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Modelling ground vibration from railways using wavenumber ﬁnite- and boundary-element methods B Y X. S HENG †, C. J. C. J ONES



AND



D. J. T HOMPSON



Institute of Sound and Vibration Research, University of Southampton, Southampton SO17 1BJ, UK ([email protected]) A mathematical model is presented for ground vibration induced by trains, which uses wavenumber ﬁnite- and boundary-element methods. The track, tunnel and ground are assumed homogeneous and inﬁnitely long in the track direction (x-direction). The models are formulated in terms of the wavenumber in the x-direction and discretization in the yz-plane. The effect of load motion in the x-direction is included. Compared with a conventional, three-dimensional ﬁnite- or boundary-element model, this is computationally faster and requires far less memory, even though calculations must be performed for a series of discrete wavenumbers. Thus it becomes practicable to carry out investigative study of train-induced ground vibration. The boundary-element implementation uses a variable transformation to solve the well-known problem of strongly singular integrals in the formulation. A ‘boundary truncation element’ greatly improves accuracy where the inﬁnite surface of the ground is truncated in the boundary-element discretization. Predictions of vibration response on the ground surface due to a unit force applied at the track are performed for two railway tunnels. The results show a substantial difference in the environmental vibration that could be expected from the alternative designs. The effect of a moving load is demonstrated in a surface vibration example in which vibration propagates from an embankment into layered ground. Keywords: railway; tunnels; ground vibration; model; ﬁnite elements; boundary elements



1. Introduction An important issue with regard to the environmental impact of rail trafﬁc is the problem of ground vibration produced by trains running in tunnels or on the ground surface. The dominant frequencies cover a range of about 2 to 200 Hz (Grootenhuis 1977). Components of low frequencies in this range cause whole-body vibration, while those of higher frequencies give rise to structure-borne noise. Experimental evaluations of vibration-reducing designs are notoriously difﬁcult to obtain since ground and construction parameters are difﬁcult to control. To understand the mechanisms involved in vibration generation and propagation, † Present address: Holset Engineering Co. Ltd, St Andrews Road, Huddersﬁeld HD1 6RA, UK. Received 2 July 2004 Accepted 9 January 2005
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and to develop well-founded vibration mitigation solutions, a realistic mathematical model is needed. For trains running on the surface of a layered ground, models have been developed for ground vibration generated by moving axle loads (Krylov 1995, 1996; Degrande & Lombaert 2001), moving dynamic loads (Sheng et al. 1999) and by both the moving axle loads and wheel and rail irregularities (Sheng et al. 2003a). These models employ a semi-analytical approach in the wavenumberfrequency domain. Semi-analytical models have also been derived for trains running in tunnels. Forrest (1999) presents a model based on cylinder theory, in which the ground and the tunnel were modelled as a viscoelastic whole space including a circular thin shell of inﬁnite length. Such an analytical model is computationally very efﬁcient but its usefulness is limited if the tunnel has a non-circular cross-section, if the tunnel is not well below the ground surface or if the ground is layered. Another model (Metrikine & Vrouwenvelder 2000) is composed of two twodimensional viscoelastic layers, representing the soil above and below the tunnel, and two identical beams representing the tunnel. The beams are connected by continuously distributed springs. This model is able to account for the movement of excitations and wave propagation in the tunnel direction, but not for the wave propagation in the lateral direction. For ground vibration from tunnels, numerical approaches are normally employed to allow arbitrary geometry. Most commonly, either the ﬁnite-element method (FEM) (Gardien & Stuit 2003) or the boundary-element method (BEM) (Andersen & Jones 2002) is used. In FEM, built structures and part of the ground are discretized, introducing an artiﬁcial boundary. Proper boundary conditions, often termed ‘transmitting boundary conditions’, are required in order to ensure that no wave of signiﬁcant amplitude is reﬂected. In general, however, exact transmitting boundary conditions cannot be found. Approximate boundary conditions may be used but they require that the artiﬁcial boundary be placed in the far ﬁeld, which increases the size and complexity of the analysis. For a three-dimensional analysis of a large structure, the number of elements involved in the analysis rapidly becomes too large as frequency increases. The BEM for the analysis of solid elastic bodies has been well set out in recent years (Dominguez 1993; Gaul et al. 2003) and is very well suited to the analysis of inﬁnite media, since the radiation of waves towards inﬁnity is automatically included. However, BEM is not optimal for thin structures such as tunnels since both faces of a structure have to be discretized and BEM has numerical problems for thin domains. Therefore, for the dynamics of soil–structure interaction, a combination of FEM and BEM is a natural choice in which the ﬁnite structure is modelled using FEM and the ground is modelled using BEM. A threedimensional ﬁnite-element and boundary-element (FE–BE) model has been implemented by Andersen & Jones (2002) for the study of train-induced ground vibration. However, this model is still very complicated and expensive to use, and is therefore impractical for carrying out investigative studies for the whole frequency range of interest. In many practical situations, the geometry of the ground-tunnel structure can be assumed to be invariant with respect to translation along the tunnel axis. This feature is also present for track structures (rails, ballast and embankment) Proc. R. Soc. A
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and for many vibration mitigation devices, such as ditches and wave impeding blocks (Takemiya 2002). For such structures, an approach may be applied in which the problem is transformed into a sequence of two-dimensional (yz-plane) models, depending on the wavenumber in the tunnel direction (x-direction). For each of a series of discrete wavenumbers in the x-direction, the ﬁnite cross-section of the built structure is modelled using the FEM and the wave propagation in the surrounding soil is modelled using the BEM. The global FE–BE equations are coupled and then solved, giving the component of the response at that wavenumber. The responses at different x-positions are constructed from these components using an inverse Fourier transform scheme. These methods may be termed the wavenumber FE–BE methods or two-and-a-half dimensional FE–BE methods. As the discretization is only made over the cross-section of the groundtunnel structure, the total number of degrees of freedom is greatly reduced compared with the corresponding three-dimensional model. It should be noted that similar terms such as the discrete wavenumber method, the discrete wavenumber boundary-element method and the discrete wavenumber boundary integral equation method have also been used in the literature (Kim & Papageorgiou 1993; Haartsen et al. 1994; Bouchon 2003) to refer to the conventional BEM in which the half-space (homogeneous or layered) Green’s functions are evaluated using the discrete wavenumber method proposed by Bouchon (2003). An alternative scheme to the one presented in this paper was developed by the present authors (Sheng et al. 2003b) based on the ‘ﬁctitious forces method’ of Luco & deBarros (1993), in which the Green’s function for a layered half-space was used and the forces around the tunnel–soil interface were expressed as a series of harmonic terms rather than discretized in the ﬁnite-element sense. Because of the time taken to compute the layered half-space Green’s function, the present method has been found to be more efﬁcient computationally in example cases. It is also a simpler method within which to generalize the geometry. The wavenumber method for FE was ﬁrst proposed by Gavric (1994, 1995) for computing the dispersion curves of thin-walled waveguides and free rails. Recently, Shah et al. (2001) employed this method to analyse the wave propagation property of thin-walled structural members using in-plane and outof-plane plate elements. The formulation of the direct wavenumber BEM and its applications are mostly found in papers concerning seismic responses of scatterers with a twodimensional topology subject to incident seismic plane waves. Stamos & Beskos (1996) consider only harmonic plane waves as both incident and scattered waves. The Fourier-transformed (with respect to x only) whole-space Green’s functions are required owing to unit stationary harmonic forces and at a single wavenumber. That single wavenumber is determined by the frequency, speed and propagation direction of the incident wave. Owing to the translational invariance of the waves with respect to the x-coordinate, Papageorgiou & Pei (1998) consider each harmonic component of the scattered wave as being produced by a constant load moving uniformly in the x-direction at the incident wave speed projected in the same direction. Therefore, the Fourier-transformed whole-space Green’s functions corresponding to a moving constant load are utilised in the boundary integral equation. Proc. R. Soc. A
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It is clear that a systematic derivation of the wavenumber BEM is needed for its application to train-induced ground vibration. As mentioned above, the Green’s functions play a key role in the BEM. The Green’s functions are available for a homogeneous full-space excited by stationary harmonic sources (Eason et al. 1955) and for a layered half-space subject to both stationary and moving harmonic sources (de Barros & Luco 1994; Sheng 2001; Ronald & Bojan 2002). The so-called two-and-a-half-dimensional Green’s functions for a homogeneous whole-space have also been derived for stationary harmonic sources (Stamos & Beskos 1996; Tadeu & Kausel 2000) and recently for moving harmonic sources (Sheng et al. 2002). This paper describes a model of ground vibration from tunnels using the wavenumber FE and (direct) BE methods. In §2, the wavenumber FE formulation is outlined brieﬂy. A systematic formulation of the wavenumber BEM is presented in §3. Coupling between FE domains and BE domains is dealt with in §4. In §5, two tunnel designs are compared in terms of vibration on the ground surface using this model. Section 6 outlines an example of the effect of a moving load.



2. Wavenumber ﬁnite-element method (a ) Differential equation of motion of an element Suppose that an elastic body is inﬁnitely long in the x-direction and that its cross-sections normal to the x-axis are invariant. The x cross-section, A, is discretized into a number of elements. The same discretization is also made on the xCdx cross-section. An element on the x cross-section and its counterpart on the xCdx cross-section deﬁne an element prism. The displacements of the n nodes on the element are denoted by a 3n vector: fqðx; tÞg Z ðu 1;1 ; u 2;1 ; u 3;1 ; .; u 1;n ; u 2;n ; u 3;n ÞT ;



(2.1)



in which the ﬁrst subscript denotes the component of displacement in the x-, yand z-directions and the second denotes the node number. The corresponding nodal force vector is denoted by {F(x,t)}. A shape function matrix of order 3!3n is deﬁned and denoted by [F(y, z)], so that the displacement vector of the element at any point (x, y, z) may be approximated as fuðx; y; z; tÞg Z ½Fðy; zÞfqðx; tÞg:



(2.2)



The kinetic energy, T, of the element prism (of length dx) is expressed in terms of the nodal displacements: ð 1 1 _ y; z; tÞgT fuðx; _ y; z; tÞgdAdx Z fqðx; _ tÞgdx; (2.3) _ tÞgT ½M fqðx; TZ rfuðx; 2 2 A



where



ð ½M  Z r½Fðy; zÞT ½Fðy; zÞdA A
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(r is the material density). If the stress–strain relationship in terms of E, the Young’s modulus and n, the Poisson’s ratio, is given by Petyt (1990) 8 9 s > > x > > > > > > > > s > > y > > > > < sz = fsg Z Z ½Df3g > gxy > > > > > > > > > > gxz > > > > > : ; gyz 2
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78 9 7> 3 x > 7> > 7> >3 > > > 0 y > > 7> > > > 7> < 7 3z = 7 0 7> t >; xy > 7> > > > 7> > > > txz > 7 > > 0 > 7> 7: tyz ; 1 K 2n 5 2 (2.5)



then the potential energy, U, is given by



UZ



ð 1 f3gT ½Df3gdAdx 2 A
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where ð
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The vector of generalized forces is derived by considering the virtual work done by the stresses on the x and xCdx cross-sections of the element prism. ð v dW Z ½sx du1 C txy du2 C txz du3 dAdx vx A



ð



v Z fdqðx; tÞgT ½Fðy; zÞT vx
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This leads to the expression of the generalized forces as   ð v T qðx; tÞ dx fQðx; tÞg Z fFðx; tÞg C ½Fðy; zÞ ½B3 ½Fðy; zÞdA vx A



 2  ð v C ½Fðy; zÞT ½B4 ½Fðy; zÞdA qðx; tÞ dx: vx 2



(2.8)



A



By inserting the expressions for T, U and Q into Lagrange’s equation, d vT vU C Z Qj dt vq_ j vqj



ðj Z 1; 2; .; 3nÞ;



(2.9)



the differential equation of motion of the element is obtained: ½M f€ q ðx; tÞg C ½K0 fqðx; tÞg C ½K1



v v2 fqðx; tÞg K ½K2 2 fqðx; tÞg Z fFðx; tÞg; vx vx (2.10)



in which the terms have been collected together so that ½K1 Z ½K2 Z



Ð Ð



Ð



T T A ð½B1 ½Fðy; zÞÞ ½D½B2 ½Fðy; zÞdA K A ½Fðy; zÞ ½B3 ½Fðy; zÞdA;



)



T A ½Fðy; zÞ ½B4 ½Fðy; zÞdA:



(2.11) [M ], [K ]0 and [K ]2 are 3n!3n symmetric matrices, [M ] and [K ]2 are positive deﬁnite and [K ]0 is non-negative. It can also be shown that [K ]1 is an antisymmetric matrix. (b ) Global ﬁnite-element equation The conventional ‘assembly’ of the element matrices in equation (2.10) can be applied to obtain the corresponding matrices of the assembled FEM and thus, the global differential equation of motion. This is still represented by equation (2.10). The sub-matrices corresponding to y- and z-coordinates in the matrices [K ]0 and [M ] are those of the plane-strain problem. Now it is assumed that the nodal forces apply at points moving at constant speed c in the x-direction (i.e. it is implied that the nodes of the model represent such moving points) and that, in the moving frame of reference, these forces are time-harmonic with radian frequency U. The Fourier transform of any quantity, f(x, t), at a node due to such loads is denoted by fðb; tÞ, that is, fðb; tÞ Z Proc. R. Soc. A
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where b is the wavenumber in the x-direction. It is shown in Dieterman & Metrikine (1997) and also Sheng et al. (1999) that fðb; tÞ is harmonic with a modiﬁed frequency uZUKbc. In other words, it can be written that fðb; tÞ Z f~ðbÞeiðUKbcÞt ;



(2.13)



where f~ðbÞ is the amplitude of fðb; tÞ. In what follows, f~ðbÞ is also termed the Fourier transform of f(x, t), though the factor eiðUKbcÞt has been dropped. f~ uðbÞg is used to represent the correspondingly transformed displacements q(x, t). Substitution of equations (2.12) and (2.13) into equation (2.10), and adopting the bold-italic letter notation for global vectors and matrices in the frequency–wavenumber domain (i.e. the domain of assembly and solution of system matrices) yields ~ ~ ~ ð½K0 C ib½K1 C b2 ½K2 K u2 ½M ÞfuðbÞg Z ½KðbÞfuðbÞg Z fFðbÞg:



(2.14)



~ The transformed displacement vector fuðbÞg can be evaluated from equation (2.14) for each b and then the actual displacements may be obtained using an inverse Fourier transform.



3. Wavenumber boundary-element method (a ) The two-and-a-half-dimensional reciprocal theorem in elasto-dynamics As in §2, the x cross-section of the inﬁnitely long elastic body is denoted by A. Now, the boundary of A in its own plane is denoted by G. For this elastic body, two elasto-dynamic states are deﬁned. The ﬁrst one is described by displacements uk(x, y, z, t), body forces rbk(x, y, z, t) and boundary tractions pk(x, y, z, t), where kZ1, 2, 3 corresponding to x-, y- and z-directions. The second state is described by uk ðx; y; z; tÞ, rbk ðx; y; z; tÞ and pk ðx; y; z; tÞ. A reciprocal relation between these two states exists and is stated as ð ðN ð ðN  ðpk  uk ÞdxdG C rðbk  uk C u0k u_ k C v0k uk ÞdxdA KN
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(Archenbach 1973; Dominguez 1993), where the summation convention over the repeated index applies, * denotes the Riemann convolution which applies only with time t, 8ð < t gðt K tÞhðtÞdt for tR 0; gðtÞ  hðtÞ Z (3.2) : 0 0 for t! 0; Proc. R. Soc. A
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and the initial displacements and velocities are u0k Z uk ðx; y; z; 0Þ;



vuk ðx; y; z; 0Þ : vt



u_ 0k Z



(3.3)



Since the elastic body is inﬁnitely long in the x-direction, the two elastodynamic states can be expressed in terms of the Fourier integral, for instance, ð 1 N uk ðx; y; z; tÞ Z (3.4) u ðb; y; z; tÞeibx dx: 2p KN k Using this in the reciprocal relation, equation (3.1), gives  ðN ð ðN ðN ibx  ib 0 x 0 pk e db  uk e db dxdG KN
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The triple integrals in equation (3.5) can be simpliﬁed by making use of the fact that pk and uk are independent of x, for example,   ðN ðN ðN ðN  ðN ðN ibx  ib 0 x 0  iðbCb 0 Þx ð pk  uk Þ e dx dbdb 0 : pk e db  uk e db dx Z KN
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Since



ðN KN
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eiðbCb Þx dx Z 2pdðb C b 0 Þ;



where d($) is the Dirac-d and pk Z pk ðb; y; z; tÞ, uk Z uk ðb 0 ; y; z; tÞ, equation (3.6) becomes  ðN ðN ðN ðN 0 ½ pk ðb; y; z; tÞ  uk ðKb; y; z; tÞdb pk eibx db  uk eib x db 0 dx Z 2p KN KN KN KN ðN Z 2p ½ pk ðKb; y; z; tÞ  uk ðb; y; z; tÞdb: KN



(3.7) By inserting the ﬁrst form of this into the left-hand side of equation (3.5) and the second form into the right-hand side, it is shown that equation (3.5) holds if, for every value of b, ð ð  ½ pk ðb;y;z;tÞ uk ðKb;y;z;tÞdGC r½ bk ðb;y;z;tÞ uk ðKb;y;z;tÞdA G
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Now it is assumed that the ﬁrst elasto-dynamic state is due to harmonic loads of radian frequency U moving in the positive x-direction at speed c, while the second state is due to harmonic loads of the same frequency but moving in the negative x-direction at speed c. Thus, as in equation (2.13), it may be written ) uk ðb;y;z;tÞZ u~k ðb;y;zÞeiðUKbcÞt Z u~k eiðUKbcÞt ; (3.9) uk ðb;y;z;tÞZ u~k ðb;y;zÞeiðUCbcÞt Z u~k eiðUCbcÞt so that u0k Z~ u k and u0k Z~ u k . Inserting these expressions into equation (3.8) and performing the convolution deﬁned by equation (3.2), yields ð ð uk ðKb;y;zÞdGC rb~k ðb;y;zÞ~ u k ðKb;y;zÞdA p~k ðb;y;zÞ~ G
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This represents the reciprocal relation between the two states in the wavenumber domain. When b is set to zero, this recovers the reciprocal theorem in elasto-dynamics for the plane-strain problem. (b ) Integral representation Now the displacements and tractions in the second elasto-dynamic state are chosen to be those of a whole-space due to a unit harmonic load of frequency U. This load moves at speed c in the negative x-direction along a straight line which passes through (y0,z0). Thus, the body force for the second state is given by rbk ðx; y; z; tÞ Z dðx C ctÞdðy K y0 ; z K z0 Þdkl eiUt ;



(3.11)



where dkl is Kronecker’s delta. The Fourier transform of equation (3.11) is given by 
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This expresses the displacements at point (y0, z0), in terms of the displacements and tractions on the boundary and the externally applied body forces. u~kl ðKb; y; z; y0 ; z0 Þ and p~kl ðKb; y; z; y0 ; z0 Þ are used to denote the Fouriertransformed (displacement and traction) Green’s functions (Sheng et al. 2002) due to the moving load deﬁned in equation (3.11); they are given in appendix A. The ﬁrst subscript indicates the response direction while the second denotes the source direction. Now a boundary integral equation is established by taking point (y0, z0) on to the boundary G so that equation (3.13) becomes ð ~  ðKb; y; z; y0 ; z0 ÞT f~ f~ u ðb; y0 ; z0 Þg Z ½U pðb; y; zÞgdG G



ð
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where f~ ugZ ð~ u 1 ; u~2 ; u~3 ÞT is the displacement vector at (y0, z0), f~ pgZ ð~ p1 ; p~2 ; p~3 ÞT is the surface traction vector, and the displacement and traction Green’s function Proc. R. Soc. A
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Figure 1. Three-noded, quadratic shape function boundary-element.
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(3.15)



(c ) Discretization using quadratic shape functions The boundary integral equation (3.14) is discretized using the three-noded quadratic boundary-element shown in ﬁgure 1. The shape function matrix is given by: ½FðxÞ Z ½f1 ½I  f2 ½I  f3 ½I ;



(3.16)



where [I ] is the 3!3 unit matrix (if [F(x)] is used to approximate the boundary geometry, then [I ] is the 2!2 unit matrix) and 9 1 > > f1 ðxÞ Z xðx K 1Þ; > > 2 = 2 f2 ðxÞ Z ð1 K x Þ; > > > 1 > f3 ðxÞ Z xðx C 1Þ ðK1% x% 1Þ ; 2



(3.17)



are shape functions (Dominguez 1993). The displacements, tractions and coordinates along a boundary-element may be approximated by those at the nodes of the element via the shape functions. By doing so, equation (3.14) becomes 1 0 ð NE X C B ~ T uðbÞgj f~ uðbÞgi C @ ½P ðKb; xÞij ½FðxÞdGAf~ jZ1



Gj



1 0 ð NE X C B ~ T i ~ pðbÞgj C fBðbÞg Z @ ½U ðKb; xÞij ½FðxÞdGAf~ jZ1



Proc. R. Soc. A



Gj



(3.18)



Ground vibration from railways



13



where NE is the number of elements, f~ u ðbÞgi is the displacement vector of node i j j and f~ u ðbÞg and f~ pðbÞg are two 9!1 vectors consisting of the nodal displacements and tractions, respectively, for the three nodes on element j. ~  ðKb; xÞij are the displacement and traction Green’s function ~  ðKb; xÞij and ½P ½U matrices with the source position corresponding to node i (called the collocation point) and the observer position given by ðy; zÞT Z ½FðxÞfygj ;



(3.19)



where {y}j is a 6!1 vector containing the coordinates of the element nodes. Finally, ð i ~ y; zÞgdA ~ ~  ðKb; y; z; y0 ; z0 ÞT frbðb; fBðbÞg Z ½U



(3.20)



A



represents the contribution to node i from the body forces. For a system of elements with a total of N nodes, equation (3.18) is assembled for each collocation node i to form a global boundary-element equation ~ ~ ½H fuðbÞg Z ½Gf~ pðbÞg C fBðbÞg;



(3.21)



where [H ] and [G ] are 3N!3N matrices. (d ) Evaluation of singular integral terms In constructing the global equation (3.21), the integrals are evaluated for the Green’s functions on each element making up the total integration around the boundary. For an element excluding the collocation point, the integration along this element can be carried out using a standard numerical quadrature. In the present study, a 10-point Gauss–Legendre quadrature rule is used, the high order reﬂecting the high polynomial order of the integrands. When the element of integration contains the collocation node, the integrands in both [H ] and [G ] become singular. The singular terms for constructing [G ] may be integrated after a special treatment that takes into account the presence in the integrands of a weak singularity which is of logarithmic order (Singh & Tanaka 2001; Johnston & Johnston 2002). The singular terms for constructing [H ], however, are of higher order and are not integrable. The total integration around the boundary for these terms has a ﬁnite result because the integrands are either a d-like function, or have singularities of opposite signs either side of the singular point and they cancel. The integral cannot be evaluated using any quadrature scheme on an element-by-element basis and an alternative method must be devised. For a stationary harmonic load, the difﬁculty may be overcome by employing the ‘rigid body motion technique’ combined with either a fully or a locally enclosing elements technique (Dominguez 1993; Andersen & Jones 2002). In this paper, use is made of a new and more efﬁcient technique, which is described below. Proc. R. Soc. A
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The irregularities of tractions p~ij ðb; rÞ at and near the collocation point (i.e. as r/0) where the boundary is smooth are characterized as 1 p~ij ðb; rÞ wa ln p2 r C b C 0:5dij dðrÞ; r



(3.22)



where p2 is deﬁned in appendix A, a and b are regular at rZ0, dij is the Kronecker delta and d($) is the Dirac delta-function. The traction expressions derived from the applied displacements via Hooke’s law do not include the delta-function part. This part only arises in the case of an applied point force at the collocation point. In what follows, the traction expressions derived from the displacements are termed the base tractions. Two cases are dealt with separately below. (i) When the collocation point is the middle node (node 2) of element G1, the 3!3 sub-matrices associating nodes p (1, 2 and 3) in matrix [H ] are evaluated on a local coordinate system and, according to equation (3.18), are given by ð1 ~  ðKb; xÞT JG ðxÞdx; ½H 2p Z fp ðxÞ½P (3.23) 1 K1



where JG1 ðxÞ is the Jacobian, that is, JG1 ðxÞdxZ dG. Note that the unit load at the collocation point is treated as a traction rather than a body force, therefore the f~ u ðbÞgi term in equation (3.18) must be dropped. As x/0, f1(x)wK0.5x, f3(x)wK0.5x (equation (3.17)), the contribution to the integrals in equation (3.23) for pZ1 or 3 from the delta-function part in equation (3.22) becomes zero. Thus it is only possible to use the base tractions in equation (3.23); the resulting integrands are regular at xZ0 and can be evaluated using a conventional quadrature rule. Since f2(x)Zf2(Kx), for pZ2 equation (3.23) may be written as ð0 ~  ðKb; xÞT JG ðxÞ C ½P ~  ðKb; KxÞT JG ðKxÞÞdx: (3.24) ½H 22 Z f2 ðxÞð½P 1 1 K1



Now substitute p~ij ðb; rÞ into equation (3.24). For the delta-function part, the integral equals 0.5dij. For the base tractions, the integrand is irregular at xZ0, at most of logarithmic order, due to the cancellation of the irregularities of order 1/r appearing in the two terms in the bracket. Thus, by employing the same transformation as used for the evaluation of the irregular integrals in matrix [G ], the integral in equation (3.24) can be evaluated numerically without difﬁculty. (ii) When the collocation point is an end node of an element, say node 3 which joins element 1 and element 2, the elements in [H ] associated with this node are given by



½H 33 Z



ð1



~  ðKb; xÞT f3 ðxÞ½P G1 JG1 ðxÞdx C



K1



ð1 Z



K1
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T ~ ðKb; xÞT ~ f3 ðxÞð½P G1 JG1 ðxÞ C ½P ðKb; KxÞG2 JG2 ðKxÞÞdx;



ð3:25Þ
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since f1(x)Zf3(Kx). Again, for the delta-function part of the tractions, this gives 0.5dij, and for the base tractions, the integrand in this equation is irregular at xZ1, at most of the logarithmic order. Thus, it too can be evaluated numerically.



4. Coupling between subdomains, reduction of the truncation effect and inclusion of damping (a ) Coupling between subdomains Up to this point, the BEM formulation has been derived for a domain consisting of a single homogeneous material. A domain such as a layered ground, which may also incorporate built structures such as a tunnel and a track, can be divided into a number of BE and FE subdomains. Each of the BE subdomains is homogeneous. For each subdomain, a BE equation or a FE equation can be constructed, and coupling of these equations gives the global equation for the whole system. A single BE equation may readily be constructed for all the BE subdomains. From equation (3.21) pre-multiplied by [G]K1, this equation may be written in the form ~ ~ ½Rbe fuðbÞg Z fpðbÞg C f~ sðbÞgbe :



(4.1)



Note that equilibrium at the interfaces between assembled BE domains causes ~ corresponding elements of fpðbÞg to vanish. If, in addition to the BE subdomains, an FE subdomain is present, then the FE equation must be coupled with equation (4.1) to give the global equation for the whole model. The displacements, tractions and nodal forces of the nodes at the FE–BE interface are ~ ~ ~ðbÞgI and fFðbÞg denoted by fuðbÞg I , fp I . Those of the remaining nodes are ~ ~ ~ denoted by fuðbÞg and f p ðbÞg beR beR for the BE subdomains, and fuðbÞg feR , ~ fFðbÞg for the FE subdomain. Thus equation (4.1) can be split into feR " #( ) ( ) ( ) ~ ~ fpðbÞg f~ sðbÞgbeR ½RbeRR ½RbeRI fuðbÞg beR beR Z C (4.2) ~ ~ ½RbeIR ½RbeII fuðbÞg fpðbÞg f~ sðbÞgbeI I I and the FE equation from equation (2.14) into "



½KfeII



½KfeIR



½KfeRI



½KfeRR



#(



~ fuðbÞg I ~ fuðbÞg feR



)



( Z



~ fFðbÞg I ~ fFðbÞg feR



) :



(4.3)



A transformation matrix, [T ], may be constructed to convert the tractions ~ fpðbÞg I of the boundary-element formulation at the FE–BE interface into the equivalent nodal forces to enable assembly with the FE matrices, that is, ~ ~ fFðbÞg I Z K½TfpðbÞg I: Proc. R. Soc. A
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Figure 2. Nodes on the edge of the BE.



The dimension of the matrix [T ] depends on the number of nodes at the FE–BE domain interface. Inserting equation (4.4) into equation (4.2) gives "



#(



½RbeRR



½RbeRI



½T½RbeIR



½T½RbeII



~ fuðbÞg beR ~ fuðbÞg I



)



( Z



~ fpðbÞg beR



)



~ KfFðbÞg I



( C



f~ sðbÞgbeR ½Tf~ sðbÞgbeI



) : (4.5)



The tractions on the FE–BE interface have thus been converted into equivalent nodal forces. This means the possible discontinuity of tractions on the FE–BE interface does not have to be considered. Equations (4.3) and (4.5) yield 2



½RbeRR



6 4 ½T½RbeIR 0



½RbeRI ½T½RbeII C ½KfeII ½KfeRI



9 38 ~ fuðbÞg beR > > < = 7 ~ ½KfeIR 5 fuðbÞgI > > : ; ~ ½KfeRR fuðbÞg feR 0



8 9 ~ sðbÞgbeR > fpðbÞg > beR C f~ > > < = sðbÞgbeI Z ½Tf~ : > > > > : ~ ; fFðbÞgfeR



(4.6)



This is the global equation for the whole system. In many situations, the track-tunnel-ground system, the loads applied and the response may be considered to be symmetric about the xz-plane. Reduction of the dimension (by about half) of the global equation (4.6) is achieved by making use of the symmetry, so that the computational efﬁciency can be greatly improved. (b ) Reduction of truncation effect In the BE model, since the whole-space Green’s functions are used, the ground surface and the horizontal interfaces of a layered ground are represented by boundary-elements and therefore must be truncated. The truncation may give signiﬁcant errors to the calculated results near the edges of the model for a layered ground (Andersen & Jones 2002). A special element has therefore been developed in order to reduce the error due to the truncation. Assume, as shown in ﬁgure 2, the nodes on the edge element are numbered as 1, 2 and 3. Beyond the edge element, extra elements may be implemented on the boundary (ground surface or interface) with nodes having numbers 0, K1, K2, ., to construct an extended boundary-element model. The boundaryelement equations of the extended model for collocation points being nodes i are Proc. R. Soc. A
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given by N KN N KN X X X X i ~ ½H ij f~ uðbÞgj C ½H ij f~ u ðbÞgj Z ½Gij f~ pðbÞgj C ½Gij f~ pðbÞgj C fBðbÞg ; jZ1



jZ0



jZ1



jZ0



(4.7) where iZ1, 2, ., N and N is the number of the nodes on the original boundaryelement model. Dropping the terms associated with the extra nodes, equation (4.7) becomes the boundary-element equation of the original model. Now a wave ﬁeld is assumed for the extra elements (called the far ﬁeld), f~ uðbÞgj Z f~ uðbÞg1 eigðyj Ky1 Þ



and f~ pðbÞgj Z f~ pðbÞg1 eigðyj Ky1 Þ ;



(4.8)



K2, .. If theﬃ shear wave speed of the material is where yjOy1 and jZ0, K1, pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 2 ððu=c denoted by c2, then gZ 2 Þ K b Þ is the complex wavenumber in the y-direction, where uZUKbc as before. With the substitution of this and equation (4.8) into equation (4.7), modiﬁed BE equations for the original model are produced: ! KN N X X ½H i1 C u ðbÞg1 C ½H ij eigðyj Ky1 Þ f~ ½H ij f~ uðbÞgj jZ0



Z ½Gi1 C



jZ2 KN X jZ0



! igðyj Ky1 Þ



½Gij e



f~ pðbÞg1 C



N X



i ~ ½Gij f~ pðbÞgj C fBðbÞg :



(4.9)



jZ2



The extent to which equation (4.9) is more accurate than the original BE equation depends on how well the far ﬁeld wave is modelled by the assumed expressions in equation (4.8). In actual calculation, only the equations associated with the nodes on the edge element need modiﬁcation, that is, the last element of the truncated boundary is replaced by a ‘truncation element’. Experience of a number of example calculations shows that by this treatment, the accuracy of the calculated results near the edges of a BE model can be greatly improved. (c ) Inclusion of damping The effect of damping can be included in both the FEM and in the BEM as a hysteretic material model, that is, the Young’s modulus is speciﬁed as E Z Ereal ð1C i signðuÞhÞ where h is the material loss factor. Although other models of damping may be proposed, the imprecise character of the material parameters for soils (which is the application here) does not support the adoption of such a model; most researchers resort to the use of a loss factor as a practical descriptor valid for the frequency range of interest for environmental vibration from trains. It is well known that this leads to an error in the form of a non-causal solution; a response of the structure to the load is found even before the load is applied (Crandall 1970). This presents a difﬁculty when a moving load is modelled. The magnitude of the non-causal response has been studied by Sheng (2001) for Proc. R. Soc. A
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Figure 3. Vertical displacement on the ground surface (a) along the x-axis, (b) along the y-axis. —, using the semi-analytical method; - - -, using the BEM with the edge termination element; /, without the edge termination element.



impulse responses of a one degree of freedom system model, a model of a railway track on a Winkler foundation, a whole-space elastic medium and an elastic halfspace, in terms of the ratio of the power of the response before or after the impulse (or arrival of the impulse at a distance). It was concluded that for loss factors below about 0.2, the effect is sufﬁciently small to be neglected for practical model cases. 5. Results (a ) Validation against exact models In order to check the accuracy of the method of combined FEM and BEM, two analyses have been performed for special cases that can be compared with exact calculations. This also provides a test of the element size necessary for sufﬁcient accuracy at the highest frequency of interest, in this case 200 Hz. In the ﬁrst case, the response of a homogeneous half-space, subject to a stationary vertical point load at a depth of 18 m, is calculated. The half-space has a Young’s modulus of 1.77!109 N mK2, a Poisson’s ratio of 0.4 and a density of 1700 kg mK3, corresponding to a P-wave speed of 1500 m sK1 and S-wave speed of 610 m sK1. Material damping is included in the ground by use of a damping loss factor of 0.15. In the BEM, the vertical symmetry about the load point is used and the surface of the ground is modelled to a distance of 50 m to the side of the load position using 50 elements. At this point an edge element is used to terminate the BEM of the surface. The element length used for all the elements corresponds to three elements per Rayleigh wavelength at 200 Hz. The response has been evaluated for 512 wavenumbers with a spacing of b of 0.005!2p rad mK1. The reverse FFT therefore yields the responses at 512 positions in x from K100 to C100 m. Proc. R. Soc. A
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×10–11 vertical displacement (m)



4 2 0 –2 –4 –50 –40 –30 –20 –10 0 10 20 30 40 50 distance along the tunnel axis, x (m) Figure 4. Vertical displacement along the tunnel invert. —, using the semi-analytical method; - - -, using the FE–BE method (curves coincide except near xZ0 m).



The exact result for this case has been evaluated using the wavenumberdomain three-dimensional ﬂexibility matrix method described by Sheng (2001). This model is ‘semi-analytical’; it too uses a reverse FFT to retrieve responses as a function of Cartesian coordinates from the analytical wavenumber-domain solution. The instantaneous vertical displacements on the ground surface (in phase with the load) along the x-axis and y-axis at 200 Hz are plotted in ﬁgure 3. The BE result is shown with and without the use of the edge termination element. This case shows the importance of the edge termination element for the results in the discretized yz-plane. The results in the xz-plane are not affected by the BE surface truncation. With the edge termination element, it can be seen that the BEM model has good accuracy, even at this frequency in both directions and even at the edge of the model. In the second test case, the FEM part of the model is also tested. A homogeneous whole space is modelled with an inﬁnitely long circular lined ‘tunnel’ (a cylindrical tube). In this case, the tube has inner and outer radii of 6.65 and 7.25 m and is modelled using 30 eight-noded (distorted) quadrilateral ﬁnite-elements, each approximately 1.45!0.6 m. The solution has been carried out for the same ground properties as in the ﬁrst case. The tube has been ascribed a Young’s modulus of 40!109 N mK2, Poisson’s ratio of 0.15 and density of 2400 kg mK3, representing concrete. Again, for comparison with the FEM–BEM model, a model that is analytical in the wavenumber domain is used and the response is recovered by reverse FFT (Sheng et al. 2002). The vertical displacements along the bottom of the tube resulting from a unit vertical point load of 200 Hz applied at the bottom of the tube at xZ0 are shown in ﬁgure 4. This indicates good accuracy has been achieved by the FE–BE models. (b ) Comparison of the vibration response from two tunnels In order to demonstrate a more practical use of the modelling method, a comparative analysis is presented of two alternative tunnel designs. A single double-track tunnel and a pair of single-track tunnels have been considered as Proc. R. Soc. A
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Figure 5. (a) The single bore tunnel design. (b) the twin bore tunnel design.



Figure 6. Mesh and deformation at 200 Hz. (a) For the twin bore design (b) for the single bore design. Dots indicate node points; load shown by triangle symbol.



alternative designs for a double-track line carrying high speed vehicles. The cross-sections of the tunnel designs are shown in ﬁgure 5. The inner and outer radii of the single bore tunnel ring are 6.65 and 7.25 m and those of the twin bores are 4.3 and 4.75 m. The axes of the two tunnels of the twin bore design are 21.5 m apart. Connecting passages have been ignored in the analysis of the twin bore case. The depth of the railhead below the ground surface is taken to be 28.52 m for both tunnels. Having the same depth at railhead level is the comparative situation that arises in practice, since the vertical alignment of the track is ﬁxed. This means that the crowns of the twin bore tunnels are 21 m from the ground surface and the crown of the single bore tunnel is only 18 m from the surface. To compare the tunnels’ vibration at the surface, the ground is modelled only as a simple half-space of soil with a shear wave speed of 700 m sK1, a dilatational wave speed of 1710 m sK1 and a mass density of 2000 kg m3. A damping loss factor of 0.05 is used to represent the material losses in the soil. The concrete in each of the structures has the same properties as those of the ‘tube’ in §5a. Proc. R. Soc. A
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Figure 7. Pseudo-resultant displacement amplitude (a) on the ground surface immediately above the tunnel crown, (b) along the y-axis. —, 20 Hz; - - -, 40 Hz; -$-, 80 Hz; /, 160 Hz. The heavy lines are for the twin bore and the light lines for the single bore.



For the twin bore design, 80 BEs are used for the ground surface from the vertical centre-line of the two tunnels to a distance of 80 m, 30 FEs for the tunnel ring and six FEs for the tunnel invert. A similar element size is used for the model of the single bore tunnel. Note that, since the tunnel and ground structures are symmetrical about the xz-plane, only half the structure has to be discretized. Despite using the symmetry in the geometry of the tunnel, the loading is not symmetric, that is, only the track in the discretized part of the tunnel is loaded. Responses to a stationary unit (1 N) vertical load are calculated for 11 one-third octave band centre frequencies between 20 and 200 Hz. The exaggerated instantaneous deformation of the cross-section at xZ0, containing the load at 200 Hz, is shown in ﬁgure 6 for the two designs. The scaling factor for the displacement of the twin bore is ﬁve times that for the single bore. At this frequency, strong vibration occurs at the invert in the twin bore tunnel and bending waves propagate either side of the load along the tunnel wall towards the tunnel crown with a high rate of attenuation. On the twin bore design, a harmonic pattern of sixth order in the circumferential direction can be seen. For the single bore, strong bending vibration is observed on the ﬂoor, the middle wall and on the tunnel wall below the ﬂoor. More vibration is propagated towards the tunnel crown via the middle wall than the tunnel wall itself. This behaviour is also found for lower frequencies. The vibration strength at a point on the ground surface is quantiﬁed by the magnitude of the ‘pseudo-resultant’ displacement of the three components at pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ that point, ðu12 C u22 C u32 Þ. Figure 7a shows the displacements on the ground surface immediately above the tunnel crowns for 20, 40, 80 and 160 Hz. At the ﬁrst three frequencies, the vibration attenuation in the tunnel direction is stronger for the single bore, and therefore, beyond a certain distance the vibration from the single bore is less than that from the twin bore, despite being greater at xZ0. This is because the beam-like modes in the tunnels are signiﬁcant at these frequencies and the single bore tunnel has greater bending stiffness. However, due to the excitation of higher-order bending waves in the tunnel lining Proc. R. Soc. A
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Figure 8. Pseudo-resultant displacement amplitude along the y-axis on the ground surface (a) for the twin bore, (b) for the single bore. —, yZ0 m; , yZ5 m; - - -, yZ10 m; /, yZ20 m; -$-, yZ40 m.



Figure 9. Vibration level differences (a) on the ground surface immediately above the tunnel crown, (b) along the y-axis on the ground surface. Distances from plan position of the load. —, 0 m; , 5 m; - - -, 10 m; /, 20 m; -$-, 40 m.



at 160 Hz, the vibration attenuations in the two designs are similar and the vibration of the twin bore is less than that of the single bore at all distances. Figure 7b presents the displacements along the y-axis on the ground surface for the same four frequencies. The vibration attenuation in the lateral direction is weaker than in the tunnel direction, especially for high frequencies. In general, the maximum response does not occur immediately above the tunnel crown (note: the crown of the twin bore tunnel is at yZ10.75 m while that of the single bore is at yZ0 m) and the maximum-response position moves towards the tunnel as frequency increases. In ﬁgure 7b, the scattering effect of the companion tunnel in the twin bore design is signiﬁcant at 20 and 40 Hz, since the response is not symmetrical about the vertical plane containing the axis of the loaded tunnel and the vertical load. At these frequencies the shear wavelengths, 35 and 15 m, are greater than half Proc. R. Soc. A
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Figure 10. The modelled half cross-section of the surface track (model is symmetric about the left-hand vertical edge).



the distance between the two tunnels. However, at higher frequencies the shear wavelengths are shorter than half the distance between the two tunnels, and the scattering effect of the unloaded tunnel is not seen. The frequency responses of the ground surface are shown in ﬁgure 8. In this ﬁgure, displacements at ﬁve points on the y-axis are displayed for all 11 frequencies considered. In both cases, broad peaks are found corresponding to resonances in the tunnel structures. However, a much stronger resonance is observed around 40 to 50 Hz for the twin bore when the observer is approximately above the tunnel. This effect may be produced by the wave reﬂection from the companion tunnel. The vibration level is deﬁned as VLZ20 log(D/D0) (dB), where D is the pseudo-resultant displacement amplitude and D0 is a reference value. Figure 9a shows the vibration level differences (the level of the twin bore minus that of the single bore) between the two designs for ﬁve points immediately above the tunnel crown on the ground surface for the chosen frequencies. Figure 9b shows the vibration level differences for ﬁve points along the y-axis on the ground surface. These two ﬁgures clearly indicate that, although the loads in these two designs are at the same depth from the ground surface, the twin bore design produces substantially lower levels of vibration than the single bore design. The disadvantage of the single bore in terms of ground vibration may be due to its greater radius, the offset loading (causing the bending of the middle wall which transmits vibration to the tunnel crown) and the shorter distance (3 m) from the tunnel crown to the ground surface.



6. Moving-load example The wave speeds in the ground at the depth of the tunnel in the above case are higher than any realistic speed of a railway vehicle. Without recourse to unrealistic speeds, no signiﬁcant effect can be shown using the method’s capability to model the response to a moving harmonic load. A simple example of a load travelling along a track on an embankment on soft alluvial soil is therefore presented. Figure 10 shows the modelled cross-section of the track and ground. The ground is a site at which the properties have been measured (Peplow et al. 1999). It consists of a 2 m layer of weathered alluvial soil with shear wave speed of 72 m sK1, dilatational wave speed of 300 m sK1, a density of 1500 kg mK3 and a damping loss factor of 0.1. A factor such as this, higher than would be expected for soil at depth, has been found to be appropriate for surface vibration propagation (Peplow et al. 1999; Lai et al. 2000). The weathered layer overlies a half-space of Proc. R. Soc. A
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Figure 11. Exaggerated deformation of the ground surface proﬁle at 32 Hz (a) for a stationary load and (b) for a load moving at 70 m sK1.



stiffer material with shear wave speed of 250 m sK1, dilatational wave speed of 1200 m sK1, a density of 2000 kg mK3 and a damping loss factor of 0.04. The embankment, modelled with FEs, has been attributed the same properties as the substratum. For simplicity the track has been modelled within the proﬁle of the sleepers, using properties that reﬂect the bending stiffness and mass per unit length of a track panel with UIC rail and typical 300 kg sleepers every 0.6 m. Figure 11 shows the ampliﬁed response of the ground surface to a 32 Hz load for load speeds of 0 and 70 m sK1 (i.e. close to the shear wave speed in the upper soil layer). The response is plotted at anti-phase with respect to the load which results in the response being shown as upwards at the load position in ﬁgure 11a. The load is at the centre position of the track moving towards the right in ﬁgure 11b. The surface is modelled to a distance yZ30 m and xZG31.25 m. The two responses are scaled by the same factor. Figure 11a shows the waves propagating equally in both directions in the embankment and radially from the embankment into the soil. The response on the soil surface shows an interference pattern because the embankment forms a distributed source. For the moving source, ﬁgure 11b shows the response of the embankment distorted asymmetrically and the waves propagating at an angle behind the load. A strict ‘Mach cone’ effect is not seen because of the multiple phase speeds in the ground and the extended nature of the embankment source.



7. Conclusions A model using the wavenumber ﬁnite and BEMs has been developed for the prediction of responses of structures which are homogeneous in one direction and subject to harmonic loads moving uniformly in that direction. The cross-section of the subdomains may be either open or closed, and may be arbitrarily shaped. Thus, this model is useful for the analysis of many structure–soil interaction problems involving stationary or moving harmonic excitations, such as ground vibration generated by underground trains. Illustrative results from this model for two tunnel designs proposed for an underground railway project show tunnel design signiﬁcantly affects the ground vibration level. Under the assumptions made, a single bore tunnel large enough to carry two tracks produces substantially higher Proc. R. Soc. A
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levels of vibration at the ground surface than two single-track tunnels. The usefulness of the model in showing the effects of a load movement close to the wave speeds in the ground has been illustrated with a simple surface-propagation example. This work was supported by the Engineering and Physical Science Research Council of the UK under research grant GR/R67309/01.



Appendix A. The Fourier-transformed moving-load Green’s functions for a homogeneous whole-space The integral equation (3.14) requires the Fourier-transformed moving-load Green’s functions, formulated in terms of the Cartesian coordinates (y, z) and wavenumber b, for a homogeneous whole-space. These represent the response, either in terms of the displacement or stresses (tractions), due to a unit harmonic load of frequency U. Here the load is assumed to act on the x-axis and move at speed c in the positive x-direction. The detailed derivation can be found in Sheng et al. (2002). (a ) Displacement Green’s functions The displacement Green’s functions are given by (note that u~ij Z u~ji ) u~11 Z



1 ib y ½p K ðp rÞKp2 K1 ðp2 rÞ ½b2 K0 ðp1 rÞKp22 K0 ðp2 rÞ; u~12 Z 2 2pru 2pru2 r 1 1 1



ib z 1 yz 2 ~23 Z ½p K ðp rÞKp21 K2 ðp1 rÞ 2 ½p1 K1 ðp1 rÞKp2 K1 ðp2 rÞ; u 2pru r 2pru2 r 2 2 2 2  2  1 y 2 p1 p2  2 2 2 u~22 Z ½p K ðp rÞKp1 K2 ðp1 rÞCu K0 ðp2 rÞ=c2 C K1 ðp1 rÞK K1 ðp2 rÞ 2pru2 r 2 2 2 2 r r u~13 Z



u~33 Z



 2  1 z 2 p1 p2 2 2 2 ½p K ðp rÞKp1 K2 ðp1 rÞCu K0 ðp2 rÞ=c2 C K1 ðp1 rÞK K1 ðp2 rÞ r r 2pru2 r 2 2 2 2



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ where r Z ðy2 C z 2 Þ, Kn($) (nZ0, 1, 2) is the modiﬁed Bessel function of order n ofpthe second kind, uZUKbc is the ﬃ equivalent radian frequency, ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 2 2 p1 Z ðb K ðu=c1 Þ Þ and p2 Z ðb K ðu=c2 Þ2 Þ are wavenumbers in the yz-plane and c1 and c2 are the complex P- and S-wave speeds of the material. (b ) Traction Green’s functions The traction Green’s functions can be derived from the displacement Green’s functions via Hooke’s law. Here the traction Green’s functions are presented only for a circular boundary shown in ﬁgure A1 (the dashed curve of radius r), due to a unit load applied at O in the z-direction. Proc. R. Soc. A
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Figure A1. Tractions on a circular boundary.



The three tractions on the boundary are given by p~x Z s~xr (not shown in the ﬁgure), p~y Z s~rr cos qK s~rq sin q and p~z Z s~rr sin qC s~rq cos q, where   imb vK1 ðp1 rÞ 2 2 Z 2p1 C p2 K2 ðp2 rÞ C b K0 ðp2 rÞ sin q; 2pru2 vr



s~xr



 1 u2 v2 K1 ðp1 rÞ Z Kl p K ðp rÞ C 2mp 1 1 1 1 2pru2 vr 2 c12    2mp2 vK1 ðp2 rÞ K1 ðp2 rÞ 2 vK0 ðp2 rÞ K C C 2mb sin q; vr r vr r    Km 2p1 K1 ðp1 rÞ vK1 ðp1 rÞ p  K K 22 K1 ðp2 rÞ s~rq Z 2 2pru r vr r r  p2 vK1 ðp2 rÞ v2 K1 ðp2 rÞ 2 vK0 ðp2 rÞ K p2 C Kb cos q; vr vr 2 vr r



s~rr



where m and l denote the Lame´ constants. These expressions (the base tractions) show that the tractions are singular at rZ0 with an order of, at most, 1/r. It can be shown that lim r s~xr Z 0; r/0



lim r s~rr Z K r/0



1 sin q; 2p



lim r s~rq Z K r/0



1 cos q: 2p



Thus, the integrals of the tractions along the circular boundary have ﬁnite limits when r/0, that is, ð ð pCq2 ð ð pCq2    p~x dG Z r s~xr dq/ 0; rð~ srr cos q K s~rq sin qÞdq/ 0; p~y dG Z Kq1



ð



p~z dG



Kq1



ð pCq2 Z Kq1
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The total tractions (the base tractions plus the delta-function part) near and at the collocation point O in ﬁgure A1 are given by 1 p K q1 K q2 dij dðrÞ: p~ij ðb; rÞ wa ln p2 r C b C r 2p If the boundary is smooth at O, then q1Zq2Z0, and equation (3.22) results.
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