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The maximum is found for the deviation of light passing through a transparent wedge of refractive index n and wedge angle α. The methods are conceptual and geometric, and they require very little calculation. There turn out to be two qualitatively different ray path candidates for maximum deviation, and the geometric approach leads naturally to a criterion involving n and α that decides between the two candidates. Finding the maximum deviation is equivalent to finding the outer radius of a circular halo. © 2008 Optical Society of America OCIS codes: 080.0080, 010.2940.



1. Introduction



The radius of a circular halo is given by the minimum deviation Δmin of light passing through the transparent wedge that gives rise to the halo. The dependence of Δmin on the refractive index n of the wedge and on the wedge angle α has long been known. If n ¼ 1:31 (ice) and α ¼ 60° then Δmin ¼ 21:8°, the familiar value for the radius of the common 22° (circular) halo. If instead α ¼ 90° then Δmin ¼ 45:7°, the radius of the 46° halo. A circular halo, however, is not really a circle but rather an annular region, and when people speak of the radius of the halo, they mean the radius of the inner boundary. There is an outer radius as well, which is the maximum deviation Δmax of light in the wedge. For n ¼ 1:31 and α ¼ 60° it turns out that Δmax ¼ 50:1°. Thus the 22° halo occupies the annular region of the celestial sphere between 21:8° and 50:1° from the sun [Fig. 1(a)]. Whereas the importance of Δmin has long been recognized, the parameter Δmax has generally been ignored, and with some justification. Circular halos are exceedingly weak near their outer boundaries, and any visual estimate of the outer radius will fall far short of the theoretical value of Δmax. One wonders whether Δmax matters. 0003-6935/08/340H44-08$15.00/0 © 2008 Optical Society of America H44
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Sometimes it does matter. Three (22°) Parry arcs are shown in Fig. 1(b). Their ray paths are the same as that for the 22° halo, in the sense that the ray enters one crystal face and directly exits another, with the angle between the faces (the wedge angle) being 60°. Therefore all three Parry arcs must, as in the figure, be subsets of the annular region that is the 22° halo. Thus, if any part of an unknown halo were to fall outside the annular region, then the halo could not be one of these Parry arcs. Nor could it be a (22°) parhelion, tangent arc, or Lowitz arc, since these halos also have the same ray path as the 22° halo. This information might help to identify the unknown halo. There is another reason, in addition to the weakness of the circular halo near its outer boundary, why Δmax has been ignored: its analysis is hard. Although finding Δmax may sound like an exercise in beginning calculus, the problem turns ugly if tackled head-on. Nor is Δmax guessable; it turns out that there are two qualitatively distinct ray path candidates for the maximum, with the choice between them depending on the refractive index and the wedge angle. Uhler [1] in 1913 knew how to calculate Δmax , and he knew the two different candidates. His treatment, however, is purely analytic, and it is not easy to follow. In particular, it is hard to see conceptually why there should be two different ray path candidates to examine. Much later, I also approached the problem analytically [2]. Like Uhler, I maximized the deviation and minimized the satisfaction. In the present article I will solve the maximum deviation problem geometrically.



A.



Fig. 1. (a) Simulation of the common 22° halo. Theoretically the halo occupies the annular region between the concentric circles Δ ¼ Δmin and Δ ¼ Δmax , but the halo is exceedingly weak near the outer boundary Δ ¼ Δmax. (b) Simulation of the upper sunvex, upper suncave, and lower sunvex 22° Parry arcs for a sun elevation of 16°. Since the ray paths for these arcs are the same as ray paths for the 22° halo, these arcs must be subsets of the annular region that is the 22° halo.



The geometric approach will give a quantitative result for Δmax, and it will do so with little calculation. Moreover, it will show that both candidates for maximum deviation are natural—neither is pathological. The problem to be considered is: The maximum deviation problem Find the maximum deviation for ray paths through a transparent wedge having refractive index n and wedge angle α (Fig. 2). The wedge that we consider is highly idealized; it has only two faces—two half-planes having a common, infinite edge. The refractive index inside the wedge is n, outside is 1. Internal reflections are not allowed, but we do allow entry and exit rays that are tangent to the wedge. We assume n > 1 and 0 ≤ α < π. (More is required for the problem to be non-empty.) 2. The geometric formulation



We will see that every ray path through a wedge corresponds to a “vee” consisting of the light points of the entry, internal, and exit rays. Reformulated in the language of vees, the maximum deviation problem will become remarkably simple. It is in fact equivalent to finding the farthest point of a given line segment from a given point (Fig. 9 of Section 2.D).



Fig. 2. Light ray path through a transparent wedge. The deviation Δ is the angle between the entry ray and exit ray. The angle α is the wedge angle.



Light points and Snell’s law



The light point of a ray is the point on the celestial sphere that the ray would appear to be coming from, should it reach the eye of an observer. The radius of the celestial sphere, however, is understood to be equal to the refractive index of the medium containing the ray; if a ray is refracted at a boundary between two media, then there are two concentric celestial spheres, one for each medium. Thus in Fig. 3 the points P and A at the right are the light points of the entry and internal rays of the ray path at the left, since the rays are in the directions PO and AO, and since jPj ¼ 1 and jAj ¼ n. For these same two rays Snell’s law is equivalent [3] to requiring that, as in the figure, the segment AP be normal to the entry face of the wedge and not penetrate the unit sphere S. Likewise, Snell’s law is satisfied at exit: the segment AQ is normal to the exit face and does not penetrate S. Thus the ray path and the wedge determine the vee. On the other hand, given the vee PAQ, one can recover the ray path and wedge: The entry and exit points are chosen arbitrarily, but consistent with the direction AO for the internal ray. The ray path is now determined, since its entry and exit rays must be in the directions of PO and QO. The plane through the entry point and normal to the segment AP, together with the plane through the exit point and normal to AQ, divide space into four regions; the region containing the internal ray is the wedge. The entry and exit rays, already constructed, will indeed be outside the wedge. Snell’s law is satisfied with n ¼ jAj. B.



Vees



Thinking of the unit sphere S as opaque, we say that a point Q on S is visible from the point A (outside S) if the distance from A to Q is less than or equal to the length of a tangent segment to S drawn from A [Fig. 4(a)]. This is the same as requiring that the segment AQ not penetrate S, as mentioned above in connection with Snell’s law.



Fig. 3. Ray path through a wedge of refractive index n at left, and corresponding “vee” PAQ at right. The points P, A, and Q are the light points of the entry, internal, and exit rays to the wedge; the rays themselves are in the directions of the vectors PO, AO, and QO. Snell’s law is expressed by the fact that the segments AP and AQ at the right are in directions normal to the entry and exit faces of the wedge, and that they do not penetrate the unit sphere S. The points P, A, and Q, and hence the segments AP and AQ, are in the plane of the paper, but the origin O, and hence the ray path, need not be. 1 December 2008 / Vol. 47, No. 34 / APPLIED OPTICS



H45



Fig. 4. (a) The points (white) of the unit sphere S that are visible from A. One such point is Q; its distance from A is less than or equal to the length m of a tangent to the sphere drawn from A. Also shown is a line segment through A normal to S. (b) Typical vee PAQ. The points P and Q are visible from A. For a given refractive index n and wedge angle α, the maximum deviation problem is equivalent to finding the maximum base length jPQj for vees with jAj ¼ n and ∠PAQ ¼ α. (c)–(f) Some special vees, all with n ¼ 1:31 (ice) and α ¼ 40°.



Then, to make more precise the concept of a vee, we say that points P, A, Q form a vee, written PAQ, if P and Q are on S, if A is outside S, and if P and Q are both visible from A [Fig. 4(b)]. The point A is the apex of the vee, P and Q are the feet, the segments AP and AQ are the legs, and the segment PQ is the base. The height of the vee is jAj, the apex angle is ∠PAQ, and the deviation is ∠POQ, where O is the center of S. Incidentally, a rabbit ears TV antenna makes a good vee. You just place the feet of the antenna against a beach ball, and the visibility condition is satisfied automatically, since the antenna cannot penetrate the ball (Fig. 5). As in Fig. 3 a vee can always be substituted for a ray path through a wedge, and vice versa. Under the correspondence the deviation of the vee is the deviation of the ray path, the height of the vee is the refractive index of the wedge, and the apex angle of the vee is the wedge angle. The problem of maximizing the deviation of light in a wedge of refractive index n and wedge angle α is therefore equivalent to finding the maximum deviation for vees of height n and apex angle α. This is in turn equivalent to finding the maximum base length for such vees. The deviation Δ and base length d (chord length) are of course related by d Δ ¼ sin : 2 2



ð1Þ



In solving the maximum deviation problem there is no loss of generality in fixing the apex of the vee. Thus in Fig. 4(b) the point A is fixed with jAj ¼ n, but P and Q can vary in the white area of the sphere so long as ∠PAQ ¼ α. Among all of the resulting vees, we are looking for one that gives the largest distance between P and Q. H46



Figure 4 also shows four other vees that would be under consideration, that is, that have the same apex and apex angle. Those four happen to be special: A vee is central if the plane of the vee passes through the center of the sphere. The vee is isosceles if its legs are the same length. The vee is tangential if at least one of its legs is tangent to S. And the vee is doubly tangential (and necessarily isosceles) if both its legs are tangent to S.
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Fig. 5. Rabbit ears TV antenna serving as a vee. In this context the maximum deviation problem amounts to positioning the feet of the vee as far apart as possible on the beach ball, while keeping the apex and apex angle fixed. The legs of the vee extend or contract as needed.



C. Tangential vees suffice



Next we maximize the deviation for just those vees which not only have prescribed apex A and apex angle α, but which lie in a prescribed plane N as well. A typical such vee is shown in Figs. 6(a) and 6(b). Its feet are Pðt − αÞ and PðtÞ, where t → PðtÞ is the parametrization shown in Fig. 6(c). As suggested by Figs. 6(d) and 6(e), it is enough to let t vary between α=2 (isosceles vee) and t0 (tangential vee). The projected deviation DðtÞ of the vee on the plane N is given by rDðtÞ ¼ sðtÞ − sðt − αÞ;



ð2Þ



where sðtÞ is arc length along the circle N∩S and where r is the radius. The speed s0 ðtÞ ¼ jP0 ðtÞj is an even function and increases with jtj, as suggested by Fig. 6(f). Therefore rD0 ðtÞ ¼ s0 ðtÞ − s0 ðt − αÞ  > 0 if α ≤ t < t0 ¼ s0 ðtÞ − s0 ð−t þ αÞ > 0



if α=2 < t ≤ α



:



ð3Þ



Hence DðtÞ is strictly increasing on the interval α=2 ≤ t ≤ t0 . It thus has its minimum at t ¼ α=2, where the vee is isosceles, and its maximum at t ¼ t0 , where the vee is tangential. The projected deviation D is not the same as the actual deviation Δ unless the vees happen to be central. But with the plane of the vees fixed, as here, D is maximized exactly when Δ is maximized [since



r sinðD=2Þ ¼ d=2 ¼ sinðΔ=2Þ]. Thus in the general maximum deviation problem, where the plane of the vee is no longer specified, it is enough to consider tangential vees only, and we do so. The length of a tangential vee, that is, the length of its tangential leg, is a more convenient parameter than the height. The length m and height n are related by m2 þ 1 ¼ n2. The maximum deviation problem has now become: Geometric version of the maximum deviation problem Find the maximum pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃbase length for tangential vees of length m ¼ n2 − 1 and apex angle α. D.



Solving the problem



In considering all tangential vees PAQ of length m and apex angle α, we can assume that A and P are fixed and that AP is the tangential leg (the “first” leg) of the vee. Figure 7 shows three such vees—a central tangential vee, a doubly tangential vee, and a generic tangential vee. The central tangential vee PAC has the shortest second leg, for if the segment AC is rotated about the axis AP, the segment misses the sphere except when in its initial position. On the other hand, the doubly tangential vee PAT has the longest second leg, for if the second leg were any longer, then its foot T would not be visible from A. Although these vees are not easy to visualize on the sphere without computer help, their shapes are simple: Imagine detaching them from the sphere and laying them flat in a single plane. Since they all have the same m and same α, they can be arranged so that their tangential legs coincide and so that A, C,



Fig. 6. (a) Typical vee with apex A and apex angle α and lying in the prescribed plane N. (b) Same but showing the section in the plane N. The angle DðtÞ is the projected deviation. (c) The (signed) angle t and the arc length sðtÞ. (d) The vee when t ¼ α=2; it is isosceles. (e) The vee when t ¼ t0 ; it is tangential. (f) Illustrating that the speed s0 ðtÞ increases with jtj. The spokes emanating from A have equally spaced tvalues, whereas the spacing of the corresponding points on the circle N∩S increases with jtj. As a result, the minimum and maximum of DðtÞ occur at the isosceles and tangential vees, respectively. 1 December 2008 / Vol. 47, No. 34 / APPLIED OPTICS
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Fig. 7. Three tangential vees, all with the same apex A, the same tangential foot P, and the same apex angle.



Fig. 8. The same three vees of Fig. 7, but detached from the sphere. The central tangential vee PAC has the shortest possible second leg, and the doubly tangential vee PAT has the longest. In (c), where the three vees have been superimposed on each other, the second foot Q of the generic tangential vee therefore lies on the segment CT.



Q, and T are collinear, as in Fig. 8(c). The leg AC is shortest, and AT is longest, so Q must lie somewhere on the segment CT. The maximum deviation problem therefore reduces to finding the farthest point of CT from P. The desired point must of course be one of the endpoints C or T. Thus the maximum deviation problem can be solved geometrically, as in Fig. 9. For the given m and α, we just find (the shapes of) a central tangential vee PAC and a doubly tangential vee PAT and select the one with the larger base length. In Fig. 9, where α ¼ 35° (and m ¼ 0:85), the maximum occurs at C, but it is easy to see from the figure that for large enough α the maximum will occur at T instead. The solution can also be executed with the antenna and beach ball, not as a practical matter but rather to illustrate how conceptually simple it is. You place the antenna against the ball so that it becomes a central tangential vee, with the length and apex angle of course determined by m and α. You then detach the



vee from the ball and, without changing the apex angle, you increase the short leg of the vee until the vee becomes isosceles and hence doubly tangential. If there was a net increase in the distance between the feet, then the doubly tangential vee gives the maximum deviation. If not, then the central tangential vee does it. 3.



Making it quantitative



A.



Largest apex angle α2 , and deviations ΔC and ΔT



Figure 10 is a first step in understanding the dependence of the maximum deviation problem on α. As α increases from 0 to π the point T follows a semicircular path starting from P. After leaving P, the point T is initially within the unit circle C, then it meets C at some moment α ¼ α2 , at which time the points T and C coincide. For larger α the point T continues onward, outside C, but C is no longer defined and the maximum deviation problem is empty—there are no tangential vees to consider. Thus: Proposition 1 (Largest apex angle α2 ) For m > 0 let α2 be the unique α, 0 < α < π, for which T (Fig. 10) is on the unit circle C. Then the maximum deviation problem is non-empty exactly when 0 ≤ α ≤ α2 . The angle α2 is given by tan



Fig. 9. Geometric solution to pthe maximum deviation problem. ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ The segment AP of length m ¼ n2 − 1 is tangent to the unit circle C at P. The point T is the result of rotating P through angle α about A, and C is the intersection of the segment AT with C. The larger of dC and dT is the maximum base length, which gives Δmax by Eq. (1). H48
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α2 1 ¼ : 2 m



ð4Þ



proof For 0 < α < π the point T is on C exactly when T coincides with the auxiliary point T0 in Fig. 10 or, equivalently, when jPTj ¼ jPT0 j. But



jPTj ¼ dT ¼ 2m sinðα=2Þ and jPT0 j ¼ 2 cosðα=2Þ. Thus α2 is the unique solution to m sin



α α ¼ cos 2 2



ð5Þ



between 0 and π. Proposition 2 The deviation ΔC for a central tangential vee is given by cosðα þ ΔC Þ ¼ cos α − m sin α;



ð6Þ



0 ≤ α þ ΔC ≤ π:



ð7Þ



proof Equation (7) is clear from Figs. 10(a) and 10 (b), where α and ΔC are indicated as arc lengths along C. For Eq. (6), observe that, as in Fig. 11, the scalar projections of C and A on −T0 are equal. These projections are the left- and right-hand sides of the equation, as can be seen geometrically or by calculation with C ¼ ð− cos ΔC ; sin ΔC Þ, A ¼ ð−1; mÞ, and T0 ¼ ðcos α; sin αÞ. Proposition 3 The deviation ΔT for a doubly tangential vee is given by sin



ΔT α ¼ m sin : 2 2



ð8Þ



proof Use Eq. (1) together with dT ¼ 2m sinðα=2Þ. Together, Props. 2 and 3 give a quantitative solution to the maximum deviation problem. That is, the desired maximum is the larger of ΔC and ΔT . The next section shows how to decide, in advance, which of the two will be larger. The outcome depends on m and α. B. Deciding between C and T



In Fig. 12 the circle (dashed) centered at P and passing through T meets the line A in points T and U, thus defining U. The points of A that are closer to P than is T fall between T and U as shown. Whether U is inside or outside the unit circle C therefore determines whether the maximum occurs at C or at T. If π=3 < α < π then U is always outside C, since on the line A in Fig. 12 the points U and T are then on opposite sides of A. Since T is to the right of the vertical line through A, then U is to the left of it, and hence outside C. And for the interval 0 ≤ α ≤ π=3 we can follow the course of U just as we followed the course of T over the interval 0 ≤ α < π in connection with Prop. 1. After leaving P, the point U (Fig. 13) is initially within C, but then at some moment α ¼ α1 it meets C. This is the decisive value of α, for if 0 < α < α1 then



U is inside C, and if α1 < α < π then U is outside C. Formally: Proposition 4 (Decisive apex angle α1 ) For m > 0 let α1 be the unique α, 0 < α < π, for which U (Fig. 13) is on C. Then α1 < α2 and dT ≤ dC



if 0 ≤ α ≤ α1 ;



ð9Þ



dC ≤ dT



if α1 ≤ α ≤ α2 ;



ð10Þ



where dC and dT are the respective base lengths for central tangential and doubly tangential vees (Fig. 9). The angle α1 is the unique solution to m sin



α 3α ¼ cos 2 2



ð11Þ



between 0 and π. proof Recall that U is outside C whenever π=3 < α < π. Also note that Eq. (11) has no solutions in this interval. We can therefore restrict attention to the interval 0 < α ≤ π=3. In this case the point U is on C exactly when U coincides with the auxiliary point U0 shown in Fig. 13. In fact, U is within, on, or outside C according to whether the distance jPUj is less than, equal, or greater than the distance jPU0 j. As α increases from 0 to π=3, the distance jPU0 j decreases from 2 to 0, while the distance jPUj ¼ dT increases from 0 to m, thus removing any lingering doubts about the existence and uniqueness of α1, and simultaneously confirming Eqs. (9) and (10). Moreover, jPU0 j ¼ 2 cosð3α=2Þ and jPUj ¼ dT ¼ 2m sinðα=2Þ, thus confirming Eq. (11). Since jPU0 j < jPT0 j, then U crosses C before T does, that is, α1 < α2 . Thus Eq. (11) just expresses the condition that U and U0 should coincide when α ¼ α1 . It is the same equation that was found analytically by Uhler in 1913. The preceding propositions and discussion give Theorem 1 (Maximum deviation) pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ For n > 1 and m ¼ n2 − 1, let α1 be the decisive apex angle (Prop. 4) and let α2 be the largest apex angle (Prop. 1). Let 0 ≤ α ≤ α2 . Among all vees having height n and apex angle α, the maximum Δmax of the deviation occurs as follows: If 0 ≤ α ≤ α1 the maximum occurs at a central tangential vee, and Δmax ¼ ΔC ¼ −α þ cos−1 ðcos α − m sin αÞ:



ð12Þ



If α1 ≤ α ≤ α2 the maximum occurs at a doubly tangential vee, and  Δmax ¼ ΔT ¼



2sin−1



 α m sin : 2
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Fig. 12. Deciding between C and T. The points of the line A through A and T that are closer to P than is T are those between U and T. When U is inside the unit circle C, as at the right, the maximum base length occurs at C, since C is then farther from P than is T. When U is outside C (but T is not), the maximum occurs at T.



Historically, any plane that is normal to both faces of the wedge has been known as a normal plane. Since the legs of the vee are the face normals of the wedge, the plane of the vee is a normal plane. Thus in Fig. 3 the plane of the paper is a normal plane, and in Fig. 6 the plane N is a normal plane. From Fig. 3, one finds that central vees correspond to ray paths in a normal plane, and tangential vees correspond to ray paths whose entry or exit rays are tangent to the wedge. For a given n the parameter α2 is, geometrically, the largest α for which there exist vees having height n and apex angle α. Physically, α2 is the largest α for



Fig. 10. Dependence of the maximum deviation problem on α. (a) 0 < α < α2 . The point T is within the unit circle C. (b) α ¼ α2 . The point T is on C. (c) α2 < α < π. The point T is outside C, and the maximum deviation problem is empty. (m ¼ 0:85)



4. Back to the physical version



As mentioned earlier, the points P, A, and Q in Fig. 3 are in the plane of the paper, but O—and hence the ray path—need not be. What we are seeing, then, is the projection of the ray path onto the plane of the vee. The lengths jPj, jAj, and jQj are 1, n, and 1 as indicated, but these lengths are not the same as the lengths of the projections, unless O happens to be in the plane of the vee, that is, unless the vee happens to be central. Likewise, the circle in the figure, which is the intersection of the plane of the vee with the sphere, is not a great circle unless the vee is central.



Fig. 11. Calculating ΔC . See Prop. 2. H50
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Fig. 13. Dependence of the maximum deviation problem on α; max at C versus max at T. (a) 0 < α < α1 . The point U is inside C and the maximum is at C. (b) α ¼ α1 . The point U is on C and the maximum is at both C and T. (c) α1 < α ≤ α2 . The point U is outside C and the maximum is at T. (m ¼ 1:18)



which a wedge having refractive index n and wedge angle α will pass light. For a wedge having refractive index n > 1 and wedge angle α ≤ α2 , Theorem 1 says that if α ≤ α1 then maximum deviation occurs for a ray path which is in a normal plane and whose entry or exit ray is tangent to the wedge. If α ≥ α1 then maximum deviation occurs for a ray path whose entry and exit rays are both tangent to the wedge. As examples, consider the 9° and 22° halos. For ice, Eq. (11) with m ¼ 0:85 (n ¼ 1:31) gives α1 ¼ 47°. The 9° halo arises in wedges with α ¼ 28° < α1 , so the ray path for maximum deviation is in a normal plane and is tangent at entry or exit. The outer radius of the halo is Δmax ¼ 32:9°, from Eq. (12). The 22° halo arises in wedges with α ¼ 60° > α1 , so the ray path for maximum deviation is tangent at entry and exit. The outer radius of the 22° halo is Δmax ¼ 50:1°, from Eq. (13). Two final reminders of the power of the geometric approach: First, we saw in Section 2.C that vees with fixed normal plane N (and fixed A and α) have their minimum



and maximum deviation when isosceles and tangential, respectively. Geometrically that fact is plausible, perhaps even obvious, but it contains as a special case the classical minimum deviation calculation (e.g., [4]). Second, the nearly trivial remark in Section 3.B, that U is outside C whenever π=3 ≤ α < π, means that, regardless of the refractive index, if the wedge angle is at least π=3 then maximum deviation can only occur for a ray path whose entry and exit rays are both tangent to the wedge. Uhler [1] knew this result, but he had to work to get it. References 1. H. S. Uhler, “On the deviation produced by prisms,” American Journal of Science, Fourth Series 35, 389–423 (1913). 2. W. Tape, “Analytic foundations of halo theory,” J. Opt. Soc. Am. 70, 1175–1192 (1980). 3. W. Tape and J. Moilanen, Atmospheric Halos and the Search for Angle x (American Geophysical Union, 2006). 4. M. Born and E. Wolf, Principles of Optics (Pergamon Press, 1975).
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