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Nearly Orthogonal Codes in GNSS Using Unequal Code Lengths Qin Zhengdi, Seppo Turunen, The Nokia Corporation, Tampere, Finland
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ABSTRACT Signal acquisition in a GNSS receiver is typically based on channel estimation done by correlating the received CDMA signal with a code replica. In order to achieve good sensitivity, the process is usually repeated several times and the results combined. A large number of repeated correlations is needed, especially for weak signal acquisition. The dynamic range for channel separation is, however, limited since co-channel interference cannot be attenuated by means of repeated correlations in a traditional CDMA system that uses short codes of equal length. This results from the fact that the cross-correlation pattern is stationary with respect to the correlation cycles. A coding method is given that provides an essential reduction of cross-correlation by allocating slightly different code lengths to different channels. The crosscorrelation can drop to zero if the code lengths and the integration time in the receiver are carefully chosen and if data modulation is absent, as is the case with the pilot



signals now being planned for both GPS and Galileo. Under these assumptions it looks as if the coded channels were orthogonal to each other. Theoretical analysis and simulations show that a group of short codes with unequal lengths can provide better cross-correlation distances than a group of longer codes with equal code length if the distances are calculated over several consecutive cycles of the short codes.



INTRODUCTION The basic principle of UCL-CDMA (Unequal Code Length CDMA) was first introduced at the GNSS 2004 conference [1]. In this paper, the correlation properties of the method are discussed and some guidance is given for selecting code families for good performance. In a traditional CDMA system with a single code length, the cross-correlation pattern remains stationary in relation to the channel delay profile from one code cycle to another. This may lead to an interference-limited situation where it is difficult to suppress co-channel interference by continued integration. For example, in the GPS C/A signalling where all satellites share the code length of 1023, the average cross-correlation distance between two channels is –23.9 dB [2]. While the resulting co-channel interference is low enough for open-air reception, it is not sufficient for all indoor or shadowing environments where satellite signals are asymmetrically attenuated. The normal way to reduce cross-correlation in a CDMA system and hence to improve channel separation is to use longer codes. The price to be paid for this is an increase in receiver complexity, which can be exponential to the code length if signal acquisition is done by parallel search. A related disadvantage is the longer time for signal acquisition. For practical reasons, it may also be difficult to fully utilize the cross-correlation properties of the longer codes because the receiver may not be able to process full code cycles and because the partial correlation properties of algebraic codes are often poor. The idea behind UCL-CDMA is to use different code lengths for different channels. The difference can be one



or several chips, or a fraction of a chip. The purpose is to make the cross-correlation patterns non-stationary with respect to the channel delay profile so that they are eliminated by averaging when the results of repeated correlations are combined. We show theoretically and by simulations that if the code lengths are slightly different from channel to channel and if the acquisition process is extended over several consecutive code cycles, it is possible to obtain significantly lower co-channel interference values than by using fixed length codes of comparable length.
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where Lnm is the period of concern. For simplicity, the normalization factor is omitted. We use the term balanced to indicate that the sum of code elements is zero or, when the code length is odd, it differs from zero by one, i.e.:



SIGNAL MODEL We denote the unmodulated baseband signal of channel n by
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CROSS-CORRELATION BETWEEN TWO CHANNELS



where Tc is the chip length, cin is a sequence of chips



The frame length of a pair of channels is defined as



belonging to the alphabet {-1,1}, Ln is the length of the
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sequence cin and f n is a baseband pulse waveform. The received signal can then be expressed as



g n t   exp j n t 







 s n t  kLnTc  ,



(2)



k 



where  n is the Doppler shift specific to the channel n. It is assumed that the effects of code Doppler can be neglected. It is additionally assumed that the pulse waveforms fulfil the following orthonormality requirement: 
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We define continuous time autocorrelation and crosscorrelation functions as
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ψ denotes the least common multiple. If Lm and Ln are relatively prime to each other, the minimum frame size is Lm  Ln . If Doppler effects can be ignored and chip synchronism between channels is assumed, the two channels have a joint period of length L frame . If one chip is divided into several samples, the code length difference can be adjusted to a fraction of a chip. L frame can then be counted in samples and the same discussion applies. For example, if we have a sample rate of four samples per chip, the minimum code length difference can be a quarter of a chip. For simplicity, we only discuss integer chip counts in this paper. We first assume that Ln and Lm are relatively prime to each other. The periodic cross-correlation function can then be expressed as
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In the absence of a Doppler shift, the orthonormality of the pulse waveforms and the cyclic nature of the signals allow us to express (4) and (5) at discrete time events in terms of the circular correlations of the codes:
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where Lm and Ln are the code lengths in chip units and
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According to the Chinese remainder theorem [3] there exists for each i  0, Ln Lm  1 a unique pair of integers
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i  j  Ln  k  Lm for some integer  and  . It follows that  n, m can be written as:
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Making use of the cyclic and balanced nature of both sequences we have:
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DOPPLER SHIFT



This means that there is almost no interference between the two channels if the time period under consideration has a duration of one frame. It appears as if the two code sequences were orthogonal to each other. The same is true for any multiple of the frame length. So far, we have discussed binary sequences that are balanced but otherwise arbitrarily chosen. This means that the orthogonality of the sequences is independent of the content of the codes and of the timing relationship between the codes.



Cross-correlation level



If the code lengths are not pairwise relatively prime, the conclusion above does not hold. Nevertheless, there are several code cycles in a frame for each of the binary sequences and the cross-correlation pattern changes from cycle to cycle due to the code length differences. The changes in the pattern appear as if the cross-correlation peaks were sliding with respect to the primary correlation pattern. It is thus conceivable that when the results of consecutive code cycles are added together, the highest peaks are suppressed more strongly than in a case where the patterns are stationary or random. It can be expected that the full advantage be achieved when the integration time is a full frame cycle or a multiple thereof.
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lengths are relatively prime and the frame length is thus 110. We can see from the simulation result (red line) that the cross-correlation becomes zero when the integration time approaches a multiple of the frame length. Secondly, we consider a pair of code sequences with lengths of 20 and 25. The lengths are not relatively prime and the frame length is 100. Also, in this case, we see from the simulation result (blue line) that the cross-correlation falls steeply and reaches a minimum when the integration time approaches a multiple of the frame length. In both cases, the cross-correlation level is below that of a CDMA sequence with a code that extends over the total integration time (green line).



The Doppler-shifted case can be analyzed by observing how the frequency components in the Fourier series of the cross-correlating signals overlap. We denote two pilot signals by gm (t) and gn (t-t0), where t0 is an arbitrary delay, and their code lengths by Lm and Ln. We assume that the code lengths are relatively prime numbers and, to simplify expressions, we additionally assume that they are odd numbers. The complex Fourier series representations of the signals, assuming Doppler frequencies fm and fn, can be written as
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for gm(t) and similarly for gn(t).



F  j  denotes the Fourier transform of the chip waveform f (t):
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Figure 1: Simulation results. Figure 1 shows some simulation results. First, we consider a pair of code sequences with lengths of 10 and 11. The



Since the main focus of this work is on codes and not on pulse shaping, it is assumed that the pulse waveform has a flat frequency spectrum with a sharp cut-off at f = 1/2Tc:
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The spectrum amplitude chosen according to (17) normalizes the pilot signal power to unity. While (17) corresponds to a smooth function in the time domain, it should be possible to make a similar calculation for any of the rectangular waveforms proposed for satellite navigation and to take bandwidth limitations into account by constraining F  j  appropriately. It may be noticed that the time domain waveform corresponding to (17) fulfils the orthonormality requirement (3). Substituting (13) and (14) into (5), it can be observed that only product terms with identical frequency components in (13) and (14) contribute to the cross-correlation function. But there is at most one such product term, which can be established as follows. Equating the frequency of an arbitrary term in (13) with that of an arbitrary term in (15) results in



This is also the amplitude ratio of the maximum crosscorrelation component to the signal component in a perfect tracking situation where the desired and disturbing signals have equal power. This follows from the fact that both signals are normalized so that R m 0 = R n 0 = 1. A lower limit for the magnitude of R m,n t  is obtained when



the spectrums of both signals are flat:
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Assuming that Lm = 1024 and Ln = 1027, two values close to the GPS C/A epoch length, (23) gives a crosscorrelation distance of 60.2 dB. For a set of 40 computergenerated sequences with lengths in the range of 1024– 1229, the authors obtained a worst-case cross-correlation distance of 47.7 dB. The figure may be contrasted with the worst-case cross-correlation distance of the GPS C/A codes, which is 21.6 dB [2].



COMPARISON WITH GPS C/A CODE
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where 0  r  Lm and 0  s  Ln . Equation (20) can have at most one solution (r, s), for if (t, u) were another solution, we would have
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which is impossible since Lm and Ln do not have common factors and since t  r  Lm and s  u  Ln . Denoting the largest Fourier coefficient of g m t  with



d km and the largest Fourier coefficient of g n t  with d ln , the worst-case cross-correlation magnitude of the two signals can now be expressed using (5) as Rm, n t   d km d ln * exp j 2  f m  f n   d km d ln .
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A simulation was performed to verify the theory with a two-satellite system. The GPS C/A code was used as a reference. The GPS C/A codes are Gold codes with a length of 1023 for all satellites and the chip duration is about 1 s [2]. For simplicity, we assume that the input signals to the receiver from the satellites have equal signal power. We consider two different situations; one with zero Doppler difference and another with a Doppler difference of 1 kHz. We configure a UCL-CDMA system with a basic code length of 102 that is about one tenth of the C/A code length. The chip rate is identical to the C/A code. The code sequences are random selected balanced binary codes. One satellite uses the code length of 102, while another 101. The integration for the signal acquisition is done over several consecutive code-cycle intervals. Table 1: Two satellites with equal power. System



Integration Co-channel interference time f = 0 f = 1 kHz



GPS C/A  1 ms UCL-CDMA 1 ms random 2 ms selected binary 5 ms codes (101: 102) 10 ms



-23.9 dB -24.2 dB -28.0 dB -35.9 dB -51.4 dB



-21.2 dB -24.0 dB -28.1 dB -33.7 dB -37.6 dB



The simulation results are shown in the table above. As can be expected, the co-channel interference of the GPSC/A code remains constant after 1 ms. For UCLCDMA, it drops rapidly when the integration time increases especially when the integration time approaches



the frame length. In this example, the frame length is about 10 ms. Improvement is also achieved when the Doppler frequency is present. It is remarkable that the better performance is achieved with significantly shorter codes and potentially simpler receiver structure.



More work is needed to incorporate the different waveforms proposed for GNSS signals into the analysis and to design codes for data channels. The impact of different code lengths on data frame structure should also be investigated.



REFERENCES CONCLUSION An Unequal Code Length CDMA (UCL-CDMA) coding technique was proposed for GNSS pilot channels. The idea behind the technique is to use slightly different code lengths in all channels. Analytic expressions for worstcase cross-correlation were derived for the cases of zero and non-zero Doppler difference. Simulation results agree with the theory. The advantage of the method is the possibility to significantly reduce co-channel interference without using longer codes. The relative advantage is preserved also in the case of a Doppler shift, which is important for the GNSS application.
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