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Abstract This paper introduces non-atomic potential games, which are a class of nonatomic games (Schmeidler, 1973) possessing potential functions (Monderer and Shapley, 1996). Population potential games (Sandholm, 2001) form a special class of them. A potential maximizer is shown to be a pure-strategy Nash equilibrium. Two subclasses of non-atomic potential games are presented. One subclass, called symmetric ﬁnite interaction games, include non-atomic Cournot oligopoly games with linear demand functions. The other subclass, called strategic vector measure games, include population potential games and non-atomic games with payoﬀs given by the Aumann-Shapley value of a particular collection of coalitional vector measure games indexed by the set of strategy proﬁles. Based upon the value equivalence theorem, an application to a non-atomic exchange economy is discussed. JEL classiﬁcation: C71, C72. Keywords: potential game; non-atomic game; vector measure game; non-atomic economy; the Aumann-Shapley value; the value equivalence theorem.
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Introduction



A strategic game with a ﬁnite player set is called a potential game (Monderer and Shapley, 1996) if there exists a potential function, deﬁned on the strategy space, with the property that the change in any player’s payoﬀ function from switching between any two of his strategies (holding other players’ strategies ﬁxed) is equal to the change in the potential function. A potential function is a useful tool because we can obtain a pure-strategy Nash equilibrium of a potential game by maximizing its potential function (Rosenthal, 1973). For example, a Cournot oligopoly game with a linear demand function is one of the most important class of potential games (Slade, 1994). In the deﬁnition of a potential function, ﬁniteness of a player set is crucial, and it is not straightforward to generalize the deﬁnition to the case with a continuum of players. A strategic game with a continuum of players is called a non-atomic game (Schmeidler, 1973) and it is useful to describe a situation where each single agent has no inﬂuence on payoﬀs of the other players. An important example of a non-atomic game is a population game, in which a continuum of players consist of a ﬁnite number of homogeneous populations (or types) of players. Sandholm (2001) was the ﬁrst to introduce a potential function for a non-atomic game by restricting attention to a population game with ﬁnite strategy sets. We call a population game with a potential function in the sense of Sandholm (2001) a population potential game. Population potential games have many applications including traﬃc networks,1 evolutionary games, and spacial economics.2 However, when we need to deal with inﬁnite number of types or strategies, we cannot rely on population potential games. For example, while one might expect that a nonatomic Cournot oligopoly game with a linear demand function has a potential function in some sense, we cannot apply the deﬁnition of Sandholm (2001) because the numbers of ﬁrms’ types and strategies are not necessarily ﬁnite. This paper introduces a potential function for a general non-atomic game. We call a non-atomic game with a potential function a non-atomic potential game. Population potential games constitute a special class of non-atomic potential games. We show that a strategy proﬁle that maximizes a potential function is a pure-strategy Nash equilibrium. This implies that a non-atomic potential game has a pure-strategy Nash equilibrium if the strategy sets are compact and the potential function is upper semicontinuous. In the literature of non-atomic games, one of the issues has been a suﬃcient condition for the existence of a pure-strategy Nash equilibrium. Schmeidler (1973) showed that if each player’s payoﬀ depends only on the average choice of the others, then a pure-strategy Nash equilibrium exists. This result is further elaborated by Mas-Colell (1984) and Khan et al. (1997) among others. It can be shown that population (potential) games satisfy a slightly modiﬁed version of the condition of Schmeidler (1973). On the other hand, nonatomic potential games with compact strategy sets and upper semicontinuous potential 1



The use of potential functions in population games originated in the classic work by Beckmann et al. (1956). 2 For example, see Oyama (2007).
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functions are a class of non-atomic games possessing pure-strategy Nash equilibria where its existence cannot be proved by the previous results. We discuss two subclasses of non-atomic potential games, symmetric ﬁnite interaction games and strategic vector measure games. Symmetric ﬁnite interaction games include non-atomic Cournot oligopoly games with linear demand functions. Strategic vector measure games include population potential games and non-atomic games with payoﬀs given by the Aumann-Shapley value of a particular collection of coalitional vector measure games (Aumann and Shapley, 1974) indexed by the set of strategy proﬁles. In strategic vector measure games, a potential function coincides with a potential function of the corresponding coalitional vector measure games (Hart and Mas-Colell, 1989; Hart and Monderer, 1997). This connection between the Aumann-Shapley value and nonatomic potential games is analogous to the connection between the Shapley value and potential games (Ui, 2000). Using this connection and the value equivalence theorem (Aumann and Shapley, 1974), we discuss an application of a non-atomic potential game to a non-atomic exchange economy. Consider a two period model of an exchange economy with multiple marketplaces. In the ﬁrst period, each agent chooses his marketplace. In the second period, an outcome is determined as a competitive equilibrium in each marketplace. We show that this game is a strategic vector measure game and thus a non-atomic potential game. The organization of this paper is as follows. Section 2 brieﬂy reviews potential games with ﬁnite player sets in order to give an intuition for our deﬁnition of non-atomic potential games. Section 3 introduces non-atomic potential games and studies basic properties. Section 4 presents symmetric ﬁnite interaction games and section 5 presents strategic vector measure games. Section 6 brieﬂy reviews the value and potential of coalitional vector measure games, and then Section 7 discusses a class of strategic vector measure games with payoﬀs given by the value of coalitional vector measure games. Section 8 considers an application to a non-atomic exchange economy.
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Potential games



Before introducing non-atomic potential games, it is instructive to start with reviewing potential games of Monderer and Shapley (1996). This section is devoted to this. A game consists of a ﬁnite set of players N = {1, . . . , n}, a set of strategies Xi for ∏ i ∈ N , and a payoﬀ function ui : X → R for i ∈ N where X = i∈N Xi . Simply denote ∏ a game by u = (ui )i∈N . We write X−i = j6=i Xj and x−i = (xj )j6=i ∈ X−i . A game u is a potential game with a potential function U : X → R if U (xi , x−i ) − U (x0i , x−i ) = ui (xi , x−i ) − ui (x0i , x−i )



(1)



for each xi , x0i ∈ Xi , x−i ∈ X−i , and i ∈ N . This deﬁnition immediately implies that if x ∈ X maximizes U , then it is a pure-strategy Nash equilibrium. Therefore, if Xi is compact and U : X → R is continuous, then the potential game has a pure-strategy Nash 3



equilibrium. Rosenthal (1973) used this property to identify a class of games possessing pure-strategy Nash equilibria. See Monderer and Shapley (1996), Ui (2000), Sandholm (2007), and references therein for necessary and suﬃcient conditions for potential games. One of the important example is a Cournot oligopoly game with a linear demand function. Let p = 1 − d be an inverse demand function and let ci : R+ → R+ be a cost ∑ function of ﬁrm i ∈ N . Then, the proﬁt of ﬁrm i is ui (x) = (1 − j∈N xj )xi − ci (xi ). ∑ Slade (1994) showed that this game has a potential function U (x) = − 21 i6=j xi xj − ) ∑ 2 ∑ ( i xi + i xi − ci (xi ) . Let us modify the condition (1). Fix y, z ∈ X and consider a sequence of n + 1 strategy proﬁles {xt ∈ X}nt=0 such that xt = (xti )i∈N = (y1 , . . . , yt , zt+1 , . . . , zn ); that is, xti = yi if i ≤ t and xti = zi otherwise for t = 0, . . . , n. Note that x0 = z and xn = y. If u is a potential game with a potential function U , then U (xt )−U (xt−1 ) = ut (xt )−ut (xt−1 ) since xt = (yt , xt−1 −t ). Taking summation of this over t ∈ {1, . . . , n}, we have U (y) − U (z) =



n ∑ (



) ut (xt ) − ut (xt−1 ) .



(2)



t=1



Conversely, if the above holds for each y, z ∈ U , then u is a potential game with a potential function U ; in fact, (2) with y = (xi , x−i ) and z = (x0i , x−i ) is reduced to (1). Thus, the condition (2) for each y, z ∈ X can be used as an alternative deﬁnition of potential games. In the next section, we deﬁne a non-atomic potential game using a condition analogous to (2), where summation is replaced with integration.
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Non-atomic potential games



We consider non-atomic games introduced by Schmeidler (1973). Let (T, T , λ) be a measurable space of players where T is the unit interval [0, 1], T is the Borel σ-algebra on T , and λ is the Lebesgue measure on T . A set of strategies is A, which is a compact subset of Rm and common to all players. A strategy proﬁle is an equivalence class of measurable functions from T to A. Let FA denote the set of all strategy proﬁles with a generic element f . The set FA is a subset of L2 (λ, Rm ) which we consider with the weak topology. A payoﬀ function of player t ∈ T is ut : A × FA → R. We assume that the mapping (t, a, f ) 7→ ut (a, f ) is continuous with respect to the product topology of T × A × FA on all but points with t ∈ T 0 where T 0 ⊂ T is ﬁxed with λ(T 0 ) = 0. We call u = (ut )t∈T a non-atomic game. A strategy proﬁle f ∈ FA is a pure-strategy Nash equilibrium of a non-atomic game u if, for almost all t ∈ T , it holds that ut (f (t), f ) ≥ ut (a, f ) for each a ∈ A. For f, g ∈ FA and r, s ∈ [0, 1], let f [r, s]g ∈ FA be such that { g(t) if r ≤ t ≤ s, f [r, s]g(t) = f (t) otherwise. 4



To introduce a potential function for a non-atomic game u, we consider a collection {f [τ, 1]g}τ ∈T ⊂ FA for f, g ∈ FA . Note that f [0, 1]g = g and f [1, 1]g = f . Thus, {f [τ, 1]g}τ ∈T can be interpreted as a path from g to f , which plays an important role in the following deﬁnition. Deﬁnition 1 A non-atomic game u is a non-atomic potential game if the function t 7→ ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) is integrable for each f, g ∈ FA and there exists a function U : FA → R such that ∫ 1( ) U (f ) − U (g) = ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) dt (3) 0



for each f, g ∈ FA . A function U is called a potential function of u. The condition (3), which is a continuous analogue of (2), says that the change in a potential function is equal to the integral of the change in player t’s payoﬀ function from switching between g(t) to f (t) at the point f [t, 1]g over the path {f [τ, 1]g}τ ∈T . Note that, for f, g, h ∈ FA , it holds that U (f ) − U (g) = U (f ) − U (h) + U (h) − U (g). Thus, if a non-atomic game has a potential function, then the integral of the payoﬀ change over the path connecting g and f is equal to the sum of that over the path connecting g and h and that over the path connecting h and f , and this is true for any via point h. As the following lemma shows, the converse is also true. Lemma 1 A non-atomic game u is a non-atomic potential game if and only if the function t 7→ ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) is integrable for each f, g ∈ FA and, for each f, g, h ∈ FA , it holds that ∫ 1( ) ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) dt 0 ∫ 1( ) = ut (f (t), f [t, 1]h) − ut (h(t), f [t, 1]h) dt 0 ∫ 1( ) + ut (h(t), h[t, 1]g) − ut (g(t), h[t, 1]g) dt. (4) 0



Proof. Suppose that U is a potential function. Then, U (f ) − U (g) = U (f ) − U (h) + U (h) − U (g). Thus, (3) implies (4). Conversely, suppose that (4) holds. Fix g ∈ FA and deﬁne U : FA → R such that ∫ 1 U (f ) = (ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g)) dt 0



for each f ∈ FA . Then, (4) implies that ∫ 1 U (f ) − U (h) = (ut (f (t), f [t, 1]h) − ut (h(t), f [t, 1]h)) dt 0



for each f, h ∈ FA . Therefore, U is a potential function. 5



The above deﬁnition and characterization of non-atomic potential games are stated in terms of integration. The next lemma provides a characterization of non-atomic potential games in terms of diﬀerentiation. Lemma 2 A non-atomic game u is a non-atomic potential game if and only if the function t 7→ ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) is integrable for each f, g ∈ FA and there exists a function U : FA → R such that, for each f, g ∈ FA , ∂ U (f [τ, 1]g) = uτ (f (τ ), f [τ, 1]g) − uτ (g(τ ), f [τ, 1]g) ∂τ



(5)



for almost all τ ∈ T . Proof. Suppose that (5) holds. The Lebesgue integral of both sides of (5) results in (3). Conversely, suppose that U is a potential function. In order to evaluate U (f [τ, 1]g) − U (g), consider (f [τ, 1]g)[t, 1]g ∈ FA for f, g ∈ FA and τ, t ∈ [0, 1]. It can be readily checked that (f [τ, 1]g)[t, 1]g = f [min{τ, t}, 1]g. Thus, by (3), ∫ U (f [τ, 1]g) − U (g) =



1(



) ut (f [τ, 1]g(t), (f [τ, 1]g)[t, 1]g) − ut (g(t), (f [τ, 1]g)[t, 1]g) dt



∫0 τ ( ) = ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) dt 0 ∫ 1( ) ut (g(t), f [τ, 1]g) − ut (g(t), f [τ, 1]g) dt + ∫ τ τ( ) = ut (f (t), f [t, 1]g) − ut (g(t), f [t, 1]g) dt. 0



Therefore, by Lebesgue’s diﬀerentiation theorem, (5) holds for almost all τ ∈ T . As the next proposition shows, a potential maximizer is a pure-strategy Nash equilibrium of a non-atomic potential game. Proposition 1 Let u be a non-atomic potential game with a potential function U . If f ∈ FA maximizes U , then f is a pure-strategy Nash equilibrium. Proof. Let f ∈ FA be a maximizer of U . By Lusin’s theorem, for each ε > 0, there exists a closed set E ε ∈ T with λ(E ε ) > 1 − ε such that the restriction of f to E ε is a continuous function. Seeking a contradiction, suppose that f is not a pure-strategy Nash equilibrium. Then, there exists S ∈ T with λ(S) > 0 such that, for each t ∈ S, there exists a ∈ A satisfying ut (a, f ) > ut (f (t), f ). By the assumption, there exists T 0 ∈ T such that λ(T 0 ) = 0 and (t, a, f ) 7→ ut (a, f ) is continuous all but points with t ∈ T 0 . Let ε < λ(S). Then, λ((E ε ∩ S)\T 0 ) > 0. Let t0 be an interior point of (E ε ∩ S)\T 0 . Then, there exists a ∈ A satisfying ut0 (a, f ) > ut0 (f (t0 ), f ). Since t 7→ f (t) and (t, a, f ) 7→ ut (a, f ) is continuous at t0 , there exist δ > 0 and a closed interval I ⊂ (E ε ∩ S)\T 0 such 6



that t0 ∈ I and ut (f (t), f ) − ut (a, f ) ≤ −δ for all t ∈ I. Let ga ∈ FA be such that ga (t) = a for all t ∈ T . Consider f [r, s]ga for [r, s] ⊆ I. Note that f [t, t]ga = f for each t ∈ I. Since (t, a, f ) 7→ ut (a, f ) is continuous, there exists [r, s] such that |ut (f (t), f [t, s]ga )−ut (f (t), f )| < δ/2 and |ut (a, f [t, s]ga )−ut (a, f )| < δ/2 for all t ∈ [r, s]. Then, ut (f (t), f [t, s]ga ) − ut (a, f [t, s]ga ) < 0 for all t ∈ [r, s]. On the other hand, since f maximizes U , ∫ 1( ) U (f ) − U (f [r, s]ga ) = ut (f (t), f [t, 1](f [r, s]ga )) − ut (f [r, s]ga (t), f [t, 1](f [r, s]a)) dt ∫0 s ( ) = ut (f (t), f [t, 1](f [r, s]a)) − ut (a, f [t, 1](f [r, s]a)) dt ∫r s ( ) = ut (f (t), f [t, s]a) − ut (a, f [t, s]a) dt ≥ 0, r



which is a contradiction. This implies that f is a pure-strategy Nash equilibrium. By Proposition 1 and Weierstrauss’ theorem, if strategy sets are compact and a potential function is upper semicontinuous, then a non-atomic potential game has a pure-strategy Nash equilibrium.
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Symmetric ﬁnite interaction games



This section introduces a class of games called symmetric ﬁnite interaction games and shows that they form a special class of non-atomic potential games. Before providing the formal deﬁnition, we consider an example, which is a non-atomic Cournot oligopoly game with a linear inverse demand function. Let A = [0, Q], which is the possible range of production of each ﬁrm. Let ct : R+ → R+ be a cost function of ﬁrm t ∈ T and let p : R+ → R+ be an inverse demand function. Assume that ct is continuously diﬀerentiable and concave and that ct (a) is continuous in t for each a ∈ A. Assume also that p is linear, i.e., p(x) = α − βx with α, β > 0. A payoﬀ function of ﬁrm t ∈ T is ) ( ∫ ut (a, f ) =



1



α−β



f (t)dt a − ct (a).



0



This non-atomic game is not a population (potential) game unless the number of ﬁrm’s types is ﬁnite. As we shall see later, this non-atomic game is a non-atomic potential game with a potential function ∫ ∫ ∫ ∫ β U (f ) = − f (t1 )f (t2 )dt1 dt2 + α f (t)dt − ct (f (t))dt. (6) 2 It is a continuous version of a potential function for a Cournot oligopoly game with a linear inverse demand function (Slade, 1994).3 In a Cournot oligopoly game, the set of ﬁrms is a ﬁnite set N = {1, . . . , n}. Let xi ∈ A denote a strategy of ﬁrm i ∈ N and let x be the strategy proﬁle. Then, a payoﬀ function of ﬁrm i is ui (x) = P P P P (α − β j xj )xi − ci (xi ) and its potential function is U (x) = −β/2 i6=j xi xj + α i xi − i ci (xi ). 3
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Fix n ∈ N. For each k ∈ {1, . . . , n}, let Φk : (A × T )k → R be a measurable function that is symmetric in the sense that, for each i, j ∈ {1, . . . , n}, Φk ((a1 , t1 ), . . . ,(ai , ti ), . . . , (aj , tj ), . . . , (ak , tk )) = Φk ((a1 , t1 ), . . . , (aj , tj ), . . . , (ai , ti ), . . . , (ak , tk )). We call {Φk }k∈{1,...,n} an interaction potential. Deﬁnition 2 A non-atomic game u is a symmetric ﬁnite interaction game (SFI game for short) if there exists an interaction potential such that, for each t ∈ T , a ∈ A, and f ∈ FA , ut (a, f ) = Φ1 (a, t) +



n ∫ ∑ k=2



T k−1



Φk ((a, t), (f (t2 ), t2 ), . . . , (f (tk ), tk ))dt2 · · · dtk .



(7)



For example, a non-atomic Cournot oligopoly game with a linear inverse demand function is an SFI game with n = 2 and Φ1 (a1 , t1 ) = αa1 − ct1 (a1 ), Φ2 ((a1 , t1 ), (a2 , t2 )) = −βa1 a2 .



(8)



The next proposition shows that an SFI game is a non-atomic potential game and provides a formula for its potential function. In fact, (6) is a potential function given by the next formula (9) and the above interaction potential (8). Proposition 2 An SFI game u is a non-atomic potential game with a potential function ∫ n ∑ 1 U (f ) = Φk ((f (t1 ), t1 ), . . . , (f (tk ), tk ))dt1 · · · dtk . k Tk



(9)



k=1



Proof. For k ∈ {1, . . . , n}, let a non-atomic game vk be such that vt1 (a, f ) = Φ1 (a, t) and ∫ vtk (a, f ) = Φk ((a, t), (f (t2 ), t2 ), . . . , (f (tk ), tk ))dt2 . . . dtk . T k−1



∑ Note that ut = nk=1 vtk . Thus, to establish this proposition, it is enough to show that, for each k, vk is a non-atomic potential game with a potential function ∫ 1 V k (f ) = Φk ((f (t1 ), t1 ), . . . , (f (tk ), tk ))dt1 . . . dk . k Tk Note that, for each f, g ∈ FA , ∫ 1 k V (f [τ, 1]g) = Φk ((f [τ, 1]g(t1 ), t1 ), . . . , (f [τ, 1]g(tk ), tk ))dt1 · · · dtk . k Tk
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Then, by the symmetry of Φk , ∂ k V (f [τ, 1]g) ∂τ ∫ n ¯ 1∑ ∂ ¯ Φk ((f [τ, 1]g(t1 ), t1 ), . . . , (f [τi , 1]g(ti ), ti ), . . . , (f [τ, 1]g(tk ), tk ))¯ dt = k ∂τi T k τi =τ i=1 ∫ ¯ ∂ ¯ = Φk ((f [τ1 , 1]g(t1 ), t1 ), . . . , (f [τ, 1]g(tk ), tk ))¯ dt ∂τ1 T k τ1 =τ ∫ ∫ ∂ [ τ1 dt2 · · · dk Φk ((f (t1 ), t1 ), (f [τ, 1]g(t2 ), t2 ), . . . , (f [τ, 1]g(tk ), tk )) = dt1 ∂τ1 0 T k−1 ∫ ∫ 1 ]¯ ¯ + dt1 dt2 · · · dk Φk ((g(t1 ), t1 ), (f [τ, 1]g(t2 ), t2 ), . . . , (f [τ, 1]g(tk ), tk )) ¯



τ1 =τ



T k−1



τ1



Thus, by Lebesgue’s diﬀerentiation theorem, ∂ k V (f [τ, 1]g) ∂τ ∫ = T k−1



∫



−



Φk ((f (τ ), τ ), (f [τ, 1]g(t2 ), t2 ), . . . , (f [τ, 1]g(tk ), tk ))dt2 · · · dk



T k−1



Φk ((g(τ ), τ ), (f [τ, 1]g(t2 ), t2 ), . . . , (f [τ, 1]g(tk ), tk ))dt2 · · · dk



=vτk (f (τ ), f [τ, 1]g) − vτk (g(τ ), f [τ, 1]g) for almost all τ ∈ T . Therefore, by Lemma 2, vk is a non-atomic potential game with a potential function V k .
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Strategic vector measure games



This section introduces a class of games called strategic vector measure games and shows that they form a special class of non-atomic potential games. To provide the formal deﬁnition, we need a number of deﬁnitions. Let X be a convex subset of a Euclidean space Rn . A vector z ∈ Rn is X-admissible if z = x − y for some x, y ∈ X. Let Ψ : X → R be a continuous function and let z be X-admissible. We say that Ψ is continuously diﬀerentiable on X in the direction z if there is a function Ψz : X → R which equals the derivative dΨ(x + θz)/dθ at each point x in the relative interior of X, and which is continuous at each point in X. We say that Ψ is continuously diﬀerentiable on X if, for each X-admissible z, it is continuously diﬀerentiable on X in the direction z and Ψz (x) is continuous in (z, x). Note that if X is full-dimensional, then ∑ Ψz (x) = nk=1 zk ∂Ψ(x)/∂xk . Let p : A × T → Rn be a bounded and measurable vector-valued function. We ) (∫ ∫ ∫ write S p(f (t), t)dt ≡ S p1 (f (t), t)dt, . . . , S pn (f (t), t)dt ∈ Rn for S ∈ T and f ∈ FA , where pk : A × T → R is the k-th element of p : A × T → Rn .
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.



Deﬁnition 3 A non-atomic game u is a strategic vector measure game (SVM game for short) if there exists Ψ : X → R that is continuously diﬀerentiable on a convex set X ⊆ Rn and p : A × T → Rn that is bounded and measurable such that {∫ } n • T p(f (t), t)dt ∈ R : f ∈ FA ⊆ X, • for each a, b ∈ A and for almost all t ∈ T , p(a, t) − p(b, t) is X-admissible, • for each a, b ∈ A and f ∈ FA , and for almost all t ∈ T , ∫ ut (a, f ) − ut (b, f ) = Ψp(a,t)−p(b,t) ( T p(f (t), t)dt).



(10)



If X is full-dimensional, then (10) is rewritten as ut (a, f ) − ut (b, f ) =



n ∑ (



pk (a, t) − pk (b, t)



k=1



) ∂Ψ ∫ ( p(f (t), t)dt). ∂xk T



(11)



We adopt the term “vector measure” because an SVM game is closely related to coalitional vector measure games discussed in the next section where a vector measure µ is ∫ given by µ(S) = S p(f (t), t)dt. A population potential game introduced by Sandholm (2001, 2007) is an SVM game. Let T be partitioned into disjoint intervals T1 , . . . , Tn . We call Ti the i-th population. nm be such that Let A = {aj }m j=1 . We call aj the j-th strategy. Let p : A × T → R pij (ak , t) = δjk if t ∈ Ti and pij (ak , t) = 0 if t 6∈ Ti for i ∈ {1, . . . , n} and j, k ∈ {1, . . . , m}, ∫ where δjk is the Kronecker delta. Then, pij (f (t), t)dt is the mass of players in the i-th population taking the j-th strategy under the strategy proﬁle f . Consider the corresponding SVM game. In this SVM game, payoﬀ functions of players in the same population are identical, and they depend only upon the distribution of strategies in each population of players. Sandholm (2001, 2007) have deﬁned this SVM game to be a ∫ population potential game with a potential function Ψ( p(f (t), t)dt). The next proposition shows that an SVM game is a non-atomic potential game with ∫ a potential function Ψ( p(f (t), t)dt). Thus, a population potential game is a non-atomic potential game. Proposition 3 An SVM game u is a non-atomic potential game with a potential function ∫ U (f ) = Ψ( T p(f (t), t)dt). (12) Proof. By Lemma 2 and (10), it is enough to show that, for each f, g ∈ FA and for almost all τ ∈ T , ∫ U (f [τ + θ, 1]g) − U (f [τ, 1]g) = Ψp(f (τ ),τ )−p(g(τ ),τ ) ( T p(f [τ, 1]g(t), t)dt). θ→0 θ lim
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(13)



Note that U (f [τ + θ, 1]g) = Ψ(



∫



T p(f [τ + θ, 1]g(t), t)dt) ∫ τ +θ ∫1 = Ψ( 0 p(f (t), t)dt + τ +θ p(g(t), t)dt) ∫τ ∫1 ∫ τ +θ = Ψ( 0 p(f (t), t)dt + τ p(g(t), t)dt + τ (p(f (t), t) − p(g(t), t))dt) ∫1 ∫ τ +θ = Ψ( 0 p(f [τ, 1]g(t), t)dt + τ (p(f (t), t) − p(g(t), t))dt).



Thus, ∫1 ∫1 Ψ( 0 p(f [τ, 1]g(t), t)dt + θz(θ)) − Ψ( 0 p(f [τ, 1]g(t), t)dt) U (f [τ + θ, 1]g) − U (f [τ, 1]g) = , θ θ ∫ τ +θ where z(θ) = τ (p(f (t), t) − p(g(t), t))dt/θ. By the mean-value theorem, there exists ξ(θ) ∈ (0, θ) such that ∫1 ∫1 Ψ( 0 p(f [τ, 1]g(t), t)dt + θz(θ)) − Ψ( 0 p(f [τ, 1]g(t), t)dt) θ ∫1 = Ψz(θ) ( 0 p(f [τ, 1]g(t), t)dt + ξ(θ)z(θ)). Therefore, ∫1 U (f [τ + θ, 1]g) − U (f [τ, 1]g) = lim Ψz(θ) ( 0 p(f [τ, 1]g(t), t)dt + ξ(θ)z(θ)). θ→0 θ→0 θ lim



Note that, by Lebesgue’s diﬀerentiation theorem, ∫ τ +θ (p(f (t), t) − p(g(t), t))dt lim z(θ) = lim τ = p(f (τ ), τ ) − p(g(τ ), τ ) θ→0 θ→0 θ for almost all τ ∈ T . Since Ψz (x) is continuous in (z, x) and limθ→0 ξ(θ) = 0, (13) holds for almost all τ ∈ T .
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Coalitional vector measure games



This section brieﬂy reviews coalitional vector measure games and their value as a preparation to derive a class of SVM games in the next section. We omit technical details and see the seminal work by Aumann and Shapley (1974) for a rigorous discussion. We regard each S ∈ T as a coalition and consider a coalitional non-atomic game v : T → R with v(∅) = 0. The number v(S) is interpreted as the total payoﬀ that the coalition S, if it forms, can obtain for its members; it will be called the worth of S. Aumann and Shapley (1974) introduced a value of a coalitional non-atomic game, which is “non-atomic” version of the Shapley value satisfying several axioms. Diﬀerent from the Shapley value, a value of a coalitional non-atomic game may not be uniquely determined, and attempts have been made to identify the classes of coalitional nonatomic games with a unique value and to ﬁnd a formula for the value. In the following, 11



we restrict our attention to a coalitional game with a unique value, and denote the value of v by ψ(v); that is, ψ(v) : T → R is a ﬁnitely additive measure on (T, T ) with ψ(v)(T ) = v(T ) and ψ(v)(S) is the sum of payoﬀs of players in S. A coalitional vector measure game is a coalitional non-atomic game which is described as a function of ﬁnitely many measures. Let µ = (µ1 , . . . , µn ) be a vector measure on (T, T ), where µi is a measure on (T, T ) for each i ∈ {1, . . . , n}, and let X ⊆ Rn be the range of µ. By Lyapunov’s theorem, the set X is convex. Let ξ : X → R be continuously diﬀerentiable on X with ξ(0) = 0. A coalitional vector measure game (CVM game for short) is ξ ◦ µ : T → R such that ξ ◦ µ(S) = ξ(µ(S)) for each S ∈ T . A CVM game ξ ◦ µ has the unique value (Aumann and Shapley, 1974) given by the “diagonal formula” ∫ 1 ψ(ξ ◦ µ)(S) = ξµ(S) (αµ(T ))dα for each S ∈ T , 0



where ξµ(S) is the derivative of ξ in the direction µ(S). One example of a CVM game is a model of production technology. There are n production factors, out of which one ﬁnal good (output) is produced, according to the function ξ. For each input i, let xi denote the quantity of input i. Then, ξ(x1 , . . . , xn ) is the quantity of output that may be produced from these input together. The ownership of input i is described by the measure µi ; that is, a group of agents (a coalition) S initially owns µi (S) units of input i. Then, the total amount produced by S is precisely v(S) = ξ ◦ µ(S) = ξ(µ1 (S), . . . , µn (S)). A transferable utility exchange economy with ﬁnite number of types is also a CVM game. To see this, we ﬁrst review a general transferable utility exchange economy. There are L goods. Let e : T → RL ++ be integrable initial endowments. Each agent t ∈ T has an initial endowment e(t) ∈ RL ++ and a continuously diﬀerentiable concave utility function ut : R L → R. A market game is a coalitional non-atomic game v : T → R deﬁned as + follows: for each S ∈ T , ∫ ∫ ∫ v(S) = max{ S ut (x(t))dt : x(t) ∈ RL + for each t ∈ T and S x(t)dt = S e(t)dt}. ∫ ∫ An allocation is x : T → RL + with T x(t)dt = T e(t)dt. A competitive equilibrium is a pair (x, p) of an allocation x and a price vector p ∈ RL + such that, for each t ∈ T , ( ) x(t) ∈ arg max ut (x) − p · (x − e(t)) . x∈RL +



For a competitive equilibrium (x, p), the function t 7→ ut (x(t)) − p · (x(t) − e(t)) is called the competitive payoﬀ density, and its indeﬁnite integral is called the competitive payoﬀ distribution. Aumann and Shapley (1974) showed the following result.
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Proposition 4 A market game v has the unique value ψ(v), and its payoﬀ distribution coincides with a competitive payoﬀ distribution; that is, ∫ ( ) ψ(v)(S) = ut (x(t)) − p · (x(t) − e(t)) dt S



for each S ∈ T where (x, p) is a competitive equilibrium. Assume that there are only ﬁnitely many diﬀerent utility functions; that is, T is partitioned into disjoint sets T1 , . . . , TI such that ut = u ¯i for each t ∈ Ti and i = 1, . . . , I. n Put n = I + L, and deﬁne a function ξ : R+ → R by ξ(y1 , . . . , yI ; z1 , . . . , zL ) = max{



I ∑



yi u ¯i (xi ) : xi ∈



RL +,



i=1



I ∑



yi xi ≤ (z1 , . . . , zL )}.



i=1



Then, the market game v is given by v(S) = ξ(η1 (S), . . . , ηI (S); ζ1 (S), . . . , ζL (S)), ∫ where ηi (S) = λ(S ∩ Ti ) (the proportion of type i in S) and ζl (S) = S el (t)dt (the total initial endowment of good l in S). Therefore, the market game with ﬁnite types is a CVM game. Hart and Monderer (1997) introduced the concept of a potential for coalitional nonatomic games, which is a “non-atomic” version of a potential for coalitional games (Hart and Mas-Colell, 1989). We restrict our attention to a potential for CVM games. A CVM game ξ ◦ µ has a unique potential; that is, the potential of ξ ◦ µ is another CVM game Ξ ◦ µ where Ξ : X → R is deﬁned by ∫ 1 ξ(αx) dα. (14) Ξ(x) = α 0 Note that the derivative of Ξ in the direction z is calculated as ∫ 1 ξz (αx) Ξz (x) = dα α 0 because the integrand of the right hand side of (14) is bounded and thus the order of the diﬀerential and the integral can be exchanged. Thus, Ξ is continuously diﬀerentiable because ξ is continuously diﬀerentiable. Hart and Monderer (1997) derived the following relationship between the value and the potential: for each S ∈ T , ψ(ξ ◦ µ)(S) = Ξµ(S) (µ(T )). This relationship is used in the next section.
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Strategic coalitional vector measure games



This section introduces an SVM game of which payoﬀs are derived from the value of a collection of CVM games indexed by the set of strategy proﬁles. Let p : A × T → Rn be bounded and measurable. For each f ∈ FA , deﬁne a vector measure µf such that ∫ µf (S) = S p(f (t), t)dt for each S ∈ T . Let X f be the range of µf and let X ⊆ Rn be ∪ a convex set with f ∈FA X f ⊆ X. We assume that, for each a ∈ A and for almost all t ∈ T , p(a, t) is X-admissible. Let ξ : X → R be continuously diﬀerentiable on X with ξ(0) = 0. For each f ∈ FA , deﬁne a CVM game ξ ◦ µf . Let a non-atomic game u be such that ut (a, f ) = Ξp(a,t) (µf (T )), (16) where Ξ is given by (14). Then, by Proposition 3, this non-atomic game is an SVM game with a potential function U (f ) = Ξ(µf ). By (15), it holds that ∫ ut (f (t), f )dt = ΞR p(f (t),t)dt (µf (T )) = Ξµf (S) (µf (T )) = ψ(ξ ◦ µf )(S). (17) S



S



This implies that the payoﬀ distribution of this SVM game is given by the value of ξ ◦ µf . We call this SVM game a strategic coalitional vector measure game (SCVM game for short). As an example of an SCVM game, we construct a two period model of an exchange economy with multiple marketplaces, where each agent chooses a marketplace in the ﬁrst period, and then an allocation is determined by a competitive equilibrium in each marketplace in the second period. Let A = {1, . . . J} be the set of marketplaces. Let ej : T → RL ++ be an integrable initial endowment for each j ∈ A. Let T be partitioned into disjoint intervals T1 , . . . , TI . Player t ∈ Ti choosing marketplace j ∈ A has a continuously diﬀerentiable concave j utility function u ¯ji : RL + → R and an initial endowment e (t) for i ∈ {1, . . . , I}. Put n = (I + L)J and let p : A × T → Rn be such that p = ((pji ), (pjl )) and, for a ∈ A and t ∈ T, pji (a, t) = δja 1Ti (t), pjl (a, t) = δja ejl (t). ∫ Then, for f ∈ FA , S pji (f (t), t)dt is a mass of players in S ∩ Ti choosing marketplace ∫ j, and S pjl (f (t), t)dt is a total endowment of good l owned by players in S choosing marketplace j. For each j ∈ A, let ∑ j j j ∑ j j ξ j ((yij ); (zlj )) = max{ yi u ¯i (xi ) : xji ∈ RL yi xi ≤ (z1j , . . . , zLj )}. +, i



i



Then, the market game in marketplace j given f ∈ FA is ∫ ∫ v j (S|f ) = ξ j (( S pji (f (t), t)dt)i ; ( S pjl (f (t), t)dt)l ). ∑J j Let ξ be such that ξ ◦ µf (S) = ξ(µf (S)) = j=1 v (S|f ) for all S ∈ T , where ∫ µf (S) = S p(f (t), t)dt, and consider the corresponding SCVM game in which the payoﬀ 14



function is given by (16). By (17), ∫ J J ∑ ∑ ut (f (t), f )dt = ψ(ξ ◦ µf )(S) = ψ( v j (·|f ))(S) = ψ(v j (·|f ))(S) S



j=1



j=1



since ψ is additive in games. By Proposition 4, the payoﬀ distribution given by ψ(v j (·|f )) is a competitive payoﬀ distribution in marketplace j. Therefore, in this SCVM game, the payoﬀ distribution of payers choosing marketplace j is a competitive payoﬀ distribution in marketplace j. Note that this game has a potential function U (f ) = Ξ(µf ).
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