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Introduction



Auctions are frequently conducted in the world to allocate scarce recourses in a desirable way. Examples include auctions of spectrum licenses, government debts, and public assets. The uniform price auction is one of the most frequently used auction formats in practice. It satisfies several desirable properties in theory. If bidders truthfully report their bids, the uniform price auction achieves allocative eﬃciency, one of the most important goals of conducting an auction. In addition, the uniform price auction assigns a fair allocation, and each agent faces the same price scheme.1 In addition, a simple ascending auction calculates allocations selected by the uniform price auction (Gul and Stacchetti, 2000). However, the uniform price auction is generally not immune to strategic manipulation by bidders. In the uniform price auction with multi-demand bidders, bidders have an incentive to underreport their valuations (Ausubel et al., 2014).2,3 This behavior, which is called “demand reduction,” results in the uniform price auction failing to achieve a desirable allocation. In reality, many auctions have a large number of bidders. Several authors focus on such large auctions. They explore the possibility of avoiding the strategic manipulation by bidders in the uniform price auction. Under various assumptions on preferences, bidders’ incentives to misreport their valuations in the uniform price auction vanish as the number of bidders goes to infinity (Swinkels, 2001; Jackson and Kremer, 2006; Bodoh-Creed, 2013; Azevedo and Budish, 2015). However, there are also large auctions in which a large number of objects are allocated and the number of agents is relatively small. For example, in the Federal Communications Commission’s AWS-3 auction, there are nearly 1600 objects but only 70 bidders.4 Another example is treasury security auctions. For example, in Germany, about only 40 institutions are approved as participants in German government securities auctions.5 1



Moreover, the uniform price auction assigns an allocation where each agent finds his or her assignment at least as desirable as the others’ assignments. This property is called no-envy (Foley, 1967). 2 Baisa (2016a) shows a parallel result when preferences are allowed to be non-quasi-linear. 3 If bidders have quasi-linear and unit-demand preferences, the uniform price auction coincides with the Vickrey auction. Thus, bidders have no incentive to misreport their valuations. 4 See Auction 97 summary, FCC, available at http://wireless.fcc.gov/auctions/default. htm?job=auction_summary&id=97. 5 See http://www.deutsche-finanzagentur.de/en/institutional-investors/ primary-market/bund-issues-auction-group/.
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The existing literature focusing on economies with large populations does not cover such cases. In contrast to the existing literature, we explore the incentives of bidders in the uniform price auction when there are many objects. Specifically, we consider a model in which multiple identical objects are to be sold. In addition, agents have quasi-linear preferences with submodular valuation functions. We show that under several assumptions on the domain of admissible preferences and beliefs about agents’ types, truth-telling is an approximate Bayesian Nash equilibrium in any uniform price auction when there are suﬃciently many objects. Note that this result allows agents to have diﬀerent prior beliefs. We do not assume the existence of a common prior belief. That is, agents can have diﬀerent prior beliefs. An important assumption to establish our result is called no monopoly. Suppose there are some threshold units x of the object and an agent such that for each y ≥ x, the incremental valuation for (y + 1)-th unit exceeds that of the other agents. Then, as the number of objects in the economy goes to infinity, only the agent receives infinitely many units of the object at eﬃcient allocations. That is, this agent takes a large share of the object. No monopoly requires that in support of each agent’s prior belief, there should not be a type profile where there is a monopolistic agent. Note that no monopoly requires that agents’ types should be correlated in a way that if an agent has high incremental valuations for an additional object when she receives suﬃciently many objects, then there should be another agent whose incremental valuations for an additional object when he receives suﬃciently many objects are at least as high as the agent. However, note that no monopoly allows for the existence of an agent whose valuations for objects are higher than those of any other agent. Our main result does not hold without no monopoly. We provide an example to illustrate this point. Furthermore, we fail to obtain the same result without other assumptions. However, we can show alternative results without them. In our main result, we vary the number of objects, while fixing the number of agents. We also discuss the case in which both the numbers of agents and objects increase. We obtain a partial result. Specifically, we consider replica economies with complete information. We show that truth-telling is a Nash equilibrium in a particular uniform price auction if we replicate an economy 3



suﬃciently many times. An application of our main result is treasury securities auctions. The uniform price auction is used in several countries, such as the US and the UK, when they sell treasury securities. In treasury security auctions, each treasury securities type is auctioned separately, and has a large number of copies. Thus, our assumption that a large number of identical objects is allocated is satisfied. Furthermore, there is a limited number of bidders. It is not clear whether no monopoly is satisfied. If no monopoly is satisfied, then our main result supports the use of the uniform price auction in treasury security auctions.



1.1



Related literature



Several papers in auction theory study large auctions. Many of them focus on some specific auction format(s). For example, Bodoh-Creed (2013) considers the uniform price auction, and Swinkels (1999) considers the discriminatory auction.6 Swinkels (2001) and Jackson and Kremer (2006) focus on both the uniform price auction and the discriminatory auction. Cripps and Swinkels (2006) and Fudenberg et al. (2007) consider double auctions. Azevedo and Budish (2015) exceptionally consider a general large market model including a variety of models, such as auction model and matching model. The authors introduce a notion called “strategy-proofness in the large.” This notion requires truth-telling to be approximately optimal against any distribution of the other agents’ types when the market size is suﬃciently large. Azevedo and Budish’s (2015) result implies that the uniform price auction is strategy-proof in the large. Our work diﬀers from Swinkels (2001), Jackson and Kremer (2006), Bodoh-Creed (2013), and Azevedo and Budish (2015) in the following respects. First, our study and these four studies focus on diﬀerent types of large economies. In their models, there are suﬃciently many agents. On the other hand, in our model, there are suﬃciently many objects, whereas the number of agents can be small. Second, these four studies assume that each agent demands up to some fixed number of objects. We do not make this assumption. In our model, this assumption implies that when agents receive more than some units of the object, the incremental valuation for an 6



The discriminatory auction is an auction such that the object allocation is determined in order that the sum of valuations is maximized, and each agent pays the valuation for the objects he obtains.
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additional object is zero. Thus, if we make such an assumption and there are suﬃciently many objects, then the price given by the uniform price auction is zero. This implies that no agent can benefit from misreporting their preferences. Hence, under this assumption, our result is obvious. In addition, some studies focus on large markets in a variety of models, such as the classical exchange economy (Roberts and Postlewaite, 1976; Otani and Sicilian, 1982, Otani, 1990; Jackson and Manelli, 1997) and matching model (Immorlica and Mahdian, 2005; Kojima and Pathak, 2009; Che and Kojima, 2010; Che et al., 2015; Che and Tercieux, 2015; Lee, 2017). Those studies also consider models with a large number of agents. Thus, our study and those studies focus on diﬀerent types of large markets. An exception is Kojima and Manea (2010) who, like us , consider a situation in which there are a large number of objects in an object assignment model without money. Eﬃcient auction has been investigated in the literature. The Vickrey auction is a wellknown eﬃcient auction, which satisfies strategy-proofness, that is, each agent has an incentive to report his or her true type. Furthermore, the Vickrey auction is a unique eﬃcient and strategy-proof auction that gives zero payment to agents who receives no object (Homstr¨om, 1979; Chew and Serizawa, 2007). However, the Vickrey rule is seldom used in practice for several reasons. Ausubel and Milgrom (2006) point out several drawbacks of the Vickrey auction, such as low revenue, non-monotonicity of the auctioneer’s revenue in the number of bidders, and vulnerability to collusion by bidders. These problems do not occur in our setting in which valuation functions are submodular. However, there are drawbacks of the Vickrey auction even in our setting. For example, the Vickrey auction is not fair in the sense that agents pay diﬀerent prices even when they receive the same objects. Hence, it is worth exploring non-Vickrey auctions even in our model. Our analysis has an implication for the Vickrey auction. In general, the uniform price auction requires agents to pay more money than the Vickrey auction does. In the proof of our main result, we show that as the number of objects in the economy becomes large, the diﬀerence in payment between the uniform price and the Vickrey auctions becomes close to zero. That is, the Vickrey auction is almost equivalent to the uniform price auction when there are many objects. This observation implies that in large economies that we 5



study, the Vickrey auction no longer has a drawback of unfair pricing, since the uniform price auction oﬀers agents fair pricing. The rest of this article is organized as follows. In Section 2, we introduce the model and definitions. We state the main result in Section 3. In Section 4, we discuss assumptions of our main result in detail. Section 5 concludes. All the proofs appear in the appendix.
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Preliminaries and Definitions



We consider an economy in which there are n agents and x copies of an object. The set of agents is denoted by N := {1, . . . , n}. The set of objects is denoted by X := {0, 1, . . . , x}. For each i ∈ N, let N−i := N \ {i}. A typical (consumption) bundle of agent i ∈ N is a pair zi := (xi , ti ) ∈ X × R, where xi denotes the number of copies of the object agent i receives and ti denotes his or her payment. Thus, the consumption set is X × R. Although the number of copies of the object is finite, we assume that agents have preferences over Z+ × R, where Z+ denotes the set of non-negative integers. In addition, we assume quasi-linear preferences. Thus, each preference relation is characterized by a valuation function vi : Z+ → R+ such that vi (0) = 0. That is, for each agent i ∈ N with valuation function vi , his or her preference relation is represented by a utility function ui (x, t; v) := vi (x) − t for each (x, t) ∈ Z+ × R. We assume that each valuation function vi satisfies the following conditions. Monotonicity: For each pair xi , xi′ ∈ X, if xi < xi′ , vi (xi ) ≤ vi (xi′ ). Submodularity: For each pair xi , xi′ ∈ X, if xi < xi′ , vi (xi + 1) − vi (xi ) ≥ vi (xi′ + 1) − vi (xi′ ). Let V∗ be the set of valuation functions satisfying monotonicity and submodularity. By monotonicity and submodularity, for each vi ∈ V∗ , lim xi →∞ (vi (xi + 1) − vi (xi )) exists. For each vi ∈ V∗ , we denote v∗i := lim xi →∞ (vi (xi + 1) − vi (xi )). Let V ⊂ V∗ be the set of admissible valuation functions. A valuation profile is an n-tuple v := (v1 , . . . , vn ) ∈ V N . For each i ∈ N and each v ∈ V N , we denote v−i := (v j ) j∈N\{i} . In addition, for each N ′ ⊆ N 6



and each v ∈ V N , we denote v−N ′ := (vi )i∈N\N ′ . Each agent has belief about the other agents’ preferences. For each agent i ∈ N, his or her prior belief is denoted by Φi : 2V → [0, 1]. Thus, for each i ∈ N and vi ∈ V, the N



posterior belief is given by Φi (·|vi ). An object allocation is an n-tuple x := (x1 , . . . , xn ) ∈ X N such that



∑ i∈N



xi ≤ x.



Denote the set of object allocations by A. An allocation is an n-tuple z := (z1 , . . . , zn ) := ((x1 , t1 ), . . . , (xn , tn )) ∈ (X ×R)N such that (x1 , . . . , xn ) ∈ A. We denote the set of allocations by Z. A mechanism (M, f ) consists of a set of action profiles M := M1 × · · · × Mn and an allocation rule f : M → Z. A mechanism (M, f ) is a direct mechanism if M = V N . For an allocation rule f and m ∈ M, denote f (m) := (x(m), t(m)), where x(m) := (x1 (m), . . . , xn (m)) and t(m) := (t1 (m), . . . , tn (m)) are the object and payment allocations determined by f for m, respectively. For each i ∈ N and each m ∈ M, fi (m) denotes agent i’s assigned bundle. Given a mechanism (M, f ), a strategy of agent i is a mapping σi : V → Mi . We denote a strategy profile by σ := (σ1 , . . . , σn ). In particular, in direct mechanisms, a strategy profile σ is truth-telling if for each i ∈ N and each vi ∈ Vi , σi (vi ) = vi . Definition 1. Given a mechanism (M, f ), a strategy profile σ := (σ1 , . . . , σn ) is a Bayesian Nash equilibrium if for each i ∈ N, each strategy σ′i , and each vi ∈ V, ∫



∫



v−i ∈V N−i



u( fi (σ(vi , v−i )); vi )Φi (v−i |vi )dv−i ≥



v−i ∈V N−i



u( fi (σ′i (vi ), σ−i (v−i )); vi )Φi (v−i |vi )dv−i .



The following is an approximate notion of the Bayesian Nash equilibrium. Definition 2. Given a mechanism (M, f ) and ϵ ∈ R++ , a strategy profile σ := (σ1 , . . . , σn ) is an ϵ-Bayesian Nash equilibrium if for each i ∈ N, each strategy σ′i , and each vi ∈ V, ∫



∫ v−i ∈V N−i



u( fi (σ(vi , v−i )); vi )Φi (v−i |vi )dv−i ≥



v−i ∈V N−i



u( fi (σ′i (vi ), σ−i (v−i )); vi )Φi (v−i |vi )dv−i − ϵ.



Now we define uniform price auctions. Given v ∈ V N , let V x (v) and V x+1 (v) be the xth and x + 1st highest incremental (marginal) valuations at v, respectively. A uniform price auction is a direct mechanism (V N , f ) such that f assigns allocations in the following 7



manner: for each v ∈ V N , one object is awarded for each incremental valuation that is among x-th highest.7 All objects are allocated to the agents in uniform price auctions, that ∑ is, given a uniform price auction (V N , (x, t)), for each v ∈ V N , i∈N xi (v) = x. For each v ∈ V N , there is a price p ∈ [V x+1 (v), V x (v)] such that each agent pays p times the number of the objects he or she obtains, that is, for each i ∈ N, ti (v) = p · xi (v).
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Main result



We study incentive properties of uniform price auctions. It is already known that in uniform price auctions, truth-telling is not a Bayesian Nash equilibrium. For this reason, we focus on some particular economies: there are suﬃciently many objects. In addition, we weaken the equilibrium concept to the ϵ-Bayesian Nash equilibrium. Before stating our main result, we introduce three assumptions. Assumption 1 (Rapid convergence). For each vi ∈ V, lim xi →∞ xi (vi (xi + 1) − vi (xi ) − v∗i ) = 0. Assumption ?? means that for each vi ∈ V, the sequence {vi (xi + 1) − vi (xi )} xi ∈Z+ converges to the limit rapidly. Although this assumption is not standard, it is implied by standard assumptions. For example, it is often assumed that valuation functions take only integer values. Assumption ?? is satisfied by this integer value assumption. In addition, Assumption ?? is satisfied if valuation functions take only discrete values, that is, there is δ ∈ R++ such that for each vi ∈ V and each xi ∈ X, vi (xi ) = a · xi for some a ∈ N. The second assumption states that the set of admissible valuation functions is finite. Assumption 2. V is finite. Given i ∈ N, let suppΦi (V N ) be the support of Φi . That is, ∩



supp(V ) = N



Φi



V.



V⊂V N :Φi (V)=1



The last assumption states that each agent believes that no agent’s incremental valuation for an additional object when he or she receives suﬃciently many objects is higher than 7



The auctioneer breaks the tie arbitrarily.
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those of the other agents. Assumption 3 (No monopoly). For each i ∈ N and each v ∈ suppΦi (V N ), there are no agent j ∈ N and xˆ ∈ Z+ such that for each k ∈ N \ { j} and each x ∈ Z+ with x ≥ xˆ, v j (x + 1) − v j (x) > vk (x + 1) − vk (x). Note that no monopoly requires that agents’ types should be correlated in the following way. Suppose that an agent, say agent j, has high incremental valuations when she receives many objects. Then, there should be another agent whose incremental valuations when he receives suﬃciently many objects are as high as those of agent j. Our main result states that under these three assumptions, if there are suﬃciently many objects, truth-telling is almost optimal for every agent in uniform price auctions. Theorem 1. Under Assumptions ??, ??, and ??, for each ϵ > 0, there exists xˆ ∈ Z+ such that if x ≥ xˆ, in any uniform price auction, truth-telling is an ϵ-Bayesian Nash equilibrium. The key to prove Theorem ?? is the relation between uniform price auctions and Vickrey auctions. Formally, a Vickrey auction is a direct mechanism (V N , (x, t)) such that for each v ∈ V N , x(v) ∈ arg max y∈A



∑



vi (yi ),



i∈N



and for each i ∈ N, ti (v) = max y∈A



∑



v j (y j ) −



j∈N\{i}



∑



v j (x j (v)).



j∈N\{i}



In general, uniform price auctions do not coincide with Vickrey auctions. However, we show that as the number of objects goes to infinity, a uniform price auction gets sufficiently close to a Vickrey auction at valuation profiles that satisfies no monopoly. Since Vickrey auctions are strategy-proof, that is, no agent has an incentive to misreport preferences, this leads to the desired result.8



8



We state the formal definition of strategy-proofness in Appendix A.
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4



Discussions



In this section, we discuss the assumptions of Theorem ?? in detail.



4.1



Rapid convergence



As we have noted in section 3, Assumption ?? is satisfied if valuation functions take only discrete values. If we replace Assumption ?? with this condition, we can strengthen the equilibrium concept. Proposition 1. Assume that each vi ∈ V takes only discrete values. Then, under Assumptions ?? and ??, there exists xˆ ∈ Z+ such that if x ≥ xˆ, in any uniform price auction, truth-telling is a Bayesian Nash equilibrium.



4.2



Finiteness



It is not clear whether Theorem ?? continues to hold without Assumption ??. However, without Assumption ??, we obtain the following result. Proposition 2. Suppose Assumptions ?? and ?? hold. Let (V N , f ) be a uniform price auction. For each i ∈ N, each v ∈ suppΦi (V N ), and each ϵ > 0, there exists xˆ ∈ N such that if x ≥ xˆ, truth-telling is an ϵ-Nash equilibrium in (V N , f, v). Given a mechanism (M, f ), a strategy profile σ is an ex-post equilibrium if for each v ∈ V N , the strategy profile σ(v) is a Nash equilibrium in (M, f, v). Note that Proposition 2 does not imply that truth-telling is an ex-post equilibrium in uniform price auctions, because there could be a valuation profile v ∈ V N that fails to satisfy no monopoly.



4.3



No monopoly



Theorem ?? does not hold if no monopoly is violated. The following example shows that truth-telling is not an ϵ-Bayesian Nash equilibrium for some ϵ ∈ R++ in a uniform price auction even if there are suﬃciently many objects.
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Example 1. Let N := {i, j} and x ≥ 3. Let (V N , f ) = (V N , (x, t)) be a uniform price auction. Let v := (vi , v j ) ∈ V N be such that for each x ∈ Z+ \ {0}, vi (x) = 10x + 10, and v j (x) = 5x + 20. Assume Φi (v) = 1. Note that for each x ∈ Z+ with x ≥ 1, vi (x + 1) − vi (x) = 10 > 5 = v j (x + 1) − v j (x). Thus, no monopoly is violated. Since (V N , f ) is a uniform price auction, xi (v) = x − 1, and x j (v) = 1. Note that V x (v) = V x+1 (v) = 10. Thus, ti (v) = 10 · (x − 1). Let v′i ∈ V be such that for each xi ∈ Z+ \ {0}, v′i (xi ) = 8xi + 12. Since (V N , f ) is a uniform price auction, xi (v′i , v j ) = x − 1, and x j (v′i , v j ) = 1. Note that V x (v′i , v j ) = V x+1 (v′i , v j ) = 8. Thus, ti (v′i , v j ) = ti (v′i , v j ) = 8 · (x − 1). Therefore, ∫ v′j ∈V



u( fi (σ(vi , v′j )); vi )Φi (v′j |vi )dv′j



∫ −



v′j ∈V



u( fi (σ(v′i , v′j )); vi )Φi (v′j |vi )dv′j



= ui ( fi (v); vi ) − ui ( fi (v′i , v j ); vi ) = vi (x − 1) − 10 · (x − 1) − (vi (x − 1) − 8 · (x − 1)) = −2(x − 1) < 0. Hence, for ϵ < 2(x−1), truth-telling is not an ϵ-Bayesian Nash equilibrium in (V N , f ). □



4.4



Economies with many agents: Replica economies



In Theorem ??, the number of agents is fixed and we investigate how the number of objects aﬀects agents’ incentives. In this subsection, we focus on cases in which there are suﬃciently many objects and agents. Precisely, we consider replica economies and investigate the incentive properties of uniform price auctions. This section assumes complete
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information, that is, agents’ preferences are publicly known. An economy is a tuple (N, v, x) where v ∈ V N . A subeconomy of an economy (N, v, x) is a tuple (N ′ , v′ , x′ ) where N ′ ⊆ N, v′ ∈ V N such that v′i = vi for each i ∈ N ′ , and x′ ∈ X. ′



′



Given N ′ ⊆ N, v ∈ V N , and v0 ∈ V, let N(v0 ; N ′ , v) := {i ∈ N ′ : vi = v0 }. Definition 3. Given K ∈ N, an economy (N, v, x) is a K-replica of a subeconomy (N ′ , v′ , x′ ) if (i) |N(v′i ; N, v)| = K · |N(v′i ; N ′ , v′ )| for each i ∈ N ′ and (ii) x = K · x′ . Note that condition (i) implies |N| = K · |N ′ |. A uniform price auction associated with the minimum price is a uniform price auction (V N , f ) such that for each v ∈ V N and each i ∈ N, ti (v) = xi (v) · V x+1 (v). The following theorem states that if an economy is generated by replicating a subeconomy of itself suﬃciently many times, in uniform price auctions associated with the minimum price, truth-telling is a Nash equilibrium. Theorem 2. Let V := V∗ . Let (V N , f ) be a uniform price auction associated with the minimum price. Let v ∈ V N , and (N ′ , v′ , x′ ) be a subeconomy of (N, v, x). If (N, v, x) is the K-replica of (N ′ , v′ , x′ ) for some K ∈ N with K > x′ then, truth-telling is a Nash equilibrium in the game (V N , f, v). We make some remarks about Theorem ??. First, note that in Theorem ??, we do not make Assumptions ??, ??, and ??. In other words, truth-telling is a Nash equilibrium for every valuation profile in (V∗ )N . Second, as in the case of Theorem ??, the key for the proof of Theorem ?? is the relation between uniform price auctions associated with the minimum price and Vickrey auctions. In the proof, we show that if an economy is the K-replica of a subeconomy for suﬃciently large K ∈ N, a uniform price auction associated with the minimum price and a Vickrey auction assign the same allocation at the economy. Since Vickrey auctions are strategy-proof, this equivalence leads to the desired result. Gul and Stacchetti (1999) show the same equivalence in a general model in which there can be several diﬀerent types of objects. However, the authors assume that each agent can receive at most one unit for each type. Since we do not make this assumption, the result by Gul and Stacchetti (1999) does not imply Theorem ??.
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The last remark is that Theorem ?? does not necessarily hold for uniform price auctions that are not associated with the minimum price. The following example shows that there is a uniform price auction such that even if an economy is generated by replicating a subeconomy suﬃciently many times, truth-telling is not a Nash equilibrium. Example 2. Let V := V∗ , and (V N , f ) = (V N , (x, t)) be a uniform price auction associated with the maximum price, that is, for each v ∈ V N and each i ∈ N, ti (v) = xi (v) · V x (v). Let K ∈ N. Let (N, v, x) be the K-replica of the following subeconomy (N ′ , v′ , x′ ): N ′ = {1, 2}, x′ = 2, and for each x ∈ Z+ ,           x if x ≤ 2,   2x  ′ ′ and v (x) = v1 (x) =   2         4 2 otherwise,



if x ≤ 2, otherwise.



Note that for each i ∈ N, either vi = v′1 or vi = v′2 . Since (V N , f ) is a uniform price auction, for each i ∈ N,     ′   0 if vi = v1 , xi (v) =      2 if vi = v′2 . Note that V x (v) = 2. Thus, for each i ∈ N with vi = v′2 , ti (v) = 4. Let i ∈ N be such that vi = v′2 and let v′′i ∈ V be such that for each xi ∈ Z+ ,       1.5xi ′′ vi (xi ) =      3



if xi ≤ 2, otherwise.



Then, for each j ∈ N,     ′   0 if v j = v1 , ′′ x j (vi , v−i ) =      2 otherwise. Note that V x (v′′i , v−i ) = 1.5. Thus, ti (v′′i , v−i ) = 3. Therefore, vi (xi (v)) − ti (v) − [vi (xi (v′′i , v−i )) − tk (v′′i , v−i )] = −1.
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This implies that truth-telling is not a Nash equilibrium in the game (V N , f, v).



5



□



Concluding remarks



We have investigated the incentive properties of the uniform price auction when there are suﬃciently many identical objects. We showed that under several assumptions on type space and agents’ beliefs, truth-telling is an approximate Bayesian Nash equilibrium in any uniform price auction if there are suﬃciently many objects. The key assumption for the result is that of no monopoly. Without this assumption, truth-telling is no longer an approximate Bayesian Nash equilibrium in a uniform price auction even if there are many objects. There could be several directions for future research. One is to focus on the case in which there are several diﬀerent objects. Another is to allow preferences to be non-quasilinear. The quasi-linearity of preferences is plausible only when agents’ payments are suﬃciently small compared with their income levels: a large payment in an auction aﬀects his or her future consumption plan, which aﬀects the valuations for the objects in the auction. However, in many applications of auction theory, such as auctions of spectrum licenses and treasury securities, bidders’ payments are large. Several studies show that when preferences are allowed to be non-quasi-linear, typically there is no rule satisfying eﬃciency, strategy-proofness, and other mild conditions (Baisa, 2016b; Kazumura and Serizawa, 2017). Hence, it is of interest to find eﬃcient auctions that are immune to strategic manipulation by bidders in large economies when preferences can be non-quasilinear.



Appendix A



Preliminaries ′



Given N ′ ⊆ N and a profile v ∈ V N of valuation functions, an object allocation x ∈ A is ∑ ∑ ′ eﬃcient for v if i∈N\N ′ vi (xi ) = maxy∈A i∈N ′ vi (yi ).9 For each N ′ ⊆ N and each v ∈ V N , 9



In the literature, this notion is sometimes called decision eﬃciency.
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let P(v) be the set of eﬃcient object allocations for v. ′



Remark 1. Let N ′ ⊆ N, v ∈ V N and x ∈ P(v). For each pair i, j ∈ N ′ with i , j, if x j > 0, then vi (xi + 1) − vi (xi ) ≤ v j (x j ) − v j (x j − 1). Remark 2. In a uniform price auction (V N , f ) := (V N , (x, t)), for each v ∈ V N , x(v) is eﬃcient for v. Gul and Stacchetti (1999) show that a uniform price auction requires agents to pay more money than a Vickrey auction if they have the same object allocation rule. Fact 1 (Gul and Stacchetti, 1999). Let (V N , (x, t)) and (V N , (y, s)) be a uniform price auction and a Vickrey auction, respectively. If x = y, then for each v ∈ V N and each i ∈ N, ti (v) ≥ si (v). Now we state the formal definition of strategy-proofness. Definition 4. A direct mechanism (V N , f ) is strategy-proof if for each v ∈ V N , each i ∈ N, and each v′i ∈ V, u( fi (v); vi ) ≥ u( fi (v′i , v−i ); vi ). It is known that Vickrey auctions satisfy strategy-proofness. Using Fact ?? and strategyproofness of Vickrey auctions, we obtain the following suﬃcient condition for truthtelling to be an ϵ-Bayesian Nash equilibrium in a uniform price auction. Proposition 3. Let (V N , (x, t)) and (V N , (y, s)) be a uniform price auction and a Vickrey auction such that x = y. Let ϵ ≥ 0. Suppose that for each i ∈ N and each v ∈ suppΦi (V N ), ti (v) − si (v) ≤ ϵ. Then, truth-telling is an ϵ-Baysian Nash equilibrium in (V N , (x, t)). Proof. Let i ∈ N and vi ∈ V. For each (vi , v−i ) ∈ suppΦi (V N ), ti (vi , v−i ) ≤ si (vi , v−i ) + ϵ. Thus, for each v′i ∈ V, ∫ v−i ∈V N−i



[vi (xi (vi , v−i )) − ti (vi , v−i )]Φi (v−i |vi )dv−i ∫ ≥ [vi (xi (vi , v−i )) − si (vi , v−i )]Φi (v−i |vi )dv−i − ϵ v−i ∈V N−i ∫ ≥ [vi (xi (v′i , v−i )) − si (v′i , v−i )]Φi (v−i |vi )dv−i − ϵ N−i ∫v−i ∈V ≥ [vi (xi (v′i , v−i )) − ti (v′i , v−i )]Φi (v−i |vi )dv−i − ϵ, v−i ∈V N−i
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where the second inequality follows from strategy-proofness of the Vickrey auction, and the last inequality follows from Fact ??. Hence, truth-telling is an ϵ-Bayesian Nash equi■



librium. The following is an analogue of Proposition ??.



Proposition 4. Let (V N , (x, t)) and (V N , (y, s)) be a uniform price auction and a Vickrey auction such that x = y. Let ϵ ≥ 0 and v ∈ V N be such that t(v) − s(v) ≤ ϵ for each i ∈ N. Then, truth-telling is an ϵ-Nash equilibrium in (V N , (x, t), v). We omit the proof since it is similar to the proof of Proposition ??.



B Proof of Theorem ?? Let (V N , f ) := (V N , (x, t)) and (V N , g) := (V N , (y, s)) be a uniform price auction and a Vickrey auction, respectively, such that x = y. Take any ϵ > 0. By Assumptions ?? and ??, there exists x∗ (ϵ) ∈ Z+ such that for each vi ∈ V and each xi ∈ Z+ with xi ≥ x∗ (ϵ), xi |vi (xi + 1) − vi (xi ) − v∗i | < ϵ.



(1)



Suppose x ≥ n · x∗ (ϵ). By Proposition ??, all we need to show to prove Theorem ?? is that for each i ∈ N and each v ∈ suppΦi (V N ), ti (v) − si (v) < ϵ. Let i ∈ N and v ∈ suppΦi (V N ). Denote v∗ := max j∈N v∗j and let N ∗ := { j ∈ N : v∗j = v∗ }. Step 1. |N ∗ | ≥ 2. Proof. Since N is finite, there is j ∈ N such that v∗j = v∗ . Thus, |N ∗ | ≥ 1. Suppose, by contradiction, that |N ∗ | = 1. Then, for each k ∈ N \ { j}, v∗j > v∗k . Let δ = v∗j − maxk∈N\{ j} v∗k . Since N is finite, δ > 0. Note that there is xˆ ∈ Z+ such that for each x ≥ xˆ and each k ∈ N, vk (x + 1) − vk (x) ≤ v∗k + δ/2. Then, for each x ∈ Z+ with x ≥ xˆ and each k ∈ N \ { j}, v j (x + 1) − v j (x) ≥ v∗j > δ/2 + v∗k ≥ vk (x + 1) − vk (x). However, since v ∈ suppΦi (V N ), this inequality contradicts Assumption ??. Step 2. ti (v) ≤ xi (v) · v∗ + ϵ. 16



■



Proof. Note that there is p ∈ [V x+1 (v), V x (v)] such that ti (v) = xi (v)·p. Let j ∈ arg max xk (v). k∈N ∑ Since x > |N| · x∗ (ϵ) and k∈N xk (v) = x, then x j (v) > x∗ (ϵ). Then, by (??), x j (v)(v j (x j (v)) − v j (x j (v) − 1) − v∗i ) < ϵ. Note that by the definition of V x (v), v j (x j (v)) − v j (x j (v) − 1) ≥ V x (v). Therefore, p ≤ V x (v) ≤ v j (x j (v)) − v j (x j (v) − 1) < v∗j +



ϵ ϵ ≤ v∗ + . x j (v) x j (v)



Hence, p · xi (v) ≤ xi (v) · v∗ + ϵ ·



xi (v) ≤ xi (v) · v∗ + ϵ. x j (v) ■



Step 3. There is y ∈ P(v−i ) such that for each j ∈ N−i , y j ≥ x j (v). Proof. Suppose by contradiction that for each y ∈ P(v−i ), y j < x j (v) for some j ∈ N−i . Let P∗ := arg min |{ j ∈ N−i : y j < x j (v)}|. y∈P(v−i )



Since N is finite, P∗ , ∅. Let j ∈ N−i be such that y j < x j (v) for some y ∈ P∗ , and let P∗ ( j) := {y ∈ P∗ : y j < x j (v)}. Let y∗ ∈ arg max y j . y∈P∗ ( j)



Claim 1. There is k ∈ N \ {i, j} such that y∗k > xk (v). Proof. Suppose by contradiction that for each k ∈ N\{i, j}, y∗k ≤ xk (v). Then, by y j < x j (v), ∑ ∑ ∗ ∗ k∈N−i yk < k∈N−i xk (v) ≤ x. Let y ∈ A be such that yi = 0, y j = y j + 1, and for each ∑ ∑ k ∈ N−i \ { j}, yk = y∗k . Note that y is feasible because k∈N yk = 1 + k∈N−i yk∗ ≤ x. ∑ ∑ Moreover, by v j (y j ) = v j (y∗j + 1) ≥ v j (y∗j ), k∈N−i vk (yk ) ≥ k∈N−i vk (y∗k ). Thus, y∗ ∈ P(v−i ) implies y ∈ P(v−i ). By y∗j < x j (v), we have either y j = x j (v) or y j < x j (v). If y j = x j (v), then |{k ∈ N−i : yk < xk (v)}| < |{k ∈ N−i : y∗k < xk (v)}|, 17



which contradicts y∗ ∈ P∗ . Thus, y j < x j (v). Then, note that y ∈ P∗ ( j). By y j > y∗j , however, this also contradicts the definition of y∗ .



□



Claim 2. v j (y∗j + 1) − v j (y∗j ) < vk (y∗k ) − vk (y∗k − 1). Proof. Suppose by contradiction that v j (y∗j + 1) − v j (y∗j ) ≥ vk (y∗k ) − vk (y∗k − 1). Let y ∈ A be such that yi = 0, y j = y∗j + 1, yk = y∗k − 1, and for each ℓ ∈ N \ {i, j, k}, yℓ = y∗ℓ . Note ∑ ∑ that y is feasible because ℓ∈N yℓ = ℓ∈N−i y∗ℓ ≤ x. Moreover, ∑



vℓ (yℓ ) = v j (y∗j + 1) + vk (y∗k − 1) +



ℓ∈N−i



∑ ℓ∈N\{i, j,k}



vℓ (y∗ℓ ) ≥



∑ ℓ∈N−i



vℓ (y∗ℓ ).



By y∗ ∈ P(v−i ), we have y ∈ P(v−i ). By y∗j < x j (v), we have either y j = x j (v) or y j < x j (v). If y j = x j (v), then |{ℓ ∈ N−i : yℓ < xℓ (v)}| < |{ℓ ∈ N−i : y∗ℓ < xℓ (v)}|, which contradicts y∗ ∈ P∗ . Thus, y j < x j (v). By y j > y∗j , however, this also contradicts the definition of y∗ .



□



By y∗j < x j (v), submodularity, Claim ?? and ??, v j (x j (v)) − v j (x j (v) − 1) ≤ v j (y∗j + 1) − v j (y∗j ) < vk (y∗k ) − vk (y∗k − 1) ≤ vk (xk (v) + 1) − vk (xk (v)). ■



This contradicts Remark ??.



Let P∗ (v−i ) := {y ∈ P(v−i ) : for each j ∈ N−i , y j ≥ x j (v)}. By Step ??, P∗ (v−i ) , ∅. Step 4. Let y ∈ P∗ (v−i ) and j ∈ N−i . If y j > x j (v), v j (y j ) − v j (y j − 1) ≥ v∗ .
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Proof. Suppose, by contradiction, that y j > x j (v) and v j (y j ) − v j (y j − 1) < v∗ . By Step ??, N ∗ \ {i} , ∅. Let k ∈ N ∗ \ {i}. Then, vk (yk + 1) − vk (yk ) ≥ v∗ , and thus k , j. Note that vk (yk + 1) − vk (yk ) > v∗ ≥ v j (y j ) − v j (y j − 1). Since y is eﬃcient for v−i , this inequality ■



contradicts Remark ??.



Step 5. Completing the proof. Let y ∈ P∗ (v−i ). Without loss of generality, we assume that ∑ ∑ si (v) = j∈N−i v j (y j ) − j∈N−i v j (x j (v)). Then, ∗



ti (v) − si (v) < xi (v) · v + ϵ −



(∑



v j (y j ) −



j∈N−i



∑



∑ j,i



y j = x. Note that



) v j (x j (v))



j∈N−i



= xi (v) · v∗ + ϵ ∑ − (v j (y j ) − v j (y j − 1) + v j (y j − 1) − vk (y j − 2) + · · · + v j (x j (v) + 1) − v j (x j (v))) j∈N−i , y j >x j (v)



≤ xi (v) · v∗ + ϵ −



∑



(v j (y j ) − v j (y j − 1)) · (y j − x j (v))



j∈N−i , y j >x j (v)



≤ xi (v) · v∗ + ϵ −



∑



v∗ · (y j − x j (v)),



j∈N−i , y j >x j (v)



where the first inequality follows from Step ??, the second inequality from submodularity of valuation functions, and the last inequality from Step ??. Note that ∑



∑



(y j − x j (v)) =



j∈N−i , y j >x j (v)



(y j − x j (v)) +



j∈N−i , y j >x j (v)



= x−



∑



∑



(y j − x j (v))



j∈N−i , y j =x j (v)



x j (v)



j∈N−i



= xi (v). Hence, ti (v) − si (v) < ϵ.



C



■



Proofs of Propositions ?? and ??



Proof of Proposition ??. By Assumption ?? and the assumption that each valuation function takes discrete values, there exists x∗ ∈ N such that for each i ∈ N, each v ∈ 19



suppΦi (V N ), each j ∈ N, and each x j ∈ Z+ with x j > x∗ , v j (x j + 1) − v j (x j ) = v∗j . Let x > n · x∗ . Then, by following the proof of Theorem ??, we can show that for each i ∈ N and each v ∈ suppΦi (V N ), ti (v) = si (v). Thus, by Proposition ??, we obtain the □



desired result.



Proof of Proposition ??. Let i ∈ N and v ∈ suppΦi (V N ). Let ϵ ∈ R++ . By Assumption ??, for each j ∈ N, there exists x∗j (ϵ) ∈ Z+ such that for each x j ∈ Z+ with x j ≥ x∗j (ϵ), x j |v j (x j + 1) − v j (x j ) − v∗j | < ϵ. Let x > n · max j∈N x∗j (ϵ). Then, by following the proof of Theorem ??, we can show that ti (v) − si (v) < ϵ for each i ∈ N. Therefore, by Proposition ??, we obtain the desired □



result.



D



Proof of Theorem ??



Denote f = (x, t). Since (N, v, x) is the K-replica economy of (N ′ , v′ , x′ ), then there is ∪ (Ni )i∈N ′ such that (i) i∈N ′ Ni = N ′ , (ii) for each pair i, j ∈ N ′ with i , j, Ni ∩ N j = ∅, (iii) for each i ∈ N ′ , |Ni | = K, and (iv) for each i ∈ N ′ and each j ∈ Ni , v j = v′i . Let x′ = (xi′ )i∈N ′ be an eﬃcient object allocation in the subeconomy (N ′ , v′ , x′ ), i.e.,     ∑ ∑    ′ ′ ′ ′ x′ ∈ arg max  v (y ) : y ∈ {0, . . . , x } for each i ∈ N , and y ≤ x .  i i i i    ′  ′ i∈N



i∈N



Without loss of generality, we assume



∑



i∈N ′



xi′ = x′ . Let x ∈ A be such that for each i ∈ N,



xi = x′j where j ∈ N ′ and i ∈ N j . Step 1. x ∈ P(v). Proof. Suppose by contradiction that x < P(v). Let y∗ ∈ arg min y∈P(v)



∑ i∈N
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|yi − xi |.



By x < P(v) and y∗ ∈ P(v),



∑



∗ i∈N vi (yi )



>



∑



i∈N vi (xi ).



Thus, there is i ∈ N such that



vi (y∗i ) > vi (xi ). By monotonicity, y∗i > xi . By the definition of x, ∑ j∈N



xj =



∑



K · x′j = K · x′ = x ≥



j∈N ′



∑



y∗j .



j∈N



Thus, by y∗i > xi , there is j ∈ N \ {i} such that y∗j < x j . Claim 3. vi (y∗i ) − vi (y∗i − 1) = v j (y∗j + 1) − v j (y∗j ) Proof. By the definition of x, there is k ∈ N ′ such that i ∈ Nk and xk′ = xi . For the same reason, there is ℓ ∈ N ′ such that j ∈ Nℓ and xℓ′ = x j . We have two cases. Case 1: k = ℓ. We have vi = v j and y∗i > xi = x j > y∗j . Thus, vi (y∗i ) − vi (y∗i − 1) ≥ v j (y∗j + 1) − v j (y∗j ) = vi (y∗j + 1) − vi (y∗j ) ≥ vi (y∗i ) − vi (y∗i − 1), where the first inequality follows from y∗ ∈ P(v) and Remark ??, the equality from vi = v j , and the last equality from y∗i > y∗j and submodularity of vi . Hence, vi (y∗i ) − vi (y∗i − 1) = v j (y∗j + 1) − v j (y∗j ). Case 2: k , ℓ. Note that xℓ′ = x j > y∗j ≥ 0. Thus, by the definition of x′ and Remark ??, v′k (xk′ + 1) − v′k (xk′ ) ≤ v′ℓ (xℓ′ ) − v′ℓ (xℓ′ − 1). Therefore, vi (xi + 1) − vi (xi ) = v′k (xk′ + 1) − v′k (xk′ ) ≤ v′ℓ (xℓ′ ) − v′ℓ (xℓ′ − 1) = v j (x j ) − v j (x j − 1).



(2)



By y∗ ∈ P(v) and Remark ??, vi (y∗i ) − vi (y∗i − 1) ≥ v j (y∗j + 1) − v j (y∗j ). Thus, by y∗j < x j ,
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(??), y∗i > xi , and submodularity, vi (y∗i ) − vi (y∗i − 1) ≥ v j (y∗j + 1) − v j (y∗j ) ≥ v j (x j ) − v j (x j − 1) ≥ vi (xi + 1) − vi (xi ) ≥ vi (y∗i ) − vi (y∗i − 1). Therefore, vi (y∗i ) − vi (y∗i − 1) = v j (y∗j + 1) − v j (y∗j ).



□



Let y′ ∈ A be such that for each k ∈ N,     y∗i − 1 if k = i,        ∗ y′k =  y j + 1 if k = j,         y∗k otherwise. By Claim ??, vi (y∗i − 1) + v j (y∗j + 1) = vi (y∗i ) + v j (y∗j ). Thus, ∑



vk (y′k ) = vi (y∗i − 1) + v j (y∗j + 1) +



k∈N



∑



vk (y∗k ) =



∑



vk (y∗k ).



k∈N



k∈N\{i, j}



Thus, by y∗ ∈ P(v), we have y′ ∈ P(v). Moreover, by y∗i > xi and y∗j < x j , ∑



|y′k − xk | = |y∗i − 1 − xi | + |y∗j + 1 − x j | +



k∈N



= −2 + 



∑



∑



∑



|y∗k − xk |



k∈N\{i, j}



|y∗k − xk |



k∈N



|y∗k − xk |.



k∈N



This contradicts the definition of y∗ .



■



Let N ∗ := {i ∈ N : vi (xi + 1) − vi (xi ) = V x+1 (v)}.
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Step 2. N ∗ , ∅. Proof. By step ??, Remark ?? and submodularity, for each j ∈ N with x j > 0, each k ∈ N and each y j ∈ {1, 2, . . . , x j }, v j (y j ) − v j (y j − 1) ≥ vk (xk + 1) − vk (xk )



(3)



Let H := {(i, yi ) ∈ N × Z+ : yi ∈ {1, 2, . . . , xi }. Note that |H| = x. Thus, by (??), for each ( j, y j ) ∈ H, v j (y j ) − v j (y j − 1) is no less than the x-th highest incremental valuation, that is v j (y j )−v j (y j −1) ≥ V x (v). By this inequality and |H| = x, maxk {vk (xk +1)−vk (xk )} = V x+1 (v), ■



which completes the proof.



Note also that for each i ∈ N ∗ , there are at least K − 1 other agents who have the same valuation function and object assignment at x as agent i. Thus, |N ∗ | ≥ K. Fix i ∈ N and let N1 := { j ∈ N \ {i} : x j (v) = x j }, N2 := { j ∈ N \ {i} : x j (v) > x j }, and N3 := { j ∈ N \ {i} : x j (v) < x j }. Let N ∗j := N j ∩ N ∗ for each j = 1, 2, 3. ∑ ∑ Step 3. xi (v) ≤ |N1∗ | + j∈N3∗ (x j − x j (v) + 1) + j∈N3 \N3∗ (x j − x j (v)). Proof. Note that N ∗ \ {i} = N1∗ ∪ N2∗ ∪ N3∗ . Thus, by |N ∗ | ≥ K and K > x′ ≥ xi , |N1∗ | + |N2∗ | + |N3∗ | = |N ∗ \ {i}| ≥ xi . By N2 ⊇ N2∗ and the definition of N2 , |N2∗ | ≤ |N2 | ≤



∑ j∈N2
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(x j (v) − x j ).



(4)



By xi (v) +



∑ j∈N



∑



x j (v) = x =



x j (v) +



j∈N1



By



∑ j∈N1



x j (v) =



∑



∑ j∈N



x j (v) +



j∈N2



∑



x j (v) =



∑



j∈N3



∑ j∈N1



xi (v) − xi =



x j, ∑



i∈N



x j and |N2∗ | ≤



∑



xi (v) =



∑



(x j − x j (v)) −



j∈N3



j∈N



j∈N2 (x j (v)



∑



∑



x j = xi +



xj +



j∈N1



∑



xj +



j∈N2



∑



x j.



j∈N3



− x j ), ∑



(x j (v) − x j ) ≤



j∈N2



(x j − x j (v)) − |N2∗ |.



(5)



j∈N3



Therefore, by (??) and (??), xi (v) = xi + (xi (v) − xi ) ≤ |N1∗ | + |N2∗ | + |N3∗ | + ≤ |N1∗ | + |N3∗ | + ≤ |N1∗ | +



∑



∑



∑



(x j − x j (v)) − |N2∗ |



j∈N3



(x j − x j (v))



j∈N3



∑



(x j − x j (v) + 1) +



j∈N3∗



By Step ??, there is (y∗j ) j∈N1∗ ∪N3 ∈ X



(x j − x j (v)).



j∈N3 \N3∗



|N1∗ ∪N3 |



such that



∑



■ j∈N1∗ ∪N3



j ∈ N1∗ ∪ N3 ,     1 if j ∈ N1∗ ,        y∗j ≤  x j − x j (v) + 1 if j ∈ N3∗ ,          x j − x j (v) if j ∈ N3 \ N3∗ . Let y ∈ X N be such that for each j ∈ N,     0        yj =  x j (v) + y∗j          x j (v)
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if j = i, if j ∈ N1∗ ∪ N3 , otherwise.



y∗j = xi (v) and for each



Note that ∑ j∈N



yj =



∑



y∗j +



j∈N1∗ ∪N3



∑



x j (v) = xi (v) +



j∈N−i



∑



x j (v) = x.



j∈N−i



Thus, y ∈ A. Moreover, for each j ∈ N−i , y j ≥ x j (v). Step 4. Let j ∈ N−i be such that y j > x j (v). Let x′′j ∈ {x j (v) + 1, . . . , y j }. Then v j (x′′j ) − v j (x′′j − 1) = V x+1 (v). Proof. By the definition of V x+1 (v) and submodularity, V x+1 (v) ≥ v j (x j (v) + 1) − v j (x j (v)) ≥ v j (x′′j ) − v j (x′′j − 1) ≥ v j (y j ) − v j (y j − 1). Thus, we obtain the desired result if we show V x+1 (v) ≤ v j (y j ) − v j (y j − 1). Note that by y j > x j (v), we have j ∈ N1∗ ∪ N3 . Case 1: j ∈ N1∗ . By the definition of y∗ , we have y j = x j (e′ ) + y∗j ≤ x j + 1. By y j > x j (v) = x j , we have y j = x j + 1. Thus, by j ∈ N ∗ , V x+1 (v) = v j (x j + 1) − v j (x j ) = v j (y j ) − v j (y j − 1). Case 2: j ∈ N3∗ . By the definition of y∗ , we have y j = x j (v) + y∗j ≤ x j + 1. Thus, by j ∈ N ∗ and submodularity, V x+1 (v) = v j (x j + 1) − v j (x j ) ≤ v j (y j ) − v j (y j − 1). Case 3: j ∈ N3 \ N3∗ . By N ∗ , ∅ and j ∈ N3 \ N3∗ , there is k ∈ N ∗ such that k , j. Note that by j ∈ N3 , x j > x j (v) ≥ 0. Thus, by k ∈ N ∗ , x ∈ P(v) and Remark ??, V x+1 (v) = vk (xk + 1) − vk (xk ) ≤ v j (x j ) − v j (x j − 1).
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By the definition of y∗ , y j = x j (e′ ) + y∗j ≤ x j . Thus, by submodularity, V x+1 (v) ≤ v j (x j ) − v j (x j − 1) ≤ v j (y j ) − v j (y j − 1). ■ Step 5. Completing the proof. Let (V N , (ˆy, s)) be a Vickrey auction such that yˆ = x. By Step ??, for each j ∈ N−i with y j > x j , v j (y j ) − v j (x j ) = v j (y j ) − v j (y j − 1) + (v j (y j − 1) − v j (y j − 2)) + · · · + (v j (x j + 1) − v j (x j )) = V x+1 (v) · (y j − x j (v)). By the definition of y, ∑



∑



(y j − x j (v)) =



y∗j = xi (v).



j∈N1∗ ∪N3



j∈N−i



Thus, we have ∑



si (v) = max ′ x ∈A



≥



∑



v j (x′j ) −



j∈N−i



v j (y j ) −



j∈N−i



=



∑



∑



∑



v j (x j (v))



j∈N−i



v j (x j (v))



j∈N−i



(v j (y j ) − v j (x j (v)))



j∈N−i



= V x+1 (v) ·



∑



(y j − x j (v))



j∈N−i



= V x+1 (v) · xi (v) = ti (v). Hence, by Proposition ??, we obtain the desired result.
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