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Abstract We provide stochastic dominance criteria based on sound ethical grounds for inequality and welfare comparisons in a multi-dimensional setting. By using compensation principles, we provide a uni…ed treatment of multi-dimensional egalitarianism and welfare analysis with needs. We assume that one of the attributes of the individual utility, for example current period income, can be used to compensate the other attributes like past income, income of former generations, health, education, needs related to family size. Our main result exhibits two second-order stochastic dominance conditions for the comparison of bivariate distributions. In the case of a discrete compensated variable, the distribution of the compensating We are grateful to the British Academy and to the Centre National de la Recherche Scienti…que for the grant n AP N 30649 that made this project possible. The …rst author acknowledges the ESRC grant n R000230326. We thank Jean-Luc Prigent, John Weymark and participants of seminars in GREMAQ in Toulouse, THEMA in Cergy-Pontoise, WIDER in Helsinki, Alicante and Barcelone for helpful comments. The usual disclaimer applies. y University of Aix-Marseille2, DEFI. Email: [email protected]. z EHESS, GREQAM-IDEP, Marseille, France. Email: [email protected]
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variable must satisfy a condition which degenerates to the Sequential Generalized Lorenz test in the case of identical marginal distributions of the compensating variable. Moreover, the distributions of the compensated variable must satisfy the Generalized Lorenz test. We …nally provide extensions to the case of trivariate distributions. Keywords: Multi-Dimensional Welfare, Compensation, Dominance, Lorenz Criterion. JEL Codes: D3, D63, I31
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Introduction



Since stochastic dominance theorems have been clari…ed for unidimensional setting with the seminal contributions of Kolm (1969), Atkinson (1970), Dasgupta, Sen and Starrett (1973) and Sen (1973), the derivation of social dominance conditions for multidimensional welfare analysis arguably remains a major challenge of modern welfare analysis. Social scientists and economists (Sen, 1987, 1992) argued that income should not be considered a su¢ cient statistic for welfare and should instead be supplemented with other well-being attributes such as health, education and literacy. Since income varies over time, with comparing inequality of intertemporal income streams provides another example of a multi-dimensional welfare framework. Let us also remember that households rather than individuals constitute the drawn statistical units in most survey data, which implies accounting for di¤erences in other household characteristics, among which family size, when dealing with welfare comparisons. The multi-dimensional welfare literature appears in two veins. In the …rst one, hereafter called the multi-dimensional one, which can be traced back to Kolm (1977), all attributes have symmetric roles. Multi-dimensional dominance criteria consist in seeking unanimity among large classes of social welfare functions over the ranking of allocations. A bunch of papers have been devoted to this topic.1 In particular, Atkinson and Bourguignon (1982), below denoted AB1, proposed dominance criteria for classes of utility functions de…ned by the signs of their partial derivatives up to the fourth order. Nevertheless, it seems fair to say that no simple criterion of multi-dimensional dominance has yet to achieve general support among applied economists and even among theorists. This limited success partly stems from the little appeal of some conditions on utility functions. Up to now, one does not dispose of broadly accepted normative conditions 1



Huang, Kira and Vertinsky, 1978, Marshall and Olkin, 1979 ( Chapter 15), Atkinson and Bour-



guignon, 1982, Le Breton, 1986, Bourguignon, 1989, Koshevoy, 1995, 1998, and Koshevoy and Mosler, 1996, Gravel and Moyes, 2006.
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for multi-dimensional stochastic dominance analysis, in contrast with the central role of transfer axioms for unidimensional stochastic dominance. The landmark article by Atkinson and Bourguignon (1989), below denoted AB2, generated a second direction of multi-dimensional welfare analyses. Here, the attributes are no longer symmetric and the focus is on measuring income inequality while accounting for household needs heterogeneity, for instance from di¤erent family sizes. Then, on the one hand, one attribute (e.g., family size) is used to categorize the population into homogeneous groups. On the other hand, while social welfare de…ned from the second attribute (income) is considered within these groups and in the whole society. AB2 provided a simple and elegant procedure for making welfare comparisons in such a context : the Sequential Generalized Lorenz (SGL) quasi-ordering, which extends the Generalized Lorenz (GL) quasi-ordering (Shorrocks, 1983) to situations where the population is partitioned into subgroups on the basis of needs. A growing number of papers deal with this “needs approach”. Crucially in the second approach, the marginal distribution of needs has often been assumed to be …xed across situations to compare. In the original paper by Atkinson and Bourguignon (1989), the marginal distribution of needs is assumed to be identical in both populations. Later on, Jenkins and Lambert (1993) and Chambaz and Maurin (1998) showed how the SGL test can be extended to the case where distributions of needs di¤er at the cost of an additional restriction on utility levels. Moreover, Moyes (1999) and Bazen and Moyes (2003) modi…ed the assumption added by Jenkins and Lambert so as to allow the marginal distribution of needs to play a role in performing the comparison between two distributions. Doing so makes the two approaches less distinct and raises the question of the relevance of separating them. Even with a kind of division of labor between the two approaches, it would be helpful if they were developed in a consistent way. One aim of this paper is to provide such an integration. In usual welfare comparisons with the …rst approach, the marginal utilities are gen4



erally supposed to be: (1) identical across agents with respect to each attribute, and (2) positive and decreasing. However, these standard assumptions do not su¢ ce to produce criteria with su¢ cient discriminatory power, as shown by AB2 in the needs context: In order to tackle this issue, we propose to incorporate assumptions based on compensation principles. Our strategy is to consider that among all the attributes, at least one can be used to make direct transfers between individuals. In the income-health example, the income is the compensating variable. Current income can also play this role in other situations. Then, the other arguments of the utility are seen as the compensated variables (e.g., past income, former generation income, health, education, family size and so on). Recent contributions in distributive justice (see for an overview: Roemer, 1996, Fleurbaey, 2008) provide ethical grounds for compensating for an attribute. The basic idea is that welfare di¤erences are acceptable if they are due to characteristics for which agents can be held responsible. On the contrary, individuals should be compensated for destitution in the other attributes. The debate about the exact de…nition of the two sets of characteristics is far from closed2 . For instance, Dworkin proposed to include preferences in the former category and resources (including inner resources like innate talent) in the latter. Atkinson and Bourguigon (2000), who allude to the possibility of compensation p.46, seem to endorse Dworkin’s position: “Di¤erences in innate abilities, needs or handicaps would seem to require some kind of compensation, but not di¤erences in e¤ort, resulting from di¤erences in tastes or preferences”. Schokkaert and Devooght (2003) survey results suggesting that the notion of compensation for “uncontrollable” factors may …nd some echo from most respondents in a given sample. However, the reader does not have to agree with these philosophical premises to accept the validity of our results. It is su¢ cient for us that some compensation can be defended on some grounds, whatever they are, uncontrollability of some attributes or other reasons such as basic egalitarianism. Finally, even without compensation prin2



Dworkin, 1981; Sen, 1985,1992; Roemer, 1998; Arneson, 1989; Cohen, 1989.
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ciples, our results would remain interesting from a technical point of view, as they link relatively weak assumptions on utilities to multi-dimensional stochastic dominance criteria. In a one-dimensional setting, it is well known that the two statements (a) and (b) are equivalent: (a) ‘Pigou-Dalton’s transfers improve welfare’; (b) ‘The utility function which appears in an additively separable welfare function is concave’. The latter is often expressed by a negative sign of the second partial derivative of the utility function. Likewise, we capture the idea that compensation is good for social welfare (e.g., improved by transferring income from an healthy to an handicapped person of identical income level) by imposing a negative sign on the cross-derivative of the utility function between the compensating variable and the compensated one. In others words, the marginal utility of income is assumed to be decreasing in the level of the compensated variable. For instance the healthier, the lower the claims are to income redistribution, other things being equal. Performing compensation seems all the more appropriate that handicapped people often belong to the lower tail of the income distribution. Even if su¤ering from some disadvantage, a wealthy person would not often appear to qualify as a priority candidate for public funds. We incorporate such considerations through an additional assumption: the decrease in the marginal utility of income in the level of the compensated variable is decreasing in the agent’s income. In these conditions, the di¤erence in marginal utilities of income between a healthy rich person and a sick rich person is smaller than that between a healthy poor person and a sick poor person. It may imply that the sick rich person would deserve relatively less compensation than the sick poor one. A reader familiar with the literature will recognize that these assumptions are akin to the ones made by AB2 in a context where the compensated variable is discrete. In other words, our analysis plugs AB2 assumptions into AB1 framework. How surprising this might appear, such an approach has not been pursued so far, to the best of our knowledge. The obtained criterion would not come as a surprise to specialists, while it 6



provides a useful test which encompasses the needs approach in the multi-dimensional one. For a distribution of attributes to dominate another one in our sense, we …nd that two conditions are su¢ cient. First, in the case of a discrete compensated attribute, the distributions of the compensating variable are to satisfy a Projected Generalized Lorenz test (PGL), a test linked to the SGL test. As a matter of …xed, for …xed marginal distribution of the compensating variable, the PGL test degenerates to the SGL test. Second, the distribution of the compensated variable is to satisfy the GL test. Thus, to achieve dominance in the income-health example, namely an improvement in social welfare in moving from joint-distribution A to joint-distribution B, it is su¢ cient that the income distribution from A PGL-dominates the income distribution from B and the health distribution from A GL-dominates the health distribution from B. This result provides a simple test of social welfare improvements in multi-dimensional settings. It is also attractive for two additional grounds. First, it is in tune with the criterion obtained in the needs analysis. Second, it corresponds to dominance for a class of utilities functions that have intuitive ethical meanings. Moreover, such a criterion can be extended to other variants of our ethical conditions (for example by including some transfer sensitivity properties), or to the case of more than two attributes. The paper is organized as follows. The next section presents the main result with two attributes and the conditions to check in terms of second-order stochastic dominance or inverse stochastic dominance. We compare with results obtained in the literature and we discuss the introduction of transfer sensitivity as de…ned by Shorrocks and Foster (1987). In Section 3, two compensated variables are supposed to matter for social welfare. Finally, Section 4 concludes. The proofs of the propositions are grouped in the Appendix.
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2



Two Attributes



Let us consider the bivariate distribution of a random variable X = (X1 ; X2 ) where by convention subscript 1 is used for the compensating attribute and 2 for the compensated attribute. We assume that the support of X is the rectangle [0; a1 ]



[0; a2 ] = A1



A2



where a1 and a2 are in R+ . This case encompasses most variables used in empirical work. It implies that each variable has a cardinal meaning. This assumption may be not satis…ed in some contexts. F (x1 ; x2 ) denotes the corresponding joint cumulative distribution function, and F1 (x1 ) and F2 (x2 ) denote the respective marginal cdf of X1 and X2 . Fi (i = 1; 2) can be any positive increasing and right-continuous functions with range [0; 1]. We denote F12 the conditional cumulative distribution function of X1 conditionally on X2 : It is such that for any (x1 ; x2 ) 2 A1 F (x1 ; x2 ) =



Z



A2 ,



F12 (x1 jX2 = t)dF2 (t).



(1)



[0;x2 ]



Let F denote another joint cumulative distribution function. In this paper to simplify this presentation, the distributions are assumed to be continuous. Let U (x1 ; x2 ) be the utility function which is assumed to be Lebesgue integrable with respect to F and F . The social welfare function associated with F is assumed to be additively separable and can be written as



WF :=



Z



U (x1 ; x2 )dF (x1 ; x2 )



A1 A2



Using the decomposition in (1) this may be written 2 3 Z Z WF = 4 U (x1 ; x2 )dF12 (x1 jX2 = x2 )5 dF2 (x2 ) A2



(2)



A1



where the marginal distribution according to X2 appears distinctly. The inner expression in (2) is the social welfare of the subpopulation of individuals having in common the same amount of good 2 and the total welfare is the sum of these subpopulations welfare 8



over x2 . This expression of welfare generalizes AB2’s one (expression 12.3, p. 353) for which F2 is supposed to be discrete and F12 continuous. The change in welfare between two distributions F and F is given by



4WU := WF



WF =



Z



U (x1 ; x2 )d4F (x1 ; x2 )



A1 A2



where 4F denotes F



F .



We de…ne welfare dominance as usual in the social welfare literature, that is: unanimity for a family of social welfare functions de…ned by a set of given utility functions. De…nition 1 F dominates F for a family U of utility functions if and only if 4WU



0



for all utility functions U in U. This is denoted F DU F . U is assumed to be continuously di¤erentiable to the required degree. The partial derivatives with respect to each variable are denoted with subscripts.



2.1



Stochastic dominance under compensation



We start with the set U 2 of increasing utility functions that are concave in each of their arguments and satisfy the following signs of the partial derivatives:



U 2 = fU1 ; U2



0; U11



0; U22



0; U12



0; U121



0g3 :



(3)



One could also refer to a ‘non-increasing increments’utilities to characterize U 2 . A utility function U is said to have non-increasing increments if U (x+h) U (x) for all x; y 2 R`+ such that x



U (y+h) U (y)



y; and for all h 2 R`+ . When U is twice continuously



di¤erentiable on R`+ , then U has non-increasing increments if and only if Ujk



0;



8j; k 2 f1; 2g, a condition known under the label of ALEP substitutability (see Chipman, 1977)4 . In that case, when a person becomes more a- uent in each dimension, marginal 3



The class U 1 will be introduced later on in the text. 4 ALEP stands for Auspitz-Lieben-Edgeworth-Pareto.
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utilities are required to decrease in the other dimension. Then, U 2 is the set of increasing, ALEP substitutable utility functions satisfying U121



0. As mentioned before, the latter



condition describes an additional ‘compensation property’. Trannoy (2006) describes the kind of elementary transformations leading to this set of restrictions on the utility function. We now discuss four examples which support: (1) the negativity of the second-order partial cross-derivatives, and (2) the other signs of the partial derivatives, including that of U121 ; as reasonable requirements for social evaluation in some circumstances. Example 1 Handicap to individual well-being In the …rst example, the opposite of the second attribute can be seen as a handicap to individual well-being. Bad health or a true handicap comes to mind as obvious cases. Example 2 Compensation for bad childhood living conditions Deprivation during chilhood provides a speci…c example of handicap which consequences last all over the life. The level of income of the father stands for the standard of living in childhood and provides a proxy for deprivation during childhood. The …rst attribute stands for the income of the son while the second attribute …gures out the income of the father. Current income may provide a compensation for bad childhood living conditions. Example 3 Household size Di¤erences in family size (n) is one favorite example of di¤erences in needs. Suppose that the second attribute is the deviation to some maximal household size n, i:e:; x2 = n



n, while the …rst attribute is household income (y). In that sense, n



n represents



a notion of ‘household need satisfaction’ as larger households have greater needs. In this interpretation, a child, or another member, is assessed as a social cost as opposed to a social bene…t. Let us investigate the conditions for U (x1 ; x2 ) to belong to U 2 or 10



equivalently the conditions for a household utility function U (y; n); where family size is treated as a real variable for convenience. We obtain: Uy Uyn



0; Uyny



0; Uyy



0; Un



0; Unn



0;



0.



In practice, they are many ways to deal with needs related to household size. First, consider the common practice of equivalizing income. Once a particular equivalence scale function e(n) has been chosen, social welfare can be computed by aggregating the utility levels of equivalent incomes, de…ned as



y , e(n)



over the population. In this



framework, Ebert (1999) proposed the following household utility function: U (y; n) = e(n)v Assuming v 0 Uyn



0 and v 00



y e(n)



, with e0 (n)



0



0; it is readily shown that it ensures Uy



0. Obtaining Uyny



0; Uyy



0 is more demanding and requires that v 000



0 and 0; and a



bit more. The precise condition is that the elasticity of v 00 with respect to equivalent income must be larger than 1 in absolute terms. For example, an isoelastic function with respect to income 1



x1






(4)



satis…es this condition since the elasticity of v 00 is equal to 1 +



in absolute terms: Let



v(x) =



1



,



with 0



us now turn to the derivatives with respect to the household size. We have



Un = e0 (n)(v( where " =



y 0 y v ( e(n) ) y e(n) v( e(n) )



either v negative and



y ))(1 e(n)



)



is the elasticity of v with respect to equivalent income. Assuming 1; or v positive and



1 produces the requested sign, i.e., an



additional member is considered as a bad. Finally, Unn = e00 (n)v(



y )(1 e(n)



)+



(e0 (n))2 y 2 00 y v ( ): (e(n))3 e(n)



(5)



A linear equivalence scale ensures a negative sign for this derivative. Let us for example consider the case of an isoelastic utility v(x) as in (4) and the equivalence parametric 11



speci…cation proposed by Banks and Johnson (1994): e(n) = n with 0 < the condition to obtain Unn



0 is simply



1. Then,



.



Example 4 Indirect household utility Not everybody is pleased with the concept of equivalence scale and one may prefer an approach of explicit sharing of the household budget among household members. Bourguignon (1989) investigated the properties of the indirect household utility function in a Samuelson’s model of households with public goods. In this model, each individual is endowed with the same continuous, increasing and concave utility function V de…ned on two attributes: private consumption level x, and a within-household public good of consumption level g. Assume that each household of size n behaves like a utilitarian society and that all prices are unity to simplify.5 Then, the household budget y is allocated according to: maxx;g nV (x; g) subject to nx + g = y: The corresponding …rstorder condition is: n(Vx



nVg ) = 0: Let x be the optimal private consumption. We



further assume that the private good is normal, which requires



Vxg + nVgg < 0. It



0 as well. We can calculate the indirect



turns out that this condition implies xn



utility function by introducing the obtained demand functions x(y; n) and g(y; n) in the direct utility6 : U (y; n) = nV (x(y; n); g(y; n)): Using the envelope theorem, we obtain Uyy = nVg



0 and



Uyy = n(Vxg xy + Vgg (1



5



nxy ))



0



The same reasoning holds if one only assumes that the household e¢ ciently allocate goods. For the



problem at hand, it is simpler to consider that individuals (with identical utility functions) are treated symmetrically. 6 Beware here that the indirect utility is denoted U , while the direct utility is denoted V . This is in accordance with the use of U in the social welfare objective.
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Assume that private consumption and public good are ALEP substitutes (Vxg < 0). Also, Un = V



nx Vg



0 provided V < 0, which is immaterial. We now deal



simultaneously with the conditions on Unn and Uyn Unn = where



n



=



nxn x



x (2 +



n )Vg



n



>



n )Vgg



the elasticity of the individual private consumption to family size. Uyn = Vg + xn



If



nx xn Vxg + n(x )2 (1 +



1 and Vxg < 0, we have Unn



n Vxg



nVgg x (1 +



0 and Uyn



n ):



0: Therefore, provided an increase



of family size of 10% does not decrease the individual consumption of more than 10% and provided public good and private consumptions are ALEP substitutes, both reasonable conjectures, we obtain all the needed signs for the …rst-order and second-order partials. Finally, we investigate the conditions under which we may obtain the required sign for Uyny : We obtain in the simplifying case when all other third derivatives appearing in the calculus can be neglected



Uyyn = Vxg xy + Vgg (1 = (xy + nxyn )(Vxg



nxy ) + nVxg xyn nVgg ) + Vgg (1



nVgg (xy + nxyn ) nxy ):



Fully di¤erentiating the budget constraint et assuming that the public good is a normal good implies 1



nxy > 0: If we assume in addition that when households



become richer, public good consumption increases with family size, that is gyn > 0, (or equivalently when households get poorer, public good consumption shrinks with family size, perhaps because private consumption is a priority when starving), then xy + nxyn < 0: Lastly, using the normality of the private good allows us to conclude that Uyyn < 0: In conclusion of this example related to family size, the signs of the partials involved in the U 2 -class may be retrieved for quite natural speci…cations of the preferences. 13



After these few examples, we now return to the discussion of our general results. In order to present them in terms of second-degree stochastic dominance, it is convenient to de…ne7



Hi (xi ) =



Zxi



Fi (s)ds; i = 1; 2



0



H(x1 ; x2 ) =



Zx1 Zx2 0



F (s; t)dsdt; i = 1; 2



0



and Zx1



H1 (x1 ; x2 ) =



F (s; x2 )ds:



(6)



0



2



In the case of the utility set U , we obtain the following result of multi-dimensional stochastic dominance. Proposition 1 Let F and F two cdfs. (A2 )



F DU 2 F * 8x2 2 A2 ; 8x1 2 A1 4H2 (x2 ) 4H1 (x1 ; x2 )



0 and 0



(B) (C)



Condition B is the standard second-degree stochastic dominance expression for the second attribute: Condition C involves a mixed second-degree stochastic dominance 7



The letter H indicates that there exists a variable with respect to which F has been integrated



once. The variable index is denoted by a subscript. The semi-colon indicates that the variables at the right-hand-side of the semi-colon are used for integrating one time fewer than the variable at the left-hand-side. A comma between two variables indicates that they are used for integrating the same number of times.
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term, which is the cdf of the joint distribution integrated with respect to the …rst attribute. In particular, Condition C implies second-degree stochastic dominance for the …rst attribute. We also investigated necessary conditions using the well known approach (See Fishburn and Vickson, 1978) of exhibiting a utility function U in the class (here U 2 ) such that 4WU is negative and the negation of the joint conditions B and C is satis…ed. Let us …rst remark that Condition B is obviously necessary as a consequence of unidimensional stochastic dominance since U is concave in the second argument. The snag comes in when dealing with Condition C. Our approach to construct the counter-example is to impose 4H1 > 0 in a small neighborhood of a given point (x1 ; x2 ) and to construct the function U starting with the higher partial U121 speci…ed as a constant in the neighborhood and zero elsewhere and to integrate out U within and outside the neigborhood. An appropriate choice of the neighborhood and of the constant produces 4WU =



4H1 (x1 ; x2 ),



which was intended to provide the counter-example. Unfortunately, this constructive approach is hampered by the necessity of satisfying all restrictions (that are in fact geometrical) corresponding to the signs of the partials in the speci…cation of U 2 . It turns out that some of these restrictions cannot be imposed over the whole domain. We also remark that by replacing condition B by 4F2 (x2 )



0 (the …rst-order



unidimensional stochastic dominance condition), the obtained set of conditions, i.e. jointly with condition C, becomes necessary. Indeed, this result is a consequence of the fact that U 2 is included in the class of utility functions U 1 considered by Moyes (1999) and Bazen and Moyes (2003). These authors considered the following set of utility functions. U 1 = fU1 ; U2



0; U11



0; U12



0; U121



0g.



(7)



The marginal utility with respect to the compensated variable is no longer required to be decreasing for this set of utility functions. If the compensated variable has only an ordinal meaning, then it is no more possible to impose such an assumption.
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Remark 1 If we consider the companion class of U 2 ; U 2 = fU1 0; U22



0; U12



0; U121



0; U2



0; U11



0g where the second attribute appears as a bad with a



disutility increasing and convex, it is su¢ cient to change condition B into 4H2 (x2 )



0



to obtain a su¢ cient dominance result for the U 2 class. We can compare our result with the most signi…cant results obtained by AB1. Our class is intermediate between on the one hand their …rst utility class de…ned as :



U AB11 = fU1 ; U2



0; U12



(8)



0g:



which has a ‡avour of …rst-degree stochastic dominance, and on the other hand their second utility class given by U AB12 = fU1 ; U2 Grouped with U21



0; U11



0; U22



0; U12



0; U121 ; U212



0; U1122



0g:



(9)



0; the sign condition for U212 supports the idea that the second



attribute can compensate for de…ciencies in the …rst attribute both at a …rst and second order. Note that U AB11 or U AB12 symmetrically treats the two attributes, while we consider them asymmetrically in U 2 in order to distinguish between compensated and compensating variables. In our setting, there is a favoured attribute (e.g. income) that is used for compensation.8 For the sake of completeness, we remind the results obtained by AB1. Theorem 2.1 (Atkinson and Bourguignon) Let F and F two cdfs admitting a density. F DU AB11 F m 8x1 2 A1 ; 8x2 2 A2 ; 8



F (x1 ; x2 )



0



Trannoy (2006) elaborates on this distinction and provides examples.
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F DU AB12 F m 8x1 2 A1 ; 8x2 2 A2 4H1 (x1 )



0



4H2 (x2 )



0



H(x1 ; x2 )



0



Our criterion corresponds to a less partial quasi-ordering of bidimensional distributions than Atkinson and Bourguignon’s …rst criterion, while it corresponds to a more partial ordering than their second criterion. Poverty orderings are closely related to stochastic dominance as Foster and Shorrocks (1988) showed. Introducing the absolute poverty line in the second attribute z2 , we de…ne the absolute poverty gap term P2 (z2 ) =



Z



(z2



x2 )dF (x2 )



[0;z2 ]



which provides the equivalence of condition B in terms of absolute poverty gap. Introducing z1 the absolute poverty line in the …rst attribute and de…ning



P1 (z1 ; x2 ) =



Z



Z



(z1



x1 )dF (x1 ; t2 )



[0;x2 ][0;z1 ]



the absolute poverty gap of the compensating variable for the population having less of z1 of that variable and x2 of the compensated variable, we obtain an equivalent expression for the mixed second-degree stochastic dominance term in condition C: Combining the two allows to rewrite Proposition 1 as a result which is likely to be suitable in applied works. Corollary 1 Let F and F two cdfs. 4P2 (z2 ) A1 &8x2 2 A2 ) F DU 2 F 17



0 8x2 2 A2 and 4P1 (z1 ; x2 )



0 8z1 2



Expressing conditions of stochastic dominance in terms of Lorenz curves is attractive for inequality measurement as Atkinson’s understood it more than thirty years ago (Atkinson, 1970). It is straithtforward to proceed with this translation for the standard second-degree stochastic dominance expression. We now proceed with the translation of condition C appearing in Proposition 1.



2.2



Inverse stochastic dominance



We need to come back to the formal de…nition of the Generalized Lorenz curve. The right-inverse of a positive increasing and right-continuous function F (x) is de…ned by: F



1



(p) = supF (x)



p



x, where p is the image of x in [0; 1]: The Generalized Lorenz (GL)



curve (see Shorrocks, 1983) of the marginal cdf Fi for i = 1; 2, denoted LFi (p) is deZp …ned on [0; 1] by LFi (p) = Fi 1 (t)dt. In the case where the …rst attribute is income, 0



the Generalized Lorenz curve of F1 shows the cumulative total income received by the poorest proportion p of the population. In this representation, individuals are ranked according to their income. We now de…ne a related concept: the projected Generalized Lorenz (PGL) curve for a given value of x2 . For each given x2 in X2 , the projected distribution function of x1 ; Fx2 ; is de…ned on X1 by the equation Fx2 (x1 ) = F (x1 ; x2 ): It is obtained by projection of the joint distribution F (x1 ; x2 ) on the cartesian plan such that the second dimension is constrained below a maximum of x2 . For a given x2 , Fx2 (x1 ) is at most equal to F (a1 ; x2 ) = F2 (x2 ). The projected Lorenz curve is the Generalized Lorenz curve for a projected distribution of x1 for a given maximum value of x2 . De…ning the corresponding right inverse, 8p 2 [0; F2 (x2 )]; Fx21 (p) = supFx2 (x1 )



p



x1 , the PGL curve on [0; F2 (x2 )], conditional on



a maximum of x2 , is described by CFx2 (p) =



Zp 0



18



Fx21 (t)dt:



(10)



CFx2 (p) is the cumulative income received by the poorest proportion p of the population having at most a level of the compensated variable equal to x2 . It is related by a scale factor (1=F2 (x2 )) to the Generalized conditional Lorenz curve for x1 based on the conditional distribution of x1 . Using these de…nitions, we obtain the following results. Proposition 2 Let F and F two cdfs. h 8x2 2 A2 , 4H1 (x1 ; x2 )



h



0; 8x1 2 A1 ) CFx2 (p)



i CFx2 (p); 8p 2 [0; min(F2 (x2 ); F2 (x2 )] (L1 )



8x2 2 A2 such that 4F2 (x2 ) 4H1 (x1 ; x2 )



0; 8x1 2 A1 , CFx2 (p)



0;



i CFx2 (p); 8p 2 [0; F2 (x2 )]



(L2 )



In statements L1 and L2 , the Lorenz dominance are imposed for various extended ranges of proportion p. These ranges are increasing with the level of x2 . As a consequence, the L1 or L2 dominance conditions are little demanding for x2 in the lower tail. In contrast, they are as demanding as the Lorenz dominance condition when x2 approaches the upper bound of its distribution support. In condition L1 , the dominance of the PGL curve of the compensating variable for any value of the compensated variable is necessary on a domain given by the intersection of the supports of the two compared PGL curves. It turns out that the PGL-test is su¢ cient only when the distribution of the compensated variable for F dominates its counterpart for F to the …rst degree (condition L2 ). As a consequence, for the family of utility functions U 1 considered by Moyes (1999) and Bazen and Moyes (2003), we obtain a complete characterization result based on the PGL-curve. Corollary 2 Let F and F two cdfs.
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(A1 )



F DU 1 F m 4F2 (x2 ) CFx2 (p)



0 ; 8x2 2 A2



(B1 )



CFx2 (p); 8p 2 [0; F2 (x2 )]; 8x2 2 A2



(C1 )



When a …rst stochastic dominance relation does not prevail in comparing the distributions of the compensated variable, it implies the existence of values of x2 such that the proportion of individuals having at most this value is larger in F than in F . Condition B in Proposition 1 implies that this cannot happen for the smallest value of x2 . It can also be observed that 8x2 2 A2 , such that F2 (x2 ) F2 (x2 ); h 4H1 (x1 ; x2 ) 0; 8x1 2 [0; F2 1 (F2 (x2 )] , CFx2 (p)



i CFx2 (p); 8p 2 [0; F2 (x2 )] :



So roughly speaking, checking the PGL-condition is necessary and su¢ cient in the bottom of the joint distribution, while not in the top. The PGL-tests in L1 or L2 may be performed in a sequential way. That is: the comparison begins with the lowest value of the compensated variable and then, the second lowest value is considered and so on. For the sake of illustration, consider the case of a discrete compensated variable. Precisely, F2 and F2 are two step functions with jumps at x21 ; :::; x2k for F2 and at x21 ; :::; x2l for F2 . Condition L1 indicates that nothing is required for all x2 strictly smaller than max(x21 ; x21 ). The …rst checking occurs at x2 = max(x21 ; x21 ): It consists in comparing the PGL-curves of the compensated variable for the subgroup for which the value of the compensated variable is smaller than or equal to x2 . The PGL-curve for the dominating distribution must be above to that of the dominated distribution for all cumulated proportions of population smaller than or equal to the minimum of F2 (x2 ) and F2 (x2 ) (see Figure 1). If the …rst sequential checking is positive, then the next step focus on the values of x22 ; :::; x2k and x22 ; :::; x2l 20



Figure 1: Comparison of Projected Lorenz Curves: The solid line (resp. the dotted line) is the PGL curve of the F (resp. F ) distribution .



strictly larger than max(x21 ; x21 ). We consider the minimum of these values and the PGL-test has to be performed for that value. If it is positive, we have to turn to the third sequential checking and so on and so forth, up to the last sequential checking which occurs for x2 = max(x2k ; x2l ). Here, the comparison is tantamount to perform the classic GL test for the compensating variable, since F2 (max(x2k ; x2l )) = F2 (max(x2k ; x2l )) = 1. The relationship of the PGL criterion with the SGL criterion pioneered by AB2 becomes transparent in the case of identical marginal distributions of the compensated variable. Let us de…ne for a given x2 and for any x1 2 A1 the conditional CDF Gx2 (x1 ) = Fx2 (x1 ) F2 (x2 )



= F1 (x1 jX2



x2 ) and for any p 2 [0; 1], Gx21 (p) = supGx2 (x1 )



p



x1 . The GL-curve



corresponding to the subpopulation for which the value of the compensated variable is at most x2 is de…ned by 8p 2 [0; 1]; LFx2 (p) =



Zp



Gx21 (t)dt:



(11)



0



In that case, it is the ‘conditional GL curve’, i.e. the GL curve of the conditional 21



distribution of x1 given x2 . Then, in the case of identical marginal distributions of the compensated variable, our criterion boils down to the SGL criterion and we are back to the “needs approach” considered by AB2. In this particular setting, we have extended their results to the case of a continuous distribution of needs, as the following corollary shows. Corollary 3 Let F and F be two cdfs such that F2



F2 . (A1 )



F DU 1 F m LFx2 (p)



2.3



8p 2 [0; 1]; 8x2 2 A2 :



LFx2 (p) ;



(DL )



Introducing transfer sensitivity



There has been some interest in the literature in the positivity of the direct third-order partial derivatives for income (U111



0). This corresponds to the transfer sensitivity



property, which implies that the social planner is more sensitive to income transfers performed at the bottom of the income distribution than at the top9 . Moreover, one may be concerned by imposing transfer sensitivity to either the marginal distribution of the compensating variable (U111 variable (U222



0) or the marginal distribution of the compensated



0). We obtain a re…nement of the su¢ cient condition to implement for



the following set of utility functions.



Let U 3 = fU1 ; U2



0; U11



0; U22



0; U12



0; U222



0; U121



0g



(12)



We also de…ne the third-order stochastic dominance term for the marginal distributions: Rxi Li (xi ) = Hi (s)ds; i = 1; 2. In that case, we obtain the following proposition. 0



9



See Shorrocks and Foster (1987) for the general study of transfer sensivity, and Lambert and Ramos



(2001) for an application to the needs approach.
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Proposition 3 Let F and F two cdfs. Then, (A3)



f DU 3 f * 4H2 (a2 ) 4H1 (x1 ; x2 )



(B3 )



0



0 ; 8x2 2 A2 ; 8x1 2 A1



4L2 (x2 )



(C)



0; 8x2 2 A2



(D3 )



We can achieve less stringent dominance conditions by imposing transfer sensitivity with respect to the marginal distribution of the compensated variable. D 3 is the standard condition of third-order stochastic dominance applied to the marginal distribution of the compensated variable. It is supplemented by a terminal condition of second-degree stochastic dominance B 3 that expresses that the mean of the compensated variable is larger for the dominant distribution than the one for the dominated distribution. When successively using the three families U 1 ; U 2 ; U 3 which correspond respectively to …rst, second and third-degree perspectives on the compensated variable, we yield increasingly less demanding criteria and thus increasingly less partial quasi-orderings. We now discuss the inclusion of additional attributes in the next paragraph, restricting to three goods for legibility.



3



Three Attributes



As a matter of fact, generalizing to a large number of attributes is not trivial. Dealing with the three-attribute case sheds some light on the di¢ culties met, and shows the road for promising developments. Let be a tridimensional distribution of a random vector X = (X1 ; X2 ; X3 ); of joint cdf F on R2+ with support in A1



A2



A3 = [0; a1 ]



[0; a2 ]



[0; a3 ]. Fi stands for the



marginal cdf of Xi de…ned on R+ ; i = 1; 2; 3. We denote F123 the conditional cdf of X1 conditional on X2 and X3 . 23



R



The social welfare function associated to F is W F :=



U (x1 ; x2 ; x3 )dF (x1 ; x2 ; x3 )



A1 A2 A3



and the social welfare variation between two situations to compare is now



WU := W



F



W



F



Z



:=



U (x1 ; x2; x3 )d4F (x1 ; x2 ; x3 ):



A1 A2 A3



We de…ne the following notation to facilitate the presentation of results. Rxi Rxi Hi (xi ) = Fi (r)dr; i = 1; 2; 3; Hi (xi ; xj ; xk ) = F (r; xj; xk )dr and Hi (xi ; xj ; ak ) = 0



0



Hi (xi ; xj ) for any i; j; k:



Let assume that variable x1 is always a compensating variable, while x3 always plays the role of a compensated variable. As for x2 , we consider two cases: (1) x2 plays both roles, (2) x2 is only a compensating variable. In the …rst case, the …rst variable can compensate for shortcomings in the two other dimensions. Moreover, the second variable can be used to compensate for a low level in the third variable only. We label this case the full compensation situation. For example, suppose that the social planner has to evaluate the social welfare of a population of dynasties, each encompassing of three generations. x1 stands for the life-cycle income of the current dynasty, while x2 (respectively x3 ) stands for the life-cycle income of the fathers’ (respectively grandfathers’) dynasty. Consistently with traditional ethics, we assume that the incomes of the past generations are viewed as needs to be compensated by the income of the current generation. It is indeed common in traditional societies that sons and daughters be responsible for taking care of their parents and grand-parents. Let us assume furthermore that the following set of utility functions represents normative restrictions of the social planner.



Let U 4 = fU1 ; U2 ; U3 U12



0; U13



0; U11



0; U23



0; U22



0; U121



0; U33



0; U131



0; 0; U232



0; U123



0; U1123 = 0g:



In de…ning U 4 ; the imposed signs correspond to natural extensions of the assumptions made in the two attributes case: increasingness, concavity, …rst-order compen24



sation based on non-positive cross-derivatives. Moreover, we introduce second-order compensation based on the non-negativity of U121 , U131 and U232 . Finally, we include two novel conditions: U123 with U12



0 and U1123 = 0. The former restriction must be grouped



0 to be interpreted. In the dynasty example, we have assumed that the mar-



ginal utility of the son’s income is decreasing with the level of the father’s income. Now we also impose that it falls with a decreasing rate relative to the grandfather’s income. Since needs are seen as the opposite of attributes, compensation is all the more required that needs are severe, i.e., that the grandfather’s income is low. Finally, assumption U1123 = 0 means that the decline of the social marginal utility of income is additively separable in attributes 2 and 3. It is just a simplifying assumption. In these conditions, we obtain the following proposition. Proposition 4 The Full Compensation case. Let F and F be two cdfs. F DU 4 F



(A4 )



* 8x3 2 A3 ;



(B4 )



H1 (x1 ; x2 )



0; 8xi 2 Ai ; i = 1; 2



(C4 )



H1 (x1 ; x3 )



0; 8xi 2 Ai ; i = 1; 3



(D4 )



H3 (x3 )



H1 (a1 ; x2 ; x3 ) H2 (x2 ; x3 )



0;



0; 8xi 2 Ai ; i = 2; 3 0; 8xi 2 Ai ; i = 2; 3:



(E4 ) (F4 )



Note that Proposition 2 can be used straightforwardly to derive the counterpart of the second-order stochastic dominance conditions in terms of Lorenz curves. Introducing more separability assumptions helps us to specify some interesting particular cases of the broad one examined above. Suppose that the …rst attribute compensates the second one, the second compensating the third - there is a chain compensation. More precisely, we are interested in …nding conditions ensuring dominance for the following class. 25



Let U 5 = fU1 ; U2 ; U3 U12



0; U23



0; U11



0; U22



0; U13 = 0; U121



0; U33



0; U232



0; 0g



The following example provides an illustration of the restrictions imposed on the signs of the social marginal valuations. We intend to design a social welfare function which generates daily choices made by hospitals to allocate resources (treatment and copayment) among ill patients. Assume that the …rst attribute is income while the second and third one are respectively qalys (quality-adjusted life years) and age. Qalys are computed as extra years of life a given treatment allows to obtain. The years are adjusted for quality of health. An additional year of poor health is discounted with respect a year in good health. The usual assumptions of increasingness and concavity with respect to each variable are not likely open to debate. For instance, regarding the age variable, it is common sense to say that an additional year of life provides extra pleasure at any age that it is likely stronger when the person is young. In the following reasoning, it is important to realize that a young is just a person “poor in length of life”. We argue that income can compensate for low qalys, qalys can compensate for age meaning that young get some priority, but income is not used to compensate young to have a short length of life. First, it is often the case that severely ill patients have anything to pay at hospital, even not the board, a case …gured out by the negativity of U12 . Second, consider a young and old person for which the qalys associated to some similar treatment are identical. It turns out that the priority is generaly given to the young in that circumstance, (see for instance Barrett (2002)). This priority translates into imposing the negativity of U23 . Third, it is rare to …nd examples of tax or transfer system which discriminate according to age. The age factor does not seem to represent a relevant characteristic for redistribution. The assumption of nullity of the U13 ; which implies an additive separability of the utility function with respect to income and age, captures this idea. 26



We supplement these assumptions by adding that compensation is all the more necessary that people are poor in the compensated variables. The priority for a medical treatment will become even more obvious if the ill person is a child (U232



0). A



full coverage of the medical treatment is all the more required than the person is poor (U121



0). The following result provides a natural extension of Proposition 2.



Proposition 5 The Chain Compensation case. Let F and F be two CdFs.. (A5 )



F DU 5 F * 4H3 (x3 ) H1 (x1 ; x2 ) H2 (x2 ; x3 )



4



0;



8x3 2 X3



(B5 )



0 ; 8xi 2 Xi , i = 1; 2



(C5 )



0; 8xi 2 Xi , i = 2; 3



(D5 )



Conclusion



Post-Rawlsian distributive justice supports the compensation for an attribute, provided that individuals are not deemed to be responsible for the attribute. By resorting to compensation principles, we provide several stochastic dominance criteria based on sound ethical grounds for welfare comparisons in a multi-dimensional setting. Our results provide some integration of the needs approach and of the multidimensional one. We conclude by providing some general observations about their di¤erences from a theoretical and empirical perspective. From an instrumental point of view, the di¤erence between the two comes from the fact that we need to feed the second one with informations about the sign of the marginal utility of the compensated attributed and of its slope. It may be the case that we are uncomfortable with the sign of the social marginal valuation of some need. The example of family size provides an illustration. Should we treat a child as a cost or a good? We brought some answers in section 2 which support the view that a child may be viewed as as a cost, keeping the household budget 27



constant. But we must admit that there is some room for di¤erences in opinions in that matter. In that case, sticking to the needs approach seems sensible. On the opposite, the multidimensional approach should be preferred when there is no ambiguity about the relation between each attribute and personal welfare and when the aim is to assess the global impact of some social or economic policy on all dimensions of welfare. Many extensions of this work are possible. In particular, empirical studies of compensation mechanisms operating in society could feed the speci…cation of the utility restrictions to plug into the theorems yielding stochastic dominance characterizations. From a theoretical point of view, understanding the deep reason for not obtaining necessary and su¢ cient conditions in the multidimensional setting for every meaningful class of utility functions is still an avenue for further research.
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APPENDIX 4.1



Proof of Proposition 1: WF =



Z



A2



2 3 Z 4 U (x1 ; x2 )dF12 (x1 jX2 = x2 )5 dF2 (x2 ).



(13)



A1



Consider the inner integral. U (x1 ; x2 ) is a di¤erentiable function positive in A1 while F12 is an increasing right-continuous function in A1 . Then they have no common discontinuity point in A1 . Therefore, the classical formulae of integration by parts applies (see for instance Billingsley, 1986, Theorem 18.4 p.240): 32



Z



U (x1 ; x2 )dF12 (x1 jX2 = x2 ) = U (a1 ; x2 )F12 (a1 jX2 = x2 )



U (0; x2 )F12 (0jX2 = x2 )



A1



(14) Z



U1 (x1 ; x2 )dF12 (x1 jX2 = x2 ):



A1



Noting that cdfs vanish at zero, integrating the second term of the RHS of the above expression by parts once again and substituting in (13), we get



WF = Z



A



Z



U (a1 ; x2 )F12 (a1 jX2 = x2 )dF2 (x2 )



(15a)



A2



3 Z 4U1 (a1 ; x2 ) F12 (x1 jX2 = x2 )dx1 5 dF2 (x2 ) 2



(15b)



A



1 22 3 Z Z Z + 4 U11 (x1 ; x2 ) F12 (sjX2 = x2 )dsdx1 5 dF2 (x2 ):



A2



A1



(15c)



A1



Integrating by part the …rst term of the RHS of the above expression gives 2 3 Z Z U (a1 ; x2 )F12 (a1 jX2 = x2 )dF2 (x2 ) = U (a1 ; a2 ) 4 F12 (a1 jX2 = x2 )dF2 (x2 )5



A2



Z



A2



A2 2 3 Z Z 2 4 5 U2 (a1 ; x2 ) F1 (a1 jX = t)dF2 (t) dx2 = U (a1 ; a2 )F (a1 ; a2 ) U2 (a1 ; x2 )F (a1 ; x2 )dx2 : A2



A2



Integrating by part the second term of the RHS, corresponding to (15b), with respect to x2 gives 2 3 Z Z 4U1 (a1 ; x2 ) F12 (x1 jX2 = x2 )dx1 5 dF2 (x2 ) = A2



2 A21 3 3 Z Z U1 (a1 ; a2 ) 4 4 F12 (x1 jX2 = x2 )dx1 5 dF2 (x2 )5 A2



A1
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3 3 2 2 Z Z Z + U12 (a1 ; x2 ) 4 4 F12 (x1 jX = t)dx1 5 dF2 (x2 )5 dx2 : A2



A2



A1



By 3 2 Fubini, 2 3 2 3 Z Z Z Z Z 4 4 F12 (x1 jX2 = t)dx1 5 dF2 (x2 )5 = 4 F12 (x1 jX2 = t)dF2 (x2 )5 dx1 = F (x1 ; x2 )dx1 : A2



A1



A1



A1



A2



Then, 3 2 the above expression reduces to Z Z 4U1 (a1 ; x2 ) F12 (x1 jX2 = x2 )dx1 5 dF2 (x2 ) A2



=



A1 2 3 Z Z Z U1 (a1 ; a2 ) F1 (x1 )dx1 + U12 (a1 ; x2 ) 4 F (x1 ; x2 )dx1 5 dx2 : A1



A2



A1



Similarly, integrating by part the third 3 term of (15c) with respect to x2 , we obtain 2 Z Z Z 4 U11 (x1 ; x2 ) F12 (sjX2 = x2 )ds5 dF2 (x2 ) =



A2



Z



A1



A1



2 A21 3 3 Z Z U11 (x1 ; a2 ) 4 4 F12 (sjX2 = x2 )ds5 dF2 (x2 )5 dx1



Z Z



A2 A1



A2



A1 2 2 3 3 Z Z U112 (x1 ; x2 ) 4 4 F12 (sjX2 = x2 )ds5 dF2 (x2 )5 dx1 dx2 ; A2



A1



which reduces to =



Z



A1



2 3 Z U11 (x1 ; a2 ) 4 F1 (s)ds5 dx1 A1



Z Z



A2 A1



Recapitulating, we obtain



WF = U (a1 ; a2 )F (a1 ; a2 )



Z



2 3 Z U112 (x1 ; x2 ) 4 F (s; x2 )ds5 dx1 dx2 A1



U2 (a1 ; x2 )F2 (x2 )dx2



A



Z U1 (a1 ; a2 ) F1 (x1 )dx1 A



2 1 2 3 2 3 Z Z Z Z 6 7 + U12 (a1 ; x2 ) 4 F (x1 ; x2 )dx1 5 dx2 + U11 (x1 ; a2 ) 4 F1 (s)ds5 dx1



A2



A1



A1



[0;x1 ]



2 3 Z Z Z U112 (x1 ; x2 ) 4 F (s; x2 )ds5 dx1 dx2



A2 A1



A1
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Therefore WU = Z



Z



U (x1 ; x2 ) dF (x1 ; x2 ) = U (a1 ; a2 ) F (a1 ; a2 )



A1 A2



U2 (a1 ; x2 ) F2 (x2 )dx2



A2



+



Z



+



A1



2 Z U12 (a1 ; x2 ) 4



A1



A2



Z



A1



2 Z 4 U11 (x1 ; a2 ) A



2 1 Z Z Z 4 U112 (x1 ; x2 )



A1 A2



U1 (a1 ; a2 )



Z



A1



F1 (x1 )dx1 3



(16a) (16b)



F (x1 ; x2 )dx1 5 dx2



(16c)



F (s; a2 )ds5 dx1



(16d)



F (s; x2 )ds5 dx1 dx2 :



(16e)



3



3



It follows that integrating by part the second term in the RHS term just above, and evaluating some other terms yields WU = U (a1 ; a2 ) F (a1 ; a2 ) U2 (a1 ; a2 ) H2 (a2 ) Z + U22 (a1 ; x2 ) H2 (x2 )dx2



(17)



A2



+



Z



U1 (a1 ; a2 ) H1 (a1 ) (18)



U12 (a1 ; x2 ) H1 (a1 ; x2 )dx2



A2



+ Z Z



Z



(19)



U11 (x1 ; a2 ) H1 (x1 )dx1



A1



U112 (x1 ; x2 ) H1 (x1 ; x2 )dx1 dx2 :



(20)



A1 A2



The …rst term vanishes and, since (C) implies



H1 (x1 )



0; 8x1 2 A1 ; the conclusion



follows from the examination of the signs of the di¤erent terms.



4.2



Proof of proposition 2



i) Proof of (L1 ). 35



We consider two cases. In both cases, we choose a …xed x2 in A2 . Case 1. Assume x2 2 A2 is such that F2 (x2 )



F2 (x2 ): We prove that



H1 (x1 ; x2 )



CFx2 (p) ; 8p 2 [0; F2 (x2 )].



0; 8x1 2 A1 ) CFx2 (p)



We can use Young inequality (see e.g. Genet (1976) theorem 1 p. 195) since either F2 (x2 ) = 0 or F2 1 (x2 ) = 0. In our case, it degenerates into an equality. Starting with the de…nition of H1 (x1 ; x2 ) in (6) and using Young inequality, we obtain Zx1



Fx2 (x1 )



Z



Fx2 (s)ds = x1 Fx2 (x1 )



0



Fx21 (t)dt



(21)



0



or with q = Fx2 (x1 ) 2 [0; F2 (x2 )] H1 (x1 ; x2 ) = Fx21 (q)q



Zq



Fx21 (t)dt



0



Using a similar expression for H1 (x1 ; x2 ) with q = Fx2 (x1 ) 2 [0; F2 (x2 )], we have H1 (x1 ; x2 ) = qFx21 (q)



q Fx2 1 (q )



[



Zq



Fx21 (t)dt



0



Since F2 (x2 )



Zq



Fx2 1 (t)dt]



(22)



0



F2 (x2 ); we have Fx2 (x1 ) = F (x1 ; x2 )



F (a1 ; x2 ) = F2 (x2 )



F2 (x2 ):



We consider two cases. If q > q ; H1 (x1 ; x2 ) = qFx21 (q)



q Fx2 1 (q )



Zq



Fx21 (t)dt



[CFx2 (q )



CFx2 (q ) ]



q



Using Fx21 (q) = Fx2 1 (q ) = x1 ; 2



H1 (x1 ; x2 ) = 4Fx21 (q)(q



q )



Zq



q



3



Fx21 (t)dt5



[CFx2 (q )



CFx2 (q ) ]



(23)



Applying the mean-value theorem for integrals, the term in brackets is always positive. Therefore, [0; F2 (x2 )] is onto;



H1 (x1 ; x2 ) H1 (x1 ; x2 )



0 ) CFx2 (Fx2 (x1 ))



CFx2 (Fx2 (x1 ))



0; 8x1 2 A1 implies CFx2 (p)



0. Since Fx2 (x1 ) 2



CFx2 (p) ; 8p 2 [0; F2 (x2 )].



The proof is similar for q > q. The impossibility of considering quantiles up to 1 prevents a simple reciprocal result (as opposed to the unidimensional case). 36



Case 2. Assume x2 2 A2 is such that F2 (x2 ) < F2 (x2 ). We prove that 0; 8x1 2 A1 ) CFx2 (p)



H1 (x1 ; x2 )



CFx2 (p) ; 8p 2 [0; F2 (x2 )].



We start again with (22). By assumption,



H1 (x1 ; x2 )



0 for all x1 . Then, it



F2 (x2 ). In that case, the end of the



is also true for all x1 2 A1 such that Fx2 (x1 )



necessity of the proof of Case 1, just after (22), remains the same. Therefore, we deduce that



H1 (x1 ; x2 )



0 ) CFx2 (Fx2 (x1 ))



0; 8x1 2 A1 implies CFx2 (p)



H1 (x1 ; x2 )



0. Since Fx2 (x1 ) 2 [0; F2 (x2 )];



CFx2 (Fx2 (x1 ))



CFx2 (p) ; 8p 2 [0; F2 (x2 )]. Statement



(L1 ) follows. ii) Proof of (L2 ). Assume x2 2 A2 is such that F2 (x2 ) < F2 (x2 ). CFx2 (p); 8p 2 [0; F2 (x2 )] implies



In view of (L1 ), it su¢ ces to prove that CFx2 (p) H1 (x1 ; x2 )



0; 8x1 2 A1 .



Suppose that there exists q 2 [0; F2 (x2 )] such that CFx2 (q)



CFx2 (q). Then, 9 x1 2



A1 , such that x1 = Fx21 (q) and there exists q = Fx2 (x1 ). Starting from Equation (??) and translating



H1 and Fx2 , and substituting the roles of q and q , and that of Fx2 and



Fx2 , and using F2 (x2 ) < F2 (x2 ) which implies that q = F (x1 ; x2 )



F (a1 ; x2 )



F2 (x2 );



one gets in the case q > q :



1



H1 (x1 ; x2 ) = qFx2 (q)



1



q Fx2 (q ) +



Zq



1



Fx2 (t)dt



q



Zq [ Fx21 (t)dt 0



Zq



Fx2 1 (t)dt]



0



or using Fx21 (q) = Fx2 1 (q ) : 2q Z 4 H1 (x1 ; x2 ) = Fx2 1 (t)dt



Fx2 1 (q )(q



q



3



q)5



[CFx2 (q)



CFx2 (q)]



Applying the mean-value theorem for integrals, the term in brackets is always negative and CFx2 (q)



CFx2 (q)



0 implies



is A1 for p 2 [0; F2 (x2 )] ; CFx2 (p)



H1 (Fx21 (q); x2 )



0. Since the range of Fx21 (p)



CFx2 (p); 8p 2 [0; F2 (x2 )] implies 4H1 (x1 ; x2 )



8x1 2 A1 . The derivation is similar for the case q < q :
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0;



4.3



Proof of Proposition 3



Starting from the …nal expression for



WU in the proof of Proposition 1 and integrating



by part (17) with respect to x2 we obtain WU =



U2 (a1 ; a2 ) H2 (a2 )



Z



+U22 (a1 ; a2 ) L2 (a2 )



(24) U222 (a1 ; x2 ) L2 (x2 )dx2



(25)



U12 (a1 ; x2 ) H1 (a1 ; x2 )dx2



(26)



A



U1 (a1 ; a2 ) H1 (a1 ) + +



Z2



A2



Z



U11 (x1 ; a2 ) H1 (x1 )dx1



A1



Z Z



U112 (x1 ; x2 ) H1 (x1 ; x2 ) dx1 dx2 : (27)



A1 A2



The conclusion follows.



4.4



Proof of Proposition 4



The welfare function where the distribution of the …rst variable is separated by conditioning is: WF =



Z



A2 A3



3 2 Z 4 U (x1 ; x2 ; x3 )dF123 (x1 jX2 = x2 ; X3 = x3 )5 dF23 (x2; x3 ).



(28)



A1



In the whole proof, the changes in rankings of integrations with respect to the di¤erent variables are justi…ed by Fubini’s theorem. Integrating by parts the inner integral with respect to x1 gives



WF = A



Z



A2 A3



Z



U (a1 ; x2 ; x3 )F123 (a1 jX2 = x2 ; X3 = x3 )dF23 (x2; x3 )



A



3 2 2 3 Z 4 U1 (x1 ; x2 ; x3 )F123 (x1 jX2 = x2 ; X3 = x3 ) dx1 5 dF23 (x2; x3 ) A1



It is convenient to treat separately this two terms in order to present in the most economic way the proofs of Propositions 4 and 5. Let us call T1 the …rst one and T2 38



the second one. We …rst evaluate T2 by integrating it with respect to x3 . This implies separating the distributions of x2 and x3 by conditioning on x2 and using Fubini. This is done …rst by noticing that dF23 (x2 ; x3 ) = dF32 (x3 j X2 = x2 ) dF2 (x2 ). We get



T2 = A



Z



=



A2 A3



Z



A



3 2 Z 4 U1 (x1 ; x2 ; x3 )F123 (x1 jX2 = x2 ; X3 = x3 ) dx1 5 dF23 (x2; x3 ) A



2 2 3 1 3 Z 4 U1 (x1 ; x2 ; x3 )F123 (x1 jX2 = x2 ; X3 = x3 ) dx1 5 dF32 (x3 jX2 = x2 )dF2 (x2 ) A1



Then, we proceed to the integration by parts with respect to x3 , using (1) which implies that Zx3 2 F123 (x1 jX2 = x2 ; X3 = t) dF32 (t j X2 = x2 ) = F13 (x1 ; x3 jX2 = x2 ) to express one of 0



the primitive function.



T2 =



Z



A



2 3 Z 2 4 U1 (x1 ; x2 ; a3 )F13 (x1 ; a3 jX2 = x2 ) dx1 5 dF2 (x2 ) A



1 2 2 3 Z Z 2 + 4 U13 (x1 ; x2 ; x3 )F13 (x1 ; x3 jX2 = x2 ) dx1 dx3 5 dF2 (x2 )



A2



(29a)



(29b)



A1 A3



2 Integrating T2 once more by parts with respect to x1 and denoting H13 (x1 ; x3 jX2 = x 1 Z 2 x2 ) := F13 (t; x3 jX2 = x2 )dt gives 0
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Z



T2 =



2 U1 (a1 ; x2 ; a3 )H13 (a1 ; a3 jX2 = x2 ) dF2 (x2 )



A



2 3 2 Z Z 2 (x1 ; a3 jX2 = x2 )dx1 5 dF2 (x2 ) + 4 U11 (x1 ; x2 ; a3 )H13



A



A2



21 3 Z Z 2 (a1 ; x3 jX2 = x2 ) dx3 5 dF2 (x2 ) + 4 U13 (a1 ; x2 ; x3 )H13 A



Z



A2



22 4



A3



Z



A1 A3



3



2 U113 (x1 ; x2 ; x3 )H13 (x1 ; x3 jX2 = x2 ) dx1 dx3 5 dF2 (x2 ):



Finally, integrating T2 by parts with respect to x2 and using Z Zx1 2 H13 (x1 ; x3 jX2 = x2 ) dF2 (x2 ) = H1 (x1 ; x2 ; x3 ) := F (s; x2 ; x3 ) ds yields10 0



A2



10



Z



2 H13 (x1 ; x3 jX2



A2 Zx1Zx2Zx3



Zx2Zx1 2 = x2 ) dF2 (x2 ) = F13 (t; x3 jX2 = x2 ) dtdF2 (x2 ) 0 0



F123 (x1 jX2 = x2 ; X3 = t) dF32 (tjX2 = x2 )dF2 (x2 )dt:



=



0 0 0



Therefore,



Z



A2



2 3 Zx1 Zx2Zx3 2 F123 (x1 jX2 = x2 ; X3 = t) dF32 (tjX2 = x2 )dF2 (x2 )5 dt H13 (x1 ; x3 jX2 = x2 ) dF2 (x2 ) = 4 0



0 0



Zx1 = F (x1 ; x2 ; x3 )dt: 0
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T2 = U1 (a1 ; a2 ; a3 )H1 (a1 ; a2 ; a3 ) Z + U12 (a1 ; x2 ; a3 )H1 (a1 ; x2 ; a3 )dx2



(30a)



A2



Z + U11 (x1 ; a2 ; a3 )H1 (x1 ; a2 ; a3 )dx1



Z



A1



U112 (x1 ; x2 ; a3 )H1 (x1 ; x2 ; a3 )dx1 dx2



A1 A2



Z + U13 (a1 ; a2 ; x3 )H1 (a1 ; a2 ; x3 ) dx3



Z



A3



U123 (a1 ; x2 ; x3 )H1 (a1 ; x2 ; x3 )dx2 dx3



A2 A3



Z



U113 (x1 ; a2 ; x3 )H1 (x1 ; a2 ; x3 )dx1 dx3



A1 A3



Z



+



U1123 (x1 ; x2 ; x3 )H1 (x1 ; x2 ; x3 )dx1 dx2 dx3 :



A1 A2 A3



We now turn to T1 . We start by integrating T1 by parts with respect to x2 . This necessitates to separate the distributions of x2 and x3 by conditioning on x3 and by using Fubini. As above, this is done …rst by noticing that dF23 (x2 ; x3 ) = dF23 (x2 j X3 = x3 ) dF3 (x3 ): The primitive function intervening in the calculus can be expressed as: Zx2 3 F123 (x1 j X2 = t; X3 = x3 ) dF23 (tjX3 = x3 ) = F12 (x1 ; x2 j X3 = x3 ): 0



We obtain T1 =



Z



U (a1 ; x2 ; x3 )F123 (a1 jX2 = x2 ; X3 = x3 )dF23 (x2; x3 )



A2 A3



= Z Z



Z



3 U (a1 ; a2 ; x3 )F12 (a1 ; a2 jX3 = x3 )dF (x3 )



(31)



A3 3 U2 (a1 ; x2 ; x3 )F12 (a1 ; x2 jX3 = x3 ) dx2 dF3 (x3 ):



A3 A2
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(32)



We now integrate (31) by parts with respect to x3 and (32) with respect to x2 . To 3 be able to do this, we …rst derive: (a) the primitive function of F12 (a1 ; a2 jX3 = x3 ) with 3 (a1 ; x2 jX3 = x3 ) with respect to x2 . respect to x3 and (b) the primitive function of F12



The …rst primitive is obtained as follows using (1). Zx3 3 F12 (a1 ; a2 j X3 = x3 ) dF3 (v): = F (a1 ; a2 ; x3 ) = F3 (x3 ) 0



We de…ne the second primitive function as: Zx2 3 3 (a1 ; t j X3 = x3 ) dt: (x2; a1 j X3 = x3 ) := F12 H12 0



The result of the integrations is



Z



T1 = U (a1 ; a2 ; a3 )F (a1 ; a2 ; a3 ) Z U3 (a1 ; a2 ; x3 ) F3 (x3 ) dx3 A3



3 U2 (a1 ; a2 ; x3 ) H12 (a2 ; a1 j X3 = x3 ) dF3 (x3 )



A3



Z Z 3 + U22 (a1 ; x2 ; x3 ) H12 (x2 ; a1 j X3 = x3 ) dx2 dF3 (x3 ) A3 A2



Finally we integrate the last three terms of the RHS of the above expression with respect to x3 . For this, we de…ne Z Z Z 3 3 H12 (x2 ; a1 j X3 = x3 ) dF3 (x3 ) = F12 (a1 ; t j X3 = x3 ) dtdF3 (x3 ) = A3



A3 A2
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Z



F (a1 ; t; x3 ) dt := H2 (x2 ; a1 ; x3 ): We obtain



A2



Z



T1 = U (a1 ; a2 ; a3 )F (a1 ; a2 ; a3 ) Z U3 (a1 ; a2 ; a3 ) H3 (a3 ) + U33 (a1 ; a2 ; x3 ) H3 (x3 ) dx3 U2 (a1 ; a2 ; x3 )H2 (a2 ) +



Z



(33a) (33b)



A3



U23 (a1 ; a2 ; x3 ) H2 (a2 ; a1 ; x3 ) dx3



(33c)



A3



A3



Z Z



Z + U22 (a1 ; x2 ; a3 ) H2 (x2 ) dx2



(33d)



U223 (a1 ; x2 ; x3 )H2 (x2 ; a1 ; x3 ) dx2 dx3 :



(33e)



A2



A3 A2



Finally, since F (a1 ; a2 ; a3 ) = 1, the expression for the social welfare associated to F
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is WF = U (a1 ; a2 ; a3 ) Z



U3 (a1 ; a2 ; a3 ) H3 (a3 ) +



U2 (a1 ; a2 ; x3 )H2 (a2 ) +



A3



Z + U22 (a1 ; x2 ; a3 ) H2 (x2 ) dx2 A2



Z



U11 (x1 ; a2 ; a3 )H1 (x1 ; a2 ; a3 ) dx1 Z Z



U223 (a1 ; x2 ; x3 )H2 (x2 ; a1 ; x3 ) dx2 dx3



A3 A2



A2



A1



U23 (a1 ; a2 ; x3 ) H2 (a2 ; a1 ; x3 ) dx3



A3



Z + U12 (a1 ; x2 ; a3 )H1 (a1 ; x2 ; a3 )dx2 +



U33 (a1 ; a2 ; x3 ) H3 (x3 ) dx3



A3



Z Z



U1 (a1 ; a2 ; a3 )H1 (a1 ; a2 ; a3 ) +



Z



Z



Z



U13 (a1 ; a2 ; x3 )H1 (a1 ; a2 ; x3 )dx3



A3



Z Z



U123 (a1 ; x2; x3 )H1 (a1 ; x2 ; x3 )dx2 dx3



A2 A3



Z Z



U113 (x1 ; a2 ; x3 )H1 (x1 ; a2 ; x3 )dx1 dx3



A3 A1



U112 (x1 ; x2 ; a3 )H1 (x1 ; x2 ; a3 )dx1 dx2



A2 A1



Z Z Z + U1123 (x1 ; x2 ; x3 )H1 (x1 ; x2 ; x3 )dx1 dx2 dx3 : A3 A2 A1



Since H1 (x1 ; a2 ; a3 ) = H1 (x1 ) and U1123 = 0 by assumption, we obtain for the change
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in social welfare WU = Z



U3 (a1 ; a2 ; a3 ) H3 (a3 ) +



U2 (a1 ; a2 ; x3 ) H2 (a2 ) +



Z



Z Z



U23 (a1 ; a2 ; x3 ) H2 (a2 ; a1 ; x3 ) dx3



A2



U223 (a1 ; x2 ; x3 ) H2 (x2 ; a1 ; x3 ) dx2 dx3



U1 (a1 ; a2 ; a3 ) H1 (a1 ) +



Z



A3



Z + U12 (a1 ; x2 ; a3 ) H1 (a1 ; x2 ; a3 )dx2 +



A3



Z + U22 (a1 ; x2 ; a3 ) H2 (x2 ) dx2



A3 A2



Z



U33 (a1 ; a2 ; x3 ) H3 (x3 ) dx3



A3



A3



A2



Z



U11 (x1 ; a2 ; a3 ) H1 (x1 ) dx1



A1



Z Z



U13 (a1 ; a2 ; x3 ) H1 (a1 ; a2 ; x3 )dx3 Z Z



U123 (a1 ; x2; x3 ) H1 (a1 ; x2 ; x3 )dx2 dx3



A2 A3



Z Z



U113 (x1 ; a2 ; x3 ) H1 (x1 ; a2 ; x3 )dx1 dx3



A3 A1



U112 (x1 ; x2 ; a3 ) H1 (x1 ; x2 ; a3 )dx1 dx2 :



A2 A1



The conclusion follows.



4.5



Proof of Proposition 5



The expression for T2 in equation (29) taking into account that U13 = 0 reduces to :



T2 =



Z



A2



2 3 Z 2 4 U1 (x1 ; x2 ; a3 )F13 (x1 ; a3 jX2 = x2 ) dx1 5 dF2 (x2 ) A1



Performing the same integrations than in Proposition 4’s proof we get
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T2 = U1 (a1 ; a2 ; a3 )H1 (a1 ; a2 ; a3 ) Z + U12 (a1 ; x2 ; a3 )H1 (a1 ; x2 ; a3 )dx2 A2



Z + U11 (x1 ; a2 ; a3 )H1 (x1 ; a2 ; a3 )dx1



Z



A1



U112 (x1 ; x2 ; a3 )H1 (x1 ; x2 ; a3 )dx1 dx2



A1 A2



The expression for T1 in equation (33) remains valid. Therefore the expression for the change in welfare becomes WU = Z



U33 (a1 ; a2 ; x3 ) H3 (x3 ) dx3



(36a)



U23 (a1 ; a2 ; x3 ) H2 (a2 ; a1 ; x3 ) dx3



(36b)



U3 (a1 ; a2 ; a3 ) H3 (a3 ) +



U2 (a1 ; a2 ; x3 ) H2 (a2 ) +



A3



Z



Z



A3



A3



Z Z



Z + U22 (a1 ; x2 ; a3 ) H2 (x2 ) dx2



(36c)



U223 (a1 ; x2 ; x3 ) H2 (x2 ; a1 ; x3 ) dx2 dx3



(36d)



A2



A3 A2



U1 (a1 ; a2 ; a3 ) H1 (a1 ) Z + U12 (a1 ; x2 ; a3 ) H1 (a1 ; x2 ; a3 )dx2 A2



+ Z Z



Z



U11 (x1 ; a2 ; a3 ) H1 (x1 ) dx1



(36e) (36f) (36g)



A1



U112 (x1 ; x2 ; a3 ) H1 (x1 ; x2 ; a3 )dx1 dx2



A2 A1
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(36h)
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