −1 qn T ⊗



n=1



Λi E · t i and St E =



Gerald H¨ ohn Kansas State University



∞ O



L∞



i=0



∞ O



 Sqn (T ∗ ⊕ T ) ,



n=1



Si E · ti .
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Theorem (H. 1991) ΩU ∗ ↑



χy (q,L . )



ΩSU ∗
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The 2nd quantized complex elliptic genus P n n Let exp(pX ) = ∞ n=0 X /Sn · p . It follows from calculations done by Verlinde, Verlinde, Dijkgraaf and Moore that the 2nd quantized elliptic genus χy (q, L exp(pX )) defined formally by the equivariant Atiyah-Singer index formula is (up to an automorphic correction factor) the Borcherds lift of χy (q, LX ). For X a K3 surface one has correction factor · χy (q, L exp(pX )) = 1/∆10 (q, y , p) where ∆10 is the Igusa cusp form of weight 10 on the Siegel upper half-plane of genus 2. By a result of Borisov and Libgober one has ∞ X χy (q, L exp(pX )) = χy (q, LX [n] ) · p n . n=0 Gerald H¨ ohn Kansas State University
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As in Monstrous Moonshine, the Borcherds lift can be studied equivariantly. One has χy (g ; q, L exp(pX )) =



Y n>0, m≥0, `



∞ X 1 exp c k (4nm − `2 ) (p n q m y ` )k k g



! ,



k=1



where P χy (g ; q, LX ) = n, `∈Z cg (4n − `2 )q n y ` . Theorem (H. and Mason) The equivariant complex elliptic genus χy (g ; q, LY ) for Y of type K 3[2] and g an isometry belonging one of the eleven realized classes of M23 ⊂ M24 agrees with the 2nd term of the equivariant 2nd quantized complex elliptic genus χy (g ; q, L exp(pX )) as predicted by Mathieu Moonshine.
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Symplectic K3 automorphisms in finite characteristic I Tate, Dolgachev, Keum, Kondo, ... There are further symplectic automorphism groups on K3 surfaces in finite characteristic besides the Mukai examples over C. The reason is that there is no Hodge theory and hence the Picard lattice can have rank 22 (7→ Supersingular K3 surfaces). Y K3 surface over algebraic closed field k of characteristic p. ∗ (Y , Q ), ` 6= p. V = Het ` Theorem (Dolgachev and Keum (2009)) Let G be a group of symplectic automorphisms on Y such that (|G |, p) = 1. Then dim V G ≥ 4 and G contains only elements of order 1–8. Moreover, G is isomorphic to a subgroup of M24 with at least 4 orbits. Gerald H¨ ohn Kansas State University
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Symplectic K3 automorphisms in finite characteristic II Theorem (Kondo (2008)) Let G be a subgroup of M23 with at least 3 orbits. Then G acts by symplectic automorphisms on some supersingular K3 surface of Artin invariant 1 in some characteristic p ≤ 11. Remark: The maximal groups with this property are: A8 and 24 :(3 × A5 ):2 (p = 5), L3 (4):2 and 24 :A7 (p = 7), M11 and M22 (p = 11). Theorem (Dolgachev, Kondo, Keum) There are further automorphism groups G acting symplectically on supersingular K3 surface of Artin invariant 1 in some characteristic p ≤ 7 (but not for p ≥ 11). Examples: M21 .2 (p = 2), U4 (3) (p = 3), U3 (5) (p = 5). Gerald H¨ ohn Kansas State University
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Further topics related to Mathieu Moonshine Generalized Moonshine. (Gaberdiel, Persson, Ronellenfitsch, Volpato 2012): Mathieu Moonshine is associated to a modular tensor category (M24 , α) where α is a generator of H 3 (M24 , C∗ ) ∼ = Z/12Z. Umbral Moonshine. (Cheng, Duncan, Harvey 2012– ) There are similar Moonshine observations for all 23 Niemeier lattices. Complex 2-torus. There is a moduli space for N = (4, 4) CFT of a complex 2-torus similar as for K3. There are the generalized Kummer varieties constructed from the Hilbert schemes of a 2-torus. Moonshine for VD + (Cheng, Dong, Duncan, Harrison, 12 Kachru, Wrase 2014) Gerald H¨ ohn Kansas State University
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H. (1995): Notion of an extremal VOA was introduced. - Only known example for c = 24k: Vâ™® with c = 24. - H. (2007): extremal VOAs provide examples of conformal. 11-designs. - Witten (2007): CFTs based on extremal VOAs may describe black holes in 3-dimensional quantum gravity by AdS/CFT correspondence. 
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