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A



Initial period problem



A.1



Economy without capital



The problem at t = 0 is



V¯0 (b0 , g0 ) ≡



max



h



c0 ,h0 ,z1,g1



(1 − β)u(c0 , 1 − h0 )1−ρ + β



X



π1 (g1 |g0 )V (z1,g1 , g1 )1−γ



1 1−ρ i  1−γ 1−ρ



g1



subject to



Uc0 b0 = Uc c0 − Ul h0 + β



X g1



π1 (g1 |g0 ) h



V (z1,g1 , g1 )ρ−γ P



g1



π1 (g1 |g0 )V (z1,g1 , g1



)1−γ



z1,g1 i ρ−γ 1−γ



c0 + g0 = h0



(A.1)



c0 ≥ 0, h0 ∈ [0, 1],



(A.2)



z1,g1 ∈ Z(g1 )



(A.3)



where (b0 , g0 ) given. The notation z1,g1 denotes the value of the state variable z1 at g1 . The overall value of the Ramsey problem V¯ (.) and the initial period policy functions (c0 , h0 , z1 ) depend on the initial conditions (b0 , g0 ).



A.2



Economy with capital



The problem at t = 0 in an economy with capital is



V¯0 (b0 , k0 , s0 , τ0K ) ≡



max



c0 ,h0 ,k1 ,z1,s1



h X  1−ρ i 1 1−ρ 1−γ 1−γ 1−ρ (1 − β)u(c0 , 1 − h0 ) +β π1 (s1 |s0 )V (z1,s1 , k1 , s1 ) s1



subject to



   Uc0 (1 − τ0K )FK (s0 , k0 , h0 ) + 1 − δ k0 + b0 = Uc c0 − Ul h0 X V (z1,s1 , k1 , s1 )ρ−γ +β π1 (s1 |s0 ) P  ρ−γ z1,s1 1−γ 1−γ π (s |s )V (z , k , s ) s1 1,s1 1 1 s1 1 1 0 c0 + k1 − (1 − δ)k0 + g0 = F (s0 , k0 , h0 )



(A.4)



c0 , k1 ≥ 0, h0 ∈ [0, 1],



(A.6)



(A.5)



where (b0 , k0 , s0 , τ0K ) given. Same comments apply for the dependence on the initial conditions. 3



A.3



Optimality conditions at t = 0



Consider the economy with capital. Let Φ0 and λ0 denote the respective multipliers on the initial period implementability and resource constraint of the transformed problem and recall the definition of Ω in the text. The initial period optimality conditions are: c0 : h0 : k1 :



h i Uc0 + Φ0 Ωc0 − Ucc,0 W0 = λ0 h i K −Ul0 + Φ0 Ωh0 + Ucl,0 W0 − Uc0 (1 − τ0 )FKH,0 k0 = −λ0 FH0 ρ−γ X   1−γ v (z , k , s ) 1 + (1 − β)(ρ − γ)η Φ λ0 = β π(s1 |s0 )m1,s k 1,s 1 1 1,s 0 1 1 1



(A.7) (A.8) (A.9)



s1



z1,s1 :



vz (z1,s1 , k1 , s1 )   +Φ0 1 + (1 − β)(ρ − γ)vz (z1,s1 , k1 , s1 )η1,s1 = 0,



(A.10)



  where W0 = (1 − τ0K )FK (s0 , k0 , h0 ) + (1 − δ) k0 + b0 , the household’s initial wealth, and η1,s1 the household’s relative wealth position in marginal utility units at s1 . The initial period firstorder conditions for an economy without capital for the variables (c0 , h0 , z1,g1 ), are (A.7), (A.8) and (A.10) with W0 = b0 , FH0 = 1, FKH ≡ 0. Using the same steps as in the labor tax proposition we get the optimal labor tax at t = 0, k0 − (cc + hc )c−1 cc + ch + hh + hc + (1 − τ0K ) FFKH 0 W0 H  τ0 = Φ0 , 1 + Φ0 1 + hh + hc − hc c−1 0 W0 which simplifies to



τ0 = Φ0



cc + ch + hh + hc − (cc + hc )c−1 0 b0  , −1 1 + Φ0 1 + hh + hc − hc c0 b0



in an economy without capital. All elasticities in the two formulas are evaluated at the t = 0 allocation.



B



Martingales and (non)-convergence



Note that the ratio Mt /Φt is a martingale with respect to π: Et (Mt+1 /Φt+1 ) = Mt Et mt+1 (1/Φt+1 ) = Mt /Φt , since 1/Φt is a martingale with respect to π · M . Therefore, by the martingale convergence theorem, the non-negative ratio Mt /Φt converges almost surely with respect to π to a finite random variable. Furthermore, since Mt is by construction a non-negative martingale with respect to π, it converges to the non-negative random variable M∞ almost surely. Thus, we know that the product of Mt and 1/Φt converges and that Mt converges. However, we cannot make a general claim about the convergence of 1/Φt , unless we restrict the analysis to the case of an absorbing 4



state. Why? If M∞ > 0, then we could infer that 1/Φt converges almost surely with respect to π. Alas, the martingale Mt typically converges to zero, so we cannot make this claim. To understand better the issue of M∞ = 0, we can follow similar steps as Aiyagari et al. (2002) (who worked with the risk-adjusted measure) and show that if M∞ (˜ ω ) > 0 for a sample path 1−γ ω ˜ , then the increment has to converge to unity, mt (˜ ω ) → 1, so Vt (˜ ω ) → Et−1 Vt1−γ (˜ ω ). The Pt logic is simple: ln Mt (˜ ω ) = i=1 ln mi (˜ ω ) → ln M∞ (˜ ω ) > −∞ (since M∞ (˜ ω ) > 0) and therefore ln mt (˜ ω ) → 0. Thus, we can infer that if P rob(˜ ω |mt (˜ ω ) → 1) = 0, then M∞ = 0 almost surely (otherwise mt → 1 on a set of positive measure). Actually, this result can be strengthened to the following statement: if it is not the case that mt → 1 almost surely, then M∞ = 0 almost surely. The proof of this is coming from the work of Ian Martin who generalized the Kakutani theorem on multiplicative martingales. See Martin (2012, Theorem 1). Thus, as long as there is some positive probability that there is variation in continuation values at the limit so that mt+1 9 1, we run into the case of M∞ = 0.1 To conclude, the martingale property of the inverse of the excess burden of taxation does not provide sufficient information for establishing convergence results with respect to π. Additional information (like properties of the utility function etc) and a careful numerical analysis is needed.



C C.1



Computational details Solution method



State space. Combine the first-order conditions with respect to consumption and leisure to get 1−Φ



Ωh



the optimal wedge in labor supply as UUcl · 1+Φ ΩUcl = 1. Using the optimal wedge and the resource Uc constraint, we can express the optimal consumption-labor allocation as functions of the shock g and Φ, c(g, Φ) and h(g, Φ). Let U ? (g, Φ) ≡ U (c(g, Φ), 1 − h(g, Φ)) and Ω? (g, Φ) ≡ Ω(c(g, Φ), h(g, Φ)). U ? stands for the period utility at g when the excess burden of taxation is Φ and Ω? the respective government surplus in marginal utility units. For the utility function in the baseline exercise we have Ω? = 1 − ah h(g, Φ)1+φh . To generate values of z, fix Φ to a particular value. Given a constant value of Φ we get a history-independent allocation which allows us to solve easily for the the utility recursion v ? (g, Φ) = P β U ? (g, Φ) + (1−β)(1−γ) ln g0 π(g 0 |g) exp((1 − β)(1 − γ)v ? (g 0 , Φ)). For each given Φ we get also the P induced conditional likelihood ratio m(g 0 |g) = exp((1 − β)(1 − γ)v ? (g 0 , Φ))/ g0 π(g 0 |g) exp((1 − β)(1 − γ)v ? (g 0 , Φ)). The induced debt positions z for a given Φ are



˜ −1 Ω? , z = (I − β Π) 1



In the quantitative exercise the likelihood ratio Mt does indeed converge to zero. In Aiyagari et al. (2002) we typically have convergence of the risk-adjusted measure to zero.
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˜ ≡ Π ◦ M, where Π the transition matrix where boldface variables denote column vectors and Π of the shocks and M the matrix of m(g 0 |g). The symbol ◦ denotes element by element (or else Hadamard) multiplication. The induced values of z can be generated – by construction – in a competitive equilibrium ¯ The zero value of and are a “nice” subset of the true state space. I vary Φ in the set [0, Φ]. Φ corresponds to the first-best allocation, so the induced z 0 s are the level of government assets necessary to finance government expenditures without having to resort to distortionary taxation. ¯ in the next section. Let Zi denote the state space for I will talk further about the choice of Φ the low and high shock, i = L, H. For the lower and upper bounds of Zi I use the minimum and ¯ (which just correspond to Φ = 0 maximum value of the debt position at i generated by a Φ in [0, Φ] ¯ because the implied z’s are an increasing function of Φ). and Φ = Φ, Initial estimate of the value function. For each Φ, I can associate the induced z to an induced v ? , which provides an initial guess for the value function, v 0 (z, gi ), z ∈ Zi . At first, I form a grid of points for Zi , i = L, H and perform value function iteration with grid search. There may be convergence issues because updating the value function in the constraint hinders the contraction property. To avoid that I have two loops: • Inner Loop: Given the value function in the constraint, iterate on the Bellman equation till convergence (I use also policy function iteration to increase speed). • Outer Loop: Update the value function in the constraint and repeat the inner loop. The procedure is stopped when the value function in the constraint is approximately equal to the value function in the Bellman equation. The inner loop entails standard value function iteration and is convergent. There is no guarantee of convergence of the double loop. In the outer loop I use damping in order to improve convergence properties. Final estimate of the value function. I use grid search (with the constant-Φ first guess v ? ) in order to avoid non-convexity issues and the possibility of a local optimum. This procedure provides a first estimate of the value functions. For improved precision, I use the output of the double-loop procedure as an initial guess and fit the value functions at the two shocks with cubic splines. At the final stage the value function in the constraint is updated every period. I use 167 breakpoints and 500 points for each Zi and apply regression. More grid points are allocated at the upper half of each state space in order to capture better the curvature of the value functions. A continuous optimization routine is used, with initial guesses the policy functions that came from the grid search.
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Figure C.1: The graphs plot from left to right the equilibrium surplus in marginal utility units as function of consumption c for ρ = 0.5, 1, 2. For ρ = 0.5 the maximizer is interior. That point corresponds to τ → τˆ and Φ → ∞. For ρ = 1, the upper bound corresponds to c = 0 and τ → 1, Φ → ∞. For ρ > 1 there is no upper bound in the surplus in marginal utility units when consumption approaches zero.



C.2



Size of the state space



There are several considerations about the size of the state space and the choice of the upper ¯ that we now turn to. bound Φ, C.2.1



Upper bounds for z and the surplus in marginal utility units



To understand the maximum amount of debt in marginal utility units, we have first to understand the behavior of the surplus in marginal utility units. If this is unbounded, then the present discounted value of surpluses (where the discounting involves also continuation utilities coming from the richer pricing kernels) will be unbounded. Define F (c) ≡ Ω(c, c+g), that is, the surplus in marginal utility units as function of equilibrium consumption. Assume for simplicity that Ucl ≥ 0. By recalling the elasticity formulas that were used in the proof of the labor tax proposition 4 and using the fact that 1 − τ = Ul /Uc , we have



  F 0 (c) = Ωc + Ωh = Uc 1 − cc − ch − (1 − τ )(1 + hh + hc ) Then,
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Φ Debt in MU units z for ρ = 2
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Figure C.2: The panels depict z, the corresponding debt ratio and the tax rate that are induced by a constant-Φ policy. The top row corresponds to the baseline exercise of ρ = 1. The middle row corresponds to ρ = 0.5 and the bottom row to ρ = 2. For ρ 6= 1, I have considered a risk-sensitive recursion. Recall that the maximum Φ is infinity for the first two rows with a respective tax rate of τˆ and the upper bounds of z that are not attained. For the bottom row, the maximum excess burden is Φ = 1/(ρ − 1) = 1 and z is unbounded.



F 0 (c) < 0 ⇒ τ < τˆ ≡



cc + ch + hh + hc 1 + hh + hc



+ch +hh +hc ) But we know from proposition 4 that the optimal labor tax is τ = Φ(cc1+Φ( , so τ < τ¯ hh +hc for any finite Φ. Thus, the tax rate would never be so high (and the consumption so low) so that F 0 (c) > 0 (the discussion is obviously about the correct side of the Laffer curve in terms of the surplus in marginal utility units). Obviously, the value of F at the level of consumption that corresponds to τˆ, if finite, is a candidate for an upper bound of the surplus in marginal utility units. Consider now the period utility function of proposition 5, i.e. power utility with constant h Frisch elasticity. We have τˆ = ρ+φ . Before analyzing the behavior of F (c), let’s examine the 1+φh excess burden of taxation and the implied tax rate. From the first-order condition with respect to consumption in the Ramsey problem we have c−ρ (1 + Φ(1 − ρ)) = λ > 0 (time subscripts are omitted). The positivity of the multiplier λ implies a positivity restriction on 1 + Φ(1 − ρ) > 0. This restriction is not binding for ρ ≤ 1, so the excess burden of taxation could in principle diverge 1 to infinity. For ρ > 1, this restriction imposes an upper bound for Φ, Φ < ρ−1 . Consider also the



8



Differences in z positions, ρ = 1



0.12



Differences in z positions, ρ = 0.5



0.06



0.1



Differences in z positions, ρ = 2



0.5



0.05 0



0.08



0.04 -0.5



0.06



0.03



0.04



0.02



0.02



0.01



0



0



-1



-1.5



-2 0



2



4



6



8



10



0



2



4



Φ



6



Φ



8



10



0



0.2



0.4



0.6



0.8



Φ



Figure C.3: Positions z induced by a constant-Φ policy for different ρ. I use a risk-sensitive recursion for ρ 6= 1. The shock takes three values: low (L), medium (M) and high (H). The differences zL − zM (blue line) and zM − zH (red line) are depicted. Φ(ρ+φh ) h . For ρ < 1 we have limΦ→∞ τ (Φ) = ρ+φ = τˆ < 1. For ρ = 1, we have tax rate, τ (Φ) = 1+Φ(1+φ 1+φh h) limΦ→∞ τ (Φ) = τˆ = 1. For ρ > 1, we have limΦ→1/(ρ−1) τ (Φ) = 1 < τˆ. Turn now to the surplus in marginal utility units. We have F (c) = c1−ρ − ah (c + g)1+φh , with F 0 (c) = c−ρ [1 − ρ − (1 − τ )(1 + φh )]. Obviously, for ρ < 1 we could have F 0 (c) > 0 and the consumption cˆ corresponding to the upper bound is interior. The respective excess burden approaches infinity and the tax rate approaches τˆ. For ρ = 1, the upper bound corresponds to c = 0, taking the value F (0) = 1 − ah g 1+φh . This corresponds to a tax rate that becomes asymptotically 100% (and Φ → ∞). For ρ > 1 there is no upper bound, since the surplus in marginal utility units approaches infinity when c → 0 (and τ → 1). Clearly, even when there is an upper bound, it will not be attained. Figure C.1 depicts the three cases. Figure C.2 considers the induced z by a constant-Φ policy, together with the respective debt ratios and tax rates. The top row considers the baseline exercise for ρ = 1 (where there is an upper bound that corresponds to a tax rate converging to 100%). The middle and bottom row consider the cases of ρ = 0.5 (where there is an upper bound), and the unbounded case of ρ = 2 respectively. Without loss of generality (concerning the discussion about bounds), I have considered risk-sensitive preferences for the cases of ρ 6= 1 (by setting σ = (1 − β)(1 − γ)).
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1



C.2.2



Upper bounds and candidate convergence points



The previous section showed that there may not be a natural upper bound for z, or if there is, it ¯ An issue may not be attained. For any type of computation though we need to make a choice for Φ. of concern may be that there is a positive convergence point for the excess burden that cannot be reached because the upper bound we chose is not large enough. The following proposition shows that this is not the case for the baseline exercise with logarithmic utility, ρ = 1. Proposition C.1. Consider the utility function of the baseline exercise and the i.i.d. shock specification. If the excess burden of taxation does converge, then it necessarily has to converge to zero. Proof. Assume that Φt converges along a sample path to the value Φ (which may depend on the sample path). Recall that Ω? (g, Φ) = 1 − ah h(g, Φ)1+φh . Use the implicit function theorem in the two-equation system formed by the optimal wedge equation and the resource constraint to get ∂h/∂g = h/(h + φh c) > 0 and ∂c/∂g = −φh c/(h + φh c) < 0. Thus, ∂Ω? /∂g = −ah (1 + φh )hφh ∂h/∂g < 0. Therefore, the surplus in marginal utility units is always larger for the smaller shock for any value of Φ. As a result, debt in marginal utility units is always higher for the lower β P 0 0 ? 0 0 shock, since for a constant Φ we have z(g, Φ) = Ω? (g, Φ) + 1−β g 0 π(g )m(g )Ω (g , Φ) (m(g ) stand for the conditional likelihood ratio induced by the constant Φ. It does not depend on the current g due to the i.i.d. assumption). But then for any Φ > 0 the planner will always increases the excess burden of taxation for low shocks, since Φ0g0 = Φ/(1 + (1 − β)(1 − γ)ηg0 0 Φ), contradicting the premise of a constant Φ. Only in the case of a zero ηg0 0 , ∀g 0 , i.e. only if there was a Φ > 0 such that z is equal across shocks, would it be possible to have a constant Φ. This cannot be the case, as proved earlier. The only option of having a constant Φ would be to have Φ = 0, which implies that the second-best allocation converges to the first-best. In that case, the first-best is an absorbing state, and the government is using the interest income on accumulated assets to finance government spending. Note that the i.i.d. assumption in the proposition was used only to guarantee that debt in marginal utility units varies across shocks as Ω? does. Persistent shocks could also be allowed as long as the implied z’s do vary across shocks. The heart of the proof in proposition C.1 is the following: at any positive candidate convergence point Φ, the induced z policies have to be the same across shocks, because otherwise they would imply a non-zero relative debt position ηt+1 . A non-zero relative debt position would make the planner change the excess burden of taxation across states of the world. The proof shows that the induced z positions do vary across shocks for any given Φ when ρ = 1. The left panel in figure C.3 confirms that. It plots the differences in z, zL − zM and zM − zH , when the shock takes three values: low (L), medium (M) and high (H). As was proved in the proposition, these differences are always positive, showing that the z functions never cross (and they are also ranked, zL > zM > zH ). Thus, we should not worry about positive convergence points for the baseline 10



¯ are computational, which are case. The main considerations for the selection of an upper bound Φ highly non-trivial and the subject of the next section. Different parameterizations. To complete the discussion, it is useful to consider what happens for ρ 6= 1. For simplicity, consider again risk-sensitive preferences. The middle and the right panel in Figure C.3 plot the differences in the z functions for ρ = 0.5 and ρ = 2 respectively.2 The middle panel shows that z functions do not cross for ρ = 0.5, so the only consideration for the selection of the upper bound is again computational. The right panel considers the most interesting case of ρ > 1. As we showed before, there is no upper bound in this case (marginal utility goes too quickly to infinity when consumption approaches zero). However, the graph shows that the ranking of the constant-Φ suboptimal positions z changes when the excess burden of taxation is high. At high levels of Φ, the position against the low shock can become smaller than the position against the high shock (the difference in the graph becomes negative). In other words, fixing Φ, when government spending increases, consumption falls and marginal utility increases so much that debt in marginal utility units increases. This happens for levels of Φ that correspond to high levels of debt (above 1000% debt-to-output ratio as shown in figure C.2). Another crucial point about the right panel is the following: the differences in z do not cross the x-axis at the same value of Φ. This means that there is no candidate convergence point when shocks take more than two values.3 ¯ should be Consequently, the analysis for ρ = 2 suggests two things: first, the upper bound Φ large enough in order to include the points where the suboptimal z functions cross. Second, for such an upper bound, we can conjecture the following: if the optimal policy functions for z behave – with respect to their ranking – in a similar way as the suboptimal ones plotted in the graph, then a stationary distribution may exist without having to resort to an ad-hoc bound: there will be a positive drift in the excess burden with respect to the physical measure for low levels of debt, and a negative drift in the excess burden for very high levels of debt in the long-run (when the ranking of the policy functions changes, the covariance term in proposition 3 in the text becomes negative). Overall, we do not expect the short- and medium-run results to be substantially different than what the baseline analysis suggests. The long-run results though may be very different, especially when sufficient debt is accumulated. To conclude, the above analysis suggests an easy procedure that can be used also for different utility functions like the balanced growth preferences of Chari et al. (1994): derive the induced z positions from a suboptimal constant-Φ policy and construct a state space that is large enough to 2



In the EZW case, the object that determines the variation in the relative debt position ηt is the continuationand-marginal-utility adjusted debt position. So we would consider plots of Vtρ−1 zt , that are induced by a constant-Φ policy. 3 If the shock took two values, then the point where the difference becomes zero would be a fixed point of the law of motion for the excess burden of taxation, since it implies a zero relative debt position η. But this would just be an artifact of an arbitrary restriction on the number of realizations of shocks.
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Figure C.4: The market value of the government portfolio is a convex function of the positions zi0 , i = L, H in the



¯ = 0.5) recursive utility case. The graph in the right plot the policy functions for zi0 for the baseline state space (Φ and the enlarged ones.



Table C.1: Upper bounds of state space for the baseline exercise.



τ¯ ≡



¯ Φ(ρ+φ h) ¯ 1+Φ(1+φ h)



z¯L (b/y in %) z¯H (b/y in %)



in %



¯ = 0.5 Φ



¯ = 0.55 Φ



¯ = 0.58 Φ



50



52.38



53.70



7.8819 (593.53) 8.5708 (640.93) 8.9546 (666.89) 7.8391 (554.56) 8.5288 (598.27) 8.9129 (622.11)



The lower bounds of the state space are (z L , z H ) = (−6.2355, −6.2911), which correspond to asset-to-output ratios that are 510.06% and 492.23% respectively.



include points where these functions cross each other for different values of the shocks (if they do). The entire discussion is based on the assumption that the computation of the Ramsey problem is a feasible task. The next section considers particular problems that may emerge.



12



C.2.3



Non-convexities and robustness checks for the baseline exercise



Non-convexities. The upper bounds of the state space have to be chosen in a judicious way and may require some experimentation in order to make the computation of the problem feasible and the numerical results credible. The main difficulty is coming from novel non-convexities in the implementability constraint that may lead to jumps in policy functions or even to non-convergence issues. The non-convexities come from the surplus in marginal utility units, Ω ≡ Uc c − Ul h, – a standard potential non-convexity in the time-additive setup–, and from the market value of the ρ−γ 1−γ zt+1 . For the particular utility function in the baseline exercise, government portfolio ωt ≡ Et mt+1 Ω is concave in (c, h). Furthermore, the market value of the government portfolio is linear in zi in the time-additive case. Thus, the particular Ramsey problem we solve is actually convex when γ = ρ = 1. However, with recursive utility, ρ = 1 < γ, even when we have a concave Ω, ω becomes a convex function of zi as figure C.4 shows (we need concavity of ω to guarantee a convex constraint set). Non-convexities in ω become stronger when a) the state space is increased b) the deviation from expected utility is larger, i.e. the difference of γ − ρ > 0 and c) the size/volatility of shocks is increased, since all these factors increase the quantitative importance of continuation values in the determination of ω. ¯ = 0.5. The I generated the state space by picking an upper bound that corresponds to Φ respective tax rate is 50% and the maximum debt-to-output ratio is pretty large, of the order of 550 − 600%. In order to check the robustness of the results, I recalculated the problem for state ¯ = 0.55, 0.58. Table C.1 reports the respective upper bounds. The spaces that correspond to Φ right graph in figure C.4 shows the corresponding policy functions. What is interesting to observe is that when the state space becomes larger, the planner is taking larger positions against low 0 shocks next period, zL0 , and smaller positions against large shocks, zH , even if he is at parts of the state space, for which he was not originally constrained. Thus, the fiscal hedging and the overinsurance of the planner are even stronger and the policy functions change in a non-trivial way. For large state spaces, the non-convexities become stronger and the policy functions start having small jumps (which become larger for larger state spaces), leading to convergence issues.



Medium-run. Table C.2 reports ensemble moments of 10000 sample paths of 2000 period length ¯ = 0.5 (that correspond to of the tax rate and the debt-to-output ratio for the baseline case of Φ figure 3 in the text) and for the enlarged state spaces. The same realization of shocks was used across the three simulations. The ensemble moments for this sample length across the three different state spaces show small differences of 1-2 basis points for the mean and 5-10 basis points for the standard deviation of the tax rate. The mean debt-to-output ratio may differ up to 40 basis points and the standard deviation up to 90 basis points. We conclude that medium term statistics are robust to small increases in the state space.
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Table C.2: Ensemble moments for larger state spaces. t=200



t=500



t=1000



t=1500 t=2000



¯ = 0.5 (baseline) Φ Tax rate in % Mean Standard deviation 95th percentile 5th percentile



22.38 0.43 23.12 21.66



22.47 0.69 23.68 21.4



22.62 0.99 24.34 21.08



22.76 1.25 24.96 20.88



22.93 1.48 25.54 20.73



1.57 15.37 27.51 -22.21



4.72 21.83 42.32 -29.05



7.75 27.44 55.98 -33.45



11.37 32.40 68.39 -36.78



22.46 0.71 23.68 21.37



22.60 1.02 24.37 21.03



22.74 1.3 25.03 20.81



22.91 1.55 25.67 20.63



1.19 15.64 28.19 -22.77



4.24 22.49 43.43 -30.12



7.27 28.53 58.10 -35.01



10.96 33.89 71.55 -38.78



22.46 0.70 23.68 21.39



22.60 1.01 24.35 21.05



22.74 1.28 25.00 20.83



22.91 1.52 25.63 20.67



1.28 15.49 27.83 -22.54



4.32 22.18 42.83 -29.68



7.32 28.07 57.34 -34.37



10.97 33.29 70.52 -37.98



Debt-to-output ratio in % Mean Standard deviation 95th percentile 5th percentile



-0.57 9.68 15.17 -16.51



¯ = 0.55 Φ Tax rate in % Mean Standard deviation 95th percentile 5th percentile



22.37 0.43 23.12 21.66



Debt-to-output ratio in % Mean Standard deviation 95th percentile 5th percentile



-0.78 9.75 15.33 -16.74



¯ = 0.58 Φ Tax rate in % Mean Standard deviation 95th percentile 5th percentile



22.37 0.43 23.12 21.66



Debt-to-output ratio in % Mean Standard deviation 95th percentile 5th percentile



-0.72 9.70 15.12 -16.65
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Figure C.5: The top panel displays the tax rate and the debt-to-output ratio for the first 250,000 periods of a 60 million long simulation. The lower panel displays the stationary distribution of these variables. The first 2 million observations were dropped. Long-run. It remains to be seen if there is a lot of probability mass in the upper parts of the state space where the policy functions change in a substantial way when the state space is enlarged. Figure C.5 provides information for the long-run simulation. The upper panels show how the positive drifts of the tax rate and the debt-to-output ratio break down when the upper bound of the state space is hit and the lower panels plot the respective stationary distributions. Figure C.6 contrasts the stationary distributions of the tax rate and the debt-to-output ratio for the baseline and enlarged state spaces and table C.3 reports the respective moments. The change in the moments of the tax rate across state spaces is small, whereas for the debt-to-output ratio is more noticeable. Note that the larger the state space, the more concentrated the distribution is and the thinner the upper tail of the tax rate and the debt-to-output ratio. It is worth noting that even in the baseline state space, the 95th percentile of the tax rate is 37.93%. The 95th percentile of z is 4.42 and falls to 4 for the larger state space (recall from table C.1 that the upper bounds are 7.9 − 9). We conclude that the upper parts of the state space where policy functions change in a substantial way, are visited much less than 5% in the stationary distribution.
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Figure C.6: Stationary distributions from a 60 million periods simulation for the three state spaces from left to ¯ = 0.5, 0.55, 0.58). The first 2 million periods were dropped. The same realization of shocks was used right, (Φ across the different state spaces.
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600



Table C.3: Moments of stationary distributions for different state spaces. ¯ = 0.5 Φ



¯ = 0.55 Φ ¯ = 0.58 Φ



Tax rate in % Mean 30.8618 30.6680 30.4484 St. Dev. 4.9355 4.5061 4.3403 95th pct. 37.8903 36.9837 36.5080 98th pct. 40.5975 38.3723 37.6479 99th pct. 50.5929 40.1709 38.7354 Debt-to-output ratio in % Mean 181.9735 178.0870 173.4902 St. Dev. 104.2824 95.5117 92.1834 95th pct. 334.4611 315.0606 304.9756 98th pct. 397.3001 348.7182 333.2482 99th pct. 551.1968 393.8507 361.4129 Debt in marginal utility units z Mean 2.3919 2.3376 2.2756 St. Dev. 1.3927 1.2720 1.2256 95th pct. 4.4096 4.1474 4.0110 98th pct. 5.2380 4.5785 4.3675 99th pct. 7.7684 5.1616 4.7275 Moments from the stationary distribution from a 60 million period simulation for the three state spaces from ¯ = 0.55, 0.55, 0.58). The first 2 million periods were dropped. The same realization of shocks left to right, (Φ was used across the different state spaces.
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Table D.1: Higher risk aversion or higher shock variance. Expected utility t=200



Recursive utility t=500 t=1000 t=1500



t=2000



Higher risk aversion (γ = 11) Tax rate in % Mean Standard deviation 95th percentile 5th percentile



22.30 0



22.39 0.50 23.25 21.57



22.49 0.80 23.90 21.26



22.65 1.15 24.66 20.89



22.80 1.46 25.39 20.65



22.99 1.74 26.1 20.48



-0.44 11.12 17.80 -18.48



1.92 17.76 31.82 -25.12



5.36 25.31 49.82 -33.14



8.69 32.02 66.02 -38.32



12.74 38.13 80.61 -42.22



Debt-to-output ratio in % Mean Standard deviation 95th percentile 5th percentile



-1.907 1.907



Higher shock variance Tax rate in % Mean Standard deviation 95th percentile 5th percentile



22.29 0



22.46 0.65 23.61 21.40



22.67 1.07 24.56 21.05



23.00 1.58 25.80 20.67



23.35 2.07 27.09 20.44



23.76 2.55 28.41 20.29



0.05 14.69 24.33 -23.57



4.65 23.73 45.58 -30.89



11.92 34.75 73.14 -39.31



19.44 45.47 101.54 -44.17



28.26 55.81 129.68 -47.51



Debt-to-output ratio in % Mean Standard deviation 95th percentile 5th percentile



-2.83 2.83



Ensemble moments for the case of higher risk aversion (γ = 11) or the case of shocks with a standard deviation that corresponds to 3% of average first-best output. In order to avoid sample uncertainty, I use the same realizations of shocks as in table C.2.



D



Higher risk aversion or more volatile shocks



It is natural to conjecture that larger risk aversion (fixing ρ to unity) or more volatile fiscal shocks that need to be insured against, will lead to more pronounced differences from the expected utility plan. Table D.1 reports the ensemble moments for two experiments of interest. At the upper part of the table risk aversion is increased to γ = 11, keeping the rest of the calibration the same. At the lower part, the standard deviation of the shocks is increased, keeping the mean value of the shocks and the rest of the parameters the same. In particular, I set gL = 0.068 and gH = 0.092 18



which correspond now to 17% and 23% of average first-best output, so the standard deviation of the share of government spending in average first-best output is 3% (instead of the baseline 2%). In both cases the increase over time of the ensemble moments of the tax rate and the debt ratio are larger than for the baseline case. For the higher risk aversion case the changes are small (since we only increased it to γ = 11) but still noticeable. For the higher volatility case (which still remains comparable to the typical calibration for post war U.S. data), the changes are more noticeable. For example at t = 2000 the tax rate has a standard deviation of 2.5%.
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Persistent shocks and fiscal insurance exercise Policy functions for z when current shock is low



Policy functions for z when current shock is high
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Figure E.1: Policy functions for debt next period, given a low or high current shock. The dotted line represents the market value of the government portfolio ω. The vertical lines denote the position of the optimal initial value of the state, z1 .
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Calibration of shocks, policy functions and some sample paths



Consider now the fiscal insurance exercise. I set b0 = 0.5 × 0.4 = 0.2 that corresponds to 50% of average first-best output. Let gt = G · exp(xt ) where xt = ρg xt−1 + gt a zero-mean AR(1) process. As Benigno and Woodford (2006) and Farhi (2010), I follow the standard calibration of Chari et al. (1994), ρg = 0.89, σg = 0.07, where σg the unconditional volatility, which implies a conditional volatility of 0.0319. This captures well the dynamics of government consumption in post-war U.S. data.4 I approximate the process with a symmetric Markov chain πii = 0.945, i = L, H and (xL , xH ) = (−0.07, 0.07). I set G = 0.2 × average first-best labor = 0.08. This leads to (gL , gH ) = (0.0746, 0.0858). The choice of G leads to a share of government expenditures in first-best output with mean 20.04% and standard deviation 1.2451%. The respective share of government expenditures in output at the second-best expected utility economy has mean 22.71% 4



Chari et al. (1994) use the annualized versions from Christiano and Eichenbaum (1992), who were using quarterly data for the period 1955:III-1983:IV. I use quarterly data for the period 1950:I- 2005:IV for nominal government consumption (NIPA Table 3.9.5 line 2) and deflate it with the respective price index (Table 3.9.4 line 2) in order to get real government consumption. The autocorrelation in linearly-detrended data is 0.9694 and the standard deviation 7.0157%, which leads to an annualized persistence parameter 0.8831 ' 0.89, so I stick to the numbers of Chari et al. (1994).
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Figure E.2: Random sample paths of the tax rate and the corresponding debt-to-output ratio for the Chari et al. (1994) shock specification. g
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Figure E.3: Sample paths for an alternating sequence of low and high shocks for the Chari et al. (1994) government spending specification. and standard deviation 1.38%.5 5



Working with an economy with capital, Chari et al. (1994) were calibrating this parameter in order to get a share of government spending that is 16.7% in the deterministic steady state. For the period 1950:I- 2005:IV the
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Figure E.4: Sample paths for an alternating sequence of low and high shocks for the baseline exercise. The rest of the calibration is the same except for a small change in the labor disutility parameter, which is set to ah = 7.8173 so that the household works 40% at the first best. For the state space ¯ = .59 and use 800 points for each state space Zi , i = L, H. For the final step of precision I I set Φ fit cubic splines with 267 breakpoints. Figure E.1 displays the policy functions for the persistent case. The graph shows that the relative debt position ηi = zi0 − ω, i = L, H is becoming large only when there is a switch from a high to low shock (and the opposite). This is because the persistent shock is weighted heavily in the market value of debt, ω, and therefore the relative debt position is large only when there is a transition to the other shock. Figure E.2 plots sample paths of the tax rate and the corresponding debt ratio, in order to get a feel of the persistence and volatility of these variables. In order to understand the dynamics of the optimal plan, consider at t = 1 a sample path of 10 low shocks, followed by a sequence of shocks that alternates between 15 high and 15 low shocks. Figure E.3 contrasts the expected and recursive utility plan for this shock realization. The planner is hedging fiscal shocks every period by taking a large state-contingent position against low shocks and a small against large shocks. Consequently, at each period that the shock remains low, the change in the tax rate is positive and the tax share of government consumption in GDP is 16% with standard deviation of 1.14%. If we enlarge the notion of government purchases to consumption consumption expenditures plus gross investment we get a mean share in output of 21.2% with standard deviation of 1.95%. For the same period, the model-implied share, i.e. the share of government consumption to the model notion of output, i.e. government consumption/(non-durable goods plus services plus government consumption), has mean 23% and standard deviation 1.90%.
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rate is increasing over time till the first switch. The debt position in marginal utility units is also increasing over time till the first switch, which translates to an increasing debt-to-output ratio.6 When the shock switches to the high value the opposite pattern emerges. The government, which allocates less distortions on high shocks, starts reducing the tax rate over time. Debt in marginal utility units drops when the shock becomes high and then starts to decrease slowly reflecting the decrease of the tax rate. The opposite pattern emerges again when we switch to the low shock. Remember that in the expected utility case the tax rate would stay constant and that debt in marginal utility units would fluctuate across two values.7 A similar picture obviously emerges for the baseline case, as figure E.4 shows. When shocks are i.i.d. though, changes in the tax rate are generally small. We will see that also in the next section where we contrast moments.
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Figure E.5: Ensemble moments of the simulation with persistent shocks from 30,000 sample paths. Figure E.5 displays the evolution of moments over time and table E.1 reports the exact numbers. What is important to note is that the positive drift and the standard deviation of the labor tax and the debt-to-output ratio are much stronger with persistent shocks and the stationary distribution 6



The increase in the debt position in marginal utility units over time is an outcome of the numerical finding that the value functions are concave in z for each shock, and therefore the absolute value of the slope, Φt , is increasing in z. 7 Even if I used a period utility function that would imply a fluctuating tax rate in the expected utility case (for a example a utility function with time-varying Frisch elasticity), the tax rate would not change over time unless there was a switch in the shocks. This is due to the history-independence property.
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Table E.1: Ensemble moments (persistent shocks). Expected utility



Recursive utility t=500 t=1000 t=1500



t=200 Tax rate in % Mean 24.78 St. Dev 0 95th pct 5th pct Debt-to-output ratio in Mean St. Dev. 95th pct 5th pct



51.15 10.17



t=2000



25.26 1.32 27.61 23.26 %



25.89 2.32 30.07 22.65



26.98 3.72 33.56 22.23



27.87 4.62 35.27 22



28.52 5.09 36.13 21.93



60.02 33.27 118.64 9



73.69 53.27 169.33 -1.40



97.25 81.92 242.39 -9.42



116.21 100.25 281.61 -13.92



130.14 109.50 307.51 -14.81



The table reports the expected utility moments and the ensemble moments with recursive utility that correspond to figure E.5.



Table E.2: Moments from the stationary distribution (persistent shocks). Stationary distribution τ in % b/y in % Mean St. deviation 95th pct 98th pct St. deviation of change Autocorrelation Corr(∆τ, g) Corr(∆τ, ∆g) Corr(τ, g)



30.49 5.52 38.10 46.94 0.4141 0.9972



Correlations -0.2649 Corr(∆b, g) -0.5783 Corr(∆b, ∆g) -0.1804 Corr(b, g)



172.15 117.05 356.86 528.45 12.48 0.9943



(τ, b, g) -0.3069 Corr(∆τ, b) -0.8941 Corr(∆τ, ∆b) -0.2737 Corr(τ, b)



0.0547 0.8316 0.9790



The simulation is 10 million periods long. The first million periods was dropped. The maximum tax rate is 57.4% and the maximum debt-to-output ratio 664.06%.



is reached quicker. The mean labor tax is 24.86% at t=1 and becomes 28.5% at t = 2000, and the standard deviation from almost 0.08% becomes 5% at t = 2000. Similarly the mean and the standard deviation of the debt-to-output ratio become 130% and 110% respectively at t = 2000.
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Table E.3: Comparison of moments for different shock specifications. Tax rate in %



i.i.d.



CCK shocks



2 × std(g)



Mean St. Dev St. Dev of ∆ Autocorrelation



30.86 4.94 0.17 0.9994



30.49 5.52 0.41 0.9972



31.26 7.76 0.90 0.9932



The table contrasts the moments of the stationary distribution for the baseline calibration in the text (first column), the Chari et al. (1994) specification (second column) and the case where the unconditional volatility of the Chari et al. (1994) shocks is doubled (third column).



Table E.2 reports the moments of the stationary distribution. The correlation Corr(∆τ, g) is smaller than in the baseline case in the text, due again to the small changes in tax rates when the shock remains the same. However, the correlation of changes in tax rates and changes in state-contingent debt remains highly positive, Corr(∆τ, ∆b) = 0.83. Finally, table E.3 contrasts the moments from the baseline i.i.d. exercise to the moments coming from the persistent specification of Chari et al. (1994). It considers also the moments from an exercise where the unconditional volatility of the persistent specification is doubled (in that case government expenditures are larger but they still do not resemble war-peace shocks). What is interesting to observe is that by having persistent shocks (with a smaller but similar unconditional volatility as in the baseline case), the unconditional volatility of the tax rate may increase a little, but the standard deviation of the change in the tax rate, ∆τ , is more than doubled, reaching 41 basis points. So there is much more action with persistent shocks (which is why the stationary distribution is reached quicker). If we double also the volatility of the shocks, the standard deviation of the change in tax rates reaches 90 basis points, and the unconditional volatility 7.5 percentage points. Consequently, if we increase the risk in the economy (by increasing the persistence and volatility of shocks), the quantitative effects of recursive utility on the optimal taxation problem become even more pronounced.
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Returns and risk premia



The return on the government portfolio can be written as



Rt+1



b0g0 zg0 0 (z, g) Uc (z, g) bt+1 = R(g 0 , z, g). = = · =P 0 t )b t+1 ) 0) p (g , g (g βω(z, g)/U (z, g) βω(z, g) U (z (z, g), g 0 t t+1 t+1 c c g gt+1



Figure E.6 plots the returns for the expected utility case (γ = 1) versus the recursive utility case (γ = 10). It shows that the government is reducing the return on the government debt when bad 25
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Figure E.6: The top panel displays the return on the portfolio of government debt for the time-additive case and the bottom panel for recursive utility. Government expenditure shocks are calibrated as in Chari et al. (1994).
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Figure E.7: Conditional mean and standard deviation of government portfolio returns resulting from the optimal policy and the constant Φ policy.
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Figure E.8: Conditional covariance of the stochastic discount factor with the returns of the government debt portfolio.



shocks realize and compensates bond-holders with high returns when government expenditures become small again. The opposite happens when the government holds liabilities against the private sector (bt < 0), i.e. it increases the returns on assets in bad times and reduces them in good times (which can be seen at the left quadrants of each graph in figure E.6). Figure E.7 contrasts the conditional mean and the standard deviation of the optimal debt returns to the suboptimal returns induced by constant excess burden policies. It shows how expected returns fall for large amounts of debt, which leads to the negative risk premium. Figure E.8 makes the same point by displaying the conditional covariance of the stochastic discount factor with debt returns. It starts negative and it becomes positive, making the government portfolio a hedge, when debt is high. Table E.4 reports moments of the optimal returns, the risk free rate and the market price of risk in the two economies at the stationary distribution. In the calculation of returns in the recursive utility economy, I excluded abnormal returns by trimming realizations above the 99.5 percentile and below the 0.5 percentile. This is because when debt becomes close to zero or when it switches to negative, returns become abnormally high (of the order of 1000%) or abnormally negative, due to divisions with numbers that are close to zero, as can been seen at the vertical asymptotes of figure E.6. The last column in the table excludes situations with assets (i.e. liabilities of the private sector towards the government), because the BLY methodology accommodates only debt. The mean and standard deviation of optimal returns do not differ much across the two economies.
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Table E.4: Returns of government portfolio and market price of risk. Expected utility



Recursive utility no outliers no outliers/no assets



Return in % Mean St. Dev.



4.2038 9.4426



4.39 8.4874



4.3338 8.0105



Risk-free rate in % Mean St. Dev.



4.1658 0.10266



4.1582 0.1122



4.1569 0.11262



Excess return in % Mean St. Dev.



0.037972 9.4419



0.2318 8.4875



0.1770 8.0135



SDF Mean St. Dev. MPR



0.96001 0.0040344 0.0042025



0.9601 0.0208 0.0216



0.9601 0.021 0.0218



Decomposition of variance of log SDF in % St. Dev of log(SDF) 0.42021 2.1584 St. Dev. of ∆ log(ct+1 ) 0.42021 0.4159 St. Dev. of log EZ term 1.7709



2.1758 0.4209 1.7837



The simulation is 10 million periods long and the first million of observations was dropped. Outlier returns have been excluded from the calculation of the statistics for the recursive utility economy. Outliers are observations above the 99.5 percentile and below the 0.5 percentile. The probability of negative debt (i.e. assets) is 4.4% at the stationary distribution. The excluded observations with either outliers or assets are 4.91 % of the sample.



The big differences emerge in the market price of risk, which becomes five times larger, from 0.004 to 0.021, despite the fact that there is limited risk due to small fiscal shocks and the absence of any other risks like technology shocks. The increase in the market price of risk comes mainly from an increase in the standard deviation of the recursive utility term. The standard deviation of consumption growth is about 0.42% in both economies but the recursive utility term has a standard deviation of 1.77%, leading to an overall standard deviation of the logarithm of the stochastic discount factor of 2.15%.
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Table E.5: Fiscal insurance in post-war U.S. data from Berndt et al. (2012). Valuation channel



Non-defense surplus channel



-0.3663 -0.0690 -0.2973



2.7962



9.61 1.81 7.8



73.34



Beta Current Future Fraction in % Current Future



Fiscal adjustment betas and fiscal insurance fractions in Berndt et al. (2012) (Table 3, page 85). They do not decompose the surplus channel to current and future news. The empirical correlation of news to defense spending with news to debt returns and non-defense surpluses is −0.72 and 0.40 respectively.



E.4



Fiscal insurance in Berndt et al. (2012) and log-linear approximation constants



Table E.5 reproduces the fiscal adjustment betas and fractions of Berndt et al. (2012) for the reader’s convenience. The log-linear approximation of Berndt et al. (2012) is based on the assumption of positive debt and on the assumption that the government is running on average a surplus. The approximation is around the unconditional means of the logarithmic tax-revenue-to-debt and governmentexpenditures-to-debt ratios. Define µτ b ≡ exp(E(ln Tt /bt )) and µgb ≡ exp(E(ln gt /bt )). The approximation constants are



µT ≡



µτ b µτ b − µgb



µgb µτ b − µgb ≡ 1 + µgb − µτ b



µg ≡ µT − 1 = ρBLY



It is assumed that µτ b > µgb and that µτ b − µgb < 1. Thus, the government is running on average a surplus, but this surplus is not large enough to pay back the entire stock of current liabilities. These two assumptions imply that ρBLY ∈ (0, 1). The constant ρBLY stands effectively for the value of the newly issued debt as a fraction of current liabilities (and is smaller than unity since the government is running a primary surplus instead of a deficit). The parameters (µT , µg ) can be interpreted as average tax revenues and government expenditures as fractions of the surplus. As such, they both decrease when tax revenues are large, which is the case in an economy with recursive utility.



29



Fiscal shocks and news to returns, expected utility News to g News to R



0



-5



0



-5



5



10



15



20



25



30



35



40



45



50



5



10



15



20



25



30



35



40



45



t



Fiscal shocks and news to returns, recursive utility



Fiscal shocks and news to revenues, recursive utility



News to g News to R



News to g News to T



%



5



0



-5



0



-5



5



10



15



20



25



30



35



40



45



50



5



10



15



20



t



25



30



35



40



45



t



Figure E.9: BLY decomposition of fiscal shocks to news in returns and news to revenues for expected and recursive utility.
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Fiscal shocks and news to revenues, expected utility



News variables



Expected utility. In order to calculate the news/surprise variables in the decomposition of the intertemporal budget constraint, we are going to use properties of the history independence of the Lucas and Stokey (1983) allocation. Assume that we need to calculate the variable



It+1 ≡ (Et+1 − Et )



∞ X



i



ρ ∆yt+i+1 =



i=0



∞ X



ρi (Et+1 − Et )∆yt+i+1



i=0



where yt = y(gt ) and gt Markov with transition matrix Π. Let egt denote the column vector with unity at the position of the shock at t, gt , and zero at the rest of the rows. Collect the values of y in the column vector y. We have yt = e0gt y and Et yt+i = e0gt Πi y. After some algebra and using properties of discounted sums of Markov matrices, we get



  I(gt+1 |gt ) = (e0gt+1 I − e0gt Π) I + ρ(I − ρΠ)−1 (Π − I) · y



(E.1)



This formula can be used for the calculation of news in the growth rate of fiscal shocks and news in the growth rate of tax revenues. Consider now the case of returns, that are described by a matrix R ≡ [R(g 0 |g)], where R 30



50



denotes now the logarithmic return. Define xt ≡ Et



P∞



i=0



ρi Rt+1+i , which satisfies the recursion



xt = Et Rt+1 + ρEt xt+1 . We have xt = x(gt ), and



x(g) =



X



π(g 0 |g)R(g 0 |g) + ρ



X



g0



π(g 0 |g)x(g 0 ), ∀g.



g0



This recursion delivers the system  π(g|1)R(g|1)   x =  ...  + ρΠx P g π(g|N )R(g|N )  P



g



= (Π ◦ R) · 1 + ρΠx, where 1 the N × 1 unit vector. Thus, x = (I − ρΠ)−1 (Π ◦ R) · 1. P i Define now yt+1 ≡ Et+1 ∞ i=0 ρ Rt+i+1 (this is a different y than the vector defined in (E.1)). R ≡ yt+1 − xt . We have yt+1 = Rt+1 + ρEt+1 yt+2 , We want to calculate the surprise in returns, It+1 which implies



y(g 0 |g) = R(g 0 |g) + ρ



X



π(ˆ g |g 0 )y(ˆ g |g 0 )



(E.2)



gˆ



Let the matrix Y ≡ [y(g 0 |g)] collect the unknowns y(g 0 |g). From recursion (E.2) we get that each j column vector of Y satisfies the system







   y(j|1) R(j|1)     0 0 ...  ...  =   + ρ1ej ΠY ej , j = 1, ..., N y(j|N ) R(j|N ) Putting the N systems together delivers
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Y = R + ρ[1e01 ΠY0 e1 , ..., 1e0N ΠY0 eN ] In order to solve for Y, we need to use the vec operator. After a lot of algebra we get



vec(Y) = vec(R) + ρ · A vec(Y) ⇒ vec(Y) = [IN 2 ×N 2 − ρA]−1 vec(R), where    A≡  



e01 Π ⊗ [1N×1 , 0N×1 , ..., 0N×1 ] e02 Π ⊗ [0N×1 , 1N×1 , ..., 0N×1 ] ... 0 eN Π ⊗ [0N×1 , 0N×1 , ..., 1N×1 ]



     



The matrix A is a partitioned matrix of dimension N 2 × N 2 with blocks of dimension N × N 2 . Recursive utility. The previous formulas cannot be used for the recursive utility economy because of the dependence on the state z. To calculate the surprise in returns, It+1 ≡ yt+1 − xt , we need to solve numerically for the functions x and y from the following two recursions:



x(z, g) =



X



π(g 0 |g)R(g 0 , z, g) + ρ



g0



y(g 0 , z, g) = R(g 0 , z, g) + ρ



X



π(g 0 |g)x(zg0 0 (z, g), g 0 )



g0



X



π(i|g 0 )y(i, zg0 0 (z, g), g 0 )



i



Similar calculations are necessary for the news in tax revenues. To conclude, figure E.9 plots sample paths of news to spending and news to returns and surpluses. News to tax revenues are positively correlated with news to spending for expected utility and negatively correlated for recursive utility.



E.6



Linear approximation



In order to be able to use the log-linear methodology of Berndt et al. (2012), I ignored observations with negative debt that had probability 4.4% at the stationary distribution. In this section, I approximate the government budget constraint linearly, which allows the inclusion of bt < 0. The right-hand-side of equation (28) in the text can be approximated as
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Table E.6: News to expenditures, returns and revenues (linear). Expected utility



Ig IR IT



Ig IR 0.0175 -0.9848 0.0158 1 -0.9848



Recursive utility IT



0.0024



Ig IR IT 0.0169 -0.5673 0.0552 -0.6796 0.3602 0.0163



Standard deviations (on the diagonal– not multiplied with 100) and correlations of the news variables in the linear approximation.



Table E.7: Fiscal insurance (linear). Expected utility Valuation channel Surplus channel Beta Current Future Fraction in % Current Future



Recursive utility Valuation channel Surplus channel



-0.8869 -0.9191 0.0322



0.1398 0.0204 0.1194



-1.8482 -1.9145 0.0663



-0.6557 -0.0106 -0.6451



88.69 91.91 -3.22



13.98 2.04 11.94



184.82 191.45 -6.63



-65.57 -1.06 -64.51



Fiscal adjustment betas and fiscal insurance in the linear approximation. The approximation constants are ¯ ρlinear ) = (0.1730, 0.9597) and (B, ¯ ρlinear ) = (0.5539, 0.9579) for the expected and recursive utility case (B, respectively.



¯ t+1 + R[b ¯ t + gt − Tt ] bt+1 = const. + BR ¯ ≡ ¯b + g¯ − T¯, and (R, ¯ ¯b, T¯, g¯) = (E(R), E(b), E(T ), E(g)), the respective unconditional where B ¯ stands for the average market value of new debt that the government has to issue means. Thus, B in order to finance the primary deficit, gt − Tt , and past obligations, bt . Ignore the constant and rewrite the budget constraint as



¯ t+1 + ρlinear bt+1 , bt = Tt − gt − ρlinear BR ¯ −1 . Solve forward, take expectations and use an asymptotic condition to get where ρlinear ≡ R
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bt = E t



∞ X



ρilinear







Tt+i − gt+i − Et



i=0



∞ X



¯ t+i ρilinear BR



i=1



Update one period, take expectation with respect to information at t and calculate the news (surprises) as



bt+1 − Et bt+1 + (Et+1 − Et )



∞ X



¯ t+1+i ρilinear BR



= (Et+1 − Et )



i=1



∞ X



ρilinear Tt+i+1 − gt+1+i







i=0



¯ t+1 − Use the fact that a surprise in debt is a (scaled) surprise in returns, bt+1 − Et bt+1 = B(R Et Rt+1 ), to finally get



g,linear R,linear T,linear It+1 = −It+1 + It+1 ,



where



g,linear It+1



≡ (Et+1 − Et )



R,linear It+1 ≡ (Et+1 − Et )



∞ X i=0 ∞ X



ρilinear gt+i+1 ¯ t+i+1 ρilinear BR



i=0 T,linear It+1 ≡ (Et+1 − Et )



∞ X



ρilinear Tt+i+1 .



i=0



Thus, news in the present value of spending can be decomposed as news in returns and news in tax revenues, furnishing the same interpretation as in the text, without restricting attention to the case of positive debt. We get 1 = −βRlinear + βTlinear , where βilinear , i = R, T the respective fiscal adjustment betas. The valuation channel (in %) is −100 · βRlinear and the surplus channel is 100·βTlinear . Table E.7 compares fiscal insurance in the expected utility case and the recursive utility case using the linear approximation and delivers the same result as the BLY log-linear method: the valuation channel absorbs a much larger fraction of the shocks in the recursive utility economy (185%) and the surplus channel is negative (−65%). The size of the two channels is similar to the one reported in the text, so the exclusion of negative debt was not affecting the results in any substantial way. The only difference is in the decomposition of the surplus channel in terms of a current and future channel. In the linear decomposition, the future surplus channel (which calculates surprises in levels) is much more active than in the log-linear decomposition (which
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Table E.8: Effect of approximation constants. Expected utility (log-linear) Valuation channel Surplus channel Beta Current Future Fraction in % Current Future



Expected utility (linear) Valuation channel Surplus channel



-3.0074 -3.3491 0.3417



0.6096 2.1988 -1.5892



-0.8364 -0.9286 0.0922



0.1671 0.0243 0.1428



83.49 92.98 -9.49



16.92 61.04 -44.12



83.64 92.86 -9.22



16.71 2.43 14.28



Fiscal insurance fractions in the expected utility case when initial debt is equal to the mean of the stationary distribution of debt with recursive preferences. We set b0 = 0.6063 fot the log-linear exercise (where return outliers and assets are excluded) and b0 = 0.5771 in the linear exercise here (where only return outliers are excluded). The corresponding approximation constants are (µg , µτ , ρBLY ) = (3.6022, 4.6022, 0.9595) ¯ ρlinear ) = (0.5048, 0.9599) (linear case). These are similar to the approximation (log-linear case) and (B, constants in the recursive utility case.



calculates surprises in growth rates).



E.7



Effect of approximation constants



The level of average debt in the expected utility case is effectively determined by the level of initial debt. In contrast, in the recursive utility economy, long-run debt does not depend on the initial conditions and assumes pretty high levels. As a result, the approximation constants in either the ¯ ρlinear ) are very different when we switch log-linear (µg , µT , ρBLY ) or in the linear approximation (B, to the recursive utility case. This could lead to the concern that the expected utility numbers are somehow biased, due to low initial debt. Table E.8 performs the following thought experiment: it calculates the valuation and surplus channel for an expected utility economy with initial debt equal to the mean of the stationary distribution of the economy with recursive preferences (which started with low initial debt). This choice of initial debt leads to approximation constants in the expected utility economy that are similar to the approximation constants in the recursive utility economy. Still, the levels of the valuation and the surplus channel with expected utility do not change substantially. With high initial debt, the valuation channel is about 83% and the surplus channel about 17% (contrasting to 87% and 13% with low initial debt in the text). Thus, the same conclusions are drawn, i.e. the planner uses much more actively the valuation channel in an economy with recursive preferences.
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Example in an economy with capital
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Analysis Excess burden of taxation Φ
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Figure F.1: Paths of the excess burden of taxation and the labor tax for the high-shock and low-shock history. Consider a simplified stochastic structure – deterministic except for one period. Let government expenditures take two values gL < gH . Assume that government expenditures are low with certainty except for t = 2. At t = 2 we have g2 = gH with probability π and g2 = gL with probability 1 − π. I use superscripts for the endogenous variables in order to denote if we are at the high-shock history (g2 = gH ) or at the low-shock history (g2 = gL ). For example, cit , i = H, L, denotes consumption at period t ≥ 2 when the shock at t = 1 is high or low respectively. Let the utility function be the same as in the numerical exercise section without capital. The calibration is provided in the next section. The deterministic setup after the second period serves as an example of a case where the excess burden of taxation stays permanently at the values it assumes at t = 2. In particular, since there is no uncertainty before and after t = 2, we have Φ1 = Φ0 and Φit = Φi2 , i = H, L, t ≥ 2. Turning to the issue of fiscal hedging, we find that the planner is taking a larger wealth position in marginal utility units at the low shock, z2H < z2L . As a result, he transfers distortions permanently towards L the low-shock history and away from the high-shock history, so ΦH 2 < Φ2 . The left panel in figure F.1 plots the respective paths for the excess burden of taxation and the right panel the labor tax dynamics. Recall that this utility function implies a constant labor tax for t ≥ 1 in the time36



Labor paths for γ = 1



Labor paths for γ = 10 g2 = gL



0.355



g2 = gH



h



0.35



h



0.35



g2 = gL



0.355



g2 = gH



0.345



0.345



0.34



0.34



0.335 012



5



10



15



20



25



30



35



0.335 012



40



5



10



t



g2 = gL



25



30



35



40



g2 = gL



0.32



g2 = gH



0.28



g2 = gH



0.3



c



0.3



c



20



Consumption paths for γ = 10



0.32



0.28



0.26 012



5



10



15



20



25



30



35



0.26 012



40



5



10



t



15



20



25



30



35



40



t



Capital paths for γ = 1



Capital paths for γ = 10



1.6



1.6



1.5



k



k



15



t



Consumption paths for γ = 1



1.5



g2 = gL 1.4



g2 = gL 1.4



g2 = gH



012



5



10



15



20



25



30



35



40



012



t



g2 = gH 5



10



15



20



25



30



35



40



t



Figure F.2: Left panels depict the labor, consumption and capital paths for the expected utility case (γ = 1) for the high- and low-shock history. Right panels depict the respective paths for recursive utility (γ = 10), which converge to two different steady states depending on the realization of the shock at t = 2. additive case. With recursive utility, despite the fact that government expenditures revert to a low value with certainty after t = 2, the labor tax becomes permanently low when there is an adverse shock at t = 2 and permanently high when there is favorable shock at t = 2. The planner keeps the the tax rate permanently low or high, because any change in the tax rate in future periods will affect the price of claims at t = 2, due to the forward-looking nature of continuation utility. Consider for example the high shock-history. If the planner increased the tax rate at any period t ≥ 3, he would decrease the utility of the agent at t = 2, leading therefore to a higher price of the claim contingent on g2 = gH . This is not optimal though, since the planner is hedging the bad shock with a small position, z2H < z2L , and therefore wants to have a low price, i.e. a high state-contingent return on his negative relative wealth position. Turning to the capital tax, in the time-additive economy there is a zero ex-ante capital tax at t = 2 and a zero capital tax for t ≥ 3.8 For the recursive utility case, the capital tax will be zero 8



The presence of initial wealth (which would be absent if we had zero initial debt, full depreciation and an initial tax rate on capital income of 100%) alters the taxation incentives for labor income at t = 0 and capital income at t = 1. In particular, the planner has an incentive to increase initial consumption in order to reduce initial wealth in marginal utility units. By subsidizing initial labor income and taxing capital income at t = 1, he is able to achieve that. The labor subsidies at the initial period are τ0 = −17.69% for the time-additive case and τ0 = −17.76% for the recursive utility case. Following Chari et al. (1994), I do not impose an upper bound on capital taxes. At t = 1 they take the values τ1K = 365.31% and τ1K = 365.74% for the time-additive and recursive utility case respectively.



37



for t ≥ 3 since the economy becomes deterministic and the utility function belongs to the constant elasticity class. For t = 2, the ex-ante tax rate will not be zero and its sign depends on the fiscal hedging of the government, as discussed in the text. Figure F.2 plots the time paths for labor, consumption and capital for the two histories. Consumption (labor) at t = 2 is lower (higher) when the expenditure shock is high, putting therefore a larger weight on the state-contingent “subsidy”. As a result, we have an ex-ante subsidy, that takes the value of −0.5536% in this illustration. In addition, it is worth noting that, since the change in the labor tax is permanent, we have two different steady states depending on what value government expenditures took at t = 2. For the high-shock history, which is associated with a lower labor tax, the steady state entails higher labor, consumption and capital, whereas for the low-shock history, which is associated with a higher labor tax, the steady state involves lower labor, consumption and capital.



F.2



Computational details



The production function is F = k α h1−α . The parameters for the illustration are (β, γ, φh , α, δ, τ0K , b0 ) = (0.96, 10, 1, 1/3, 0.08, 0.3, 0) with a total endowment of time normalized to unity. The parameter ah is set so that the household works 0.4 of its time at the first-best steady state. The size of gL is set so that the share of government expenditures in the first-best steady state output is 0.22. The high shock is gH = 2 · gL and π = 0.5. The economy features a low shock for each period except for t = 2, which is the reason why I use a relatively large gH . For the utility function of the example we have Ω(c, h) = 1 − ah h1+φh and τt = τ (Φt ) = Φt (1 + φh )/(1 + Φt (1 + φh )), which holds only for t ≥ 1 due to the presence of initial wealth W0 . The procedure to solve the problem involves a double loop for the determination of Φi2 , i = H, L and Φ0 . L • Inner loop: Fix Φ0 and make a guess for (ΦH 2 , Φ2 ). Given these two values of the excess burden of taxation, the problem from period t = 3 onward for both histories behaves as a deterministic Ramsey taxation problem, but with different Φ’s depending on the high- or low-shock history. In order to solve it, modify the return function as Chari et al. (1994) do, by defining U¯ (c, 1 − h; Φ) ≡ U (c, 1 − h) + ΦΩ(c, h). For the high-shock history, for t ≥ 3 solve the Bellman equation,



CCK 0 (k ) v CCK (k) = max0 U¯ (c, 1 − h; ΦH 2 ) + βv c,h,k



subject to c + k 0 − (1 − δ)k + gL = k α h1−α , with the return function U¯ (c, 1 − h; ΦH 2 ) = h1+φh H 1+φh ). For the low-shock history, for t ≥ 2, solve the same Bellln c − ah 1+φh + Φ2 (1 − ah h The desire to disentangle the effect of the initial conditions from the effect of uncertainty is the reason why I let the shock materialize at t = 2.
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man equation but with the return function U¯ (c, 1 − h; ΦL2 ). To determine the wealth positions z2i and the respective innovations that allow the update of the guesses for Φi2 , proceed as follows: Fix k3H and consider the respective Euler equation: k3H α−1  1  1 =β H 1−δ+α H cH c3 h3 2 Given k3H and the policy functions we found from solving the Bellman equation, the righthand side is known, determining therefore cH 2 . Furthermore, use the intratemporal wedge h i 1 α (1−τ2H )(1−α) α+φh α+φh H condition for g2 = gH to get h2 = , where τ2H = τ (ΦH k H 2 2 ). Plug the ah c2 H H expression for labor in the resource constraint at g2 = gH , c2 + k3 − (1 − δ)k2 + gH = 1−α k2α (hH to get one equation in the unknown k2 and use a non-linear solver to determine 2 ) it. Furthermore, use the policy functions for t ≥ 3 to determine v3H and z3H . Utilities are calculated with the original period utility function (and not with the modified U¯ ). Finally, H H H H H H H H H use (cH 2 , h2 ) to get v2 = U (c2 , 1 − h2 ) + βv3 and z2 = Ω(c2 , h2 ) + βz3 . Use now the policy functions for the low-shock history to determine v2L and z2L at k2 . Having the utility values and the wealth positions at t = 2 allows us to calculate the induced likelihood ratios H L L mi2 , i = H, L, the market value of the wealth portfolio ω1 = πmH 2 z2 + (1 − π)m2 z2 and therefore the relative wealth positions η2i = z2i − ω1 , i = H, L, given the guess for Φi2 . Use Φ0 the innovations η2i to update the guess for Φi2 , Φi2 = 1+(1−β)(1−γ)η , i = H, L and iterate till i 2 Φ0 convergence. • Outer loop: After we reach convergence for Φi2 , calculate the rest of the allocation for t = 0, 1 given the initial Φ0 . In particular, the Euler equation for k2 is



1 1  = βπmH 2 H H 1−δ+α c1 Φ 0 c2 Φ2







k2 hH 2



α−1







+ β(1 −



1 π)mL2 L L [1 c2 Φ2



 −δ+α



k2 hL2



α−1







.



The right-hand side is known, which delivers c1 . Express now labor at t = 1 as h1 = i 1 h α (1−τ1 )(1−α) α+φh α+φh k1 , τ1 = τ (Φ0 ) and use this expression to solve for k1 from the resource ah c1 constraint. Calculate furthermore z1 = Ω(c1 , h1 )+βω1 . The initial period requires a different   treatment due to the presence of initial wealth W0 = b0 + (1 − τ0K )α(k0 /h0 )α−1 + 1 − δ k0 . Use the Euler equation for capital to get the initial value of the multiplier λ0 , λ0 = cβ1 [1 − δ + α(k1 /h1 )α−1 ]. Then use the first-order conditions for (c0 , h0 ), (A.7)-(A.8) and the resource constraint at t = 0 to get a system in three unknowns (c0 , h0 , k0 ) to be solved with a nonlinear solver. Update Φ0 by calculating the residual in the initial budget constraint, I ≡ Ω(c0 , h0 ) + βz1 − c10 W0 . If I > (


redetermine Φi2 , i = H, L given the new Φ0 . Stop when the initial budget constraint holds, I = 0. The solution method for the outer loop is based on a fixed value k3H , which delivers in the end an initial value of capital k0 . I experimented with k3H so that the endogenous initial capital corresponds to 0.9 of the first-best steady state capital. . There is plethora of methods for solving the Bellman equation. I use the envelope condition method of Maliar and Maliar (2013). I approximate the value function with a 5th degree polynomial in capital and I use 100 grid points. Furthermore, since the steady-state capital depends on Φi2 , I re-adjust the bounds of the state space for each calculation of the value function in order to focus on the relevant part of the state space. For the high-shock history, I set the lower bound H H ¯ = 1.05 · max(k3H , kss ). In the same vain, for ) and the upper bound K as K = 0.95 · min(k3H , kss L L ¯ the low-shock history, I set K = 0.95 · min(k2 , kss ) and K = 1.05 · max(k2 , kss ). The variables i , i = H, L denote the respective steady states. kss
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G



Sequential formulation of Ramsey problem



Readers accustomed to optimal taxation problems with complete markets may wonder how the excess burden of taxation can be time-varying when there is a unique intertemporal budget constraint. I employ here a sequential formulation of the problem and show the mapping between the optimality conditions of the two formulations in order to make clear where this result is coming from. In short, the time-varying Φt in the recursive formulation reflects the shadow value of additional “implementability” constraints in the sequential formulation of the problem that arise even in a complete markets setup.9 The benefit of the recursive formulation of the commitment problem, besides illuminating obviously that z is the relevant state variable, is the succinct summary of the effects of continuation values in terms of a varying marginal cost of debt. This allows a clean comparison with the time-additive expected utility case. There are obvious similarities in spirit with the optimal risk-sharing literature with recursive preferences, which expresses risk-sharing arrangements in terms of time-varying Pareto weights (see for example Anderson (2005)).10 I consider an economy with capital. The specialization of the analysis to an economy without ρ−γ



capital is obvious. Let Xt ≡ Mt1−γ , X0 ≡ 1. Let v refer to the ρ-transformation of the utility criterion. The Ramsey problem is



max v0 ({c}, {h}) subject to



∞ X t=0



βt



X



πt (st )Xt (st )Ω(ct (st ), ht (st )) = Uc0 W0



(G.1)



st



ct (st ) + kt+1 (st ) − (1 − δ)kt (st−1 ) + gt (st ) = F (st , kt (st−1 ), ht (st )) Xt+1 (st+1 ) = mt+1 (st+1 )



ρ−γ 1−γ



Xt (st ),



(G.2)



X0 ≡ 1



(G.3)



vt (st ) = U (ct (st ), 1 − ht (st )) hP   1−γ i 1−ρ t t+1 1−ρ 1−γ −1 ) st+1 πt+1 (st+1 |s ) 1 + (1 − β)(1 − ρ)vt+1 (s , +β (1 − β)(1 − ρ)



t≥1



(G.4)



ρ−γ



9



These constraints describe utility recursions and the law of motion of Mt1−γ . In the case of the multiplier preferences of Hansen and Sargent (2001), it is natural to think of the utility recursions as implementability constraints since they correspond to optimality conditions of the malevolent alter-ego of the household, that minimizes the household’s utility subject to a penalty. See Karantounias (2013). This minimization procedure would also emerge naturally if we expressed recursive utility as the variational utility of Geoffard (1996). 10 Note also that recursive utility adds z as a state variable to the optimal taxation problem, whereas z can be ignored in the time-additive case. The reason is that z is necessary for the determination of the Ramsey plan only though its shadow cost, Φ. When the excess burden of taxation is constant, the return function of the second-best problem can be augmented in such a way, so that z becomes redundant as a state variable. See Lucas and Stokey (1983) or Zhu (1992) and Chari et al. (1994).
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 where W0 ≡



R0K k0



+



b0 , (b0 , k0 , s0 , τ0K )



given, and mt+1 =



1+(1−β)(1−ρ)vt+1







 1−γ 1−ρ



Et 1+(1−β)(1−ρ)vt+1



.  1−γ 1−ρ



¯ β t πt λt , β t πt νt and β t πt ξt on (G.1), (G.2), (G.3) and (G.4) respectively. Assign multipliers Φ, The derivative of the utility index with respect to ct+i can be calculated recursively from the ∂Vt ∂µt ∂Vt+1 t 0 = (1−β)V0ρ β t πt Xt Uct relationship ∂c∂Vt+i = ∂µ , i ≥ 1. Similarly for labor. This leads to ∂V ∂ct t ∂Vt+1 ∂ct+i 0 0 = −(1−β)V0ρ β t πt Xt Ult . For the ρ-transformation that we use here we have ∂v = β t πt Xt Uct and ∂V ∂ht ∂ct 0 and ∂v = −β t πt Xt Ult . The first-order necessary conditions are ∂ht



ct , t ≥ 1 : ht , t ≥ 1 : kt+1 (st ), t ≥ 0 :



¯ t (st )Ωc (st ) + ξt (st )Uc (st ) = λt (st ) Xt (st )Uc (st ) + ΦX ¯ t (st )Ωh (st ) − ξt (st )Ul (st ) = −λt (st )FH (st ) −Xt (st )Ul (st ) + ΦX X λt (st ) = β πt+1 (st+1 |st )λt+1 (st+1 )[1 − δ + FK (st+1 )]



(G.5) (G.6) (G.7)



st+1



Xt (st ), t ≥ 1 :



¯ t (st ) + β νt (st ) = ΦΩ



X



ρ−γ



πt+1 (st+1 |st )mt+1 (st+1 ) 1−γ νt+1 (st+1 )



(G.8)



st+1



vt (st ), t ≥ 1 :



ρ−γ



ξt (st ) = (1 − β)(ρ − γ)Xt (st )φt (st ) + mt (st ) 1−γ ξt−1 (st−1 ),



(G.9)



where



φt (st ) ≡ Vt (st )ρ−1 νt (st ) − µt (st )ρ−1



X



ρ−γ



πt (st |st−1 )mt (st ) 1−γ νt (st ),



st



and ξ0 ≡ 0. The optimality conditions with respect to the initial consumption-labor allocation are (A.7) and (A.8). I will show now the mapping between the sequential formulation and the recursive formulation and in particular the relationship between the time-varying Φt and ξt . Solve at first (G.8) forward to get



¯ t νt = ΦE



∞ X



βi



i=0



Xt+i Ωt+i Xt



¯ ct Wt = Φz ¯ t , i.e. νt – the shadow value to the planner of an increase in and therefore νt = ΦU ¯ Thus, φt –the Xt – is equal to wealth (in marginal utility terms) times the cost of taxation Φ. ¯ t . Furthermore, define the “innovation” in the multiplier νt – is equal to a multiple of ηt , φt = Φη scaled multiplier ξ˜t ≡ ξt /Xt , ξ˜0 ≡ 0 and note that it follows the law of motion
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ξ˜t = (1 − β)(ρ − γ)φt + ξ˜t−1 t t X X ¯ = (1 − β)(ρ − γ) φi = (1 − β)(ρ − γ) ηi Φ i=1



i=1



Turn now to the multiplier in the text which, when solved backwards, delivers Φt = Φ0 /(1+(1− P β)(ρ − γ) ti=1 ηi Φ0 ), where Φ0 is the multiplier on the initial period implementability constraint. ¯ we have Thus, by setting Φ0 = Φ



Φt =



¯ Φ , 1 + ξ˜t



(G.10)



¯ t /(Xt + ξt ). Therefore, the time-varying excess or, in terms of the non-scaled ξt , Φt = ΦX burden of taxation captures the shadow value of continuation utilities that determine intertemporal marginal rates of substitution. Consider now the multipliers λt in the sequential formulation and their relationship to their counterparts in the recursive formulation, λR t . (G.5) can be written as ¯ t t Ωct = Xtλ+ξ . Recall that the optimality condition with respect to consumption in the Uct + XΦX t +ξt t R recursive formulation is Uct + Φt Ωct = λR t . Use then (G.10) to get that λt = (Xt + ξt )λt . Thus,



λt+1 Xt+1 + ξt+1 λR Xt+1 t+1 = = R λt Xt + ξt λt Xt ρ−γ 1−γ = mt+1



¯ t ΦX Xt +ξt ¯ t+1 ΦX Xt+1 +ξt+1



λR t+1 λR t



λR t+1 Φt . λR t Φt+1



? Thus, (G.7) delivers the same condition as equation Et St+1 (1 − δ + FK,t+1 ) = 1 in the text.
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Fiscal hedging
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Figure H.1: The graph denotes the fiscal hedging the the “under-insurance” in comparison to expected utility, when there is preference for late resolution of uncertainty.



H



Preference for late resolution of uncertainty



Assume the same utility function as in the numerical exercise in the main text and set γ = 0 < ρ = 1. Let the rest of the preference parameters and the shocks be the same as in the baseline exercise with no persistence. The left graph of figure H.1 shows that the planner still hedges adverse shocks by selling more claims against good times and less claims against bad times. But debt becomes now more expensive in good times, due to the love of future utility volatility. Therefore, the planner issues less debt against good times (and taxes less) and more debt against bad times (and taxes more), effectively “under-insuring” with respect to expected utility. This is displayed in the right graph of figure H.1. Table H.1 displays the positive correlation of changes in tax rates with government spending and figure H.2 displays the ensemble moments of the tax rate and the debt ratio. Note that the positive drift is very small for this parametrization. In the computational section I highlighted the non-convexities in the implementability constraint budget that emerge with recursive utility. These non-convexities disappear in the case of ρ > γ as figure H.3 shows. This allows also the increase of the upper bounds of the state space. I ¯ = 3, which corresponds to a tax rate of 85.41% and to upper bounds build the state space with Φ (¯ zL , z¯H ) = (18.6064, 18.5773). These upper corresponds to values of debt that are 10.99 and 9.8 multiples of output. In (very) long simulations we noted that the upper bound is not innocuous, in the sense that the tax rate tends to put most of its mass towards it, as can been seen in figure 4(a). Figure 4(b) plots the stationary distributions of the tax rate and debt, which exhibit large 44
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Figure H.2: Ensemble moments of 10,000 sample paths of 50,000 period length. The increase in the mean tax rate is very small for sample paths of this length and the particular calibration.



Table H.1: Statistics of sample paths for late resolution of uncertainty. Recursive utility 200 periods 2000 periods 50000 periods Autocorrelation of τ



0.9792



0.9979



0.9999



Correlation of ∆τ with g



1



1



0.9999



Correlation of ∆τ with output



1



0.9999



0.9963



Correlation of ∆b with g



-0.6991



-0.6974



-0.6968



Correlation of ∆b with ∆τ



-0.6991



-0.6974



-0.6971



Correlation of τ with g



0.1105



0.0353



0.0070



Correlation of τ with output Correlation of b with τ



0.1049 0.0302



0.0177 0.3656



-0.0775 0.9049



The table reports median sample statistics across 10000 sample paths of variable lengths.



probability mass at the right tails (the debt distribution is actually bimodal). This is in contrast to the baseline exercise of the paper with aversion to utility volatility, where the upper tails are thin.
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Figure H.3: The market value of debt ω as function of the state-contingent positions when γ = 0 < ρ = 1.
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(a) Long Simulation. Stationary distribution of tax rate
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Stationary distribution of debt-to-output ratio
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(b) Stationary distributions.



Figure H.4: Stationary distributions from a simulation ofp60 million periods. The first 20 millionpperiods were dropped. The first and second moments (in %) are (E(τ ), (1014.97, 69.46).
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Var(τ )) = (80.38, 4.98) and (E(b/y),



Var(b/y)) =



References Aiyagari, S. Rao, Albert Marcet, Thomas J. Sargent, and Juha Seppala. 2002. Optimal Taxation without State-Contingent Debt. Journal of Political Economy 110 (6):1220–1254. Anderson, Evan W. 2005. The dynamics of risk-sensitive allocations. Journal of Economic Theory 125 (2):93–150. Benigno, Pierpaolo and Michael Woodford. 2006. Optimal taxation in an RBC model: A linearquadratic approach. Journal of Economic Dynamics and Control 30 (9-10):1445–1489. Berndt, Antje, Hanno Lustig, and Sevin Yeltekin. 2012. How Does the U.S. Government Finance Fiscal Shocks? American Economic Journal: Macroeconomics 4:69–104. Chari, V.V., Lawrence J. Christiano, and Patrick J. Kehoe. 1994. Optimal Fiscal Policy in a Business Cycle Model. Journal of Political Economy 102 (4):617–652. Christiano, Lawrence J. and Martin Eichenbaum. 1992. Current Real-Business-Cycle Theories and Aggregate Labor-Market Fluctuations. American Economic Review 82 (3):430–450. Farhi, Emmanuel. 2010. Capital Taxation and Ownership when Markets are Incomplete. Journal of Political Economy 118 (5):908–948. Geoffard, Pierre-Yves. 1996. Discounting and optimizing: Capital accumulation problems as variational minmax problems. Journal of Economic Theory 69:53–70. Hansen, Lars Peter and Thomas J. Sargent. 2001. Robust Control and Model Uncertainty. American Economic Review 91 (2):60–66. Karantounias, Anastasios G. 2013. Managing pessimistic expectations and fiscal policy. Theoretical Economics 8 (1):193–231. Lucas, Robert Jr. and Nancy L. Stokey. 1983. Optimal fiscal and monetary policy in an economy without capital. Journal of Monetary Economics 12 (1):55–93. Maliar, Lilia and Serguei Maliar. 2013. Envelope Condition Method versus Endogenous Grid Method for Solving Dynamic Programming Problems. Economic Letters 120:262–266. Martin, Ian. 2012. 120 (2):346–358.



On the Valuation of Long-Dated Assets.



Journal of Political Economy



Zhu, Xiaodong. 1992. Optimal fiscal policy in a stochastic growth model. Journal of Economic Theory 58 (2):250–289.



48



























[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My title]
My title












[image: My Title - GitHub]
My Title - GitHub












[image: My Title]
My Title












[image: My title My subtitle Version 0.1 - GitHub]
My title My subtitle Version 0.1 - GitHub












[image: Title title title]
Title title title












[image: title title]
title title












[image: title]
title












[image: TITLE]
TITLE












[image: Cash Loan For My Car Title Riverside Ca.pdf]
Cash Loan For My Car Title Riverside Ca.pdf












[image: title]
title












[image: title]
title












[image: title]
title












[image: title]
title












[image: TITLE]
TITLE












[image: title]
title












[image: Paper Title (use style: paper title) - Sites]
Paper Title (use style: paper title) - Sites















My title






Oct 23, 2017 - reached because the upper bound we chose is not large enough. The following .... Thus, the particular Ramsey problem we solve is actually convex when ...... Table E.5: Fiscal insurance in post-war U.S. data from Berndt et al. 






 Download PDF 



















 2MB Sizes
 0 Downloads
 213 Views








 Report























Recommend Documents







[image: alt]





My title 

Apr 23, 2012 - consumption than Brahmin and High Caste groups while social groups ..... of households of all social groups have male household heads, this ...














[image: alt]





My title 

Mar 25, 2017 - E.6 Effect of approximation constants . ..... respective tax rate is 50% and the maximum debt-to-output ratio is pretty large, of the order of. 550 âˆ’ 600%. In order ...... The parameters for the illustration are (Î²,Î³,Ï†h, Î±, Î´, Ï














[image: alt]





My title 

Jul 15, 2016 - Thus we need to understand a geometric meaning of the sign of Î˜(p, q). To begin with, we ...... electronically published on May 6 (2016), DOI ...














[image: alt]





My title 

(a) Show that f is continuous at the origin p0,0q. (b) Compute fxp0,0q â€œ lim. hÃ‘0 fph,0qfp0,0q h and, likewise, fyp0,0q. (c) Show that fx and fy are continuous at the origin p0,0q. (d) As in (b), show that fxyp0,0qâ€œÂ´1 but fyxp0,0q â€œ 1. (e) Sh














[image: alt]





My title 

Jun 18, 2016 - The third author was partially supported by Basic Science Research ..... be the number of faces of Î“k of dimension i for i = 0, 1, Â·Â·Â· , dim Î“k. We call f(k) := ...... CENTER FOR GEOMETRY AND PHYSICS, INSTITUTE FOR BASIC ...














[image: alt]





My title 

Jul 10, 2017 - ... constructed as an inductive limit of the sequence of Hopf fibrations. S3. â†©â†’. S5 .... In this section, we briefly review the theory of Hamiltonian ...














[image: alt]





My title 

Nov 1, 2017 - optimal tax and subsidy scheme in the context of innovation, and ours is, to the best of our knowledge, the first ... amine the medium term effects of changes in innovation policies across a variety of stationary growth models with ....














[image: alt]





My title 

Sep 2, 2014 - that when conflict is an outside option to an alternating offers bargaining game, ..... each player and their degree of patience as captured by Î´.














[image: alt]





My title 

Jan 9, 2014 - In the studies that are available, Aydemir and Borjas [2011] find .... cycles are designed to gather security- and crime-related information.














[image: alt]





My Title - GitHub 

[ESP07] Kai Eckert, Heiner Stuckenschmidt, and Magnus Pfeffer. Interactive thesaurus assessment for automatic document annotation. In Proceed- ings of The ...














[image: alt]





My Title 

s estimates came entirely from sales and dividend data along with national ... accounts do not grow, and so both dividends and expropriations reduce efficiency.4 ...... When this software fails to recognize a word, it becomes a treatment word for.














[image: alt]





My title My subtitle Version 0.1 - GitHub 

This is bold text. This is bold text. This is italic text ... It converts "HTML", but keep intact partial entries like “xxxHTMLyyy” and so on. 1. Footnote can have markup.














[image: alt]





Title title title 

2 GHz Intel Core Duo as a test system. Baseline Experiment. It was important to establish a baseline before continuing with either model validation or the phage therapy experiment. In order to accomplish this we tuned the parameters outlined in Table














[image: alt]





title title 

Perhaps as a result of the greater social acceptance of homosexuals, more and more individuals have ..... This is but the first mention of what becomes a very ..... Biblical Ethics and Homosexuality: Listening to Scripture (ed. Robert L. Brawley;.














[image: alt]





title 

description














[image: alt]





TITLE 

Figure 1: Main energy flows during the plant production in agro-ecosystems. R- represents .... Environmental Policy, Environmental. Engineering ... Emergy evaluation of three cropping systems in the southwestern. Australia. Ecological.














[image: alt]





Cash Loan For My Car Title Riverside Ca.pdf 

Page 1 of 5. https://sites.google.com/site/autocartitleloansriversideca/. Exactly what is a Car Title Lending? A Vehicle Title Lending is a loan for a small amount of cash and for a short time period. The. Title of the Auto is kept as security. You g














[image: alt]





title 

descripsi














[image: alt]





title 

discripsi














[image: alt]





title 

description














[image: alt]





title 

Description














[image: alt]





TITLE 

Agricultural production is realized through a combination of natural and human factors. During this ... Albania`s Ministry of Agriculture, Food, and. Consumer ...














[image: alt]





title 

discripsi














[image: alt]





Paper Title (use style: paper title) - Sites 

Android application which is having higher graphics or rendering requirements. Graphics intensive applications such as games, internet browser and video ...


























×
Report My title





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















