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Membrane-mediated interactions between rigid inclusions: An effective field theory Cem Yolcu and Markus Deserno Department of Physics, Carnegie Mellon University, 5000 Forbes Avenue, Pittsburgh, Pennsylvania 15213, USA (Received 21 May 2012; revised manuscript received 27 July 2012; published 7 September 2012) An approach based on effective ﬁeld theory (EFT) is discussed and applied to the problem of surface-mediated interactions between rigid inclusions of circular footprint on a membrane. Instead of explicitly constraining the surface ﬂuctuations in accord with the boundary conditions around the inclusions, the EFT formalism rewrites the theory; the Hamiltonian of a freely ﬂuctuating surface is augmented by pointwise localized terms that capture the same constraints. This allows one to compute the interaction free energy as an asymptotic expansion in inverse separations in a systematic, efﬁcient, and transparent way. Both entropic (ﬂuctuation-induced, Casimir-like) and curvature-elastic (ground-state) forces are considered. Our ﬁndings include higher-order corrections to known asymptotic results, on both the pair and the multibody levels. We also show that the few previous attempts in the literature at predicting subleading orders missed some terms due to an uncontrolled point-particle approximation. DOI: 10.1103/PhysRevE.86.031906



PACS number(s): 87.16.D−, 03.50.−z, 05.40.−a, 05.70.Np



I. INTRODUCTION



A lipid membrane is a ﬂuid bilayer of surfactant molecules (lipids) interfacing two aqueous environments [1–3]. Dissolved in this bilayer, or attached to it, there exist inhomogeneities; various phases of the lipid mixture, macromolecules such as proteins serving as channels, receptors, etc. [4,5] The lateral distribution of the inhomogeneities is of interest for membrane-remodeling processes (endocytosis, exocytosis, tubulation) where the cooperative action of multiple inclusions is required [6,7]. One possible form of interaction between inhomogeneities that may affect the lateral distribution is due to the sole presence of inhomogeneities mechanically modifying the interface in their vicinity, with the interface itself serving as the medium for the interaction. This motivates effort to understand such membrane-mediated interactions between inhomogeneities on a homogeneous membrane background from a physics point of view. To the best of our knowledge, the publication of Goulian et al. [8] was the ﬁrst to discuss the free energy of a (nearly ﬂat) surface with curvature energy, where there are two compact (circular) regions of bending moduli different from that of the bulk surface. They found, for large separations, (i) a repulsive interaction potential that decays as the fourth power of separation, proportional to the bulk bending modulus, when each “inclusion” imprints an isotropic curvature on the membrane, and (ii) an attraction that scales in the same way with distance when the inclusions do not deform the membrane, proportional to kB T ; an elastic and an entropic (ﬂuctuation-induced) interaction, respectively. Since then, various authors have reproduced these predictions (some both types, some only one of the two) using different approaches [9–13]. Inclusions of anisotropic footprint [9,14,15], and the effects of tension [11,16,17], lipid composition [18], and external in-plane torques on the inclusions [12] have also been explored, as well as three-body forces [10,19] and recently the ﬂuctuation of the forces themselves [20]. For a typical bilayer membrane with a bending modulus of about 20kB T , the aforementioned elastic and entropic contributions can be of the same strength in addition to having the same leading powerlike (long-ranged) decay with distance. Comparing the predicted prefactors of these interactions, one 1539-3755/2012/86(3)/031906(12)



ﬁnds that for weakly √ curved inclusions (i.e., a departure from ﬂatness by about 6kB T /4π κ ≈ 9◦ ), the two interactions are on a par. Therefore, below this curvature imprint the entropic contribution is expected to overwhelm its elastic counterpart. While the magnitudes of both interactions are small fractions of kB T in the limit of large separation where they were calculated, they become more signiﬁcant in the more realistic regime of ﬁnite separations. It is therefore in this regime where experiments can probe these small forces, and where accurate predictions are needed. Furthermore, since they scale with larger inverse powers of distance, the contribution of subleading terms is not necessarily negligible. In experiments done with partially demixed lipid vesicles, it has been observed that micron-sized liquid-ordered domains (protruding from a liquid-disordered background which is about four times softer) do not coarsen further over a time scale of several hours [21]. In the absence of electrostatic or hydrophobic effects, this tendency was attributed to the aforementioned elastic repulsion between curved inclusions and an effective spring constant of order 105 kB T /(μm)2 for the interaction was extracted from measurements of the domain distance distribution. Previous theoretical work was always restricted to the asymptotic separation limit; either the approaches were unwieldy to pursue (some less than others) to higher order, or they made simplifying assumptions that eliminate the predictive power of the approach beyond leading order. In this article, we discuss a way to greatly facilitate these computations using an effective ﬁeld theory (EFT) formalism that we introduced recently [22,23]. We note that another group recently proposed a similarly powerful method [17]. These authors additionally discuss the combined effect of bending and tension contributions to the surface energy but do not give analytical results in this case. The key idea in effective ﬁeld theory is separation of scales. One recognizes that the observable of interest—the free energy of interaction between the inclusions—and the local physics of how the inclusions couple to the surface are physics at disparate length scales. By including the latter as additional short-distance physics on an otherwise free ﬁeld theory, one can systematically compute lower-energy observables as series
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expansions in the ratio of the two scales. Not only is this a straightforward task, it is transparent as well: one knows what level of detail in the short-distance physics reﬂects on the larger length scale observables by how much. If the two scales are comparable in actual size, it is inevitable that the series converges slowly. But in that case, consideration of the system as isolated inhomogeneities on an otherwise homogeneous background might cease to be the most useful way to view the system. Here, we consider hard inclusions of ﬁnite size and circular footprint on the membrane. By treating the inclusions as short-distance physics, the formalism effectively reduces the particles to points. This should be seen as a computationally convenient way to rewrite the problem, rather than an approximation; what goes on at the inclusion scale is not forsaken, it is properly contained in the effective theory. In particular, our results do not depend on an ambiguous continuum theory cutoff. We can therefore also consider unequal inclusion sizes. Like Dommersnes and Fournier’s method [12,19], we treat both entropic and curvature-elastic forces, in Secs. III and IV, respectively, with the latter considering particles of anisotropic as well as isotropic curvature imprint. After verifying our ﬁndings with existing predictions on pair and many-body interactions, we compute corrections, mostly higher order in the inverse distance expansion. We will also come across cases where the few known subleading terms from the literature need to be corrected, typically because the techniques used to derive them have not been entirely systematic. We begin the article with a review of the surface parametrization and energetics, followed by a more rigorous discussion of EFT as applied here. After setting up our effective theory, we move on to computing interaction (free) energies. For the sake of coherence, details of computations too sizable to include in the main text were relegated to two Appendixes. II. RIGID DISKS ON A MEMBRANE A. Surface energetics



We begin this section with some preliminaries. We are interested in the surface-mediated interactions between rigid inhomogeneities of circular footprint on a membrane. The energy functional of a membrane is given by [24]    κ (1) ¯ G , Hsurf = dA σ + K 2 + κK 2 where σ , K, and KG are the tension, total extrinsic curvature, and Gaussian curvature of the surface. Here we assumed zero spontaneous curvature. Also, the last term will be discarded, because for our choice of boundary conditions at the particles, it is a constant due to the Gauss-Bonnet theorem.1  1  The Gauss-Bonnet theorem [25] states that S dA KG = 2π χ − ds Kg , where the Euler characteristic χ is a number depending ∂S only on the topology and number of open edges of the surface. Given that the geodesic curvature Kg of the membrane at the contact with inclusions is ﬁxed due to their rigidity, the integral of the Gaussian curvature is constant under ﬂuctuations that leave the surface topology and number of open edges invariant.



The remaining terms endow the Hamiltonian with an in√ trinsic length scale ξ −1 = κ/σ . Well below this length scale, features of the surface are governed by bending elasticity, and well above it by tension. We will be restricting our attention to observables originating from features of the surface much shorter than this length scale, and equivalently the limit of a tensionless membrane, i.e., ξ → ∞. Parametrizing the surface in Monge gauge [1], i.e., as a normal displacement h(x,y) above a ﬂat base plane xy, and assuming a nearly ﬂat surface, we ﬁnally have  1 (2) Hsurf [h] = κ d 2 r h2ii (r). 2 S The indices i denote partial derivatives (with respect to the ith coordinate) and repeated indices are summed over, while S represents the domain of the base plane where the membrane is free of inclusions. We consider inclusions that attach to the membrane along a well-deﬁned rigid contact curve where they impose a contact slope. Consequently, the ﬁeld h is subject to boundary conditions on its value and normal gradient along the boundaries of S between the membrane and the inclusions. B. Effective field theory of inhomogeneities



The central paradigm of the EFT approach, as was also discussed in Refs. [22,23], is to extend the membrane Hamiltonian (2) to the entirety of R2 , getting rid of the boundaries, and augment the theory with localized terms mimicking the removed boundaries and boundary conditions. To this end, we construct an effective theory Heff = H + H, where  1 H[h] = κ d 2 r h2ii (r) (3) 2 R2 is the free (unconstrained) surface Hamiltonian, and the  perturbation H = a Ha captures the constraints imposed by the inclusions (labeled by a) in the form of a localized derivative expansion. The terms in this expansion are polynomial in the derivatives of the ﬁeld localized at the positions r a —or the world lines—of the particles, much in the spirit of an operator product expansion [26] such as that used by Eisenriegler in the 1990s in a series of papers beginning with Ref. [27]. It is the quadratic order terms in the derivative expansion that are responsible for the ﬂuctuation-induced interaction free energy of the form F = kB Tf ({r a }) [22,23]. The quadratic world line terms for axisymmetric particles are of the form (C/2)∂ m h ∂ n h| r=r a , where ∂ m h is a shorthand for a rank-m tensor made of m partial derivatives of the ﬁeld.2 In the presence of a background deformation, that is, with the shift h(r) → hbg (r) + h(r), each such quadratic term produces linear terms in h(r). These linear terms represent “curvature sources” (−)m C m ρ(r) = ∂ [δ(r − r a )∂ n hbg (r a )], (4) 2 − δmn 2 Since the resulting product is a scalar, |n − m| must be even. Furthermore, terms with |n − m|  4 necessarily involve the EulerLagrange derivative acting on the ﬁeld, hiijj , and hence are redundant since they can be removed by a canonical transformation [28] without affecting physical observables. This is called on-shell effective ﬁeld theory.
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in the sense that hiijj = −ρ/κ (analogously to Poisson’s equation in electrostatics in the presence of sources), with the denominator 2 − δnm equal to 1 if n = m and 2 otherwise. A background deformation may originate from thermal undulations of the surface or the presence of other inclusions. The most general quadratic form of the derivative expansion consistent with the rotational symmetry (also see footnote 2) of an inclusion is as follows: 1   () 2 Ha = Ca hi1 ···i + C¯ a() h2kki1 ···i−2 2  + C¯ a() hkki1 ···i−1 hi1 ···i−1 r=r a . (5) One can easily check rotation (around r a ) and parity (about r a ) invariance of the terms with their given arrangement of partial derivatives. Because of how these terms respond to a background, the three types of scalar “Wilson coefﬁcient” Ca() can be interpreted as polarizabilities of th multipole order. Up to a numerical factor, each scales as R 2−2 κ, which is seen by dimensional analysis of Eq. (5). The precise values of these coefﬁcients are found for each particle by a matching procedure, separate from computing the interaction free energy. This will be discussed later. In this picture, the ﬂuctuation-induced interactions can be viewed as those among these induced localized polarizations. We note that several other articles followed a point-particle approach in capturing the membrane inclusions [12,19,29–31]. However, these articles assumed pointlike inclusions to begin with and never explored the potential of describing ﬁnitesized particles. As a consequence of the inﬁnitesimal particle size, an ambiguous ultraviolet cutoff of the continuum theory enters their physical results. Moreover, failure to identify the coefﬁcients in analogs of Eq. (5) as polarizabilities even led to misinterpretations of rigidity as their inﬁnite limits [29], or confusion about the functional dependence of the interactions [30]—which was then resolved by Ref. [31]. With the theory augmented properly to account for the removed boundaries, the free energy of the surface with the inclusions is then computed as a cumulant expansion: −βF = lne



−βH



∞  1 (−βH)q c . = q! q=1



(7)



differentiated  according to the derivatives in the deﬁnition (5) of H = a Ha , with the Green function for this problem being 1 (r − r )2 ln(r − r )2 . (8) 16π Although the computation scheme is perturbative, this does not imply that the perturbation H must innately be small for the free energy to converge. We believe there is a point in making this remark here, since earlier work [8,9] employed a perturbative strategy only for inclusions with rigidities very G(r,r ) =



close to that of the surrounding membrane, and adopted other approaches for hard inclusions. It was argued that while the small rigidity difference of the former case justiﬁed a perturbative strategy, it was not suitable for the latter; the strength of the perturbation is anything but small. While this may seem to be a reasonable argument, we must note that in our formalism, the smallness parameter for the convergence of the cumulant expansion is rather provided by the ratio of the sizes of the inclusions to their separations: In the cumulant expansion, each world line multipole of order  in Eq. (5) counts as a factor (R/r)2 —as long as   2 as we will shortly explain—with R and r denoting a typical inclusion radius and a typical distance, respectively.



C. Fixing the polarizabilities



 The effective theory Heff = H + a Ha is so far in its most general form respecting the symmetries of each inclusion; it is speciﬁc to the problem at hand only when the Wilson coefﬁcients Ca() are ﬁxed. This is achieved by matching a sufﬁcient number of observables across the effective and full theories for each particle. Any set of observables—functions or functionals of n-point averages in the system—is suitable for this purpose. The most obvious choice is the one-point average δh(r) of the response δh(r) to an imposed background hbg (r), and it is the observable of choice for the rest of this article. However, in different cases—such as when the inclusions are of nontrivial shapes, have deformable boundaries, impose nonlinear boundary conditions, etc.—other observables may be appropriate or more practical. These observables could be those derived from higher-order correlators or numerical observables such as energy, etc. As we noted earlier, the world line terms act as sources induced by incident ﬁelds as described in Eq. (4). The induced source then emits its own ﬁeld, given by a convolution of the source with the Green function:  1 δh(r) = − d 2 r ρ(r )G(r ,r) κ −Cκ −1 n bg = ∂ h (r a )∂ m G(r a ,r). 2 − δmn



(6)



As the thermal averages · · ·  are computed in the Gaussian ensemble dictated by the unperturbed Hamiltonian (3), the cumulants will factorize by Wick’s theorem into two-point correlators h(r)h(r ) = (βκ)−1 G(r,r )
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(9)



The coefﬁcient C will be ﬁxed by matching this to the response of the ﬁnite-sized inclusion in the full theory. The latter is computed by solving a boundary value problem with the EulerLagrange equation δhiijj = 0 outside a circular boundary of radius R with boundary conditions on the value and the normal gradient of the total ﬁeld hbg + δh. The boundary conditions depend on the motions which the inclusions are allowed to perform. We will assume that the inclusions can bob vertically and tilt freely. In other words, no polarization is induced under planar backgrounds of the form hbg = a + b · r. As such, there can be no world line term in Eq. (5) that involves a factor ∂ m h with m < 2. Another reason to assume this freedom of motion on the inclusions is that the polarizations that otherwise would be induced are non-square-integrable, in the sense of Eq. (2), and hence have zero probability. This is of course a complication brought about only by the assumption that the surface is of inﬁnite extent, and applies to any ﬁeld theoretical
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treatment bearing the same assumption, but would be beside the point of the article to discuss at length.3 In this section, we will show the matching procedure only for the ﬁrst few polarizabilities for illustration, namely, C (2) , C¯ (2) , and C¯ (3) . Note that C¯ (2) is necessarily zero due to the square-integrability condition mentioned above: the respective world line term would be C¯ (2) hi hijj and could induce a response ∼∂i G, which is not square integrable. The procedure for higher-order multipole polarizabilities is the same, albeit the algebra more cumbersome due mainly to the index contractions. We save the full solution for Appendix B as it is not particularly enlightening at this point. As mentioned above, the smallest number of derivatives on any world line ﬁeld factor is two, which occurs in the terms with the coefﬁcients C (2) , C¯ (2) , and C¯ (3) . Assuming for convenience that the inclusion is centered at the origin, a background hbg excites the following response [cf. Eq. (9)] from these three world line terms: C (2) bg C¯ (2) bg δheff = − hij (0)Gij (0,r) − h (0)Gjj (0,r) κ κ ii C¯ (3) bg h (0)Gij kk (0,r). (10) − 2κ ij The Green function was given in Eq. (8). We will decide the precise form of the background later for pedagogical reasons, but it can already be seen that it should be second order in the coordinates so that its derivatives involved in Eq. (10) are nonzero. On the other hand, the form of the response δheff can be inferred from the derivatives on the Green function in each term of Eq. (10). Namely, the response is a mixture of the functions cos 2ϕ, ln er, and r −2 cos 2ϕ. While the above is the response of the effective particle, the response of the full object to the same background is found by solving δhfull iijj = 0, r > R. The boundary conditions can be expressed as δhfull (R,ϕ) = −hbg (R,ϕ) + a + R b · rˆ



(11a)



and ∂r δhfull (R,ϕ) = −∂r hbg (R,ϕ) + b · rˆ ,



(11b)



and they must hold for at least one value of the ﬂuctuation degrees of freedom a and b of the inclusion. In light of how the background determines which angular frequencies will show up in the response through the above boundary conditions, and the form of the response we inferred in the previous paragraph, the appropriate background to use for this particular matching ¯ 2 , with B and procedure follows as hbg = Br 2 cos 2ϕ + Br ¯ B being weight factors. The solution to the boundary value problem is then found to be δhfull = −2B¯ ln er + B(r −2 − 2) cos 2ϕ



δheff = −



One can imagine adding a damping term to the bulk Hamiltonian as we did for a tension-dominated ﬁlm [23]. 4 This is due to the arbitrariness of a, the parameter encoding the uniform height ﬂuctuations of the particle.



B 2C¯ (2) + C (2) ¯ B ln er + (2C¯ (3) r −2 − C (2) ) cos 2ϕ. πκ 2π κ (13)



By matching δhfull term by term to δheff one ﬁnds the polarizabilities to be C (2) = 4π R 2 κ, C¯ (2) = −π R 2 κ, C¯ (3) = π R 4 κ



(14)



after restoring R. The higher-order polarizabilities can be found through the same procedure (see Appendix B), thus ensuring that the effective theory described by Eq. (5) is equivalent to the full theory. Although it is not the case here, it will generally be difﬁcult to ﬁx the complete set of Wilson coefﬁcients. However, depending on the desired accuracy of the ﬁnal result (i.e., up to what order in the relevant parameters of the problem the effective theory is expected to make the same predictions as the full theory), a subset of these coefﬁcients will sufﬁce. One can infer which Wilson coefﬁcients will be required, ahead of any calculation, by power counting, and match only for these. III. ENTROPIC INTERACTIONS



We will now compute the free energy (6) of interaction between the inclusions, described by the derivative expansion (5) as polarizable points. Recall that square integrability allows only for multipole orders   2. The easiest way to handle the bookkeeping of the terms in the cumulant expansion (6) is with Feynman diagrams. The diagrams will consist of two-legged vertices linked in a connected topology. The number of vertices is equal to the cumulant order q. The vertices will be spread over a number of world lines (which we represent by dashed lines), as many as the number of particles in the interaction. The links between the world lines correspond to propagators, between the positions of the corresponding pair of particles, differentiated according to the polarizabilities situated at each end. For example, from the form of the terms in Eq. (5) they multiply, a link between C (2) and C¯ (2) will read hij (r)hkk (r ) ∼ Gij kk (r,r ). One between C (2) and C¯ (3) would be either hij (r)hkl (r ) ∼ Gij kl (r,r ) or hij (r)hklmm (r ) ∼ Gij klmm (r,r ), depending on which “legs” were connected by the Wick contraction at hand. There will be no single link connecting the same world line as these are diagrams corresponding to unphysical self-interaction divergences. In Ref. [23] we explicitly show that and why these divergences can be discarded. A. Pair interactions



(12)



up to an irrelevant constant.4 (As there is no other length scale in the problem, we have also set R = 1 to declutter



3



expressions.) After substitution of the background and the Green function, Eq. (10) amounts to



Part of the interaction free energy consists of pairwise additive terms. For this part, we can focus on one pair of particles, for example, 1 and 2. The lowest-order (longest-ranged) interaction consists of the diagrams depicted in Fig. 1 between induced quadrupoles, and power counting shows that it scales as βF ∼ R12 R22 /r 4 . This is the interaction that has been computed in the literature several times [8,9,12–15,19,20,22]. To ﬁnd the prefactor, we go on to evaluate the diagrams: The diagram in Fig. 1(a)
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(2)



+



= r1



(2)



C¯ (2)



C (2)



C (2)
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C (2)



C (2)



C¯ (2)



(a)



(b)



(c)



FIG. 1. The quadrupole-quadrupole diagrams that contribute to the entropic interaction at order r −4 . In this ﬁgure we also illustrate an economy of notation that we will employ in the rest of the article. When the vertices in a diagram are labeled only with polarizability orders (left-hand side of the equality), it implies the entire collection of diagrams where barred and unbarred polarizabilities of the corresponding orders are exhausted (right-hand side of the equality). Note that a diagram between two C¯ polarizabilities is unnecessary since a link between them evaluates to zero as hii (r 1 )hkk (r 2 ) ∼ Giikk (r 1 ,r 2 ) = δ(r 1 − r 2 ) = 0.



contributes to the dimensionless free energy −βF a term given by



2  (2) (2) 1,1 C1 C2 Fig. 1(a) = 2G2ij kl (r 1 ,r 2 ). (15) 2! 22 κ 2 The binomial factor comes from the expansion of the square in the deﬁnition of the second cumulant. We wrote it explicitly to elucidate the generalization to more complicated terms in higher cumulants as multinomial coefﬁcients. The factor 2 multiplying the propagator is the Wick multiplicity, i.e., the number of distinct but topologically equivalent connections one can make between the vertices of the diagrams in the second cumulant. For all cumulants of order q > 2, the multiplicity is equal to 2q , since one can ﬂip the two legs of each vertex and achieve the same topology (this obviously double-counts the special case of only two vertices). The remaining numerical factors are merely the expansion coefﬁcient from the cumulant series (6) and the factor of 2 in the deﬁnition of the world line Hamiltonian (5). The latter always cancels with the multiplicity 2q of the diagrams when q > 2. The contribution of the two remaining diagrams are the same as Eq. (15), except for a change of the polarizabilities and the derivatives on the propagator: 2 C (2) C¯ (2) 



(16) Fig. 1(b) = 1 22 G12 ij kk , 2κ 2 C¯ (2) C (2) 



Fig. 1(c) = 1 22 G12 (17) ij kk , 2κ where we introduced the shorthand notation of using superscripts instead of the arguments of the Green function to save space. Using the polarizabilities computed in Eq. (14), the sum −βF (4) of all the diagrams, Eqs. (15)–(17), can be obtained as F (4) = −6kB T



R12 R22 . r4
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FIG. 2. (a),(b) The quadrupole-octupole entropic interaction that scales as r −6 . (c)–(e) The pair interactions of order r −8 that occur between the multipole orders (3) and (3), as well as (2) and (4), which arise from the second cumulant. (f) The lowest-order contribution of the fourth cumulant to the pair interaction, which scales as r −8 as well.



Power counting shows that an interaction of order r −6 exists in the second cumulant between multipoles of order 1 and 2 such that 1 + 2 = 5; hence the diagrams in Figs. 2(a) and 2(b). The contribution of Fig. 2(a) to −βF reads C1(2) C2(3) 12 2 C1(2) C¯ 2(3) 12 2 Gij klm + Gij kll 2κ 2 2κ 2 C (2) C¯ (3) C¯ 1(2) C2(3) 12 2 12 Giiklm , + 1 22 G12 ij kl Gij klmm + 2κ 2κ 2



(19)



whereas that of Fig. 2(b) is the same except for a permutation of particle labels 1 and 2.5 After plugging in the polarizability values from Appendix B and computing the propagator products (see Appendix A) the total quadrupole-octupole interaction evaluates to F (6) = −10kB T



R12 R24 + R14 R22 . r6



(20)



As this correction involves scattering from higher-thanquadrupole induced sources, point-particle approaches that constrain only the curvature of the surface [12,19,30,31] are bound to miss this term, as evidenced by the claim in Refs. [12,20] that the ﬁrst subleading correction is of order r −8 . The next order, r −8 , is where the fourth cumulant begins to contribute to −βF via Fig. 2(f) and propagator products such as Gij kl Gklmn Gmnop Gopij . The contributions of the second cumulant are this time among multipole orders 1 and 2 such that 1 + 2 = 6; cf. Figs. 2(c)–2(e). The computations are carried out as before and one ﬁnds R14 R24 , r8 R2R6 Fig. 2(d) = 15 1 8 2 , r R16 R22 Fig. 2(e) = 15 8 . r Fig. 2(c) = 36



(21a) (21b) (21c)



Before we quote the value of Fig. 2(f) let us write out one of the terms in it for pedagogical reasons, as this is the ﬁrst



(18) Terms proportional to C¯ 1(2) C¯ 2(3) and C¯ 1(2) C¯ 2(3) are trivially zero, because of the combination of derivatives acting on the Green function. The ﬁrst term involves G12 iijj k = ∂k δ(r 1 − r 2 ) = 0, and the = ∂ ∂ δ(r − r ) = 0. second G12 j k 1 2 iij kll 5



We note again that this asymptotic result was published in Refs. [8,9,12–15,19,20,22]. Corrections for closer separations can be easily found as follows.
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higher-than-second cumulant diagram in the article:



4  (2) (2) 2 2,2 C1 C2 21 12 21 24 G12 ij kl Gklmn Gmnop Gopij . 4! (2κ)4



R4R4 18 1 8 2 , r 



Fig. 3(a) = −



+



3 1,1,1



 



3! cyc (123)  a,b,c



C1(2) C2(2) C3(2) 12 23 Gij kl Gklmn G31 mnij κ3 



C¯ a(2) Cb(2) Cc(2) ab bc ca Gjj kl Gklmn Gmnii , κ3



(26)



where the sum is over the three cyclic permutations of the labels (123), which yields cyc (6) F{123}



(123)



b  R2R2R2  c = 4kB T 21 22 23 cos 2ϕac − 2ϕba , r12 r23 r31 a,b,c



(27)



where rab = |r a − r b | and the summations are over the three b cyclic permutations of the particle labels. The angle ϕac is the exterior angle at the vertex formed by traversing the particles a, b, and c in that order (see Fig. 4). This interaction may be repulsive or attractive—in the sense of increasing or decreasing every distance by the same factor—depending on the sign of the angular part. We illustrate this by a ternary plot in Fig. 5. This result ﬁrst appeared in Ref. [22]. Similarly, one can identify the leading order quadruplet interaction as the diagrams shown in Figs. 3(b)–3(d). Recognizing that the diagrams are permutations (in the world lines, 3 2 or particle labels) of each other, and also that ϕ13 + ϕ24 + 4 1 ϕ31 + ϕ42 is an integer multiple of 2π (the sum of the exterior angles of a polygon), the result can be simpliﬁed somewhat 12
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FIG. 3. (a) The leading order entropic triplet interaction. (b)–(d) The leading order entropic quadruplet interaction.
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The leading order triplet interaction is depicted in Fig. 3(a) and can be written following the Feynman rules illustrated in the previous section as



π



The non-pairwise-additive part of the interaction does not introduce much more complication. In general, multibody interactions will have the form of a product of inverse separations multiplied by a trigonometric function of the angles between the particles. The powers of the inverse separations can easily be inferred from the multipole orders involved, whereas the angular dependence results from the propagator products. Although still not a completely trivial calculation, we think the latter to be more tractable and transparent in this formalism than one that relies eventually on computing the determinant of a matrix, which the following computations of leading multibody interactions should demonstrate.
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FIG. 4. Illustration of the angle ϕacb .
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B. Multibody interactions
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ϕ3



Notice that the precise dependence of these interactions on the particle radii follows from the polarizabilities’ dependence on them, but it cannot be simply guessed without properly treating the inclusions as ﬁnite-sized objects. Higher corrections are more difﬁcult to obtain by hand. The main reason is that the bookkeeping of terms with various combinations of the different polarizabilities (barred, unbarred, doubly barred) gets cumbersome. It may still not be impossible to write a complete asymptotic series for the pair interaction as we did for colloids on a ﬁlm in Ref. [23], but we cannot justify the effort at the moment. The obvious combinatorics for calculating the coefﬁcients for the higher-order terms can always be delegated to a computer. For R1 = R2 = R (and x = r/R), this leads to the following expansion for the pair attraction:



b ϕac



r ab



(23)



and the whole correction of order r −8 , i.e., Figs. 2(c)–2(f), becomes 



 R12 R22 5R14 + 18R12 R22 + 5R24 (8) F = −3kB T . (24) r8



r3



rbc



(22)



After adding the remaining terms—those with various combinations of barred and unbarred polarizabilities—we ﬁnd Fig. 2(f) =



c



b ˆ ab · r ˆbc cos ϕac =r



π



−6



 c FIG. 5. The strength 4 cyc cos(2ϕacb − 2ϕba ) of the leading triplet interaction (27) (in units of kB T ) as a function of the angles at the corners of the triangle formed by the particles. Maximal repulsion (dark) is observed for an equilateral triangle (center) or a collinear equidistant arrangement (corners) of particles.
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biharmonic deformation6



and ﬁnally written in the form



1 h(r) = J ln er + S 1 − 2 2r



perm (8) F{1234}



(1234)



b  kB T  Ra2 Rb2 Rc2 Rd2  d 8 cos 4ϕac =− + 4ϕca 2 2 2 2 2 a,b,c,d rab rbc rcd rda



b 



b  d d + 8 cos 4ϕac + cos 2ϕac + 2ϕca + 2ϕca  



b d . (28) − 2ϕca + cos 2ϕac



The summation is over all permutations of the labels (1234) now.







 With N2 distances and 3 N3 angles (three angles times the number of triangles) involved, the expression for a general N -body interaction may not be very accessible. But this is true regardless of the approach taken. For a given spatial conﬁguration of particles, and hence a set of separations rab , one can decide before computation which multibody orders may contribute appreciably to the interaction at a desired order.



IV. CURVATURE-ELASTIC INTERACTIONS



Another type of membrane-mediated interactions we consider in this article are due to permanent deformations imposed by embedded particles. Examples of such membranedeforming particles include BAR domain proteins such as amphiphysins and endophilin, or dynamin [32], which are, for instance, involved in membrane tubulation [6], and phaseseparated domains in ternary mixed lipid membranes which are curved under the balance of bending energy and line tension [21]. Membrane-mediated interactions between such curved inclusions have been investigated many times for near-ﬂat surfaces [8,10–12,19,30], as well as in more general geometries adopting a fully covariant geometrical approach [33,34]. As opposed to the interactions of the previous section, which arise from thermal ﬂuctuations, these interactions have to do with the energy-minimizing shape of the surface, determined by its curvature-elastic properties; hence the name. As with the ﬂuctuation-induced interactions, the elastic interactions have mostly been investigated at an asymptotically separated pair level, with the exception of Refs. [10,19]. We will now present improvements and corrections to the results found in these references. As we also discuss in Ref. [23], these permanent deformations can be accounted for by linear terms in addition to the quadratic ones in Eq. (5). We are considering inclusions of circular footprint, which in the vicinity of their boundary have the following height proﬁle: hin (r) = 12 J r 2 + 12 Sr 2 cos(2φ − 2α),



(29)



up to an overall height and tilt (rigid motions of the particle), of course. Here, the curvatures J and S quantify the cone- and saddleness of the inclusion, respectively, and the inclusion was assumed to be at r = 0 for simplicity. The boundary conditions (continuity of h and ∂r h across the boundary) imposed by such an object of radius R (=1 for convenience) give rise to the







 cos(2ϕ − 2α),



(30)



1 (4) 1 h(r) = − Q(2) ij Gij (0,r) − Qij Gij kk (0,r). κ κ



(31)



which has the form



This means that one can encode the described permanent source as a linear term in the Hamiltonian which reads  (2) Qij hij + Q(4) (32) ij hij kk r=0 . Note that, if we had chosen to treat the particle as a pointlike curvature defect, the second term would be absent. Consequently, interactions initiated by the shorter-ranged part of the deformation (30) would be missed. The easiest way to ﬁnd the tensors Qij is to note that a background of the same form as Eq. (29) should trigger an induced response that exactly cancels the deformation (30) of the inclusion. The response induced by hbg (r) = hin (r) can be read off from Eq. (10), and comparison term by term to Eq. (31) yields (after also forgoing the origin-centered inclusion assumption we made for simplicity) 



 (2) in 1 in Q(2) (33a) a,ij = −Ca hij (r a ) − 4 hkk (r a ) δij and 1 ¯ (3) in Q(4) a,ij = − 2 Ca hij (r a ).



From Eq. (29), the tensor hin ij (r a ) follows as   Sa sin 2αa Ja + Sa cos 2αa . hin (r ) = ij a Sa sin 2αa Ja − Sa cos 2αa



(33b)



(34)



With the permanent sources determined, we can proceed to calculate the interactions. Diagrammatically speaking, the linear terms (32) included in the world line Hamiltonian H occur as one-legged vertices. As such, the interactions that involve these terms are “open” (but still connected) diagrams that terminate at two permanent sources, possibly scattering off polarizable sources in between. Consequently, the elastic interaction diagrams contain one fewer link, compared to the closed diagrams of entropic interactions, among the same number of vertices (i.e., the same cumulant order). Since each link carries a factor (βκ)−1 in front of its corresponding Green function [cf. Eq. (7)], these interactions accordingly scale with one fewer power of (βκ)−1 than the entropic interactions. Hence, the temperature dependence drops from the elastic interaction as F ∼ kB T βκ = κ. This rigorously shows that the interactions involving permanent deformations of the inclusions constitute the ground-state (or saddle point, classical, etc.) part of the whole free energy. We will therefore denote such interactions with the symbol E rather than F .



6 Again, this is up to a constant rendered irrelevant by the free height of the particle.
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(e)



(2)



(3) (f )



(3)



(2)



(2)



(g)



(2)



R12 R22  2 2 R1 S1 cos 4α1 + R22 S22 cos 4α2 r4 − 4R12 J1 S1 cos 2α1 − 4R22 J2 S2 cos 2α2



E (4) = 4π κ



(a) (2)



The next correction is of order r −4 and follows from the diagrams of Figs. 6(b)–6(e):



(2)



+ 5R12 S12 + 5R22 S22 + R12 J12 + R22 J22  



+ 6 R12 + R22 S1 S2 cos(2α1 + 2α2 ) .



(2)



(2)



J12



The terms proportional to between conical inclusions,



(2) (h)



FIG. 6. (a) The ground-state pair interaction of order r −2 between curved inclusions that arises from the second cumulant. Note that one-legged vertices represent one of the two terms in Eq. (32), according to their label. (b),(c) The second cumulant pair interactions that scale as r −4 . (d),(e) The third cumulant pair interactions that scale as r −4 . These diagrams depict the energy of a curvature source a distance away from a polarizable object, reminiscent of the textbook electrostatics problem of a point charge away from a conducting sphere. (f),(g) Similar interactions to those of (d) and (e), but this time involving a scattering from the next order (octupole) induced source, hence giving rise to a scaling of r −6 . (h) The ground-state pair interaction of order r −6 that arises from the fourth cumulant. Please note that the results we quote or derive for the diagrams (f)–(h) assume axisymmetrically curved inclusions. A. Pair interactions



The longest-ranged interaction is a direct interaction between two permanent sources Q(2) depicted in Fig. 6(a). Up to explicit dependence on the particle sizes, this interaction was worked out in Ref. [19]:



2 1,1



Q(2) G12 Q(2) 2! 1,ij ij kl 2,kl R2R2 = −8π κ 1 2 2 [2S1 S2 cos(2α1 + 2α2 ) r − S1 J2 cos 2α1 − S2 J1 cos 2α2 ],



E (2) = −κ



(35)



(36)



assuming the inclusions lie on the x axis.7 With perfect saddles (Ja = 0), maximal attraction occurs when they are oriented such that α1 + α2 = 0 (mod π ). When the mean curvatures Ja are of the same sign, the inclusions tend to align their principal axes of smaller curvature (in absolute value) with the joining line, and attract.8 Note that the absence of a “direct” interaction between two symmetrically curved inclusions (a term ∼J1 J2 ) can be explained intuitively as follows: The ﬁeld emanating from one symmetric source has the form δij G12 ij = 2 12 ∇ G . Incident on another symmetric curvature source, this 4 12 interaction vanishes as δij ∇ 2 G12 ij = ∇ G = 0.



7 Note that the signs of the angles differ from the expressions given in Ref. [19], since we use a slightly different convention for them. All angles are measured counterclockwise here. 8 If the mean curvatures are of opposite signs, one must simultaneously solve J2 S1 sin 2α1 = J1 S2 sin 2α2 and cot 2α1 + cot 2α2 = J1 /2S1 sin 2α1 for the orientation.



and



J22



(37)



constitute the repulsion



 R12 R22 2 2 R1 J1 + R22 J22 , (38) 4 r that was discussed in Refs. [8,10–12,19,30]. Note the simple interpretation of each term in this interaction [Figs. 6(d) and 6(e)] as that between a permanent quadrupole and the quadrupole (among other orders) it induced around another particle. For the most part, the anisotropic interaction (37) was proposed in Ref. [19] as well, except for the last term which is proportional to S1 S2 . This extra term arises from Figs. 6(b) and 6(c) which involve the source Q(4) with the shorter-ranged deformation ∼r −2 cos(2ϕ − 2α). This shows that the ﬁrst correction to the asymptotically correct result cannot be captured completely with an ad hoc point curvature defect type of description. Without this term, two identical inclusions (|S1 | = |S2 |, |J1 | = |J2 |) seem to repel regardless of their orientation (αa ) or which way they are facing (sign of Ja ). However, when it is taken into account, two inclusions facing opposite sides of the membrane (i.e., J1 = −J2 ) tend to align their principal axes of greater absolute curvature with the joining line and attract, provided 1 < |Ja |/|Sa | < 3. Another example of a term which requires a systematic treatment of the inclusion’s ﬁnite size is provided by the next order, r −6 , which is the highest order we will consider here. We also restrict our consideration to axisymmetrically curved inclusions, i.e., S1,2 = 0, for this order, to avoid clutter. Figure 6(h) depicts a fourth cumulant interaction energy, (4) Econ = 4π κ



−16π κJ1 J2R14 R24 r −6 ,



(39)



which is also reported in Ref. [12]. However, if the ﬁnite radii of the particles are appropriately accounted for, Figs. 6(f) and 6(g) also contribute at the same order. The sum of all the relevant diagrams, Figs. 6(f)–6(h), then follows, after simpliﬁcation, as R14 R24 . (40) r6 This order is always repulsive and vanishes for identical inclusions, contrary to the earlier prediction Eq. (39), which suggested it could be attractive as well as repulsive, depending on the relative signs of the curvatures. E (6) = 8π κ(J1 − J2 )2



B. Triplet interactions −2 −2 The leading triplet interactions, those of order r12 r23 , etc., were shown in Ref. [19] for inclusions of general anisotropic curvature. In our formalism, these result from the diagram in Fig. 7(a). However, we will restrict our consideration to the
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a total power 6 of inverse separations and reads
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(6) = 4π κ E{123}



(2)



a,b,c



FIG. 7. The curvature-elastic triplet interaction diagrams. Cyclic permutations of the particle labels are implied. (a) Third cumulant. (b) Third cumulant. (c)–(e) Fourth cumulant.



(4) = 8π κ E{123}



cyc (123)  a,b,c



Jc Rc2 Ra2 Rb2 Jb a cos 2ϕcb . 2 2 rca rab



(41)



a Recall that ϕcb is the angle between the vectors r c − r a and r a − r b . Both originating from the third cumulant, this interaction is a close relative of the pair interaction (38). Here, a permanent quadrupole is interacting with one that was induced on an intermediate particle by another permanent quadrupole [see Fig. 7(a)]. The authors of Ref. [10] compute membrane-mediated interactions between conical inclusions based on the energy cost of introducing a rigid inclusion in the curvature ﬁeld of conical particles far away. These authors recognize the nonpairwise-additive nature of this energy but their presentation does not make it entirely clear “how much” of the true multibody character is captured in their treatment. In fact, their subsequent discussion of special cases (such as symmetric ﬁve-particle arrangements) could leave the casual reader with the impression that a full N -body result might have been obtained. We will now show that the presentation in Ref. [10] comprises the pair and triplet interactions among permanent and induced quadrupoles. 2 2 Deﬁning γa ≡ Ra Ja and zab ≡ (rab /Ra Rb )ei2ϕab (so as to adopt a similar notation to Ref. [10]), the combined pair and triplet interactions, Eqs. (38) and (41), among N conical inclusions can be rewritten in the same form as in that reference: ⎛ ⎞



E (4) = 4π κ



N  γc γb ⎟  ⎜ γb2 ⎜ ⎟ + 2 2 2 2 ⎠ ⎝ ¯ ¯ z z z z ab ab ca ab b =a c =b =a a=1



 2  N    γb   = 4π κ .  z2  a=1  b =a ab 



c =a



(42)



Hence, even though it involves N particles, this interaction consists solely of pair- and tripletwise additive parts. A true N -body interaction involves N − 2 induced sources: the deformation of one curved inclusion polarizes an intermediate inclusion, whose response polarizes yet another one, and so on, until the ﬁeld of the last induced source interacts with the curvature of another inclusion. The ﬁrst subleading correction to the triplet interaction (41) stems from the diagrams depicted in Figs. 7(b)–7(e). It involves



2



Ja Ra2 Rb4 Rc2 Jc b cos 3ϕac 3 3 rab rbc



J R2R2R4J c − 4 a a4 b2 c c cos 2ϕba rbc rca  



b Ja2 Ra4 Rb2 Rc2 c − 2 2 2 cos 2ϕac − 2ϕba . rab rbc rca



(e)



isotropic curvature case (conical inclusions) for the following discussion, which can be derived from the diagram easily as



perm (123) 



(43)



The ﬁrst term is the ﬁrst correction beginning to incorporate the ﬁnite sizes of the inclusions through higher-than-quadrupole polarizabilities; see Fig. 7(b). The rest of the terms involve two scatterings from polarizable sources; see Figs. 7(c)–7(e). In other words they incorporate the energy cost of introducing a curved inclusion in the presence of two rigid inclusions. V. SUMMARY AND DISCUSSION



We demonstrated that the EFT formalism affords a transparent and efﬁcient framework for the analytical computation of membrane-mediated interactions, entropic and elastic alike. Even though it ends up treating inclusions as pointlike, it does so in a systematic derivative expansion and does not suffer from cutoff dependence of physical observables. We also illustrated how a point curvature defect assumption for particles, without properly accounting for the size, is inadequate at shorter-thanasymptotic separations. Even though we considered only circular inclusions, anisotropies do not change the formalism greatly. As an expected consequence of the lower symmetry of the particles, the computations are encumbered, regardless of what method is employed. As far as the EFT approach is concerned, the world line terms (linear or quadratic) in general involve derivatives of the ﬁeld contracting with tensorial Wilson coefﬁcients.9 For axisymmetric boundaries, the tensors are highly symmetric, which is the reason we could write the effective theory using only a few scalar coefﬁcients per multipole order. Furthermore, when rotational invariance is not demanded, there are more ways to write quadratic world line terms: they are not restricted to those where the derivative orders of the two ﬁeld factors differ by 0 or 2. This is not surprising, since a background of a given angular frequency can induce responses with a wide range of angular frequencies if the boundary is irregular. The real analytical difﬁculty would be to solve the “scattering problem” on the full theory side to ﬁx the tensors. However, matching the coefﬁcients and computing the free energy are two separate tasks and one can infer general features of the interaction without matching. Another case we did not consider here would be soft inclusions, i.e., when the inclusions are domains of rigidity 9 For instance, the lowest-order quadratic world line term would be the quadrupole term hij Cij(2)kl hkl . Counting derivatives, the leading interaction between two such quadrupoles is seen to be ∼r −4 , as expected (this was worked out in Ref. [15] for rodlike inclusions by another approach). As for ﬁxing the components of the polarizability tensor, it requires the application of more than one background (differing by a phase angle) of a given angular frequency.
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that differs from the rigidity of the bulk membrane but by a ﬁnite amount. This would not change the form of the effective theory at all, but only the values of the polarizabilities, as a result of the new continuity conditions that need to be satisﬁed by the ﬁeld across the boundary of the inclusion. With linear ﬁeld equations and continuity conditions, the strength of the induced response to an applied background—and therefore the polarizabilities—is eventually given by the ratio of two functions at most linear in the elastic moduli of the interior (inclusion) and the exterior (membrane) regions. As such, the polarizabilities can be expanded in κin and κ¯ in around κout and κ¯ out , and they vanish if the elastic difference vanishes.10 Therefore, if the rigidity difference is small, the polarizabilities are proportional to at least one power of it, and the cumulants come in increasing orders of this smallness, which could justify truncating the cumulant expansion after the second, as was done in Ref. [17] for that limit (i.e., weak coupling). We would also like to say a few words on the effect of a non-negligible tension σ . The consequence of an extra gradient-squared term√in the Hamiltonian is the introduction of a length scale ξ −1 = κ/σ in the deformation characteristics of the surface. (Alternatively, the Green function is not powerlike anymore.) Any physical observable arising from the deformations of the ﬁeld, then, exhibits this scale dependence. How this reﬂects on the work presented here, as with any approach that attempts to compute physical observables in series expansions, is that the terms cannot be ordered in powers anymore, which complicates systematic truncation of results. This is more of a practical difﬁculty, rather than one of principle. One can still proceed in the same way as before, computing the free energy (or any other observable) in cumulants. With distances rab and sizes Ra comparable to ξ −1 , however, higher cumulants and terms involving higher multipole orders are not a priori smaller than those with lower counterparts. In other words, neither the multipole expansion on the world line nor the cumulant expansion can be truncated ahead of calculation. Finally we note that even though the coupling of the inclusions to the membrane was quadratic in this article (the Wilson coefﬁcients could be determined by a linear response calculation), the philosophy of scale separation still holds when terms beyond quadratic order appear in the bulk and on the world line. EFT thus remains a viable strategy, but the formalism requires technical amendments, for instance dealing with nontrivial ultraviolet divergences through a renormalization group scheme. Also, since there will be a greater variety of terms in the effective Hamiltonian, one must likely restrict consideration to a low-order truncation of the series expansion and determine the contributing terms by systematic power counting. The power-counting parameters will be made up of kB T , κ and the rest of the couplings. For matching, one will potentially have to compute thermal averages in the full theory, expand the results, and match order by order with the corresponding average in the effective theory.
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Clearly, when there is no difference between inside and outside, an applied background should not be able to excite a response. Conversely, in the limit of inﬁnite rigidity, the polarizabilities must retain their values presented in this article.
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The tensors Gi1 ···in involved in computing the response of the induced sources or evaluating the diagrams get impractically complicated after about n = 4 in Cartesian coordinates and render the index contractions involving them intractable. However, rewriting the coordinates in complex notation z = x + iy and z¯ = x − iy simpliﬁes the problem substantially, since many index combinations automatically vanish. The index contractions of the form Ai1 ···in Bi1 ···in that we have in this article can be considered a special case of the form g i1 j1 · · · g in jn Ai1 ···in Bj1 ···jn when the (inverse) metric g ij is the identity. In complex coordinates, with the embedding x = (1/2)(z + z¯ ) and y = (1/2i)(z − z¯ ), the metric tensor becomes     0 1 ij 1 0 1 g =2 gij = 2 . (A1) 1 0 1 0 Since the metric is constant, the Christoffel symbols vanish and therefore there is no difference between covariant and partial derivatives. Written in complex coordinates, the Green function is 1 (z − z )(¯z − z¯ ) ln[(z − z )(¯z − z¯ )]. (A2) 16π The reason it becomes much easier to handle the index contractions in complex coordinates is the biharmonic property Giikk (r,r ) = 0 (when r = r , which is always the case in our calculations). In complex coordinates, the biharmonic property reads g ij g kl Gij kl (z,z ) = 24 ∂z2 ∂z¯2 G = 0, which can of course be found by direct computation as well. The simpliﬁcation this property provides is that all the index combinations on the Green function with more than one alternation of z and z¯ derivatives vanish, so there are a lot fewer terms in the contraction than there would be if Cartesian coordinates were used. That said, the nonvanishing derivatives of the Green function that we encounter in our computations are as follows: G(z,z ) =



1 ln[e2 (z − z )(¯z − z¯ )], 16π (n − 2)! z¯ − z¯ (n  2), ∂ nG = 16π (z − z)n−1 −1 ¯ = (n − 3)! ∂ n−1 ∂G (n  3), 16π (z − z)n−2 ¯ = ∂ ∂G



(A3a) (A3b) (A3c)



and their complex conjugates, where ∂ and ∂¯ denote ∂z and ∂z¯ , respectively. Let us conclude this section by an example for illustration: the propagator product 21 G12 i1 ···in j1 ···jm Gj1 ···jm i1 ···in



(A4)



that arises in the second cumulant as an interaction between the induced multipoles of order n and m, respectively, on particles 1 and 2. After rewriting it as
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with the given off-diagonal form (A1) of the metric and the biharmonic property ∂ 2 ∂¯ 2 G = 0, one ﬁnds the contraction to consist solely of the terms  2m+n ∂1n ∂2m G12 ∂¯2m ∂¯1n G21 (A6) + (m + n)∂1n ∂ m−1 ∂¯2 G12 ∂¯2m ∂¯ n−1 ∂1 G21 2



1



and their complex conjugates (the subscript on the ∂ symbols denotes which of the two arguments of G12 it differentiates). The factor (m + n) in the second term comes from the placement of the one allowable alternate index on the (m + n) positions. Finally using Eqs. (A3a)–(A3c) to substitute for the derivatives of G, the two terms (plus their complex conjugates) can be rewritten simply as 2m+n+1 (n + m − 3)!2 [(n + m − 2)2 + (m + n)] 2(m+n−2) (16π )2 r12
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reads ¯ − 2)r −n+2 − (n − 1)r −n+4 ] cos[(n − 2)ϕ] δhfull = B[(n + B[(n − 1)r −n − nr −n+2 ] cos nϕ (B4) for n > 3. We have already worked out the case n = 2 in Sec. II C. The solution for n = 3 is the same as Eq. (B4) except that the coefﬁcient of the r −n+4 term vanishes—the response r cos ϕ does not possess a square-integrable Laplacian [cf. Eq. (3)] at the outskirts of R2 and the tilt degree of freedom b makes sure it is not present. The world line terms that respond to the background (B2b) are those with polarizabilities C (n) , C¯ (n) , C¯ (n+1) , and C¯ (n−1) with the following response:



. (A7)



C (n) bg h (0) Gi1 ···in (0,r) κ i1 ···in C¯ (n) bg h − (0) Gkki1 ···in−2 (0,r) κ kki1 ···in−2 C¯ (n+1) bg h (0) Gkki1 ···in (0,r) − 2κ i1 ···in C¯ (n−1) bg h (0) Gi1 ···in−2 (0,r). − 2κ kki1 ···in−2



δheff = −



The higher the cumulants involved in a particular calculation (especially in the case of multibodies), the more cluttered instances of such expressions will be. But the calculation is far from impossible when these steps are carried out in complex coordinates. APPENDIX B: COMPLETE MATCHING PROCEDURE



Recall that we ﬁx the polarizability coefﬁcients C by considering one particle at the origin in a background ﬁeld and matching its respective world line term’s response δheff (r) =



−Cκ −1 n bg ∂ h (0)∂ m G(0,r) 2 − δmn



Following the previous appendix, this response can be rewritten as C (n) n ¯ n bg n ¯ 2 (∂ h ∂ G + n∂¯ n−1 ∂hbg ∂ n−1 ∂G) κ C¯ (n) n ¯ n−1 bg n−1 ¯ − 2 4∂ ∂h ∂ ∂G κ C¯ (n+1) n+1 ¯ n bg n+1 ¯ 2 2∂ h ∂ ∂G − 2κ C¯ (n−1) n−1 ¯ n−1 bg n−2 2 2∂ ∂h ∂ G + conj. (B6) − 2κ



δheff = −



(B1)



to the same observable computed in the full theory, an example of which was worked out in Eqs. (10)–(14). Fixing higher-order polarizabilities involves index contractions between the background derivatives and the propagator such bg bg as hi1 ···i (0) Gi1 ···i (0,r) and hi1 ···i−1 (0) Gkki1 ···i−1 , etc. In the previous appendix we showed that such contractions are quite manageable in complex coordinates. In fact, it is possible to ﬁx all the polarizabilities. We will subject the inclusion to a background that is a linear combination of the two biharmonic functions, both of which are nth order in coordinates and regular at the origin: ¯ n cos[(n − 2)ϕ] hbg (r) = Br n cos nϕ + Br (B2a) n n 1 ¯ n−1 z¯ + z¯ n−1 z). (B2b) = 2 B(z + z¯ ) + 12 B(z



Using the derivatives of G from the previous appendix (one has to notice that the coordinate that is differentiated is the one that is set to 0 to avoid sign errors), the effective response can be written in terms of the basis functions in Eq. (B4) for easy comparison, and matching term by term one obtains n−2 =



This is a general background that could originate from a permanent or induced source, since it solves the biharmonic ﬁeld equation. The response δhfull of the full inclusion to this background is the solution to δhiikk = 0, r > R, where R is the radius of the inclusion, with the boundary conditions δhfull (R,ϕ) = −hbg (R,ϕ) + a + R b · rˆ , ∂r δhfull (R,ϕ) = −∂r hbg (R,ϕ) + b · rˆ ,



n−1 = n−1 =



(B3a) n=



(B3b)



and ∇h(r) → 0 as r → ∞. Here, a and b are variables that capture the freedom of the inclusion to bob and tilt in order to conform to the ﬁeld in its vicinity. A solution can be found for at least one value of these free parameters. Setting R = 1 for convenience, the solution to the boundary value problem



(B5)



  ¯ (n) C nC (n) , 2 (n − 1)!(n − 3)! + πκ 4π κ C¯ (n−1) 2n−5 (n − 1)!(n − 4)! πκ (n+1) ¯ C 2n−3 n!(n − 1)! , πκ C (n) . 2n−4 n!(n − 2)! πκ n−2



(B7a) (B7b) (B7c) (B7d)



Except for Eq. (B7b) which is correct (and meaningful) only for n > 3, the above equations hold for n  3. Equations (B7b) and (B7c) agree, of course, in their prediction of the coefﬁcients C¯ (n) . After reinstating the radius R, the solution to Eqs.
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(B7a)–(B7d) for n  3 is then



The polarizabilities for n = 2 were given in Eq. (14) of the main text.



It turns out that we can ﬁnd all the Wilson coefﬁcients and therefore write the exact effective theory: Heff is completely equivalent to the full theory (2) with its constraints. For more complicated boundary shapes or conditions, one may have to truncate the derivative expansion (5) after a few multipoles and may even have to ﬁx the coefﬁcients by resorting to numerics. However, since this amounts to merely computing a handful of scalar parameters, this is a fairly “mild” intrusion of numerics into an otherwise analytical framework, as opposed to, say, solving a differential equation for the force or even triangulating a ﬂuctuating surface.
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16π R 2n−2 κ , 2n (n − 1)!(n − 2)! C (n) , = (n − 1)(n − 4) 4 R 2 (n) C . = 2n



C (n) =



(B8a)



C¯ (n)



(B8b)



C¯ (n+1)



(B8c)
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