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Basic definitions Let G be an additive abelian group.



For subsets A, B ⊆ G , we define the sumset of A and B as: A + B = {a + b | a ∈ A and b ∈ B}
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Basic definitions Let G be an additive abelian group.



For subsets A, B ⊆ G , we define the sumset of A and B as: A + B = {a + b | a ∈ A and b ∈ B}



1



How small can the sumset A + B be?



2



If A + B is “small,” how is the structure of A and B?
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Cauchy–Davenport If G ∼ = Z (or more generally, G is torsion-free) then: |A + B| ≥ |A| + |B| − 1 holds for every pair of finite nonempty sets (A, B).
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Cauchy–Davenport If G ∼ = Z (or more generally, G is torsion-free) then: |A + B| ≥ |A| + |B| − 1 holds for every pair of finite nonempty sets (A, B).



Theorem (Cauchy, 1813 - Davenport, 1935) If A, B ⊆ Z/pZ are nonempty and p is prime then |A + B| ≥ min{p, |A| + |B| − 1}
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Cauchy–Davenport If G ∼ = Z (or more generally, G is torsion-free) then: |A + B| ≥ |A| + |B| − 1 holds for every pair of finite nonempty sets (A, B).



Theorem (Cauchy, 1813 - Davenport, 1935) If A, B ⊆ Z/pZ are nonempty and p is prime then |A + B| ≥ min{p, |A| + |B| − 1}



What about arbitrary abelian groups? 6 / 39



Kneser let H < G , and A = B = H, then we will have A + B = H.
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Kneser let H < G , and A = B = H, then we will have A + B = H.



Theorem (Kneser, 1953) Let G be an additive abelian group. If A and B are finite nonempty subsets of G , then |A + B| ≥ |A + H| + |B + H| − |H| where H = GA+B the stabilizer of a subset X ⊆ G is GX = {g ∈ G | g + X = X }.
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Two more definitions



Define the deficiency of a pair (A, B) to be δ(A, B) = |A| + |B| − |A + B|. A pair (A, B) is critical, if δ(A, B) > 0.
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Two more definitions



Define the deficiency of a pair (A, B) to be δ(A, B) = |A| + |B| − |A + B|. A pair (A, B) is critical, if δ(A, B) > 0.



Cauchy-Davenport’s Theorem: Apart from the case when A + B = Z/pZ, all critical pairs in Z/pZ satisfy δ(A, B) = 1. ˜ B) ˜ of G /H Kneser’s Theorem: For a critical pair (A, B) in G , the pair (A, ˜ B) ˜ =1 will be critical with deficiency δ(A,
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Recall H = GA+B and let ϕG /H denote the canonical homomorphism from G to the quotient group G /H.



˜ B) ˜ of G /H Kneser’s Theorem: For a critical pair (A, B) in G , the pair (A, ˜ ˜ will be critical with deficiency δ(A, B) = 1
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The structure of critical pairs
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The structure of critical pairs In Z/pZ, (A, B) critical ↔ δ(A, B) = 1 ↔ |A + B| = |A| + |B| − 1
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The structure of critical pairs In Z/pZ, (A, B) critical ↔ δ(A, B) = 1 ↔ |A + B| = |A| + |B| − 1 choose A, B so that min{|A|, |B|} = 1.
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The structure of critical pairs In Z/pZ, (A, B) critical ↔ δ(A, B) = 1 ↔ |A + B| = |A| + |B| − 1 choose A, B so that min{|A|, |B|} = 1. or A and B to be arithmetic progressions with a common difference.
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The structure of critical pairs In Z/pZ, (A, B) critical ↔ δ(A, B) = 1 ↔ |A + B| = |A| + |B| − 1 choose A, B so that min{|A|, |B|} = 1. or A and B to be arithmetic progressions with a common difference.



Theorem (Vosper, 1956) If (A, B) is a critical pair of nonempty subsets of Z/pZ, then one of the following holds true: 1



|A| + |B| > p and A + B = Z/pZ.



2



|A| + |B| = p and |A + B| = p − 1.



3



min{|A|, |B|} = 1.



4



A and B are arithmetic progressions with a common difference.
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The structure of critical pairs In Z/pZ, (A, B) critical ↔ δ(A, B) = 1 ↔ |A + B| = |A| + |B| − 1 choose A, B so that min{|A|, |B|} = 1. or A and B to be arithmetic progressions with a common difference.



Theorem (Vosper, 1956) If (A, B) is a critical pair of nonempty subsets of Z/pZ, then one of the following holds true: 1



|A| + |B| > p and A + B = Z/pZ.



2



|A| + |B| = p and |A + B| = p − 1.



3



min{|A|, |B|} = 1.



4



A and B are arithmetic progressions with a common difference. What about arbitrary abelian groups? 17 / 39



Kemperman’s Structure Theorem, 1960
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Kemperman’s Structure Theorem, 1960
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Kemperman’s Structure Theorem, 1960



V. Lev (2006) Critical Pairs in abelian groups and Kemperman’s Structure Theorem. Int. J. Number Theory 2 no. 3, 379-396. D. J. Grynkiewicz (2009) A step beyond Kemperman’s structure theorem. Mathematika no. 1-2, 67-114. Y. O. Hamidoune (2011) A structure theory for small sum subsets. Acta Arith. 147, no. 4, 303-327.
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1



Reduce the original classification problem to a classification problem for certain types of triples of subsets called trios.



2



Present the different types of behavior in the structure of nontrivial maximal critical trios, and give the new statement of Kemperman’s theorem.



3



Give a sketch of the proof.
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Trios Let G be finite, and A, B ⊆ G . Define C = −(A + B) then:



0 6∈ A + B + C If (A, B) is critical then: |A| + |B| + |C | > |G |
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Trios Let G be finite, and A, B ⊆ G . Define C = −(A + B) then:



0 6∈ A + B + C



←



trio



If (A, B) is critical then: |A| + |B| + |C | > |G |
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Trios Let G be finite, and A, B ⊆ G . Define C = −(A + B) then:



0 6∈ A + B + C



←



trio



←



define deficiency



If (A, B) is critical then: |A| + |B| + |C | > |G |
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Trios Let G be finite, and A, B ⊆ G . Define C = −(A + B) then:



0 6∈ A + B + C



←



trio



←



define deficiency



If (A, B) is critical then: |A| + |B| + |C | > |G |



Both (B, C ) and (A, C ) are critical pairs:



B + C is disjoint from −A, so |B + C | ≤ |G | − |A| < |B| + |C |
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Critical trios A triple (A, B, C ) of sets satisfying 0 6∈ A + B + C is called a trio. The deficiency of (A, B, C ) is δ(A, B, C ) = |A| + |B| + |C | − |G |. A trio (A, B, C ) is critical, if δ(A, B, C ) > 0. We say that a trio (A, B, C ) is trivial, if one of A, B, or C is empty.
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Critical trios A triple (A, B, C ) of sets satisfying 0 6∈ A + B + C is called a trio. The deficiency of (A, B, C ) is δ(A, B, C ) = |A| + |B| + |C | − |G |. A trio (A, B, C ) is critical, if δ(A, B, C ) > 0. We say that a trio (A, B, C ) is trivial, if one of A, B, or C is empty.



Theorem (Vosper, version trios) If (A, B, C ) is a nontrivial critical trio in Z/pZ and p is prime, then one of the following holds true. 1



min{|A|, |B|, |C |} = 1.



2



A, B, and C are arithmetic progressions with a common difference.
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Pure pairs



We define a pair (A, B) to be pure, if GA = GB = GA+B . It is known (Kneser) that to classify all critical pairs it suffices to classify the nontrivial pure critical pairs.
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Pure pairs



We define a pair (A, B) to be pure, if GA = GB = GA+B . It is known (Kneser) that to classify all critical pairs it suffices to classify the nontrivial pure critical pairs. ↓ nonempty and A + B 6= G
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Maximal critical trios A trio (A, B, C ) is called maximal, if the only sets A ⊆ A∗ , B ⊆ B ∗ , and C ⊆ C ∗ , such that (A∗ , B ∗ , C ∗ ) is a trio are A∗ = A, B ∗ = B, and C ∗ = C . Note that (A, B, C ) is maximal if and only if C = −(A + B) and B = −(A + C ) and A = −(B + C ).
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Maximal critical trios A trio (A, B, C ) is called maximal, if the only sets A ⊆ A∗ , B ⊆ B ∗ , and C ⊆ C ∗ , such that (A∗ , B ∗ , C ∗ ) is a trio are A∗ = A, B ∗ = B, and C ∗ = C . Note that (A, B, C ) is maximal if and only if C = −(A + B) and B = −(A + C ) and A = −(B + C ).



Theorem (Kneser, version trios) If (A, B, C ) is a maximal critical trio in G then GA = GB = GC and δ(A, B, C ) = |GA |.
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Maximal critical trios A trio (A, B, C ) is called maximal, if the only sets A ⊆ A∗ , B ⊆ B ∗ , and C ⊆ C ∗ , such that (A∗ , B ∗ , C ∗ ) is a trio are A∗ = A, B ∗ = B, and C ∗ = C . Note that (A, B, C ) is maximal if and only if C = −(A + B) and B = −(A + C ) and A = −(B + C ).



Theorem (Kneser, version trios) If (A, B, C ) is a maximal critical trio in G then GA = GB = GC and δ(A, B, C ) = |GA |.



PROBLEM: Classify the structure of nontrivial maximal critical trios
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The four types of behavior present in the structure of nontrivial maximal critical trios
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The new statement of Kemperman’s Structure Theorem



Theorem (Kemperman,1960) Let Υ1 be a maximal nontrivial critical trio in G1 . Then there exists a sequence of trios Υ1 , Υ2 , · · · , Υm in respective subgroups G1 > G2 > · · · > Gm satisfying 1



Υi is an impure beat or an impure chord with continuation Υi+1 for 1 ≤ i ≤ m − 1, and



2



Υm is either a pure beat or a pure chord.
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Sketch of the proof
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Sketch of the proof For every set A ⊆ G there is a unique minimal subgroup H for which A is contained in an H-coset. We denote this H-coset by [A] and call it the closure of A.



Lemma (Beat Stability) If (A, B, C ) is a maximal critical trio and [A] ∈ G /H for some H < G , then (A, B, C ) is either a pure or impure beat.



36 / 39



Sketch of the proof For every set A ⊆ G there is a unique minimal subgroup H for which A is contained in an H-coset. We denote this H-coset by [A] and call it the closure of A.



Lemma (Beat Stability) If (A, B, C ) is a maximal critical trio and [A] ∈ G /H for some H < G , then (A, B, C ) is either a pure or impure beat. We say that A ⊆ G is a near R-sequence if A + H is an R-sequence and |(A + H) \ A| < |H|.



Lemma (Sequence Stability) Let (A, B, C ) be a maximal critical trio with [A] = [B] = [C ] = G . If A is a proper near sequence, then (A, B, C ) is either a pure or an impure chord. 37 / 39



Key tool



a process which allows us to make a subtle modification to a critical trio to obtain a new trio with deficiency no smaller than the original.



Lemma (Purification) Let (A, B, C ) be a critical trio in G , let H ≤ G , and assume A and H are finite and (A, H) is critical. If R ∈ G /H satisfies ∅ = 6 R ∩ B 6= R and S = −(A + R), then δ(A, B ∪ R, C ∩ S) ≥ δ(A, B, C ).
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Thank you for your attention!
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