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29th January 2016 Abstract We define an index of horizontal inequality which generalizes the idea of between-group inequality to situations where the population is not necessarily partitioned in homogeneous social groups and continuous economic and social distances are available. We restrict our attention to a class of measures which are expressions of the expected antagonism of a randomly matched pair, and we characterize our index uniquely from this class via two axioms which are natural properties of a predictor of social conflict. We also define an estimator of our index that takes the form of a second order U-statistic and has well-behaved statistical properties. Keywords: conflict; diversity; between-group inequality; horizontal inequality. JEL classification: C43; D63; D74.
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Introduction



One main purpose of the social sciences is to predict social conflict, a broad concept which spans from a low sense of community to high crime rates and outbreaks of organized violence. Among the many determinants of social conflict, in this paper we focus on the unequal distribution of the economic resources across socially diverse individuals. Intuitively, both economic and social differences should have a crucial role to predict social conflict, and they may further sustain each other via selffulfilling mechanisms (see Horowitz, 1985). There is ample evidence that economic inequality between social groups (e.g., ethnicities) is related to social conflict, leading to undesirable outcomes such as poor economic performance (Alesina et al., 2016), low public good provision (Baldwin and Huber, 2010) and civil war (Cederman et al., 2011). Within the approach of between-group inequality, social traits are exclusively employed to partition the population in groups and hence have a purely categorical role (e.g., ethnicity A ∗ †
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vs ethnicity B). However, in applications a richer dataset may be available, comprehending a continuous measure of social distance between these groups (e.g., the degree of diversity of the languages of ethnicities A and B).1 The measurement of social distance is the broad subject of diversity measurement, which deals with understanding how broken a population is in terms of social identities. Social diversity measures are typically formalized in terms of fractionalization or polarization. As between-group inequality, social diversity is also known to be significantly related to social conflict, leading to various forms of poor economic performance and institutional failure. For an introduction to this literature, we refer to the articles discussed in Desmet et al. (2009) and Desmet et al. (2012). Our work is motivated by the belief that both economic and social distances can be jointly used to predict social conflict. Each of the approaches of between-group inequality and diversity measurement focuses on a single dimension. Instead, we propose a predictor of social conflict that combines both economic and social traits within the same framework. Our measure generalizes the idea of between-group inequality to situations where the population is not necessarily partitioned in homogeneous groups, in a model where economic inequalities between individuals are weighted by their social disparities. As our approach is conceptually novel, we call our measure an index of horizontal inequality, borrowing the term from the political science literature where it is used to broadly denote how economic resources are distributed across social dimensions (see, e.g., Stewart, 2008). Let us describe our model in more detail. We consider a distribution of two attributes in a population: economic resources and social traits. We assume that there is some degree of antagonism between each pair of individuals which is determined by the distance of their economic and social attributes. Then, we restrict our attention to a class of bivariate measures which are expressions of the expected antagonism between a randomly matched pair. This class is quite broad and it comprehends well-known inequality measures such as multivariate indices in Koshevoy and Mosler (1997) and Gajdos and Weymark (2005). We discuss some generally desirable properties of an index, such as translation invariance, scale invariance and the population replication principle, that are typically satisfied by measures of our class. Having introduced our general class, we focus on a particular index where the antagonism of each pair of individuals is given by the product of their economic and social distances. This index satisfies the essential feature of a measure of horizontal inequality: that the economic and social distances between two individuals are counted only if these individuals are both socially and economically diverse. In this sense, 1



Social distances between ethnicities are typically derived by the number of branches between their respective languages in a linguistic tree (see Desmet et al., 2009). More generally, social distances can be based on an individual social score calculated by taking an average over a set of dummy variables or by principal component analysis (see Kolenikov and Angeles, 2009; Bossert et al., 2011). An alternative approach is to look at the degree of mutual segregation of two groups on a territory, which may estimate their unwillingness to interact. In sociology, the Bogardus scale is a well-known method to derive social distances from self-reported preferences.
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we say that our index presents a strong degree of complementarity across dimensions. Our index is strictly related to the group decomposition of the Gini index, a well-established approach that has been successfully employed to predict social conflict (see Baldwin and Huber, 2010; Alesina et al., 2016). More precisely, when we restrict social traits so that they divide the population in homogeneous groups, the index can be expressed as the complement of the within-group component of the Gini index. Moreover, if the distributions of the groups do not overlap, the index coincides with the between-group component. To illustrate how these features extend to the general case, we show that the index has a simple geometric interpretation as a projection of the economic dimension onto the social one. Moreover, we prove that the index is exclusively maximized at degenerate bipolar distributions, which is a desirable property of a predictor of social conflict. We uniquely characterize our index from the class of measures of expected antagonism via two axioms that we motivate as desirable properties of a predictor of social conflict and a measure of horizontal inequality. The first axiom requires social conflict to increase when equal amounts of individuals are shifted from the center to each side of a distribution. In other words, conflict should be higher when moderate individuals become more extremist by “taking sides”. Conversely, the second axiom demands that social conflict should be higher when perfectly homogeneous groups are formed, even though some distances may decrease due to compromises to unite. We extensively discuss the role of these axioms for the characterization, and we define a broader class of measures that satisfy weaker versions of them. We propose an estimator of our index and define its statistical properties. Any index from the class of measures of expected antagonism can be understood as a mathematical expectation of some function of differences in attributes of a randomly matched pair of individuals. If the individuals are drawn from the same distribution, then it is natural to think of this index as a feature of such distribution. We formalize this idea by modeling the inference on this index from a random sample. The estimator we propose takes the form of a second order U-statistic. We show that it is consistent and has asymptotic normal distribution under very weak conditions. Therefore we believe our index can be easily used in applications due to its simplicity. The paper develops as follows. Section 2 reviews the literature, while Section 3 introduces the general model and the class of measures of expected antagonism. In Section 4 we focus on our index and discuss some of its properties: we explain the relation with the decomposition of the Gini index, we illustrate the geometric interpretation and we show that the index is exclusively maximized at degenerate bipolar distributions. Section 5 presents our axiomatic characterization of our index and a discussion of a broader class of measures that satisfy weaker axioms. The statistical properties of a natural estimator of our index are discussed in Section 6. Section 7 concludes. All proofs are in Appendix.
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Related literature



Our index can be seen as a special type of multivariate inequality measure. All multivariate inequality measures present a certain degree of complementarity across dimensions, which is typically moderate. In this work we deliberately focus on a very high complementarity degree to capture the idea of horizontal inequality, whose essential feature is that economic and social distances between individuals should be counted only if they differ in both dimensions. Other multivariate inequality measures that present high complementarity degree across dimensions belong to the Generalized Entropy family and are characterized in Tsui (1995, 1999). Within the context of multivariate inequality, our index can be seen as a bivariate extension of the Gini index. Other multivariate Gini indices are defined in Koshevoy and Mosler (1997), Gajdos and Weymark (2005) and Banerjee (2010). In particular, the distance-Gini mean difference of Koshevoy and Mosler (1997) and symmetric indices of the class of measures characterized in Theorem 4 of Gajdos and Weymark (2005) belong to our class of measures of expected antagonism for the bivariate case. However, none of them satisfies the before mentioned essential feature of a measure of horizontal inequality (that economic and social distances between individuals are counted only if they differ in both dimensions). As motivated in the Introduction, we see horizontal inequality as an extension of the concept of between-group inequality. The axiomatic approach to between-group inequality started with a series of seminal contributions that characterized indices decomposable in a between-group and a within-group component (see, e.g., Bourguignon, 1979; Cowell, 1980; Shorrocks, 1980). In particular, Shorrocks (1980) shows that, to be decomposable in such fashion, an index must belong to the class of Generalized Entropy measures. As the Gini index does not belong to this class, its decomposition typically presents a residual term. It has been emphasized that the residual term is not a shortcoming of the Gini index, but a meaningful expression of the degree of overlap of the distributions of groups. As shown in Ebert (1988), the residual is null whenever distributions of groups do not overlap. There are many ways of decomposing the Gini index which differ from each other marginally. We refer to Deutsch and Silber (1999) for a review of this literature. Our index can also be interpreted as a diversity measure: it is a bivariate extension of the univariate fractionalization index characterized in Bossert et al. (2011). This index is originally formulated in Greenberg (1956) to aggregate linguistic distances in an analogous fashion to the Gini index of inequality, and it generalizes the wellknown ELF index by introducing continuous social distances between groups. The characterization of Bossert et al. (2011) is based on a set of axioms which lead to a univariate measure with additive structure. They suggest that in many applications the single attribute can be estimated via principal component analysis from a multivariate dataset. Our approach is opposite. We take an additive structure as the starting point (i.e., our class of measures of expected antagonism). Then, we pin down via a set of axioms the exact mapping from the multivariate character4



istics (i.e., economic resources and social traits) to a scalar which summarizes the antagonism between a pair of individuals. Among other diversity measures, the univariate polarization indices in Esteban and Ray (1994) and Duclos et al. (2004) are similar to our model but present a crucial difference: while we assume that the antagonism between two individuals is only determined by the distance of their attributes, they allow this antagonism to depend on how many individuals share the same attributes with the two individuals (i.e., the group size). From an economic view point, there can be an ambiguity on the degree, and even direction, of the effect of group size on the level of antagonism between groups. It is well-known that, if groups are to take action against each other, they can encounter collective action problems of various nature and cooperation may be more difficult for larger groups.2 Then, one may abstract from the issue of group mobilization and exclusively focus on grievances between individuals, which are reasonably independent of group size. To the best of our knowledge there are no multivariate fractionalization measures in the literature, while there are some multivariate polarization indices. Like betweengroup inequality measures, these polarization indices use categorical attributes to define groups. For instance Permanyer (2012) characterizes a bivariate model where one attribute is categorical (e.g., gender) and partitions the population into groups, the other attribute is cardinal (e.g., income) and is used to compute polarization within groups and between groups. Along similar lines, Permanyer and D’Ambrosio (2015) characterize a bivariate index where groups are defined via a categorical attribute and the polarization between groups via an ordinal attribute. Other polarization measures that do not take an axiomatic approach present similar features (see, e.g., Gigliarano and Mosler, 2009).
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Measures of expected antagonism



Consider a finite population N := {1, . . . , n} with n ≥ 3 where each individual is associated with attributes of two types T := {1, 2}: economic resources and social traits. For simplicity we assume that, for each type t ∈ T , the attribute of individual i ∈ N is a real number xti which is normalized to take value in the unit interval [0, 1].3 Denote by the vector xt := (xt1 , . . . , xtn ) ∈ [0, 1]n the distribution of attributes of type t ∈ T , and let the 2 × n matrix  1  x1 , . . . , x1n x := ∈ [0, 1]2×n x21 , . . . , x2n 2



See Olson (1965), Isaac and Walker (1988), Esteban and Ray (2001), Feddersen and Pesendorfer (1998) and Guarnaschelli et al. (2000) for empirical and theoretical arguments in this direction. 3 We discuss through the paper the more general case of attributes taking value in a higher dimensional Euclidean space.
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be the joint distribution of attributes of both types. Then, an index is a mapping I : [0, 1]2×n → R+ where I(x) measures some property of x ∈ [0, 1]2×n . We assume that there is a certain degree of antagonism between each pair of individuals which is a function of the distance of their economic resources and social traits. The mapping p : [0, 1]2 → R+ defines the degree of such antagonism, where p(|x1i − x1j |, |x2i − x2j |) is continuous, increasing in each argument and satisfies p(0, 0) = 0. Given this, we require our index to be a measure of expected antagonism, in the sense that it represents the degree of antagonism between two randomly matched individuals. Then, for any x ∈ [0, 1]2×n , we restrict our attention to the class of measures n n 1 XX I(x) := 2 p(|x1i − x1j |, |x2i − x2j |), n i=1 j=1



(1)



where p can be any function that satisfies our basic restrictions, and each specification of p defines a different index. An appealing feature of the class of measures (1) is that it is translation invariant, in the sense that the rankings of distributions induced by any index I from (1) remain unchanged when the same positive constant is added to all attributes. Formally, translation invariance requires that, for any x, y ∈ [0, 1]2×n , if I(y) ≥ I(x) then I(y + kJ2,n ) ≥ I(x + kJ2,n ) for any k > 0, where J2,n is the 2×n unit matrix. The natural counterpart of translation invariance is scale invariance, which demands the rankings of distributions induced an index I to remain unchanged when all attributes are multiplied by the same positive constant, i.e., for any x, y ∈ [0, 1]2×n , if I(y) ≥ I(x) then I(ky) ≥ I(kx) for any k > 0. It can be shown that an index from (1) satisfies scale invariance if the corresponding p is a homogeneous function, which is the case for the specific index we characterize in this paper (see Section 4). Lastly, any index from (1) satisfies the population replication principle, which requires the rankings of distributions induced an index to remain unchanged when each individual is cloned for the same number of times. This is straightforward, as the class (1) takes the form of an average across pairs of individuals.
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The index



The restriction (1) defines a class of bivariate indices that are intuitively linked to social conflict. Note that, as p is generic, this class is very broad. From now on,
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we focus on the particular index from the class of measures of expected antagonism n n 1 XXY t ∗ |xi − xtj | for any x ∈ [0, 1]2×n . (2) I (x) := 2 n i=1 j=1 t∈T In (2), the degree of antagonism of a pair takes the multiplicative form p(a, b) = ab, which takes value in [0, 1] for any a, b ∈ [0, 1] and hence it can be interpreted as a probability. Note that p(ka, kb) = k 2 p(a, b), therefore p is a homogeneous function and the index (2) is necessarily scale invariant, as we discussed in Section 3. Given that p(0, b) = p(a, 0) = 0, the antagonism between two individuals is null whenever they share the same economic resources or social traits; moreover, given that the cross derivatives p1,2 and p2,1 are always positive, an increase in economic (social) distance always magnifies the effect of social (economic) distance. Then, we can conclude that economic and social distances are complementary forces to determine the antagonism of a pair, which is an essential feature of horizontal inequality. Relation to the Gini index’s group decomposition One reason to focus on the index (2) is that it is strongly related to the group decomposition of the Gini index, in particular to the between-group component. To see this, we focus on a distribution of social traits that partitions the population in two groups. Although not formalized here, one can easily extend the analysis to an arbitrary number of groups by letting attributes of type 2 to take value in a higher dimensional Euclidean space. Note that all results of this paper extend to this general case. We provide a detailed discussion for each result.4 Let x2 ∈ [0, 1]n define a bipartition L, R ⊂ N where x2i = 0 if i ∈ L and x2i = 1 if i ∈ R, while let x1 ∈ [0, 1]n be any distribution. Then, type 1 could be income, while type 2 could be any categorical social trait which defines two groups (e.g., ethnicity A vs ethnicity B). Denote by GS (x1 ) :=



1 XX 1 |x − x1j | |S|2 i∈S j∈S i



the unnormalized Gini index of the distribution of income within a set of individuals 4



To see how the analysis of this subsection is generalized, let attributes of type 2 to take value k in [0, 1] with k ≥ n − 1 and denote by φk : R2×k → R+ the corresponding Euclidean norm. Then, k it can be shown that there is x ˆ2 ∈ [0, 1] such that φk (ˆ x2i , x ˆ2j ) = 1 for all i, j ∈ N , which means that we can define up to n equally distant social groups, one for each individual. Given this, one can easily extend our results for two groups to an arbitrary number of groups by the same arguments.
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S ⊆ N . Then, (2) can be written as 1 XX 1 |xi − x1j | 2 n i∈L j∈R 1 XX 1 1 XX 1 1 XX 1 |xi − x1j | − 2 |xi − x1j | − 2 |x − x1j | = 2 n i∈N j∈N n i∈L j∈L n i∈R j∈R i  2  2 |L| |R| 1 1 = GN (x ) − GL (x ) − GR (x1 ), n n



I ∗ (x) =



so that (2) is the unnormalized Gini index minus a population-weighted average of within-group Gini indices, i.e., the complement of  2 2  |L| |R| 1 W (x) := GL (x ) + GR (x1 ), n n where W (x) is the within-group component of the unnormalized Gini index. We now show that (2) is equal to the between-group component of the unnormalized Gini index plus a residual which can be null. Define the between-group component by |L||R| 1 |xL − x1R |, B(x) := 2 n P 1 1 1 where xS := |S| i∈S xi denotes the average income of group S ⊆ N . Without loss of generality suppose x1L ≥ x1R , so that group L has higher income than group R on average. Then, the residual component is V (x) : = I ∗ (x) − B(x) 1 XX 1 |L| X 1 |R| X 1 = 2 |xi − x1j | − 2 x + 2 x. n i∈L j∈R n i∈R i n i∈L i As discussed in Ebert (1988), the residual component is not a shortcoming of the Gini model, but a meaningful measure of the overlap of the income distributions of the two groups, i.e., the degree to which some part of group R has higher income than some part of group L. Note that, if each member of group L has higher income than all members of group R (i.e., the income distribution of group L dominates the one of group R), the residual is null and our index coincides with the betweengroup component, I ∗ (x) = B(x). Conversely, whenever some member of group R has higher income than some member of group L (i.e., if the income distributions of the two groups overlap), we must have V (x) > 0 and hence I ∗ (x) > B(x). Geometric interpretation Another appealing feature of (2) is that it can be interpreted geometrically. For any x ∈ [0, 1]2×n and t ∈ T , let ∆tx = (|xt1 − xt2 |, . . . , |xtn−1 − xtn |) be the vector of
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distances of attributes of all unordered pairs of different individuals, where ||∆tx ||2 =



" n−1 n X X



#1/2 (xti − xtj )2



is its Euclidean norm.



(3)



i=1 j=i+1



It is easy to verify that the index (2) is a function of the inner product of the two vectors ∆1x and ∆2x , and it can be written as I ∗ (x) =



 2 ∆1x · ∆2x . 2 n



Then, by the Cauchy–Schwarz inequality we obtain the condition I ∗ (x) ≤



2 ||∆1x ||2 ||∆2x ||2 , n2



which holds with equality if and only if the two vectors are linearly dependent, that is, one is a scalar multiple of the other. This means that, for the index (2) to be maximized by a joint distribution x ∈ [0, 1]2×n , there must be α > 0 such that |x1i − x1j | = α|x2i − x2j | for all i, j ∈ N .



(4)



Roughly speaking, economic and social distances should be perfectly aligned: if two individuals are very different from a social perspective, they must be so also economically. Geometrically, the index can be seen as a projection of the economic dimension onto the social one, measuring the extent of alignment of the social and economic distances of each pair of individuals. By definition of inner product I ∗ (x) =



2 ||∆1x ||2 ||∆2x ||2 cos [θx ] , n2



(5)



where θx is the angle between the two vectors ∆1x and ∆2x . Note that, as cos [0] = 1, the index is maximized only if these vectors are codirectional, i.e., they point in the same direction, which is the case when (4) holds (see Figure 1). It is needless to say that the analysis above directly extends to the general case of attributes taking value in a higher dimensional Euclidean space equipped with the corresponding Euclidean distance: a vector of positive real valued distances would be defined for each type, with norm given by (3), so that our index is the inner product of the two vectors and the conditions for maximization equally apply. Most polarized distributions A desirable feature of a predictor of social conflict is to be maximized by distributions that are “highly polarized”. Roughly speaking, a population is highly polarized when there are deep economic and social fractures that alienate some groups from others, preventing many individuals from developing a sense of community which includes the whole population. Intuitively, this may lead to various forms of social conflict, from low levels of public good provision to outbreaks of organized violence 9
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Figure 1: Graphical representation of the vectors ∆1x and ∆2x . Given n = 3, x1 = (.1, .9, .6) and x2 = (.6, .9, .1), we have ∆1x = (.8, .5, .3) and ∆2x = (.3, .5, .8). Note that there is an axis for each pair i, j ∈ N , and on such axis we have both |x1i − x1j | and |x2i − x2j |. between opposite factions competing for supremacy. To give an idea of what a highly polarized distribution should look like, we quote a passage from Esteban and Ray (1994): “The polarization of a distribution of individual attributes must exhibit the following basic features. (i) There must be a high degree of homogeneity within each group. (ii) There must be a high degree of heterogeneity across groups. (iii) There must be a small number of significantly sized groups.” Following their approach closely, we say that a joint distribution x ∈ [0, 1]2×n is most polarized if there is a partition of N denoted by {L, R} so that x jointly satisfies the three conditions (i) |xti − xtj | = 0 for any t ∈ T and pair i, j ∈ N such that i, j ∈ L or i, j ∈ R; (ii) |xti − xtj | = 1 for any t ∈ T and pair i, j ∈ N such that i ∈ L and j ∈ R; (iii) |L| = |R| if n is even, and |L| = |R| + 1 if n is odd; which require a distribution to divide the population in two equally sized groups whose members have perfectly homogeneous attributes opposite to each other (i.e., to be a degenerate bipolar distribution). Let P ⊆ [0, 1]2×n denote the set of all most polarized distributions. Note that, if distributions were univariate, P would coincide with the set of maximizers of the polarization measure in Esteban and Ray (1994). Given the bi-dimensionality of our setup, we additionally require that in a most polarized distribution attributes must be perfectly aligned across dimensions, 10



which seems a natural extension of the concept. Intuitively, two individuals may not feel alienated as long as they belong to the same economic (social) group, even though they strongly differ in the other dimension. We are now ready to state our result. Proposition 1 A joint distribution x ∈ [0, 1]2×n maximizes the index (2) if and only if x ∈ P . Proposition 1 shows that P is the set of all maximizers of our index, which we argued to be a desirable property of a predictor of social conflcit. For robustness purposes, we now discuss two aspects of our model Proposition 1 relies upon, both related to our assumption that attributes take value in the unit interval. Firstly, we argue that a weaker version of Proposition 1 (the “if” part) would hold if a type of attributes is multidimensional. Secondly, we discuss a simple normalization of real valued attributes into the unit interval which is compatible with our analysis. The “if” part of Proposition 1 can be extended to the case where social traits take value in a higher dimensional Euclidean space. To see this, let the space of individual social traits be [0, 1]k with k ≥ n−1, and define social distances by the corresponding Euclidean norm. Note that this allows social distances to be maximal (i.e., equal to 1) for all pairs of individuals at the same time. Conversely, let the space of individual economic resources be [0, 1], as in our benchmark model. Then, it can be shown that all joint distributions in P maximize the index (although there may be other maximizers). We briefly sketch here the basic steps that lead to this result. Firstly, we acknowledge that a joint distribution where all social distances are maximal can be a maximizer. Secondly, we note that, for this particular distribution of social traits, our index coincides with the unnormalized Gini index of the distribution of economic resources, which one can show to be maximized by distributions that divide the population in two equally sized sets L and R with homogeneous economic attributes 0 and 1 respectively (or 1 and 0). Then, as economic distances are null within L and R, the index remains constant if we impose also social distances to be null within the sets (this is because p(0, ·) = p(·, 0) = 0), so that L and R are perfectly homogeneous groups. Hence, any distribution in P maximizes the index. We now discuss our second issue: the normalization of real valued attributes, that is, the transformation which restricts the range of their permissible values to the unit interval. We focus on the real valued case for simplicity, as the same arguments are straightforwardly extended to the multidimensional case. Note that Proposition 1 relies on the assumption that the joint distribution of attributes can freely vary on the space [0, 1]2×n . In principle, this can be in conflict with the normalization of attributes, if some degree of interdependence is introduced via the normalizing transformation.5 A normalization compatible with Proposition 1 is achieved by the standard linear transformation based on the upper and lower boundaries of an attribute. To see this, let the unnormalized attributes be real numbers, and assume 5



For instance, problems arise if we divide the unnormalized attributes by their average.
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that for each type t ∈ T their values are always between a minimum µt and a maximum µt . Then, for each individual i ∈ N and type t ∈ T , the normalized attribute can be defined by the linear transformation xti := (˜ xti − µt )/(µt − µt ) where x˜ti ∈ R denotes the corresponding unnormalized attribute. The meaning and interpretation of minimum and maximum varies with the application; in general, one possibility is to define them by the lowest and highest observations in a superset of the population of interest. For example, in a study where our index is computed within each country of the world, this superset could be the whole world’s population.
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Axiomatic approach



In this section we show that our index (2) is the only one from the class (1) to fulfill two axioms that we motivate as desirable properties of a predictor of social conflict and a measure of horizontal inequality. We discuss the role these two axioms in the characterization by identifying the classes of measures from (1) that fulfill one axiom but not the other. We also consider weaker versions of our axioms that are satisfied by a broader class of predictors of social conflict which are not pure measures of horizontal inequality. On the technical side, in this section we restrict our analysis to populations whose size is a multiple of six, so that a population can always be partitioned in three equally sized groups each divisible by two (we consider such distributions in our axioms). Note that, as discussed in Section 3, any measure of expected antagonism satisfies the population replication principle, therefore it seems legitimate to rescale the population so that its size is a multiple of six. This is just for expositional convenience, as it is straightforward to extend the results to other cases but also tedious due to the integer problem. Characterization What are the natural properties of a predictor of social conflict? Intuitively, social conflict should be low when a population is relatively homogeneous in both economic resources and social traits. One way to think of population homogeneity is whether there are many individuals whose economic resources and social traits take value around the center of the distribution. Then, it seems reasonable that social conflict increases whenever population mass is shifted from the center to the extremes of the distribution of economic resources or social traits. Our first axiom formalizes this idea by focusing on the simple case of a uniform three mass point distribution, requiring social conflict to increase when the mass of the central point is equally distributed to the other two points. Axiom 1 Data: For any partition of the population in three equally sized sets
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A, B, C ⊆ N , some t ∈ T and some µt , δt ∈ (0, 1), let xt ∈ [0, 1]n be such that  µt i ∈ A,  t µt − δt /2 i ∈ B, xi =  µt + δt /2 i ∈ C, and let y t ∈ [0, 1]n be such that, for some partition of A in two equally sized sets D, E ⊆ A,  µt − δt /2 if i ∈ B ∪ D, t yi = µt + δt /2 if i ∈ C ∪ E. Finally, for some pair of mutually exclusive and equally sized sets F, G ⊆ A and some µ¬t , δ¬t ∈ (0, 1), let x¬t ∈ [0, 1]n satisfy  µ¬t i ∈ A\(F ∪ G),  µ − δ /2 if i ∈ B ∪ F , x¬t = ¬t ¬t i  µ¬t + δ¬t /2 if i ∈ C ∪ G, Statement: For any t ∈ T , we assume I(y t , x¬t ) ≥ I(xt , x¬t ) if F ⊆ D and G ⊆ E.



|B ∪ D| = |C ∪ E| |A| = |B| = |C|



µt − δt /2



µt



µt − δt /2



µt + δt /2



µt + δt /2



Distribution y t



Distribution xt



|B ∪ F | = |C ∪ G| |A\(F ∪ G)| µ¬t − δ¬t /2 µ¬t µ¬t + δ¬t /2 Distribution x¬t Let us go through Axiom 1 in detail. Let t ∈ T be economic resources (e.g., income), so that A is the middle class, B is the poor and C is the rich. By our axiom, social conflict should increase when the middle class is split in two equal parts, D and E, so 13



that half becomes poor (D) and half becomes rich (E). The interpretation is equally straightforward when t is a social attribute (e.g., ideology), so that B and C are two opposite extremist groups while A represents the moderates. Axiom 1 concerns changes in the distribution of a single type, while keeping the distribution of the other type fixed. Note that the axiom imposes restrictions on the distribution of the fixed dimension. In short, social traits and economic resources should be loosely aligned, a condition captured by the conditions F ⊆ D and G ⊆ E. Intuitively, we should expect social conflict to be high when individuals simultaneously differ in both dimensions. One reason to keep the conditions on F and G loose is that, this way, the axiom can be applied recursively. One can show that, by applying our axiom twice, social conflict should increase when population mass is shifted away from the center of both distributions at the same time, i.e., I(y 1 , y 2 ) ≥ I(x1 , x2 ). Analogous properties to Axiom 1 are fulfilled by all measures of diversity in the univariate setting (see, e.g., Bossert et al., 2011; Esteban and Ray, 1994). In this sense, this is perhaps the most common feature of a diversity measure. We have said that social conflict should be lower in relatively homogeneous populations. What else should we expect from a predictor of social conflict? Intuitively, a society may experience a high degree of social conflict when the distribution of economic resources appears to be severely distorted by discrimination according to some arbitrary social trait (e.g., ethnicity). Then, the more systematic the relation between economic endowments and social traits, the higher we should expect social conflict to be. Our second axiom formalizes this idea by focusing on the formation of homogeneous groups, i.e., sets of of individuals with identical economic resources and social traits. Roughly speaking, Axiom 2 requires social conflict to increase when a class of individuals that doesn’t “fit in” homologates to the pattern of discrimination (e.g., rich individuals of a discriminated ethnicity become poor). Axiom 2 Data: For some t ∈ T , µt , δt , µ¬t , δ¬t ∈ (0, 1) and a partition of the population in three equally sized sets A, B, C ⊆ N , let x ∈ [0, 1]2×n be such that xti = µt and x¬t i = µ¬t t ¬t xi = µt + δt and xi = µ¬t + δ¬t xti = µt and x¬t i = µ¬t + δ¬t



if i ∈ A, if i ∈ B, if i ∈ C,



while let y t ∈ [0, 1]n be such that



yit



yit =Pµt



=



yjt



≥



j∈B∪C



if i ∈ A and xtj



|B∪C|



if i, j ∈ B ∪ C.



Statement: For any t ∈ T , we assume I(y t , x¬t ) ≥ I(xt , x¬t ).
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|A ∪ C|



|B ∪ C|



|B|



|A|



µt



µt



µ t + δt



P



j∈B∪C



xtj



µ t + δt



|B∪C|



Distribution y t



Distribution xt



|B ∪ C| |A|



µ¬t



µ¬t + δ¬t



Distribution x¬t Let us go through Axiom 2. The population is partitioned in three equally sized sets of individuals, A, B, and C. Individuals within sets A and B have identical economic and social attributes, so that they form two opposite homogeneous groups. Conversely, the attributes of individuals in C are equal to A for one dimension and equal to B for the other. Then, the axiom requires social conflict to increase when attributes of individuals in B and C become equal for all dimensions, so that the whole population becomes partitioned in two homogeneous groups: A and B ∪ C. As discussed before, when economic and social characteristics are systematically aligned, perceptions of discrimination may arise and lead to social conflict. Note that Axiom 2 imposes restrictions on the new attributes of individuals in B ∪ C: they should be weakly larger than the average of their old attributes. Intuitively, we do not want their attributes to become too close to the ones of group A, or the whole population would be so homogeneous that social conflict should decrease.6 Let us consider the most extreme case, where the new attributes are equal to the average of the old and hence the closest to the ones of group A. This case it particularly relevant as our characterization stands if Axiom 2 is restricted to it. Suppose the formation of the homogeneous group B ∪ C follows from a voluntary agreement, where individuals modify their attributes to “fit in”. Intuitively, this change of attributes can represent the necessary bargain between individuals in B and C to 6



In fact, one can show that if the new attributes are below the average of the old, social conflict should decrease by Axiom 1.
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unite. For instance, if t is resource endowments, y t can be derived from xt by a resource transfer from B to C which equalizes incomes within the new group B ∪ C. Conversely, if t is a social trait, the merger of groups B and C can follow from an ideological compromise. The theorem below characterizes the specific index (2) from the family of measures of expected antagonism (1) via our two axioms. Note that (2) identifies a unique index up to a positive scalar multiplication, therefore it always provides unambiguous ranks of distributions. Theorem 1 A measure from class (1) satisfies Axioms 1-2 if and only if it takes the form (2) up to a positive scalar multiplication. It is noteworthy that Theorem 1 directly extends to the general case of attributes taking value in a higher dimensional Euclidean space. The argument is straightforward: for any higher dimensional Euclidean space, one can always restrict attention to attributes taking value on a line, hence our axioms equally apply. The complete proof of Theorem 1 can be found in the Appendix, however, to give some intuition of the role of the axioms in the characterization, we briefly sketch here the basic steps. First, given that I(x)must take the form (1) for some function p, we show that Axiom 1 requires p to be weakly convex in each of its arguments. Secondly, we argue that Axiom 2 implies that p is weakly concave. Then, as p is both weakly concave and weakly convex, p must be linear. Lastly, we show that the two axioms require p to be null whenever one of its arguments is null, i.e., 0) = 0. Q p(0, ·)t = p(·, 1 1 2 2 t Together with linearity, this implies p(|xi − xj |, |xi − xj |) = k t∈T |xi − xj | for some k > 0, hence I(x) must take the form (2) up to a positive scalar multiplication. Discussion A property of our index that is essential to the notion of horizontal inequality is p(0, ·) = p(·, 0) = 0.



(6)



This seems like a natural extension of the between-group inequality approach, so that the economic and social distances of a pair of individuals are counted only if these individuals differ in at least one dimension. Each of our axioms demands (6) alone. In fact, it can be shown that any index which belongs to the class of measures of expected antagonism (1) and satisfies Axiom 1 or Axiom 2 must take the form n n 1 XX (7) f (|x1i − x1j |)g(|x2i − x2j |) I1 (x) := 2 n i=1 j=1 for some pair of continuous increasing functions f : [0, 1] → R+ and g : [0, 1] → R+ that satisfy f (0) = g(0) = 0. More generally, we have the following. Proposition 2 An index from class (1) satisfies Axiom 1 (Axiom 2 ) if and only if it belongs to (7) with f and g weakly convex (weakly concave).
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We said that property (6), which requires the antagonism of a pair of individuals to be null if they are equal in at least one dimension, is essential to the idea of horizontal inequality. However, one may argue that a good predictor of social conflict is not necessarily a pure measure of horizontal inequality. For instance, in certain contexts the distance of social attributes may additionally have an independent effect, while the economic dimension may be purely complementary. To broaden our perspective, we now consider a class of measures that we believe to be suitable predictors of social conflict even though they typically violate (6). Consider any index that takes the form n n  1 XX 1 α|xi − x1j | + β|x2i − x2j | + (1 − α − β)|x1i − x1j ||x2i − x2j | (8) I2 (x) := 2 n i=1 j=1



for some α, β ∈ [0, 1] such that α + β < 1. This class of measures coincides with all linear combinations of our index and the two unnormalized Gini indices corresponding to the distributions of economic resources and social traits. Note that any index from (8) is a measure of expected antagonism, and our index (2) corresponds to the specific parameter configuration α = β = 0. Moreover, it is easy to verify that any index from (8) is exclusively maximized at most polarized distributions.7 To further justify the class of measures (8) as legitimate predictors of social conflict, we are going to show that any index from (8) fulfills weaker versions of Axiom 1 and Axiom 2. As previously discussed, a recursive application of Axiom 1 implies I(y 1 , y 2 ) ≥ I(x1 , x2 ),



(9)



where the distributions x1 , x2 , y 1 , y 2 are defined by the data of the axiom. This weaker version of Axiom 1 is meaningful per se. Focusing on the simple case of a uniform three mass point distribution for both economic resources and social traits, (9) requires social conflict to increase when the mass of the central point is equally distributed to the extremes for each dimension, so that we end up having two equally sized homogeneous groups opposite to each other. A weaker version of Axiom 2 can be achieved by imposing to its data yit = µt + δt for any i ∈ B ∪ C,



(10)



which means that the new attributes of members of B ∪ C are equal to the old attributes of members of B. This weaker version of Axiom 2 has a straightforward interpretation. Instead of having a compromise between B and C to unite, it is only C that adapts to the features of B. Recalling our discussion of discriminative expectations, it seems reasonable that the individuals of C should adapt as they are the ones that do not “fit in”. We are now ready to state our result, whose proof follows from straightforward algebraic calculations that we leave to the reader. Remark 1 Any index from class (8) satisfies the weaker versions of Axiom 1 and Axiom 2 defined by conditions (9) and (10) respectively. 7



This can be shown by extending the arguments of the proof of Proposition 1.
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Remark 1 states that any index which takes the form I2 satisfies the weaker versions of our axioms. Of course, as there may be other measures of expected antagonism that do so, an axiomatic characterization of class (8) may be of interest. A straightforward way to characterize class (8) is to require a measure of expected antagonism to be linear in both economic and social distances. This seems like a simple and appealing property. However, as we do not see an obvious way to justify this requirement as a specific feature of a predictor of social conflict, we leave the axiomatic characterization of class (8) to future research.
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Inference



Suppose the attributes of n individuals described in the previous sections are available from a survey. Given such data it will be useful to think of them as a random sample, {Xi }ni=1 , drawn from a population distribution of a two-dimensional random vector X = (X 1 , X 2 ). Then it is natural to think of horizontal inequality as a feature related to the distribution of X. For any p : [0, 1]2 → [0, 1], we in Section 3 to be the expected individuals, namely:  θ=E p



can analogously interpret the class of measures antagonism between any two randomly matched 1  X − Y 1 , X 2 − Y 2 ,



(11)



where Y is another random vector that has the same distribution as X, but is independent of X. This expectation representation of the measure is useful since it encompasses all types of random variables: continuous, discrete or a mixture. Indeed, from taking the law of iterated expectation, our definition from equation (1) equals the quantity above when the expectation operator is replaced by the empirical expectation operator. Specifically, let En denote an expectation operator that integrates X and Y by putting a constant measure of n−1 on {xi }ni=1 and zero everywhere else, then the right hand side of equation (1) can be equivalent written as En [En [p (|X 1 − Y 1 | , |X 2 − Y 2 |) |Y ]]. We now describe how one can perform inference on θ from a random sample, {Xi }ni=1 , for the particular p that we have characterized in Theorem 1. We propose a leaveone-out estimator based on the sample counterpart of θ. Let n



1 XY t |Xi − Xjt |. fn (Xi ) = n − 1 j6=i t∈T
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We define our estimator as: n



θn =



1X fn (Xi ) n i=1 n



(12) n



XXY 1 |X t − Xjt | = n (n − 1) i=1 j6=i t∈T i =



n−1 X n Y X 2 |X t − Xjt |. n (n − 1) i=1 j=i+1 t∈T i



Our estimator is a second order U-statistic. Our motivation for defining an estimator in this form is due to the fact that such U-statistic has well-established statistical properties (Hoeffding, 1948). The following propositions summarize the large sample properties of our estimator. Proposition 3 θn = θ + op (1) . √ d Proposition 4 n (θn − θ) → N (0, σ 2 ) where #! " Y . σ 2 = 4V ar E |Xit − Xjt | Xi t∈T



Propositions 3 and 4 say that our estimator of the index is consistent, and it converges to the true at the parametric rate of root-n with a limiting normal distribution. Since we have the explicit form for the asymptotic variance of θn , this can be estimated by using its sample counterpart. Note that, for any i 6= j, we have #! " Y |Xit − Xjt | Xi V ar E t∈T  " #2  " #!2 Y Y |Xit − Xjt | . = E E |Xit − Xjt | Xi  − E t∈T



t∈T



Let σn2 denote the estimator of σ 2 . One natural candidate of σn2 is the following, !2 n n Y X X 4 1 σn2 = |X t − Xjt | − 4θn2 . (13) n i=1 n − 1 j6=i t∈T i Our next proposition confirms that σn2 is a consistent estimator of σ 2 . Proposition 5 σn2 = σ 2 + op (1) . Given this, we can construct confidence intervals and perform hypothesis tests on θ based on normal approximation. Alternatively the distribution of θn can also be approximated using a nonparametric bootstrap. See Arcones and Gin´e (1992) for general results on bootstrapping U-statistics. 19
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Concluding remarks



We define an index of horizontal inequality which measures how economic resources are distributed across social traits. Our index is based on continuous economic and social distances at the individual level, and it generalizes the idea of between-group inequality to situations where social groups are not necessarily well-defined. Our starting point is a broad family of measures of expected antagonism which comprehends well-known measures in the literature and satisfies a set of generally desirable properties. We focus on a particular index from this class where the antagonism of a pair of individuals is given by the product of their economic and social distances. We show that our index is strongly related to the group decomposition of the Gini index, and that it has an intuitive geometric interpretation as a projection of the economic dimension onto the social one. Moreover, the index is exclusively maximized at degenerate bipolar distributions, which is a desirable property of a predictor of social conflict. We provide a characterization of our index based on two axioms that we motivate as natural properties of a predictor of social conflict and a measure of horizontal inequality. The first axiom requires social conflict to increase when equal amounts of individuals are shifted from the center to each side of a distribution, while the second axiom demands that social conflict should be higher when perfectly homogeneous groups are formed, even though some distances may decrease due to compromises to unite. We also define the large sample properties of a natural estimator of our index, which is statistically well-behaved. A crucial aspect of our model is that economic and social distances have a symmetric and complementary role, so that two individuals are antagonists only if they differ both economically and socially at the same time. We believe this feature to be essential to the notion of horizontal inequality. However, we acknowledge that a good predictor of social conflict is not necessarily a pure measure of horizontal inequality. For instance, in certain situations social distances may have an independent effect on social conflict, while economic distances may have a purely complementary role. To broaden our perspective, we discuss a broader class of indices that is defined by any linear combination of our index and the two univariate Gini indices calculated for social traits and economic resources respectively. As other approaches in the literature, our index can be motivated via a behavioral model of social conflict, cf. Reynal-Querol and Montalvo (2005) and Esteban and Ray (2011). Although not formalized in this paper, our index captures the intensity of conflict in a model of political lobbying where our function p is interpreted as the probability of antagonism of a pair of individuals. Bozbay and Vesperoni (2014) define a general model for conflict on networks which can be used to represent the lobbying game, and also provide some partial results which link the intensity of conflict (measured as rent dissipation) to the structure of the network, and hence to our index in the sense described above. 20



Appendix Proof of Proposition 1 By (5), a joint distribution x ∈ [0, 1]2×n maximizes our index (2) if and only if the following two conditions are fulfilled: (a) for each t ∈ T , xt maximizes the Euclidean norm (3), (b) there is α > 0 such that |x1i − x1j | = α|x2i − x2j | for all i, j ∈ N . It is easy to verify that conditions (a) and (b) are always fulfilled if x ∈ P , therefore I ∗ is maximized at all x ∈ P . Let us show the converse: if x ∈ [0, 1]2×n satisfies (a) and (b), which means that I ∗ is maximized at x, we must have x ∈ P . Let x ∈ [0, 1]2×n be any joint distribution and t ∈ T any type. One can show that, for any i ∈ N , ∂







||∆tx ||2







/∂xti



≥ 0 if and only if



xti



≥



n X



xtj /n.



j=1



Then, ||∆tx ||2 is minimized at xt = (β, β) for any β ∈ [0, 1], and it is strictly increasing (decreasing) in xti if xti > β (xti < β). It follows that, if x maximizes the Euclidean norm (3), we must have xti ∈ {0, 1} for all i ∈ N and t ∈ T , which implies |xti − xtj | ∈ {0, 1} for all i, j ∈ N . We have shown that condition (a) implies |xti − xtj | ∈ {0, 1} for all i, j ∈ N and t ∈ T . Then, if x satisfies both (a) and (b), we must have |x1i − x1j | = |x2i − x2j | ∈ {0, 1} for all i, j ∈ N , so that x defines a partition of the population in two groups G, H ⊆ N such that (c) |xti − xtj | = 0 for any t ∈ T and pair i, j ∈ N such that i, j ∈ G or i, j ∈ H. (d) |xti − xtj | = 1 for any t ∈ T and pair i, j ∈ N such that i ∈ G and j ∈ H. In other words, x maximizes I ∗ only if it divides the population in two perfectly homogeneous groups whose attributes are most distant. Given this, the index must take value I ∗ (x) = 2g(n − g)/n2 , where g = |G|. By straightforward calculus, I ∗ is maximized if and only if (e) g = n/2 if n is even and g ∈ {n − 1/2, n + 1/2} if n is odd. Condition (e) essentially requires G, H to be equally sized. Then, conditions (c), (d) and (e) are respectively equivalent to conditions (i), (ii) and (iii) in Section 4, which are the three defining properties of a most polarized distribution. It follows that a joint distribution x ∈ [0, 1]2×n maximizes our index (2) if and only if x ∈ P .  21



Proof of Theorem 1 We want to show that an index from class (1) fulfills Axioms 1-2 if and only if it takes the form (2) up to a positive scalar multiplication., i.e., if and only if Y (14) |xti − xtj | for some k > 0. p(|x1i − x1j |, |x2i − x2j |) = k t∈T



It is easy to verify that, if the function p takes this multiplicative form, the corresponding index from (1) fulfills Axioms 1-2. Let us show the converse: if Axioms 1-2 are satisfied by an index from (1), then the corresponding p must satisfy (14). Let I be any index from class (1). Consider the data of Axiom 2. Let x ∈ [0, 1]2×n partition the population in three equally sized sets A, B, C ⊆ N , where for some µ1 , δ1 , µ2 , δ2 ∈ (0, 1) x1i = µ1 and x2i = µ2 x1i = µ1 + δ1 and x2i = µ2 + δ2 x1i = µ1 and x2i = µ2 + δ2



if i ∈ A, if i ∈ B, if i ∈ C.



while y 1 ∈ [0, 1]n satisfies ( yi1 =



if i ∈ A and



µ1 P



j∈B∪C



xtj



|B∪C|



if i ∈ B ∪ C.



Axiom 2 demands I(y 1 , x2 ) ≥ I(x1 , x2 ). Let |A| = |B| = |C| = k. As P t j∈B∪C xj = µ1 + δ1 /2, |B ∪ C| we can write n(n − 1)I(x1 , x2 )/2 = k 2 p (δ1 , δ2 ) + k 2 p(0, δ2 ) + k 2 p(δ1 , 0) and n(n − 1)I(y 1 , x2 )/2 = 2k 2 p (δ1 /2, δ2 ) . Then, by Axiom 2 2p (δ1 /2, δ2 ) − p (δ1 , δ2 ) ≥ p(0, δ2 ) + p(δ1 , 0).



(15)



As the RHS is weakly positive, the LHS must be so. Then, by Jensen inequality p is always weakly concave in δ1 . Now, consider the data of Axiom 1, focusing on the extreme case with |F | = |G| = 0. Let x ∈ [0, 1]2×n partition the population in three sets A, B, C ⊆ N , where for each t ∈ T and some µ0t , δt0 ∈ (0, 1)  µ0t if i ∈ A,  t 0 µt − δt0 /2 if i ∈ B, xi =  0 µt + δt0 /2 if i ∈ C, 22



while y 1 ∈ [0, 1]n is such that for a partition of A in two sets D, E  0 µ1 − δ10 /2 if i ∈ B ∪ D, 1 yi = µ01 + δ10 /2 if i ∈ C ∪ E. Letting |A| = a, |B| = b, |C| = c, |D| = d and |E| = e, we can write n(n − 1)I(x1 , x2 )/2 = bcp (δ10 , δ20 ) + a(b + c)p (δ10 /2, δ20 /2) , while n(n − 1)I(y 1 , x2 )/2 = = bcp (δ10 , δ20 ) + (a − d − e)(b + c)p (δ10 /2, δ20 /2) + (be + cd)p (δ10 , δ20 /2) + +edp(δ10 , 0) + (a − d − e)(d + e)p(δ10 /2, 0). Axiom 1 demands I(y1 , x2 ) ≥ I(x1 , x2 ) if a = b = c and d = e = a/2, which implies 1 0 (16) p(δ , 0) ≥ 2p (δ10 /2, δ20 /2) − p (δ10 , δ20 /2) . 4 1 We now put all these results together by imposing δ10 = δ1 and δ20 = 2δ2 . By (15) and (16) 1 p(δ1 , 0) ≥ p(0, δ2 ) + p(δ1 , 0), 4 which necessarily implies p(0, δ2 ) = 0 and p(δ1 , 0) = 0. It follows that for any x ∈ [0, 1]2×n we have p(|x1i −x1j |, |x2i −x2j |) = 0 whenever |xti −xtj | = 0 for some t ∈ T . Moreover, combining (15) and (16) we obtain 2p (δ1 /2, δ2 ) = p (δ1 , δ2 ) , and by applying the same arguments to type 2 2p (δ1 , δ2 /2) = p (δ1 , δ2 ) , hence p(|x1i −x1j |, |x2i −x2j |) is linear in both |x1i −x1j | and |x2i −x2j | by Jensen inequality. Then, these results jointly imply (14).  Proof of Proposition 2 It is easy to verify that any index that takes the form I1 is a measure of expected antagonism, and it satisfies Axiom 1 if f and g are weakly convex, while it satisfies Axiom 2 if f and g are weakly concave. Let us show the converse: if an index is a measure of expected antagonism and satisfies Axiom 1 (Axiom 2), then it must take the form I1 for some weakly convex (concave) f and g. We know from the proof of Theorem 1 that Axiom 1 implies (16), which we rewrite for any a, b > 0 as 1 p(a, 0) ≥ 2p(a/2, b/2) − p(a, b/2). (17) 4 23



For a → 0, this implies p(0, b/2) = 0 by continuity of p. Hence, by applying the argument to both dimensions, we must have p(a, 0) = p(0, b) = 0 for any a, b > 0.. Then, as the LHS of (17) is null, the RHS must be weakly negative, and by Jensen inequality p must be weakly convex in a. By applying the argument to both dimensions p must be weakly concave in both a and b, which proves our result for Axiom 1. Let us consider Axiom 2. By the proof of Theorem 1, we already know that it implies (15), that we rewrite for any a, b > 0 as 2p(a/2, b) − p(a, b) ≥ p(0, b) + p(a, 0).



(18)



Note that (18) directly implies that p is weakly concave in a by Jensen inequality, and applying the same argument to the other dimension p must also be weakly concave in b. Moreover, for b → 0, (18) requires p(a/2, 0) ≥ p(a, 0) by continuity of p. Hence p(a, 0) = 0 for any a > 0. By applying the argument to the other dimension, p(0, b) = 0 for any b > 0, which completes the proof.  Proof of Propositions 3 and 4 Our proof makes use of some standard results from the literature of U-statistics. We refer the reader to Chapter 5.3 in Serfling (1980) for background materials on this subject.  is to define the projection of the U-statistic. Let  Q Thet firstt step r (Xi ) = E t∈T |Xi − Xj | Xi , then we denote the projection of θn by: θbn =



n X



E [θn |Xi ] − (n − 1) E [r (Xi )]



i=1 n



= E [r (Xi )] +



2X (r (Xi ) − E [r (Xi )]) . n i=1



Since θ = E [r (Xi )], we have n



2X θbn − θ = (r (Xi ) − E [r (Xi )]) . n i=1 Furthermore, it can hbe shown that θn i− θ and θbn − θ have the same asymptotic Q 2 distribution when E t∈T |Xit − Xjt | < ∞. The latter condition trivially holds  in our model, so that θn = θbn + op n−1/2 . Therefore θn − θ can be approximated by a sum of i.i.d. zero mean variables. Propositions 3 and 4 then follow immediately from a standard law of large numbers and central limit theorem for i.i.d. variables respectively. 
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Proof of Proposition 5 Let rn denote the sample of r, which is defined in the previous proof, Pn counterpart Q 1 t so that rn (Xi ) = n−1 j6=i t∈T |Xi − Xjt |. We can now write (13) as, n



σn2



4X = rn (Xi )2 − 4θn2 , n i=1



and σ 2 , defined in Proposition 4, can be written as   σn2 = 4E r (Xi )2 − 4θ2 . Since θn is consistent, it suffices to show n



  1X rn (Xi )2 = E r (Xi )2 + op (1) . n i=1 To this end,   E |rn (Xi ) − r (Xi )|2 = E [V ar (rn (Xi ) |Xi )] !# " Y 1 = E V ar |Xit − Xjt | Xi n−1 t∈T   2 Y 1 ≤ E  |Xit − Xjt |  n−1 t∈T  = O n−1 .     Therefore E |rn (Xi ) − r (Xi )|2 = o (1), which implies E rn (Xi )2 − r (Xi )2 = o (1), and the required result follows from Markov inequality. The proof then follows from applications of the continuous mapping theorem. 
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