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Near Equal Temperament 1. General Analysis 1.1.



Definition of pure harmony.



The tones in Equal Temperament are calculated as nth root of 12. It is an irrational number and the phases of overtones will never match to other frequencies. This is a scientific definition of bad sound quality and what an Equal Temperament is. The purpose of this article is to analyze tuning systems and create new theory in order to improve harmony. Our hearing has a resolution and below that we could not notice any difference. According to research in all over the world we can not notice difference bellow 5 cents and will not annoy our ears. There is no sense to keep the Equal Temperament as best tuning system. A near-equal temperament could offer practically same pitch and slightly better quality. In next chapters all tuning methods admit small error up to 5 cents, also known as just noticeable difference in pitch. Reference: http://hyperphysics.phy-astr.gsu.edu/hbase/music/cents.html There is no such thing as equal intervals produced by small ratio or pure harmonic with equal intervals. Small ratios do not lead to best music experience neither equal intervals. Both concepts have to make sacrifices. The details are explained in chapter 1.4. The ability of small single ratio to reproduce whole music scale is the key to pure harmony. It is all about the relation with overtones. As much as possible frequencies have to match their phases for less cycles. Basically the goal is to stick to self-similar algorithm. Best option is gradual reproduction of perfect 5ths with positive error. It is most clean interval and the reference one for non-12 octave divisions, details in chapter 5. According to my research intervals with positive error are better consonants than intervals with same error but negative number. From scientific point of view it does not make sense. The larger distance from octave could be the reason. That is why multiplicative inverse of below equations should be tested in practice. For convenience of everyone the reference frequency in this article is well known 440Hz. Some people claim 432Hz sounds much better because it is the frequency of universe. Others prefer 528Hz which may heal DNA, someone will say it is important to structure the water... so many metaphysical theories which I do nоt care about. As a scientist I believe in the Schumann Resonance of ~7.83Hz because the positive effect of our overall condition has been proven. This is supposed to be the reference frequency everywhere.



1.2. Bellow the lowest noticeable difference. Take the example with 12-tone scale, where all tones are found by self-similar algorithm. Imagine it is like Pythagorean tuning. Deviation start with the second found tone, which is the first loop. The error in cents is always arithmetic progression function. It means every next tone add same error. Last found one (12th) is calculated by 11 loops and assumes largest deviation which must never be over 5 cent. Then one repeat can accept up to: 𝐿𝑜𝑜𝑝_𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒_𝑒𝑟𝑟𝑜𝑟¢ =



5 5 = = 0.4545(45) … 𝑐𝑒𝑛𝑡𝑠 (𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓𝑡𝑜𝑛𝑒𝑠) − 1 11



1.3. Pythagorean Tuning Examine smallest ratio 3/2 and its multiplicative inverse 4/3. Does not matter which one or how many times will be used, the deviation is always the same. Example with perfect 4th and perfect 5th respectively.
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Error4th =



Error5th =



4 1200 ln (440 3 ∶ 440) ln(2) 3 1200 ln (440 2 ∶ 440) ln(2)



− 500 = 498.045 − 500 = −1.955 cents



− 700 = 701.955 − 700 = +1.955 cents



And the distance between perfect 5th and perfect 4th will be “701.955 – 498.045 = 203.91 cents”. The error is 3.91 cents. In simple words, initial error is multiplied by 2 because there are 2 repeats of same algorithm. Then largest deviation is between both calculated ends of ratios 3/2 and 4/3. It is: 𝑃𝑦𝑡ℎ𝑎𝑔𝑜𝑟𝑒𝑎𝑛𝑒𝑟𝑟𝑜𝑟 = 𝐸𝑟𝑟𝑜𝑟4𝑡ℎ,5𝑡ℎ ∗ 11 = ±1.955 ∗ 11 = ± 21.505 cents It is really big and unacceptable error. The rule of up to 5 cents in breached in the very beginning – 4th tone have 𝐸𝑟𝑟𝑜𝑟 = 1.955 ∗ 3 = 5.865 cents. Pythagorean tuning offer great harmony because only one and most simple ratio is being used. This kind of tuning is impracticable due to large deviations. The final result will be some kind of dissonating microtones.



1.4. Just intervals, overtones and relations. Diminished 5th is an object for discussion – ratios 45/32, 7/5, 17/12. The history of composing proved that 17/12 dissonate more than most commonly used ratios. It is not able to determine whole scale. There is no self-similarity. A rule of pure harmony is breached. 17 𝑖 𝑓(𝑖) = 440 ( ) 12



;



𝑓(1) = 623.333 𝐻𝑧 ;



𝑓(2) = 883.055 𝐻𝑧



The result of 2nd loop is a near octave. The overtones got same ratio as well. They will be caught in the vicious circle of diminished 5th and near octave pitch. Small errors are accumulated in arithmetic progression for every next overtone. This lead to very bad quality because small microtonal intervals are produced. Ratios 7/5 has bigger distance from octave. The overtones produce bigger distant microtonal intervals. Theorist claim the sound is slightly better but actually is still awful. Bellow formula confirms the 2nd overtone is near octave or some kind of microtonal interval. 7 𝑖 𝑓(𝑖) = 440 ( ) 5



;



𝑓(1) = 616 𝐻𝑧



;



𝑓(2) = 862.4 𝐻𝑧



In general, both ratios along their overtones, forms cords with semitones and microtones in between just because the ratio is by simple numbers. Next example quite different. Ratio 45/32 is a derivative of smallest prime numbers 2, 3 and 5. Offers best quality because more frequencies match their phases for less cycles nevertheless it is not just interval. That is because those simple numbers are part of most clean (consonant) just intervals and have a characteristic of self-similarity. The diminished fifth will be always dissonant. This ratio is the closest one to near octave by the 2nd overtone in terms of just intonation. 𝑓(𝑖) = 440 (



45 𝑖 ) 32



;



𝑓(1) = 618.75 𝐻𝑧 ;



𝑓(2) = 866.25 𝐻𝑧
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2. 5-limit Near Equal Temperament Examine major triad as just intervals. This is the most harmonious chord, ratios 1/1 (unison), 5/4 (major 3rd) and 3/2 (perfect 5th). Comparison using reference frequency of A4 = 440 Hz.



𝐶𝑓 1200 𝑙𝑛 ( 5 𝐴4 ) 𝐶𝑓 = 𝐴4 = 550 𝐻𝑧 𝑜𝑟 𝐶¢ = = 386.31371 𝑐𝑒𝑛𝑡𝑠 // 𝑀𝑎𝑗𝑜𝑟 3𝑟𝑑 4 𝑙𝑛(2) 𝐶#𝑒𝑟𝑟𝑜𝑟¢ = 400 − 𝐶¢ = −𝟏𝟑. 𝟔𝟖𝟔𝟐𝟗 𝑐𝑒𝑛𝑡𝑠 𝑒𝑟𝑟𝑜𝑟 𝐸𝑓 1200 𝑙𝑛 ( 𝐴4 ) 𝐸¢ = = 701.955 𝑐𝑒𝑛𝑡𝑠 // 𝑃𝑒𝑟𝑓𝑒𝑐𝑡 5𝑡ℎ 𝑙𝑛(2)



3 𝐸𝑓 = 𝐴4 = 660 𝐻𝑧 ; 2



𝐸𝑒𝑟𝑟𝑜𝑟¢ = 700 − 𝐸¢ = +𝟏. 𝟗𝟓𝟓 𝑐𝑒𝑛𝑡𝑠 𝑒𝑟𝑟𝑜𝑟 Division of the error of C# and E got result very close to 7. The balance is almost perfect. The final error is almost 0 cents.



𝐵𝑎𝑙𝑎𝑛𝑐𝑒 =



𝐶#𝑒𝑟𝑟𝑜𝑟 13.68629 = = 7.00066 𝐸𝑒𝑟𝑟𝑜𝑟 1.955



That means 7 perfect 5ths practically have same error as major 3rd but positive.



7 ∗ 𝐸𝑒𝑟𝑟𝑜𝑟¢ = 7 ∗ 1.955 = +𝟏𝟑. 𝟔𝟖𝟓 𝑐𝑒𝑛𝑡𝑠 𝑒𝑟𝑟𝑜𝑟 - It is too close to the error of C# The conclusion is: 7 perfect 5ths and 1 major 3rd taken as just intervals are practically close enough to the Equal Temperament. This statement is accomplished by the following formula. The result is perfect 4th.



𝐷𝑓 = 𝐴4



5∗ 37 213



= 440



5 ∗ 37 213



= 587.3291 𝐻𝑧 ; 𝐷¢ =



1200 𝑙𝑛 (



𝐷𝑓 ) 440



𝑙𝑛(2)



= 499.99872 𝑐𝑒𝑛𝑡𝑠



𝐷𝑒𝑟𝑟𝑜𝑟¢ = 499.99872 − 500 = −𝟎. 𝟎𝟎𝟏𝟐𝟖 cents This is insignificant error in practice. Mathematically is not exact Equal Temperament but means nothing for. Repeating same algorithm finds the tones that left. Every next one will be perfect 4th. The multiplicative inverse of the equation shows same results. The interval is perfect 5th.



𝐸𝑓 = 𝐴4



214 5∗37



= 440



214 5∗37



= 659.2556 𝐻𝑧 ; 𝐸¢ =



1200 𝑙𝑛 ( 𝑙𝑛(2)



𝐸𝑓 ) 440



= 700.00128 𝑐𝑒𝑛𝑡𝑠



𝐸𝑒𝑟𝑟𝑜𝑟¢ = 𝐸¢ − 700 = +0.01408 𝑐𝑒𝑛𝑡𝑠 And again same insignificant difference but positive, +0.00128 cents. The largest deviation in cents must be found as well. It is between the last (11th) calculate tone and the base (A4) because every next tone assumes the error of 0.00128 cents.



𝐿𝑎𝑟𝑔𝑒𝑠𝑡_𝐸𝑟𝑟𝑜𝑟 = 𝐸𝑒𝑟𝑟𝑜𝑟¢ ∗ 11 = +0.01408 𝑐𝑒𝑛𝑡𝑠 No living creature could catch these 0.01408 cents, 355 times bellow the just noticeable difference. That algorithm should slightly improve the harmony. It is the most accurate Near Equal Temperament produced by Copyright © 2016 by Boris Andonov, [email protected]



smallest prime numbers 2, 3 and 5 which are part of pure just intervals. Much more frequencies will match their phases for less period. Same rules apply as in chapter 1.4. Have you ever wonder why the Equal Temperament is best option? Because is the tuning system closest to that 5-limit near equal temperament. The method of 7 perfect fifths and 1 major third is really tough for the acoustic. Because many perfect fifths should be sacrificed during the process in order to get the right sound for a single tone. But the expectation is smoother sound of complex cords.



5 ∗ 37 𝑃𝑒𝑟𝑓𝑒𝑐𝑡 4 𝐹𝑛 = 𝐹𝑛−1 13 2 𝐹1 = 440 ; 1 < 𝑛 < 13 𝑡ℎ



Frequency 440 466.16204 493.87965 523.24997 554.36198 587.32910 622.25121 659.24975 698.45440 739.98392 783.98971 830.60510 880



Step n/a 99.9936 99.9936 100.00896 99.9936 100.00896 99.9936 99.9936 100.00896 99.9936 100.00896 99.9936 100.00896



Cents n/a 99.9936 199.9872 299.99616 399.98976 499.99872 599.99232 699.98592 799.99488 899.98848 999.99744 1099.99104 1200



Error 0 -0.0064 -0.0128 -0.00384 -0.01024 -0.00128 -0.00768 -0.01408 -0.00512 -0.01152 -0.00256 -0.00896 0



214 𝑃𝑒𝑟𝑓𝑒𝑐𝑡 5 𝐹𝑛 = 𝐹𝑛−1 5 ∗ 37 𝐹1 = 440 ; 1 < 𝑛 < 13 𝑡ℎ



Frequency 440 466.16617 493.88403 523.25461 554.36690 587.33431 622.25673 659.25560 698.46059 739.99049 783.99667 830.61247 880.00000



Step n/a 100.00896 99.9936 100.00896 99.9936 100.00896 99.9936 99.9936 100.00896 99.9936 100.00896 99.9936 99.9936



Cents n/a 100.00896 200.00256 300.01152 400.00512 500.01408 600.00768 700.00128 800.01024 900.00384 1000.0128 1100.0064 1200



Error n/a +0.00896 +0.00256 +0.01152 +0.00512 +0.01408 +0.00768 +0.00128 +0.01024 +0.00384 +0.0128 +0.0064 0



3. Near Equal Temperament as big ratios In other words it is Just Intonation with compromised quality. In below table are given the smallest ratios that fulfill the conditions for pure harmony in chapter 1. The bold ones is worth to analyze. Their multiplicative inverse should be tested in practice. 71/67 – Smallest ratio that produce 1 step (Minor Second). It is irrational number, electronic devices may compromise quality. 151/80 - Smallest ratio that produce 11 steps (Major Seventh). It is rational number and electronic instruments can take the advantage of uncompromised accuracy. 243/182 – Smallest ratio that produce Perfect 4th. Offer pure harmony in complex cords. 267/200 – Smallest rational number that produce Perfect 4th. The best option for electronic instrument to take the advantage of uncompromised accuracy and pure harmony of overtones.



Ratio 71/67 89/84 107/101 125/118



= = = =



1.05970 1.05952 1.05941 1.05932



Frequency (A4 440Hz)



Step (cents)



Step error (cents)



Last 12th tone error (cents)



466.26866 466.19048 466.13861 466.10169



100.38951 100.09921 99.90660 99.76948



+0.38951 +0.09921 -0.09340 -0.23052



+4.28466 +1.09131 -1.02735 -2.53569
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143/135 151/80 161/152 185/98 212/119 219/116 231/218 243/182 247/185 249/235 251/188 253/134 255/191 259/194 263/197 267/200 271/203 275/206 279/209 283/212 285/269 285/151 287/215 287/152 291/218 295/221 299/224



= = = = = = = = = = = = = = = = = = = = = = = = = = =



1.05926 1.88750 1.05921 1.88776 1.78151 1.88793 1.05963 1.33516 1.33514 1.05957 1.33511 1.88806 1.33508 1.33505 1.33503 1.33500 1.33498 1.33495 1.33493 1.33491 1.05948 1.88742 1.33488 1.88816 1.33486 1.33484 1.33482



466.07407 830.50000 466.05263 830.61224 783.86555 830.68966 466.23853 587.47253 587.45946 466.21277 587.44681 830.74627 587.43455 587.42268 587.41117 587.40000 587.38916 587.37864 587.36842 587.35849 466.17100 830.46358 587.34884 830.78947 587.33945 587.33032 587.32143



99.66689 1099.77197 99.58724 1100.00594 999.72323 1100.16728 100.27766 500.42144 500.38293 100.18198 500.34564 1100.28526 500.30953 500.27453 500.24060 500.20769 500.17575 500.14474 500.11462 500.08535 100.02690 1099.69604 500.05689 1100.37530 500.02922 500.00230 499.97610



-0.33311 -0.22803 -0.41276 +0.00594 -0.27677 +0.16728 +0.27766 +0.42144 +0.38293 +0.18198 +0.34564 +0.28526 +0.30953 +0.27453 +0.24060 +0.20769 +0.17575 +0.14474 +0.11462 +0.08535 +0.02690 -0.30396 +0.05689 +0.37530 +0.02922 +0.00230 -0.02390



-3.66424 -2.50829 -4.54039 +0.06534 -3.04448 +1.84005 +3.05426 +4.63580 +4.21218 +2.00181 +3.80207 +3.13787 +3.40484 +3.01988 +2.64664 +2.28459 +1.93324 +1.59211 +1.26077 +0.93881 +0.29585 -3.34352 +0.62582 +4.12825 +0.32144 +0.02532 -0.26287



4. Microtonal Music. 72-Tone Near Equal Temperament A septimal interval must have smaller error than a semitone in 12-tone Near Equal Temperament. 5 𝑆𝑡𝑒𝑝_𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒_𝑒𝑟𝑟𝑜𝑟 = = 0.0704 𝑐𝑒𝑛𝑡𝑠 71 Smallest microtonal ratio that keep all rules for pure harmony is 17/15.



𝑓1 1200 𝑙𝑛 ( 440 ) 17 𝑓1 = 440 = 290.1333 𝐻𝑧 𝑜𝑟 𝑆𝑡𝑒𝑝1 = = 216.6867 𝑐𝑒𝑛𝑡𝑠 15 𝑙𝑛(2) 𝑀𝑖𝑐𝑟𝑜𝑡𝑜𝑛𝑎𝑙𝑠𝑡𝑒𝑝 = 𝑆𝑡𝑒𝑝1 − 200 = +𝟏𝟔. 𝟔𝟖𝟔𝟕 𝑐𝑒𝑛𝑡𝑠 One step in 72-Tone Equal Temperament is 16.6667 (100/6) cents. In our case the error of first repeat is:



𝐸𝑟𝑟𝑜𝑟2𝑛𝑑_𝑡𝑜𝑛𝑒 = 𝑀𝑖𝑐𝑟𝑜𝑡𝑜𝑛𝑎𝑙𝑠𝑡𝑒𝑝 − 72𝑇𝐸𝑇𝑠𝑡𝑒𝑝 = 16.6867 − 16.6667 = +0.02 … cents Last produced tone (72nd) assume the biggest error of:



𝐸𝑟𝑟𝑜𝑟72𝑛𝑑_𝑡𝑜𝑛𝑒 = 71 ∗ 𝐸𝑟𝑟𝑜𝑟2𝑛𝑑_𝑡𝑜𝑛𝑒 = +1.42 … 𝑐𝑒𝑛𝑡𝑠
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This is most harmonious Near Equal Temperament produced by just interval, the errors are positive and could offer great quality. In below table are shown all details. Tone number 60 got the largest error of 1.422 cents, far away from the just noticeable difference. If you are curious how many times ratio 17/15 loops the octave:



𝑇𝑜𝑛𝑒60 = 71 ∗ 𝑆𝑡𝑒𝑝1 − 𝑁 ∗ 1200 = 984.75533 𝑐𝑒𝑛𝑡𝑠 - Already know from the table below. 𝑁=



71 ∗ 𝑆𝑡𝑒𝑝1 − 984.75533 = 12 𝑡𝑖𝑚𝑒𝑠 1200



N.



A4 = 440Hz



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36



440.00000 444.56997 448.81342 453.09737 457.42221 461.78833 466.19612 471.03817 475.53426 480.07326 484.65558 489.28165 493.95187 498.66667 503.84597 508.65521 513.51035 518.41183 523.36010 528.35560 533.84326 538.93883 544.08303 549.27633 554.51920 559.81212 565.15556 571.02543 576.47590 581.97839 587.53341 593.14145 598.80302 605.02236 610.79734 616.62743



Distance from octave in cents 17.88838 34.33474 50.78110 67.22745 83.67381 100.12017 118.00855 134.45491 150.90126 167.34762 183.79398 200.24034 216.68669 234.57508 251.02143 267.46779 283.91415 300.36051 316.80686 334.69524 351.14160 367.58796 384.03432 400.48067 416.92703 433.37339 451.26177 467.70813 484.15449 500.60084 517.04720 533.49356 551.38194 567.82830 584.27465



Microtonal step in cents 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636



Error in cents



1.22171 1.00141 0.78110 0.56079 0.34048 0.12017 1.34188 1.12157 0.90126 0.68096 0.46065 0.24034 0.02003 1.24174 1.02143 0.80112 0.58082 0.36051 0.14020 1.36191 1.14160 0.92129 0.70098 0.48067 0.26037 0.04006 1.26177 1.04146 0.82115 0.60084 0.38053 0.16022 1.38194 1.16163 0.94132



N.



A4 = 440Hz



37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72



622.51317 628.45510 634.45373 640.50963 647.16216 653.33935 659.57551 665.87120 672.22698 678.64342 685.69201 692.23698 698.84442 705.51493 712.24911 719.04757 725.91091 733.45044 740.45127 747.51892 754.65402 761.85724 769.12921 777.11762 784.53525 792.02368 799.58359 807.21566 814.92057 822.69904 831.24384 839.17810 847.18810 855.27456 863.43820 871.67977



Distance from octave in cents 600.72101 617.16737 633.61373 650.06008 667.94847 684.39482 700.84118 717.28754 733.73390 750.18025 768.06863 784.51499 800.96135 817.40771 833.85406 850.30042 866.74678 884.63516 901.08152 917.52788 933.97423 950.42059 966.86695 984.75533 1001.20169 1017.64804 1034.09440 1050.54076 1066.98712 1083.43347 1101.32185 1117.76821 1134.21457 1150.66093 1167.10728 1183.55364



Microtonal step in cents 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636 16.44636 17.88838 16.44636 16.44636 16.44636 16.44636 16.44636



Copyright © 2016 by Boris Andonov, [email protected]



Error in cents 0.72101 0.50070 0.28039 0.06008 1.28180 1.06149 0.84118 0.62087 0.40056 0.18025 1.40197 1.18166 0.96135 0.74104 0.52073 0.30042 0.08011 1.30183 1.08152 0.86121 0.64090 0.42059 0.20028 1.42200 1.20169 0.98138 0.76107 0.54076 0.32045 0.10014 1.32185 1.10155 0.88124 0.66093 0.44062 0.22031



73



880.00000



1200.00000



16.44636



5. Non-Standard Temperaments 5.1. Analysis Perfect 5th and perfect 4th are always most important intervals when we talk about temperaments. If they are not clean any non-12 octave division tuning system should be rejected. In below table are shown temperaments with octave division between 13 and 145 tones. In first column are given the numbers of tones within an octave. In the second column are the numbers of those tone which represent perfect 5th. Check the bold ones. They have lowest error in cents. That means the deviation from perfect 5th is barely noticeable. The recordings of 17-TET and 19-TET demonstrate they are not clean. Because they have larger distance from perfect 5th than the same in 12-TET. Remember the perfect 5th as just interval. Here is the proof. 12𝑇𝐸𝑇5𝑡ℎ = 0 − 1.955 = −𝟏. 𝟗𝟓𝟓 𝒄𝒆𝒏𝒕𝒔 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒋𝒖𝒔𝒕 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 17𝑇𝐸𝑇5𝑡ℎ = 5.88235 − 1.955 = 3.92735 𝑐𝑒𝑛𝑡𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑗𝑢𝑠𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 19𝑇𝐸𝑇5𝑡ℎ = −5.26316 − 1.955 = −7.21816 𝑐𝑒𝑛𝑡𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑖𝑡𝑠 𝑗𝑢𝑠𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 Some theorist claim 29-TET and 31-TET sound better. Actually from mathematical point of view only 29-TET sounds great. 31-TET does not offer something better. Here is the proof. 𝟐𝟗𝑻𝑬𝑻𝟓𝒕𝒉 = 3.44828 − 1.955 = 𝟏. 𝟒𝟗𝟑𝟐𝟖 𝒄𝒆𝒏𝒕𝒔 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑗𝑢𝑠𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 31𝑇𝐸𝑇5𝑡ℎ = −3.22581 − 1.955 = −5.18081 𝑐𝑒𝑛��𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑗𝑢𝑠𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 29-TET is closer to perfect 5th as just interval by 0.5 cents. It could be better than 12-TET in terms of that 5th. 51-TET is the tuning system closest to perfect 5th as just interval. It is known as Near-Pythagorean tuning. 51𝑇𝐸𝑇5𝑡ℎ = 1.88679 − 1.955 = −0.06821 𝑐𝑒𝑛𝑡𝑠 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑗𝑢𝑠𝑡 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙



Non-12 Octave Divisions Tune No. 13 14 15 16 17 18' 18'' 19 20 21 22 23 25 26 27



Perfect 5th Key 9 9 10 10 11 11 12 12 13 13 14 14 16 16 17



Frequency 674.06520 653.83749 666.91529 649.80350 661.49893 646.68318 672.07146 657.25394 666.91529 653.83749 662.72604 651.02860 666.91529 656.33238 663.49984



Cents 738.46154 685.71429 720.00000 675.00000 705.88235 666.66667 733.33333 694.73684 720.00000 685.71429 709.09091 678.26087 720.00000 692.30769 711.11111



Tune Error 38.46154 -14.28571 20.00000 -25.00000 5.88235 -33.33333 33.33333 -5.26316 20.00000 -14.28571 9.09091 -21.73913 20.00000 -7.69231 11.11111



No. 79 80 81 82 83 85 86 87 88 89 90' 90'' 91 92 93



Perfect 5th Key 47 48 48 49 49 51 51 52 52 53 53 54 54 55 55



Frequency 658.77326 661.16187 657.84625 660.18455 656.96512 661.49893 658.37013 660.56953 657.52647 659.68312 656.72132 661.79868 658.83678 660.91285 658.02787



Cents 698.73418 705.00000 696.29630 702.43902 693.97590 705.88235 697.67442 703.44828 695.45455 701.12360 693.33333 706.66667 698.90110 704.34783 696.77419



Error -1.26582 5.00000 -3.70370 2.43902 -6.02410 5.88235 -2.32558 3.44828 -4.54545 1.12360 -6.66667 6.66667 -1.09890 4.34783 -3.22581
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0.00000



28 29 30' 30'' 31 32 33 34 35 37 38 39 40 41 42' 42'' 43 44 45 46 47 49 50 51 52 53 54' 54'' 55 56 57 58 59 61 62 63 64 65 66' 66'' 67 68 69 70 71 73



17 18 18 19 19 20 20 21 21 23 23 24 24 25 25 26 26 27 27 28 28 30 30 31 31 32 32 33 33 34 34 35 35 37 37 38 38 39 39 40 40 41 41 42 42 44



653.83749 660.56953 651.68292 666.91529 658.02787 664.03235 655.80236 661.49893 653.83749 664.42121 657.25394 662.19087 655.45808 660.18455 653.83749 664.71763 658.37013 662.72604 656.72132 660.91285 655.21646 663.15231 657.73367 661.49893 656.33238 659.97400 655.03754 663.49984 658.56311 661.98074 657.25394 660.56953 656.03588 662.38383 658.02787 661.07095 656.87940 659.84122 655.80236 662.72604 658.68700 661.49893 657.60154 660.34401 656.57887 661.86850



685.71429 703.44828 680.00000 720.00000 696.77419 712.50000 690.90909 705.88235 685.71429 713.51351 694.73684 707.69231 690.00000 702.43902 685.71429 714.28571 697.67442 709.09091 693.33333 704.34783 689.36170 710.20408 696.00000 705.88235 692.30769 701.88679 688.88889 711.11111 698.18182 707.14286 694.73684 703.44828 691.52542 708.19672 696.77419 704.76190 693.75000 701.53846 690.90909 709.09091 698.50746 705.88235 695.65217 702.85714 692.95775 706.84932



-14.28571 3.44828 -20.00000 20.00000 -3.22581 12.50000 -9.09091 5.88235 -14.28571 13.51351 -5.26316 7.69231 -10.00000 2.43902 -14.28571 14.28571 -2.32558 9.09091 -6.66667 4.34783 -10.63830 10.20408 -4.00000 5.88235 -7.69231 1.88679 -11.11111 11.11111 -1.81818 7.14286 -5.26316 3.44828 -8.47458 8.19672 -3.22581 4.76190 -6.25000 1.53846 -9.09091 9.09091 -1.49254 5.88235 -4.34783 2.85714 -7.04225 6.84932



94 95 97 98 99 100 101 102' 102'' 103 104 105 106 107 109 110 111 112 113 114' 114'' 115 116 117 118 119 121 122 123 124 125 126' 126'' 127 128 129 130 131 133 134 135 136 137 138' 138'' 139



56 56 58 58 59 59 60 60 61 61 62 62 63 63 65 65 66 66 67 67 68 68 69 69 70 70 72 72 73 73 74 74 75 75 76 76 77 77 79 79 80 80 81 81 82 82



660.06583 657.25394 661.22093 658.47843 660.41007 657.73367 659.63225 657.01891 661.49893 658.88551 660.72136 658.16801 659.97400 657.47807 661.00422 658.56311 660.28511 657.89651 659.59219 657.25394 661.26238 658.92407 660.56953 658.27942 659.90085 657.65705 660.83055 658.63115 660.18455 658.02787 659.55982 657.44427 661.07095 658.95534 660.44619 658.37013 659.84122 657.80328 660.68825 658.68700 660.10188 658.13606 659.53313 657.60154 660.91285 658.98121



702.12766 694.73684 705.15464 697.95918 703.03030 696.00000 700.99010 694.11765 705.88235 699.02913 703.84615 697.14286 701.88679 695.32710 704.58716 698.18182 702.70270 696.42857 700.88496 694.73684 705.26316 699.13043 703.44828 697.43590 701.69492 695.79832 704.13223 698.36066 702.43902 696.77419 700.80000 695.23810 704.76190 699.21260 703.12500 697.67442 701.53846 696.18321 703.75940 698.50746 702.22222 697.05882 700.72993 695.65217 704.34783 699.28058



2.12766 -5.26316 5.15464 -2.04082 3.03030 -4.00000 0.99010 -5.88235 5.88235 -0.97087 3.84615 -2.85714 1.88679 -4.67290 4.58716 -1.81818 2.70270 -3.57143 0.88496 -5.26316 5.26316 -0.86957 3.44828 -2.56410 1.69492 -4.20168 4.13223 -1.63934 2.43902 -3.22581 0.80000 -4.76190 4.76190 -0.78740 3.12500 -2.32558 1.53846 -3.81679 3.75940 -1.49254 2.22222 -2.94118 0.72993 -4.34783 4.34783 -0.71942
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74 75 76 77 78' 78''



44 45 45 46 46 47



658.22673 660.78008 657.25394 659.74985 656.33238 662.19087



697.29730 704.00000 694.73684 701.29870 692.30769 707.69231



-2.70270 4.00000 -5.26316 1.29870 -7.69231 7.69231



140 141 142 143 145



83 83 84 84 86



660.34401 658.44540 659.79167 657.92499 660.56953



702.85714 697.87234 701.40845 696.50350 703.44828



2.85714 -2.12766 1.40845 -3.49650 3.44828



5.2. 19-Tone Just Intonation Before jump into the examination of simple ratios, it is mandatory to find upper limit of the acceptable error for first loop. As always self-similar algorithm is used, only one ratio. Remember chapter 1.2. 19𝑇𝐽𝐼_𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒_𝑒𝑟𝑟𝑜𝑟¢ =



5 = 0.27(7) … 𝑐𝑒𝑛𝑡𝑠 18



Ratio 5/3 is used, next group of smallest prime numbers. First found tone in the scale is the 15th. It is shown in table below.



19𝑇𝐽𝐼𝑇𝑜𝑛𝑒15¢ =



5 1200 𝑙𝑛 (440 3 ∶ 440) 𝑙𝑛(2)



= 884.35871 𝑐𝑒𝑛𝑡𝑠



Comparing the difference with 19-TET. But its 15th tone should be examined as well.



19𝑇𝐸𝑇𝑇𝑜𝑛𝑒15𝑓 = 400 ∗



19𝑇𝐸𝑇𝑇𝑜𝑛𝑒15¢ =



1 14 19 (2 )



1200 𝑙𝑛 (



= 733.2705656 𝐻𝑒𝑟𝑧



733.2705656 ) 440 = 884.21053 𝐶𝑒𝑛𝑡𝑠 𝑙𝑛(2)



𝐸𝑟𝑟𝑜𝑟 𝑡𝑜 19𝑇𝐸𝑇 = 19𝑇𝐽𝐼𝑇𝑜𝑛𝑒15¢ − 19𝑇𝐸𝑇𝑇𝑜𝑛𝑒15¢ = 884.35871 − 884.21053 = +0.14818 𝑐𝑒𝑛𝑡𝑠 It is twice bellow the step error found in the beginning. So the largest error will almost twice bellow the just noticeable difference of 5 cents.



𝐿𝑎𝑟𝑔𝑒𝑠𝑡 𝑒𝑟𝑟𝑜𝑟 𝑡𝑜 19𝑇𝐸𝑇 = 0.14818 ∗ 18 = 2.66724 𝑐𝑒𝑛𝑡𝑠 The conclusion is 19-Tone Just Intonation is 19-Tone Near Equal Temperament. Here are full details. Probably will sound better because the perfect 5th is closer to its just interval, see 12th tone below. Compare with previous table for reference. Tone 1 2 3 4 5 6 7 8 9 10 11 12



Frequency 440 456.93452 473.74971 491.1837 509.25926 528.8594 548.32142 568.49965 589.42044 611.11111 634.63128 657.98571



Step in cents n/a 65.38069 62.56515 62.56515 62.56515 65.38069 62.56515 62.56515 62.56515 62.56515 65.38069 62.56515



Cents to A4 n/a 65.38069 127.94584 190.51099 253.07614 318.45683 381.02198 443.58713 506.15228 568.71743 634.09812 696.66327



Error to 12-TET n/a -34.61931 +27.94584 -9.48901 -46.92386 +18.45683 -18.97802 +43.58713 +6.15228 -31.28257 +34.09812 -3.33673



Error to 19-TET n/a +2.22280 +1.63005 +1.03731 +0.44456 +2.66736 +2.07461 +1.48187 +0.88912 +0.29637 +2.51917 +1.92643
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13 14 15 16 17 18 19



682.19958 707.30453 733.33333 761.55753 789.58285 818.6395 848.76543 880



62.56515 62.56515 62.56515 65.38069 62.56515 62.56515 62.56515 62.56515



759.22842 821.79357 884.35871 949.73941 1012.30456 1074.8697 1137.43485 1200



-40.77158 +21.79357 -15.64129 +49.73941 +12.30456 -25.1303 +37.43485 1100



+1.33368 +0.74093 +0.14819 +2.37099 +1.77824 +1.18549 +0.59275 0



6. Implementation Tuning by the method described in chapter 2 is really tough and time consuming in acoustic. Requires to build 1 major 3rd and 7 perfect 5ths in order to get the right sound for a single tone. Sacrifices too many tones before get the right one. In 72-tone music including more strings or keyboards is ridiculous. Including 5 additional shift pedals is all that need. They will work as switches to quarter-tone and septimal tuning. Acoustic is not 100% precise, mistakes may appear. The advantage of 72-NET can be shown by electronic devices. For 19-Tone Just Intonation tuning are required 7 additional keys. It is quite simple – two major scales and one pentatonic. Similar piano keyboards have been made between 1920 and 1930 for experimental purposes, idea by Emanuel Moor. Only 3 manufacturers were recognized - Steinway, Bosendorfer and Bechstein.



In terms of the piano, 19-TJI need similar keys position but different mechanic. Both rows of white keys will present 2 major scales. The back ones will be for pentatonic, parallel keys should be attached to same hammer. Electronic instruments should have vector based CPU or simply good GPU in order to get the full advantage of all described algorithms. Everything must be calculated with uncompromised accuracy. Real time devices with variable base tone (A4) are able to handle described ratios much faster than nth root of 12. Other advantages are low processing power that leads to low-cost CPU/GPU and energy saving.



7. Higher Dimensional Music (Physics of Impossibility) Simulation of higher dimensional event looks like science fiction because we need the impossible experience to observe objects in particular environment in order to create a pattern for hyper physics. But dissection of initial, purest vibration is the key to understand it. The relationship between circle and sine function and the standing wave are good examples for this purpose.
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Images taken from: Wikipedia and UNSW Australia



This is quite simple, the struggle is how to use them as patterns in order to draw the path of any dimensional string. Basically the standing wave can be represent by 2 perpendicular flat (2-dimensional) surfaces. Any intersection point is also the point of 2 perpendicular circles. Let’s say the sine function is on x, y axis. On y, z axis belongs the perpendicular circle. Every point on that circle calculates permutations of the sine function. The result is standing wave. It is shown on second image from above picture, particular projections are presented. Here is a visual image of real string vibration which is not so different from standing wave.



Photos taken from https://people.rit.edu/andpph/text-string-vibrations.html



Following same methods will found any dimensional standing wave. Take the example with the 4th dimension. The condition is to draw 3 flat infinite surfaces and perpendicular to each other which should not overlap. It means additional 2nd dimension with circle inside over the previous example that calculates next level of permutations. The question is what is the frequency of those 2D and 3D permutations? No one has create such hyper vibration but I believe is possible. Probably it will not be accurate simulation of four-dimensional string. We can barely image its properties. Everything explained so far is from 2D perspective and could be the reference dimension for hyper structures. We can not hear the potential of higher dimensional music but projecting the sound into our space is quite enough. We have the ability to create something beyond our minds.
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