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Abstract. We focus our attention on a hinged-hinged beam subjected to active control devices. The dynamical behavior of the nonlinear beam with hinged ends is described by the catastrophic single well or catastrophic two well φ6 potential. The control by sandwich and the one using piezoelectric absorber are investigated. The range of coupling or control parameters that can produce an effective control (reduction of amplitude, avoidance of unbounded motion and horseshoes chaos) are determined. Emphasis is laid on the effects of time-delay. Numerical simulation has been done to confirm and complement the analytical prediction. Keywords: Hinged-hinged beam; φ6 Potential; Escape boundary; Melnikov theory; Active control; Piezoelectric absorber; Time-delay. AMS subject classifications: 70.XX, 93.XX.



1



Introduction



The study of vibrating structures has been a subject of particular interest in recent years. This is due to the fact that structures under harmonic excitation appear in various fields of fundamental and applied science [1-3]. Among theses studies, particular attention had been paid to the dynamical behavior of beams. It was shown that when the beam is not highly loaded, its dynamics could be explained by the classical Duffing oscillator [2]. In [3] the authors used the nonlinearity of a foundation and showed that the behavior
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of the beam could be expressed by a φ6 potential. In this communication, we consider the geometrical nonlinearity of the beam to derive the equation governing its motion. Another important center of interest is the study of vibrating structures under active control [4-7]. In [5], Morgan et al. proposed a semi-active piezoelectric absorber for suppressing harmonic excitations with varying frequency. Aida et al.[6] also proposed a plate-type dynamic vibration absorber to control the vibration of plates and in [7] they also used the beam-type vibration absorber to control the bending vibration of a beam. In all these cases, the beams (or plates) are assumed to be in the linear dynamics. Another effect which arises in active control strategy is the inevitable time-delay between the detection of the structure motion and the restoring action of the control. In [17], the authors considered such a problem in linear structures and showed that time-delay can even lead to the instability of the whole structure. Thus it is of interest to pursue this study in non-linear structures. The aim of the present paper is threefold. First, it is to show that by taking into account higher nonlinear contributions of the induced stretched forces, the dynamics of a hinged-hinged beam is described by the φ6 potential. Secondly we Present and describe the beam dynamics under control. The third part deals with the dynamics of the resultant equation of control system by taking into account the time delay. Here, we determine the range of the control parameters that can conveniently reduce the amplitude of vibration. Moreover, we emphasize on the external excitations that can produce the catastrophic failure of the beam or escape from a potential well [8] . In [9] the authors proposed an approximate condition for escape from the potential well by comparing the maximum energy of the motion with the barrier of the potential. This method is used here to determine the condition for the appearance of a catastrophic or unbounded motion. To complement our results, the numerical integration of the resulting modal equation of motion is also performed. We conclude our work in the last section.



Figure 1: Hinged-hinged beam under external excitation.
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Modeling of the beam dynamics with φ6 potential The Physical model and general mathematical formalism



The Physical model represented in Figure 1 is a hinged-hinged beam of length l subjected to the action of both transversal excitation f , axial load P0 and to substrate reaction fs . Its transversal and longitudinal displacements are respectively w and u. The beam has Young’s modulus E, a mass density ρ and a cross-sectional area A. These Physical and geometrical characteristics are assumed constant. Let us consider an element of length dx of the beam at rest. Its corresponding value when the beam is deflected is given by 1



ds = [(1 + ux )2 + wx2 ] 2 dx,



(2.1)



where ux and wx are the partial derivatives with respect to x. The unit vector parallel to the deflected element can be expressed as δ = [(1 + ux )i + wx j]



dx , ds



(2.2)



Consequently, the effective instantaneous tension of the beam becomes Pi = P0 + EA



(ds − dx) , dx



(2.3)



Taking into account the presence of a transversal viscous damping of coefficient ζ, the beam dynamics is described by the following momentum equations ∂ (Pi δ)i ∂x ∂ ∂4w ρAwtt = − (Pi δ)j + EI 4 − ρAζwt + f + fs ∂x ∂x ρAutt = −



(2.4)



where I is the moment of inertia of the beam cross section. the subscripts t, tt, x and xx stand for the nth order derivatives with respect to t and x respectively. We then carry out the development of dx ds up to the second order and obtain the following expression. dx 1 3 = 1 − (2ux + u2x + wx2 ) + (2ux + u2x + wx2 )2 , ds 2 8



(2.5)



Inserting this expression in equation (2.4), we obtain ∂ 3 1 ρAutt − EAuxx = (EA − P0 ) [(u2x + wx2 − 2ux wx2 ) − (u2x + wx2 ) 2 ∂x 4 3 3 2 2 2 2 2 +5ux + 3ux (ux + wx ) + ux (ux + wx )] 4 ∂ ρAwtt + P0 wxx + EIwxxxx = (P0 − EA) (ewx ) − ρAζwt ∂x +f + fs



(2.6)
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with 1 3 3 e = ux − u2x + wx2 − ux (u2x + wx2 ) − (u2x + wx2 )2 , 2 2 8



(2.7)



Note that these equations are valid when the wavelength of the transverse vibrations is greater that the radius of gyration of the cross section of the beam. Otherwise the effects of the shear forces and that of the inertia rotation cannot be neglected. The system of equations (2.6) contains the first, second third and fourth order power of u arising from the deflection induced by the motion. Only the first order approximation of u will be considered here. This means that the transversal displacement is more important than the longitudinal displacement. Under that circumstance it is appropriate to consider u to be 0(w4 ). We therefore neglect the following terms u2x , ux wx2 , u3x , u2x (u2x + wx2 ) can be neglect and equation (2.7) becomes 1 3 e = ux + wx2 − wx4 , 2 8



(2.8)



We stress here the presence of the fourth order term wx4 in equation (2.10). Since in the pioneering work of Holmes [1], investigations had always neglected this term and finally arrived to the classical bounded Duffing equation with one or two wells for the single mode dynamics. As it will appears later in this paper, by taking this term into consideration, one arrives at the extended Duffing oscillator with unbounded monostable and bistable configurations. These configurations seem more realistic since they may explain the catastrophic failure of beams under the action of high loads. Moreover when the amplitude of motion is not high, these configurations recover the dynamics of the classical Duffing oscillator with the φ4 potential reported in [2]. To put equations (2.6) in non-dimensional form, we use the following dimensionless quantities. q L2 r u ? r l E x ? ,W =w z = L , τ = L ρ t, P1 = rP20EA L , U = L ,r = L , l = L , where r is the radius of gyration of the cross section and L a characteristic length. The appropriate choice of L is the wavelength of the highest mode of transverse vibration of the beam. By so doing, we obtain the following system of equations 1 3 r?2 Uτ τ − Uzz = (1 − r?2 P1 )(Wz − Wz3 ) 2 2 ∂ r?2 (Uτ τ + P Wzz + Wzzzz ) = (1 − r?2 P1 ) (eWz ) − r?2 λ1 Wt ∂x L + (f + fs ) (2.9) EA q ρ with λ1 = ζL r? E due to the complexity of equations (2.9), approximative methods are usually employed to seek for solutions. The appropriate approximation parameter is the radius of gyration r? . When it is small, the longitudinal inertia term is neglected in equation (2.9).
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Figure 2: Unbounded monostable φ6 potential.



After some mathematical explanations, it becomes the following equation 1 3 Uz = e(τ ) − Wz2 − Wz4 , 2 8



(2.10)



A second integration gives U = 0(τ ) + ze(τ ) −



1 2



Z 0



z



Wz2 dz +



Z



3 8



z



0



Wz4 dz,



(2.11)



0(τ ) being a time dependent function. We use the following boundary conditions U (0, τ ) = 0 and U (l? , τ ) = l? s(τ ), where s(τ ) is an axial variable load depending on the time. Therefore e(τ ) is given as follows: e = s(τ ) +



1 2l?



Z 0



l?



Wz2 dz −



3 8l?



Z



l?



0



Wz4 dz,



(2.12)



Inserting this expression in equation (2.9), the transversal vibration of the beam is finally described by the following nonlinear partial differential equation ?2



r (Wτ τ



1 + λWτ + P1 Wzz + Wzzzz ) = [s(τ ) + ? 2l



Z 0



l?



Wz2 dz



L + (f + fs ) EA which differs from the classical one [2] by the Wz4 component.



3 − ? 8l



Z 0



l?



Wz4 dz]Wzz (2.13)
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2.2



Equation for single mode dynamics and related potential



To establish the equation for the single mode dynamics, we suppose that the beam bathes in a nonlinear elastic substrate which exerts on it a force directed in the opposite direction of the deflection and which can be expressed as follows fs = −kW − k1 W 3 − k2 W 5 ,



(2.14)



where W is the transverse displacement of the beam, k the linear modulus of elasticity of the substrate, k1 and k2 the nonlinear coefficients of order 4 and 5 respectively. It is advisable to recall that the study of the beams with linear elastic substrate was made for the first time by Hetenyi [13]. Rajasekhara et al. [14] studied the dynamic behavior of the stability of a beam on elastic foundation having a cubic nonlinearity. We propose here a more general formulation which shows several possible configurations for the dynamics of the beam. To return to the equation of multi mode dynamics we can express W in the following form W (z, τ ) = r



?2



∞ X



qm (τ )Φm (z),



(2.15)



m=1



where Φm is the solution of the eigenvalue problem obtained by solving equation (2.13) in the linear limit without damping and excitations. qm (τ ) is the generalized coordinates of the mth mode and its dynamical equation is obtained by inserting equation (2.15) into equation (2.13). Considering the case of the hinged-hinged beam, the boundary conditions are given as follows: Φm = Φ00m = 0



(2.16)



at both ends of the beam and Φm is given by Φm = sin(ωm z) with ωm =



mπ l? ,



m = 1, 2, .., ∞.



Here we will consider only the first mode of vibrations on which the major part of the energy is concentrated. We thus insert equations (2.14), (2.15) and (2.16) for m = 1 (we set q1 = q) into equation (2.13). Multiplying the result by sin( mπ l? ) and performing the integration from 0 to l? , it becomes qτ τ + λqτ + (b − χs(τ ))q + cq 3 + dq 5 = f1



(2.17)



The coefficients b, χ, c and d depend on the nature and the intensity of the axial load applied. In absence of the substrate, for example the coefficients b, c and d are b = π4 − P π2, c = a π



4 r ?2



4



6 ?6



, d = − 9π64r



with a = 1 + r?2 P ,
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Figure 3: Unbounded bistable φ6 potential.



one can then distinguish the two following situations: When P < π 2 , the natural equilibrium position (W = 0, q = 0) is the only stable position of the structure; its dynamic behavior is then described by an unbounded monostable φ6 potential whose form is presented on Figure 2. Thus, beyond a certain amplitude of deflection, unbounded motions appear involving the destruction of the system. When p > π 2 , the natural equilibrium position of the structure is destabilized leaving place to two degenerated stable positions (Buckling state). The dynamics of the system thus presented is described by a unbounded bistable potential φ6 whose form is presented on Figure 3. The system can then either carry out asymmetrical oscillations of low amplitude around one of the two stable positions, or carry out oscillations of great amplitude including the two wells of potential. It can also develop unbounded motions involving the destruction of the structure. It comes out from this analysis that in absence of the substrate, the dynamics of the system can be described by the catastrophic potentials with one or two wells according to the axial force. This model seems more realistic than the non catastrophic model φ4 with one or two wells obtained by Holmes [1] starting from the approximation of first order.



3



Description of Physical model under control



The physical model presented in Figure 4 is an isotropic hinged-hinged beam with a piezoelectric actuator. The local vibration in the structure is monitored using a piezoelectric sensor. The configuration integrates piezoelectric materials with an active voltage source, a passive resistance and inductance shunting circuit. On one hand, the structural vibration energy can be transferred and dissipated in the tuned shunting cir-
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Figure 4: Hinged-hinged beam under piezoelectric absorber.



cuit passively. On the other hand, the control voltage will drive the piezo-layer, through



Figure 5: Beams with sandwich coupling.



the circuit, and actively suppress vibration in the host structure [15,16]. The passive inductance of the shunt circuit Lp , is selected so that the absorber is tuned to the nominal or expected excitation frequency. No resistance is intentionally added to the circuit,
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however the passive inductor may have significant internal resistance which is represented by Rp . Important elements of any practical control system are the transducers used for implementation of the control. Sensors are needed for measurements which can be used to estimate important disturbances and system variables. Actuators are used to apply control signals to the system in order to change the system response in the required manner. In general, sensors provide information to the controller to determine the performance of the controlled system or to provide signals related to the system response. Thus, sensors and actuators provide the link between the controller and the physical system to be controlled and their design and implementation is of prime importance. Another way to control the bending vibration of this structure, is to couple it in a sandwich manner to a linear beam-type dynamic vibration absorber as in [ 6,7]. This consists of a dynamic absorbing beam with the same boundaries conditions (Figure 5). C12 and k12 are respectively the viscous damping and the stiffness coefficients due to the coupling and P (x, t) are the transversal excitations.



Figure 6: Effect of time delay on the two control gain parameters (α, β).
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4 4.1



Model equation and Dynamics study Effects of the control on the amplitude of Harmonic oscillations



The governing modal equations of the mechanical systems under control are given by ( see ref [18] for the establishment of equation) q¨(τ ) + (λ1 + α)q(τ ˙ ) + (b + β)q(τ ) + cq 3 (τ ) + dq 5 (τ ) − βy(τ ) − αy(τ ˙ ) = f0 cos(Ωτ ) y¨(τ ) + (λ2 + µα)y(τ ˙ ) + (a + µβ)y(τ ) = µβq(τ ) + µαq(τ ˙ )



(4.1)



Where q is the displacement of the beam and y the control force. λ1 and λ2 are the non dimensionless damping coefficient of the two system respectively, b, a, c, d and µ are the other characteristic coefficient of the structure and α and β are the non dimensionless control gain parameters. The delay is materialized by the fact that the control system doesn’t act at the same time with the excited structure. Mathematically, this effect is taken into account by using the retarded functional differential equation [17,19,20]. Thus, for a control system with delay, the differential equation given by (4.1) becomes: q¨(τ ) + (λ1 + α)q(τ ˙ ) + (b + β)q(τ ) + cq 3 (τ ) + dq 5 (τ ) − βy(τ ) − αy(τ ˙ ) = f0 cos(Ωτ ) y¨(τ ) + (λ2 + µα)y(τ ˙ ) + (a + µβ)y(τ ) = µβq(τ − τq ) + µαq(τ ˙ − τq˙ )



(4.2)



where τq and τq˙ are the time delays for displacement and velocity feedback force in the system respectively. Throughout the communication we will use this set of parameter b = 0.92, c = 0.013 d = −0.0008, λ1 = 0.009, λ2 = 0.07 , a = 0.52 and µ = 0.06, these correspond to a case of hinged-hinged beam with unbounded monostable potential under control. In the linear limit (c = d = 0), the amplitude of the harmonic oscillation of the controlled system is obtain using harmonic balance method and given by Ac =



f0 [(b + β −



Ω2



− βη1 − αΩη2



)2



1



+ (Ω(α + λ1 ) − βη1 − αΩη2 )2 ] 2



(4.3)



where (βcos(Ωτq )+αΩsin(Ωτq˙ ))(a+µβ−Ω2 )−Ω(λ2 +µα)(βsin(Ωτq )−αΩcos(Ωτq˙ )) η1 = µ[ ] (a+µβ−Ω2 )2 +Ω2 (λ2 +µα)2 η2 = µ[



(βsin(Ωτq )−αΩcos(Ωτq˙ ))(a+µβ−Ω2 )+Ω(λ2 +µα)(βcos(Ωτq )+αΩsin(Ωτq˙ )) ] (a+µβ−Ω2 )2 +Ω2 (λ2 +µα)2



Comparing Ac (amplitude of controlled system) with the amplitude Anc of the vibrations of the uncontrolled system, we see that the control is efficient if Ac < Anc . This means that the control parameters satisfy the following condition: [(β(1 − η1 ) − αΩη2 )(β(1 − η1 ) − αΩη2 + 2(b − Ω2 ))] +[(Ωα + βη2 − αΩη1 )(Ωα + βη2 − αΩη1 + 2Ωλ1 )] > 0



(4.4)



Figure 6 displays the stability boundary in plane (α, β) with τq = τq˙ = τ0 and Ω = 0.52. The curve with a thick line represents the case where the delay is not considered and the region below this curve represents the case where control is inefficient.
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Figure 7: (a) Boundary of the domains in the space parameters (f0 , β) where the control of amplitude is efficient for α = 0, (b) Evolution of amplitude as function of time delay with α = 0 and β = 0.2.



Taking into account the effects of delay, we present in the same graph the case where the delay is given by τ0 = 0.2 and τ0 = 0.4 and we arrive at the following conclusion: Due to the fact that every graph presents three regions, the inefficient region can increase or decrease depending on the value of time delay. It appears that to optimize the reduction of amplitude of vibration in the system the value of control gain parameters (α, β) should be taken in region (III). In the non linear case, the amplitude A of harmonic vibrations
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is derived using the Harmonic balance method and obeys to the following non linear algebraic equation: 25 2 10 15 9 5 d A + cdA8 + [ c2 + d(b + β − Ω2 − βη1 − αΩη2 )]A6 64 16 16 4 3 + c(b + β − Ω2 − βη1 − αΩη2 )A4 + [(b + β − Ω2 − βη1 − αΩη2 )2 2 +(Ω(α + λ1 ) − βη1 − αΩη2 )2 ]A2 − f02 = 0



(4.5)



We remind the reader that η1 and η2 are functions of τq and τq˙ as given above. Assuming that at the frontier separating regions of efficiency and inefficiency of the control, the amplitudes of both the controlled and uncontrolled (α = β = 0) systems are equal, it results that the amplitude of the oscillations at this limit is given by A2b =



−3c(β(1 − η1 ) − αΩη2 ) − 2ψ 2 5d(β(1 − η1 ) − αΩη2 )



(4.6)



where ψ = 94 (β(1 − η1 ) − αΩη2 )2 − 5d(β(1 − η1 ) − αΩη2 )[(β(1 − η1 ) − αΩη2 )2 + (Ωα + βη2 − αΩη1 )2 ] Inserting equation (4.6) in equation (4.7) (with A = Ab ), we obtain the boundary separating the domain where the control is efficient (reduction of amplitude of vibration) to the domain where it is inefficient. Figure 7a presents the evolution of the force F0 as a function of β with α = τq = τq˙ = 0 and Ω = 0.92 (we remind the reader that 0.92 is the frequency at the primary resonance). This result is obtained by using the analytical expression given by equation (4.6) (thin line) along with direct numerical simulations of equation (4.1) (doted line). This numerical simulation is done using the fourth order Runge Kutta algorithm. The domain of the efficiency of the control is below the curve. It appears that as the excitation amplitude increases, we need greater values of β to reduce the vibration of the structure. In Figure 7b, we have plotted this boundary in the (τq , f0 ) plane, assuming that τq = τq˙ along with the case where delay is not taken into account (solid horizontal line). This is done for α = 0, β = 0.2. It is found that f0 is a periodic function of τq . Thus, with a good choice of time delay, a better protection of the structure can be obtained. However for some values of time-delay the control is affected in the bad direction.



4.2



Effects of the control on the appearance of unbounded motion



Depending on the value of the external force and the values of the other parameters, the system initially moving inside the potential well can cross the barrier of the potential to exhibit unbounded motions leading to failure. It is important to analyze the effects of the control parameters on the condition for the escape from the potential well. We use the method of energy [9] as described in the introduction. We thus find that the amplitude of the excitation at the frontier between catastrophic and bounded motions
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Figure 8: (a) Critical forcing amplitude for the apparition of catastrophic motion as function of α with β = 0. (b) Evolution of the critical force as a function of time-delay for α = 0.1 and β = 0.



is given by 5 3 fc2 = ( dA5b + cA3b + (b + β − Ω2 − βη1 − αΩη2 )Ab )2 8 4 +(Ω(λ1 + α) + βη2 − αΩη1 )2 A2b



(4.7)
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with A2b =



where Equations (4.7) give an approximate expression for the critical forcing above which a catastrophe can occur. Its variation as a function of α is plotted in Figure 8a (with β = τ = 0) with the results of the direct numerical simulation of equation (4.1). We find that fc increases with α. Good agreement is obtained between the analytical and numerical results. This means that the analytical prediction can be used to prevent the failure of the structures. In other to view the effects of time delay we display in Figure 8b the variation of the critical force as function of time delay for α = 0.1 and β = 0 The horizontal line represents the results in the case where there is no delay. We find that for a certain choice of time delay, fc is greater than that of the case without delay. We can conclude that the time delay can render, for a good choice of time delay, the control of escape more efficient.



4.3



Effects of the control on the basin of stability



In this section, we are interested in the study of global bifurcation before and after loss of stability [21,22]. Since this condition can be detected by means of basin of attraction, it is important to obtain the condition for theoretically preventing chaotic dynamics. This may imply the existence of fractal basin boundaries and the so-called horseshoes structure of chaos. To deals with that condition, we have simulated numerically the system of equations (4.1) to look for the effects of the control parameters on the onset of the fractality in the basins of attraction. First Considering the case of the system without control, Figure 9a shows that the boundary is fractal when f0 = 0.2 and will become more and more visible as f0 increases. Now taking into account the presence of the control without delay, we begin by considering only the effects of β on the critical value. Figure 9b shows that with the same parameters as in Figure 9a, the system become regular and this is accompanied by an enlargement of the basin of attraction. This means that by making a good choice of the coupling parameters we can conveniently suppress chaos in our system. Turning our interest on the effects of the time delays, we find that the fractality appears more early (see refs [19,20]). Another effect which arises in the system is the extreme sensibility of the system because of delay. For instance, with τq = 2 the boundary of the basin remains regular this for β = 1.5 and f0 = 1.5 (Figure 10a). Setting now the value of τq = 2.005 the fractality reappears (Figure 10b) in the system which was regular. This is also confirmed in Figure 10c when the value of delay is τq = 2.1 , The fractality becomes more and more visible. This means that the best estimation of the optimal parameters for the efficiency of the control should not neglect the effects of time-delays.
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Figure 9: (a) A fractal basin boundary diagram for the uncontrolled system for Ω = 0.92 and f0 = 0.2, (b) Basin of attraction for the case where control is efficient with, β = 0.8, f0 = 0.2 and Ω = 0.92.



5



Conclusion



In this paper, by considering a higher nonlinear term of the induced stretched force, it is found that the dynamics of an Euler beam is described by a more realistic φ6 potential. From the analytical expressions, one can easily obtain the unbounded or catastrophic
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Figure 10: Early appearance of the fractal behavior because of time delay a) τq = 2, b) τq = 2.005 c) τq = 2.1 .



potential with one and two wells. The possibility of using piezoelectric absorber and sandwich structure to control the dynamics of a non-linear structure has been presented. The dynamics of the resultant system under control (harmonic response, escape from a potential well and basin of attraction) have been studies. The effects of time-delay in the approximate critical force leading to reduction of amplitude and escape from a potential
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well appear to be important and should be taken into account for the designing of control devices. The analytical results have been complemented by the numerical simulation of the original non-linear equation and metamorphoses of the basin of attraction have been observed.
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