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1. Introduction Quantum field theories formulated on a noncommutative space have recently become the object of renewed interest. This is primarily due to the realization that noncommutative U (N) gauge theories arise in the field theory limit of strings in a constant B-field background [1]. The perturbative analysis of such theories is simplified by the fact that the noncommutativity of spacetime can be traded off by a modified multiplication rule for the fields, i.e., functions on noncommutative Rd can be treated as ordinary functions on standard Rd with a deformed multiplication given by the Moyal ∗-product. By now, there exists an abundant literature on the perturbative and nonperturbative studies of field theories in noncommutative flat Rd . For a review and an extensive list of references, see, for example, [2]. In contrast, very little is known about corresponding theories in a curved noncommutative space or else about a noncommutative formulation of gravity itself. One of the main obstacles to overcome in the formulation of gravity on noncommutative spaces is related to the fact that the Moyal product does not maintain reality. Nevertheless, one possible 0264-9381/02/154029+14$30.00
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way to preserve the reality of the gravitational fields is to use explicitly the Seiberg–Witten map [3]. Otherwise, it seems that one is forced to complexify the fields [4–6]. However, complex gravity may be plagued by inconsistencies already at the commutative level [7, 8]. Here, we attack the problem starting from the theory of noncommutative gravity formulated in two spacetime dimensions. In this case, we can take advantage of our knowledge about noncommutative gauge theories. There we know how to deform the gauge transformations for the fields and everything is under control at least at the kinematical level. In fact the Jackiw–Teitelboim (JT) model [9] of 2D commutative gravity can be written as a topological SU (1, 1) gauge theory [10, 11]. Within this formulation, embedding in a noncommutative space is straightforward: since in the volume form the metric does not appear, it is sufficient to introduce the ∗-product appropriately and extend the gauge group to U (1, 1)5 . We will show how to write the action in terms of real fields and how to achieve the decoupling of the extra U (1) in the commutative limit. Then, we address the issue of diffeomorphisms. We find that the deformed action is invariant under a class of transformations that reproduce the standard diffeomorphisms in the commutative limit. Moreover, once the equations of motion are imposed, they are equivalent to gauge transformations, as it happens in the commutative case. Our paper is organized as follows. In the following section, we define the noncommutative gravity action in terms of a topological two-dimensional gauge theory and write the equations of motion. In section 3, it is shown that the Seiberg–Witten (SW) formula maps the deformed model into the standard commutative topological gauge theory. In section 4, we show that the action enjoys an invariance that reduces to ordinary diffeomorphism invariance in the commutative case. In section 5, we obtain solutions of the equations of motion and discuss their dependence on the noncommutativity parameter. Finally, we present our conclusions. 2. Deformation of two-dimensional topological gauge theory It is well known that the JT model [9] of dilaton gravity in two dimensions can be formulated as an SU (1, 1) topological gauge theory [10, 11]. This is similar to the three-dimensional case, where pure Einstein gravity can be written as a Chern–Simons theory [17]. In what follows, we will use this gauge theory formulation to define 2D noncommutative gravity. To this end, we first note that the group SU (1, 1) is not closed with respect to the Moyal product, and thus we are forced to consider a gauge theory based on U (1, 1). The action of the U (1, 1) gauge theory on noncommutative R2 , with coordinates x µ satisfying [x µ , x ν ] = iθ µν , reads6  S = β Tr(  F ), (2.1) µ where β is a dimensionless coupling constant.  = A τA , A = AA µ τA d x and F = 1 A µ ν F τ d x ∧ d x take values in the Lie algebra u(1, 1) (the generators τA are given in the 2 µν A appendix). The star denotes the usual Moyal product, and



F = DA = dA + A ∧ A, ⇓



(2.2)



Fµν = ∂µ Aν − ∂ν Aµ + Aµ  Aν − Aν  Aµ . 5



For other attempts to formulate gravity on noncommutative spaces based on Chern–Simons actions and its variants cf [12–16]. 6 Of course, in two dimensions [x µ , x ν ] = iθ µν implies timelike noncommutativity, so one might think that problems such as causality violation or loss of unitarity [18, 19] occur. However, as we will see below (cf equation (2.5)), the deformed theory is still topological, so that there are no propagating degrees of freedom, and we thus expect the theory to be well defined in spite of timelike noncommutativity.
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A Note that the fields A , AA µ and Fµν are real, and that this in reality is preserved under the infinitesimal gauge transformations7



δλ A = dλ + [A, λ] = Dλ,



δλ  = [, λ],



(2.3)



where λ = λA τA . The integrated form of (2.3) is given by A → g−1  A  g + g−1  dg, g−1



 → g−1    g, †



with g = exp λ ∈ U (1, 1) , i.e., = ηg η, where η = diag(−1, 1) and g  g−1  g. The equations of motion following from (2.1) read



(2.4) g−1



=1=



F = 0,



(2.5)



D = d + [A, ] = 0,



(2.6)



so that the solutions are those of flat U (1, 1) connections in two dimensions, i.e., the deformed theory is still topological. Equation (2.5) implies that locally one can write Aµ = g−1  ∂µ g,



(2.7)



with g ∈ U (1, 1) . Using ∂µ g = iθµν [g, x ν ], where θµν θ



νλ



=



δµλ , µ



(2.8)



and defining the covariant coordinates



X = x µ + iθ µν Aν ,



(2.9)



one immediately obtains Xµ = g−1  x µ  g.



(2.10)



Note that the X satisfy [X , X ] = iθ . We still have to solve equation (2.6), which is equivalent to [, Xµ ] = 0. Inserting (2.10) and the ansatz  = g −1  B  g, where B ∈ u(1, 1), one gets ∂µ B = 0, so B is constant. The solution of (2.6) is thus µ



µ



ν



µν



 = g−1  B  g.



(2.11)



In order to make contact with gravity, we decompose the u(1, 1)-valued scalar and gauge fields according to   a (2.12) AA A = (φ a , φ, ρ), µ = eµ l, ωµ , bµ , where a = 0, 1 and l is related to the negative cosmological constant by  = −1/ l 2 . We note that in the noncommutative case one is forced to include the fields ρ and bµ , which correspond to the trace part of u(1, 1), in addition to the usual spin connection ωµ = ω01µ , the zweibein eµa , and the scalars φ and φ a . In what follows it will be convenient to define aµb =  a b ωµ + iδ a b bµ , a Tµν



=



∂µ eνa



−



∂ν eµa



+



1 2







aµb , eνb







−



1 2







aνb , eµb







(2.13) ,



φab = φab − iρηab , where 7







 aµb , eνb ≡ aµb  eνb − eνb  µb a .



In what follows, all commutators and anticommutators are taken with respect to the Moyal product.



(2.14) (2.15)



(2.16)



4032



S Cacciatori et al



We will see below that ab can be interpreted as a noncommutative so(1, 1) ⊕ u(1) spin connection, with a trace part given by the Abelian gauge field bµ , whereas T a is the noncommutative torsion. Using the decomposition (2.12) and (2.13)–(2.15), action (2.1) can be written as      β a b a S= (2.17) d2 x µν φab  Rab µν − 2e[µ  e ν] − 2φa  Tµν , 4 where we defined the noncommutative curvature 2-form  a  1 a  ab ab cb cb 1 Rab (2.18) µν = ∂µ ν − ∂ν µ + 2 µc , ν − 2 νc , µ , from which we can see that, indeed, ab plays the role of an so(1, 1) ⊕ u(1) spin connection. Action (2.17) defines our model of noncommutative gravity in two dimensions. As in the commutative case, the fields φ a are Lagrange multipliers imposing the constraint a Tµν = 0, i.e., the vanishing of the noncommutative torsion. The other equations of motion following from (2.17) read   1   1 Rabµν − 2  a b cd eµc , eνd + 2 δ a b ηcd eµc , eνd = 0, 2l 2l      (2.19) ∂ν φab + 12 cνa  φcb − φac  νb c − 12 ab cd eνc , φ d − 12 ηab ηcd eνc , φ d = 0,     1 1 a   φ b − φ b  νb a + φb a  eνb − eνb  φba = 0. ∂ν φ a + 2 νb 2l Now, one can construct a metric according to where



Gµν = eµa  eνb ηab = gµν + iBµν ,



(2.20)



  gµν = 12 ηab eµa , eνb



(2.21)



is real and symmetric, and reduces to the usual expression for the metric in the commutative case, whereas   i (2.22) Bµν = − ηab eµa , eνb , 2 is real and antisymmetric, and vanishes for θ µν = 0. We finally note that action (2.1) can be rewritten as a matrix model for the covariant coordinates Xµ defined in (2.9). Setting θ = θ 01 , the action reads β S = − 2 µν TrH (  ([Xµ , Xν ] − iθ µν )). (2.23) 2θ Here,  and Xµ are operators acting on a Hilbert space H = H ⊗ V , where H is the infinite-dimensional subspace of the Hilbert space carrying the irreducible representation of [x µ , x ν ] = iθ µν , whereas V carries the fundamental representation of u(1, 1) [2]. From (2.23) we see that the scalar  is a Lagrange multiplier enforcing noncommutativity of the covariant coordinates, [Xµ , Xν ] = iθ µν ,



(2.24)



and θ enters the coupling constant. It is interesting to note that, by generalizing the map from u(2) to u(1) gauge models constructed in [20]8 to a correspondence between u(1, 1) and u(1), one can represent the u(1, 1)-valued functions  and Xµ as scalar functions in a u(1) theory9. 8



Cf also [21]. Note, however, that due to the modified group metric in our case (U (1, 1) rather than U (2)) this mapping is less trivial than that in [20], and would produce a nonstandard U (1) action. We would like to thank A Polychronakos for his comments on this. 9
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3. The Seiberg–Witten map In [22] it was shown that the Seiberg–Witten formula maps the Chern–Simons (CS) action on noncommutative spaces into the standard commutative Chern–Simons action. As the commutative version of the topological gauge theory (2.1) can be obtained from the CS theory by dimensional reduction, one might ask whether a similar property holds for (2.1), i.e., whether it is related to the standard commutative topological gauge theory by the Seiberg– Witten map. We will now show that this is indeed the case. A correspondence between commutative and noncommutative gauge field theories can be defined by the SW map [1]10 i δ = − δθ αβ {Aα , ∂β  + Dβ }, 4 (3.1) i δFµν = δθ αβ [2{Fµα , Fνβ } − {Aα , ∂β Fµν + Dβ Fµν }], 4 where the transformation formula for the adjoint scalar  can be found by dimensional reduction from three to two dimensions, setting θ 2µ = 0, µ = 0, 1 and  = A3 . In order to study the variation of action (2.1) under the SW map, we differentiate it with respect to θ αβ , 



 β δFµν δ δS 2 µν = − x  Tr   + F  d . (3.2) µν δθ αβ 2 δθ αβ δθ αβ Using (3.1), this simplifies, after some algebra, to   i δS β i i 2 {F   {F   {F = x Tr − , }  F − , F } + , F } . (3.3) d αβ 01 0α β1 0β α1 δθ αβ 2 4 4 4 As we are in two dimensions, the only nonvanishing component of θ µν is θ 01 = θ . It is then easy to see that δS = 0, (3.4) δθ and, therefore, the deformed action is mapped to the standard commutative one. We have to keep in mind, however, that the SW map is of perturbative nature in θ , so the equivalence between the deformed and undeformed models holds perturbatively. Of course, the noncommutative theory (2.1) can also have solitonic solutions that become singular for θ → 0, and thus have no analogue in the commutative case. Furthermore, in deriving (3.4), we discarded boundary terms, so that in the presence of a boundary the equivalence of the noncommutative and the commutative topological gauge theory fails. This is analogous to the case of Chern–Simons theory in three dimensions [22]. 4. Gauge symmetries and deformed diffeomorphisms In this section, we want to find a candidate for diffeomorphisms in the noncommutative case11 . Since in the commutative limit we want to obtain standard results, we start from what is known in that case. The commutative version of our action (2.1) is invariant not only under the commutative version of the gauge transformations (2.3), but also under infinitesimal diffeomorphisms (Lie derivatives) along an arbitrary vector field v = v µ ∂µ , Lv A = (div + iv d)A, (4.1) Lv  = iv d, where iv is the inner product on differential forms. 10 11



For an alternative derivation of the SW equation cf [23]. For related work cf [24].
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Using the Leibnitz rule for the inner product (ωp and ξ q are, respectively, a p- and a q-form), iv (ωp ∧ ξ q ) = (iv ωp ) ∧ ξ q + (−)p ωp ∧ (iv ξ q ),



(4.2)



it is easy to prove that Lv A = δiv A A + iv F,



(4.3)



Lv  = δiv A  + iv D.



From equation (4.3) and from the equations of motion (2.5) and (2.6) we see that, on-shell, the infinitesimal diffeomorphisms can be written as gauge transformations with parameters λ = iv A. This fact can be used to relate translations and gauge transformations to λ = α a τa . To this end, we divide the connection into a part containing the zweibein and a part containing the spin connection and the centre U (1), A = l −1 e + , In this way, with an invertible



eµa , ⇔



v µ := leaµ α a thus obtaining



e = eµa τa dx µ ,



 = ωµ τ2 dx µ + bµ τ3 dx µ .



(4.4)



we can write α a = l −1 iv ea ,



(4.5)



12



. δαa τa A = Lv A + δiv  A, . δαa τa  = Lv  + δiv  .



(4.6)



In the noncommutative case the situation is quite different. Whereas action (2.1) is invariant under gauge transformations (2.3), the invariance under diffeomorphisms seems to be completely destroyed. However, we will show that the results obtained in the commutative case naturally suggest how to deform the diffeomorphism invariances in the noncommutative case. Let us introduce the most natural generalization of the inner product and the Lie derivative in the noncommutative theory. If ωp is a p-form we define 1 ωp = ωµ1 ...µp dx µ1 ∧ · · · ∧ dx µp , p!  1 p p ρ iv ωp := + ω  v d x µ1 ∧ · · · ∧ dx µp−1 , v ρ  ωρµ ρµ1 ...µp−1 1 ...µp−1 2(p − 1)!     1  ρ p ρ p v  ∂ρ ωµp1 ...µp + ∂µ1 v ρ  ωρµ Lv ωp := + · · · + ∂ v  ω µ p µ ...µ ...µ ρ 2 p 1 p−1 2p! (4.7)   p ρ + ∂ρ ωµp1 ...µp  v ρ + ωρµ  ∂ v + · · · µ 1 2 ...µp  + ωµp1 ...µp−1 ρ  ∂µp v ρ dx µ1 ∧ · · · ∧ dx µp = (div + iv d)ωp , where the exterior derivative d is defined as in the commutative case and satisfies the same properties. It is important to note that the Leibnitz rule in equation (4.2) is not valid anymore. Using the above definitions we get iv [A ∧ A] = (iv A)  A − A  (iv A) + 12 {Aµ , [A, v µ ]}, iv [  A] =   (iv A) − 12 [, v µ ]  Aµ , iv [A  12



] =



(iv A)



µ



  + 12 Aµ  [, v ].



. We use the symbol = for equations which are valid on-shell.



(4.8)
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Inspired by the commutative counterpart in (4.3), we define the deformed diffeomorphisms as v := iv D + δiv A , ⇓ = iv F + δiv A A,



v A v 



(4.9)



= iv D + δiv A .



Now we want to prove that these transformations are symmetries of the action modulo boundary terms. First we note that, if ξ is a two-form and ω is a 2-form, a noncommutative integrated version of the Leibnitz rule (4.2) is valid:   ξ ∧ iv ω = d2 x µν ξµ  (iv ω)ν  1 = d2 x µν ξν  (v ρ  ωρν + ωρν  v ρ ) 2  1 = d2 x µν (v ρ  ξµ + ωµ  v ρ )  ωρν 2  1 = d2 x µν (v ρ  ξρ + ωρ  v ρ )  ωµν 4  = (iv ξ )  ω. (4.10) Note that in order to obtain (4.10), the symmetric form of the definition of i  and the fact that we are in two dimensions are crucial. Since we know that the action is gauge invariant under (2.3), in order to prove its invariance under the deformed diffeomorphisms (4.9) it is sufficient to show that it remains unaltered by the transformations δv A = iv F, (4.11) δv  = iv D. Using equation (4.10), we obtain  δv S = β Tr[i  (D)  F +   (div F + iv F ∧ A + A ∧ iv F )]  = β Tr(D ∧ iv F − d ∧ iv F +   iv F ∧ A +   A ∧ iv F )  = β Tr[D ∧ iv F − (d + A   −   A) ∧ iv F ] = 0.



(4.12)



Thus, we have shown that the deformed diffeomorphisms (4.14) are indeed symmetries of the action. We can also write the noncommutative version of equation (4.6) as . δαa τa A = v A + δiv  A, (4.13) . δαa τa  = v  + δiv  , where now v = v µ ∂µ is such that α a = l −1 iv ea . Note that the vector v can always be chosen to be real. This is shown in appendix C. Using equation (4.8), it is straightforward to prove that the deformed diffeomorphisms (4.9) can be written as v = Lv + 12 {Aµ , [·, v µ ]}.



(4.14)
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The transformation properties of the fields (2.12) under the action of (4.14) are given in appendix D. In particular, the symmetric part gµν and the antisymmetric part Bµν of the metric (2.20) transform as          v gµν = Lv gµν + 14 ηab eµa , v ρ , ∂ρ eνb + eνa , v ρ , ∂ρ eµb + eµa , ∂ν v ρ , eρb       a      + eν , ωρ , eµb , v ρ + eνa , ∂µ v ρ , eρb + 18 ab eµa , ωρ , eνb , v ρ      a  b   − eµa , eρb , bν , v ρ − eν , eρ , b µ , v ρ ,          i v Bµν = Lv Bµν − ηab eµa , v ρ , ∂ρ eνb − eνa , v ρ , ∂ρ eµb + eµa , ∂ν v ρ , eρb 4    i     a     − eνa , ∂µ v ρ , eρb − ab eµa , ωρ , eνb , v ρ − eν , ωρ , eµb , v ρ  8 a  b      + eν , eρ , b µ , v ρ . − eµa , eρb , bν , v ρ One may note that these transformations reduce to ordinary diffeomorphisms if θ µν = 0. 5. Some solutions 5.1. Fuzzy AdS The undeformed gravitational action admits the AdS2 solution: r 2 2 l2 2 dt + 2 dr . l2 r This leads to the connection 



ir 1 1 At = 2 , 2l −1 −1 ds 2 = −



(5.1)



1 Ar = 2r



which can be written as A = g −1 dg with  



it 1 r 1 + 2lit 1 + rl 2l g= it it 1 − 2l 1 − rl 2 l − 2l







0 1 , 1 0 1 − rl 1 + rl



(5.2) 



.



(5.3)



At this point, we observe that g is the product of two matrices f, h ∈ SU (1, 1), each depending on a single variable only. This implies that f, h are elements of U (1, 1) . Consequently, we have g˜ := f  h ∈ U (1, 1) and we can use g˜ to obtain a noncommutative solution A˜ µ = g˜ −1 ˜  ∂µ g. With these matrices, we easily obtain A˜ µ = Aµ , (5.4) so that (5.1) is a solution of the noncommutative gravity. This is the fuzzy AdS2 . Fuzzy AdS2 was obtained in [25]13 by an analytic continuation of the fuzzy sphere [27]. Let us briefly recall the construction. We denote the Cartesian coordinates of AdS2 by X−1 , X0 , X1 . The algebra of fuzzy AdS2 is [25] [X−1 , X0 ] = −iθ l −1 X1 , [X0 , X1 ] = iθ l −1 X−1 , −1



−1



(5.5)



[X , X ] = iθ l X , 1



0



where θ is the noncommutativity parameter, and l the curvature radius of AdS2 , so ηij Xi Xj = −(X−1 )2 − (X0 )2 + (X1 )2 = −l 2 , 13



Cf also [26].



(5.6)
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with (ηij ) = diag(−1, −1, 1). The isometry group SU (1, 1) of AdS2 preserves the algebra (5.5), and thus SU (1, 1) is also a symmetry of fuzzy AdS2 . In the commutative case θ → 0, the Xi are commuting coordinates and one can parametrize AdS2 by l t = X0 . r This leads to the induced metric (5.1). In the noncommutative case, (5.7) suggests the definition r = X−1 + X1 ,



r = X−1 + X1 ,



t=



l −1 0 (r X + X0 r −1 ), 2



(5.7)



(5.8)



where we have introduced symmetrized products for r −1 and X0 so that t is a Hermitian operator [25]. From (5.5) it follows that the commutation relation for t and r is given by [t, r] = iθ.



(5.9)



Further evidence for (5.9) was given in [26] by considering closed strings in AdS2 . Besides, we note that (5.9) is preserved by diffeomorphisms generated by the three Killing vectors of metric (5.1). Finally we observe that, writing the AdS2 metric in a conformally flat form by introducing x = l 2 /r, l2 (−dt 2 + dx 2 ), x2 the new coordinates obey the commutation relation ds 2 =



(5.10)



[x, t] = iθ l −2 x 2 ,



(5.11)



which is that of a quantum plane structure. 5.2. Deformed solutions Besides the Hermitian metric defined in equation (2.20), there is another fundamental bitensor which can be constructed in a natural way and corresponds to a nonantisymmetric volume 2-form:



where



Eµν = ab eµa  eνb = Hµν + iMµν ,



(5.12)



  Hµν = 12 ab eµa , eνb



(5.13)



is real and antisymmetric and reduces to the usual volume form in the commutative case, whereas   i Mµν = − ab eµa , eνb , (5.14) 2 is real and symmetric and vanishes for θ µν = 0. We observe that, while in the commutative case the tensors Gµν and Eµν are invariant under the gauge transformations corresponding to the boost and the U (1) gauge symmetry, in the noncommutative case this invariance property is no longer valid. Using equation (B.2), it is easy to show that under an infinitesimal boost these fields transform as δξ τ2 Gµν = − 12 [Eµν , ξ ],



δξ τ2 Eµν = − 21 [Gµν , ξ ].



(5.15)
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The fields gµν , Bµν , Hµν and Mµν transform according to i i δξ τ2 Bµν = [Hµν , ξ ], δξ τ2 gµν = − [Mµν , ξ ], 2 2 (5.16) i i δξ τ2 Mµν = [gµν , ξ ]. δξ τ2 Hµν = − [Bµν , ξ ], 2 2 For an infinitesimal U (1) gauge transformation, we obtain from equation (B.3) the transformation rules i i δχ τ3 Gµν = [Gµν , χ], δχ τ3 Eµν = [Eµν , χ], (5.17) 2 2 or equivalently i i δχ τ3 gµν = [gµν , χ], δχ τ3 Bµν = [Bµν , χ], 2 2 (5.18) i i δχ τ3 Mµν = [Mµν , χ]. δχ τ3 Hµν = [Hµν , χ], 2 2 We see that in the noncommutative case all the fields become charged under the U (1) gauge symmetry. These results can be summarized and generalized to finite gauge transformations assembling Gµν and Eµν together in a doublet, 











Gµν gµν Bµν Sµν := = +i , (5.19) Eµν Hµν Mµν which transforms under a finite boost or U (1) gauge transformation as T −→ [U −1  Sµν ]T  U. Sµν



(5.20)



In order to deform the classical AdS2 solution (5.1), we can iterate equation (5.16) twice, obtaining, up to second order in θ = θ 01  r  r2 + θ 2 2 ∂r ∂t ξ ∂t ξ − ∂t2 ξ ∂r ξ + r −1 ∂t ξ ∂t ξ + O(θ 3 ), 2 l 2l 2   l l2 grr = 2 + θ 2 3 ∂r ∂t ξ ∂t ξ − ∂t2 ξ ∂r ξ − 3r −1 ∂t ξ ∂t ξ + O(θ 3 ), r 2r (5.21) r Mtt = −θ 2 ∂t ξ + O(θ 3 ), l l2 Mrr = −θ 3 ∂t ξ + O(θ 3 ), r where ξ(t, r) is an arbitrary function, which should of course be restricted appropriately if one wants the metric to approach AdS2 asymptotically, i.e., for r → ∞. Note that the antisymmetric volume form Hµν , as well as Bµν , continues to be zero. We further observe that corrections to the metric become very large when r → 0, so that perturbative calculations in the noncommutativity parameter θ are not reliable near the horizon. gtt = −



6. Conclusions In this paper, we presented a model of noncommutative gravity in two dimensions based on a deformation of an SU (1, 1) topological gauge theory. The substitution of ordinary products by the Moyal product makes it necessary to enlarge the gauge group to U (1, 1). This amounts to introducing an additional Abelian gauge field as well as an additional scalar. Those fields corresponding to the trace part are coupled to the gravitational fields in the
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noncommutative case, and decouple for θ µν = 0. We also showed that the deformed action admits an equivalent formulation in terms of a matrix model, whose coupling constant contains the noncommutativity parameter. The metric that we defined contains a symmetric part, which reduces to the ordinary metric once the noncommutativity parameter is set to zero, and an antisymmetric part that vanishes for θ µν = 0. Furthermore, some solutions of the noncommutative model, such as fuzzy AdS2 , were obtained, and symmetries of the deformed action were studied. In particular, it was found that the action is invariant under a class of transformations that reduce to ordinary diffeomorphisms in the commutative case. We saw that the Seiberg–Witten formula maps the topological gauge theory on noncommutative spaces to the standard commutative one. This behaviour is known from the three-dimensional Chern–Simons theory [22], and might be related to the topological nature of the model. One has to keep in mind, however, that the Seiberg–Witten map is of perturbative nature in θ , and that the deformed action can admit solitonic solutions that become singular when the noncommutativity parameter tends to zero. Therefore, we do not expect the deformed model to be entirely equivalent to the undeformed one. Further development of our work would be to address issues such as the quantization of the theory, or the classification of solutions of the matrix model (2.23). We hope to report on this in the near future. Acknowledgments This work was partially supported by INFN, MURST and by the European Commission RTN program HPRN-CT-2000-00131, in which SC, DK, LM and DZ are associated with the University of Torino. Appendix A. Conventions An element M of the Lie algebra u(1, 1) satisfies M a b = −ηbc M¯ c d ηda ,



(A.1)



where a bar denotes complex conjugation, and (ηab ) = diag(−1, 1). We choose as u(1, 1) generators 







1 i 0 1 0 1 τ0 = , τ1 = , 2 0 −i 2 1 0 (A.2) 







1 0 −i 1 i 0 τ2 = , τ3 = . 2 i 0 2 0 i They are normalized according to Tr(τA τB ) = 12 ηAB ,



(A.3)



where (ηAB ) = diag(−1, 1, 1, −1) is the inner product on the Lie algebra. The generators (A.2) satisfy relation (A.1). Further, if i, j, k assume the values 0, 1 and 2, then the following relations hold: [τi , τj ] = −ij k τ k , [τi , τ3 ] = 0, 1 i τi τj = − ij k τ k − ηij τ3 , 2 2



(A.4) (A.5) (A.6)



4040



S Cacciatori et al



Tr(τi τj τk ) = − 14 ij k , Tr(τi τj τ3 ) =



(A.7)



i ηij , 4



(A.8)



where (ηij ) = diag(−1, 1, 1) and 012 = 1. We furthermore defined 01 = 1, and antisymmetrize with unit weight, e.g.,   a e[µ  ebν] ≡ 12 eµa  eνb − eνa  eµb .



(A.9)



Appendix B. Gauge transformations of the gravitational fields In this appendix, we write the explicit form of the different gauge transformation for the gravitational fields defined in equation (2.12). If we divide gauge transformations defined in equation (2.3) into translations (λ = α a τa ), boost (λ = ξ τ2 ) and U (1) gauge symmetry (λ = χτ3 ), their action on the fields turns out to be the following: • Translations



• Boost



l il δα ea = ldα a +  a b {ω, α b } + [b, α a ], 2 2 1 a i a b a δα φ =  b {φ, α } + [ρ, α ], 2 2 1 1 a b δα ω = − ab {e , α }, δα φ = − ab {φ a , α b }, 2l 2 i i δα b = − ηab [ea , α b ], δα ρ = − ηab [φ a , α b ]. 2l 2l



δξ ea = − 12  a b {eb , ξ }, i δξ ω = dξ + [b, ξ ], 2 i δξ b = − [ω, ξ ], 2 • U(1) gauge symmetry i δχ ea = [ea , χ], 2 i δχ ω = [ω, χ], 2 i δχ b = dχ + [b, χ], 2



δξ φ a = − 21  a b {φ b , ξ }, i δξ φ = [ρ, ξ ], 2 i δξ ρ = − [φ, ξ ]. 2 δχ φ a =



(B.2)



i a [φ , χ], 2



i [φ, χ], 2 i δχ ρ = [ρ, χ]. 2



δχ φ =



(B.1)



(B.3)



Appendix C. Reality of the vector field v We still have to prove that the vector field v generating the transformations (4.9) can always be chosen to be real. Indeed, assuming the zweibein eµa to be invertible as an ordinary matrix,  ← − − → we look for a solution v of lα a = iv ea = v µ S eµa , with S := cos 12 ∂ × ∂ , written as a series in θ µν , ∞  (n) v, v= (C.1) n=0 (n)



where v is of order n in θ µν .
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Now we write lα = v µ S eµa a 



2m ∞  (−)m (n)µ 1 ← − − → v ∂×∂ eµa (2m)! 2 n,m=0 



2m



2m  ∞  (2n+1)µ 1 ← (−)m (2n)µ 1 ← − − → − − → a v ∂ ×∂ ∂ ×∂ = eµ + v eµa (2m)! 2 2 n,m=0 



2m



2m  k ∞   (2k−2m+1)µ (−)m (2k−2m)µ 1 ← 1← − − → − − → a v a = ∂×∂ ∂×∂ eµ + eµa . (2m)! 2 2 k=0 m=0 =



We find that the zero-order condition admits a unique solution (0)µ a v a eµ



= αa ,



(C.3)



whereas the first-order condition (1)µ a v eµ (1)



= 0,



(C.4) (n)



implies that v µ ≡ 0. By induction, knowing v µ for every n  2k, the are uniquely determined in terms, respectively, of the (1)µ v



(2n+1)µ v



≡ 0, then ≡ 0 for every n and knowing solution of condition (C.2).



(0)µ v



(2n)µ v



and



(2n+1)µ v



(2k+2) µ



v



and



(2k+3)µ



v



of lower order. So, if



one can construct iteratively the complete



Appendix D. Transformation properties of the fields Under the action of transformations (4.14), fields (2.12) transform as       i  a    1 , eν , [bµ , v ν ] + bν , eµa , v ν v eµa = Lv eµa +  a b ων , eµb , v ν − eνb , [bµ , v ν ] + 4 4    i 1 v ωµ = Lv ωµ − 2 ab eνa , eµb , v ν + ({ων , [bµ , v ν ]} + {bν , [ωµ , v ν ]}), 4l 4  i i   a  b ν    v bµ = Lv bµ − 2 ηab eν , eµ , v + {ων , [ωµ , v ν ]} + {bν , [bµ , v ν ]}, 4l 



4  1 a 1 b  a  a b ν ν e , [φ, v ] v φ = Lv φ +  b [ων , [φ , v ]] − (D.1) 4 l ν 



 i 1 a eν , [ρ, v ν ] , +{bν , [φ a , v ν ]} + 4 l   i 1 v φ = Lv ωµ − ab eνa , [φ b , v ν ] + ({ων , [ρ, v ν ]} + {bν , [φ, v ν ]}), 4l 4 



  i i 1   a b ν ν ηab eν , [φ , v ] + {ων , [φ, v ]} + {bν , [ρ, v ν ]}.  v ρ = Lv ρ − 4 l 4 References [1] Seiberg N and Witten E 1999 String theory and noncommutative geometry J. High Energy Phys. JHEP09(1999)032 (Preprint hep-th/9908142) [2] Douglas M R and Nekrasov N A 2002 Noncommutative field theory Rev. Mod. Phys. 73 977 (Preprint hep-th/ 0106048)
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[3] Chamseddine A H 2001 Deforming Einstein’s gravity Phys. Lett. B 504 33 (Preprint hep-th/0009153) [4] Chamseddine A H 2001 Complexified gravity in noncommutative spaces Commun. Math. Phys. 218 283 (Preprint hep-th/0005222) [5] Chamseddine A H 2001 Complex gravity and noncommutative geometry Int. J. Mod. Phys. A 16 759 (Preprint hep-th/0010268) [6] Nishino H and Rajpoot S 2001 Teleparallel complex gravity as foundation for noncommutative gravity (Preprint hep-th/0107216) [7] Damour T, Deser S and McCarthy J G 1993 Nonsymmetric gravity theories: inconsistencies and a cure Phys. Rev. D 47 1541 (Preprint gr-qc/9207003) [8] Moffat J W 1995 Nonsymmetric gravitational theory J. Math. Phys. 36 3722 Moffat J W 1995 J. Math. Phys. 36 7128 (erratum) Moffat J W 2000 Noncommutative quantum gravity Phys. Lett. B 491 345 (Preprint hep-th/0007181) Moffat J W 2000 Perturbative noncommutative quantum gravity Phys. Lett. B 493 142 (Preprint hep-th/ 0008089) [9] Teitelboim C 1983 Gravitation and Hamiltonian structure in two space-time dimensions Phys. Lett. B 126 41 Teitelboim C 1984 The Hamiltonian structure of two-dimensional space-time and its relation with the conformal anomaly Quantum Theory of Gravity ed S Christensen (Bristol: Hilger) Jackiw R 1984 Liouville field theory: a two-dimensional model for gravity? Quantum Theory of Gravity ed S Christensen (Bristol: Hilger) Jackiw R 1985 Lower dimensional gravity Nucl. Phys. B 252 343 [10] Isler K and Trugenberger C A 1989 A gauge theory of two-dimensional quantum gravity Phys. Rev. Lett. 63 834 [11] Chamseddine A H and Wyler D 1990 Topological gravity in (1 + 1)-dimensions Nucl. Phys. B 340 595 [12] Ba˜nados M, Chandia O, Grandi N, Schaposnik F A and Silva G A 2001 Three-dimensional noncommutative gravity Phys. Rev. D 64 084012 (Preprint hep-th/0104264) [13] Nair V P 2001 Gravitational fields on a noncommutative space Preprint hep-th/0112114 [14] Cacciatori S, Klemm D, Martucci L and Zanon D 2002 Noncommutative Einstein–AdS gravity in three dimensions Preprint hep-th/0201103 [15] Shiraishi K 2002 Noncommutative gravity in three dimensions coupled to point-like sources Preprint hepth/0202099 [16] Chamseddine A H 2002 Invariant actions for noncommutative gravity Preprint hep-th/0202137 [17] Achucarro A and Townsend P K 1986 A Chern–Simons action for three-dimensional anti-de Sitter supergravity theories Phys. Lett. B 180 89 Witten E 1988 (2+1)-dimensional gravity as an exactly soluble system Nucl. Phys. B 311 46 [18] Seiberg N, Susskind L and Toumbas N 2000 Space/time non-commutativity and causality J. High Energy Phys. JHEP06(2000)044 (Preprint hep-th/0005015) [19] Gomis J and Mehen T 2000 Space-time noncommutative field theories and unitarity Nucl. Phys. B 591 265 (Preprint hep-th/0005129) [20] Nair V P and Polychronakos A P 2001 On level quantization for the noncommutative Chern–Simons theory Phys. Rev. Lett. 87 030403 (Preprint hep-th/0102181) [21] Kiritsis E and Sochichiu C 2002 Duality in non-commutative gauge theories as a non-perturbative Seiberg– Witten map Preprint hep-th/0202065 [22] Grandi N and Silva G A 2001 Chern–Simons action in noncommutative space Phys. Lett. B 507 345 (Preprint hep-th/0010113) [23] Bichl A A, Grimstrup J M, Grosse H, Kraus E, Popp L, Schweda M and Wulkenhaar R 2001 Noncommutative Lorentz symmetry and the origin of the Seiberg–Witten map Preprint hep-th/0108045 Grimstrup J M, Grosse H, Kraus E, Popp L, Schweda M and Wulkenhaar R 2001 Noncommutative spin-1/2 representations Preprint hep-th/0110231 [24] Jackiw R and Pi S Y 2001 Covariant coordinate transformations on noncommutative space Preprint hep-th/ 0111122 [25] Ho P M and Li M 2001 Fuzzy spheres in AdS/CFT correspondence and holography from noncommutativity Nucl. Phys. B 596 259 (Preprint hep-th/0004072) [26] Ho P M and Li M 2000 Large N expansion from fuzzy AdS2 Nucl. Phys. B 590 198 (Preprint hep-th/0005268) [27] J Madore 1992 The Fuzzy sphere Class. Quantum Grav. 9 69



























[image: Complexified Gravity in Noncommutative Spaces - Springer Link]
Complexified Gravity in Noncommutative Spaces - Springer Link












[image: An invariant action for noncommutative gravity in four ...]
An invariant action for noncommutative gravity in four ...












[image: An invariant action for noncommutative gravity in four ...]
An invariant action for noncommutative gravity in four ...












[image: Second order noncommutative corrections to gravity]
Second order noncommutative corrections to gravity












[image: Kinematics in Two Dimensions Multiple Choice Test Review.pdf ...]
Kinematics in Two Dimensions Multiple Choice Test Review.pdf ...












[image: Two-way interaction in 3 dimensions with Sparse ...]
Two-way interaction in 3 dimensions with Sparse ...












[image: Boussinesq systems in two space dimensions over a ...]
Boussinesq systems in two space dimensions over a ...












[image: Two Applications of Noncommutative Groebner Bases]
Two Applications of Noncommutative Groebner Bases












[image: A solution to two dimensional quantum gravity. Non ...]
A solution to two dimensional quantum gravity. Non ...












[image: in various dimensions]
in various dimensions












[image: Noncommutative general relativity - Semantic Scholar]
Noncommutative general relativity - Semantic Scholar












[image: noncommutative quantum mechanics in the presence ...]
noncommutative quantum mechanics in the presence ...












[image: The Chern--Simons action in noncommutative geometry]
The Chern--Simons action in noncommutative geometry












[image: The Chern--Simons action in noncommutative geometry]
The Chern--Simons action in noncommutative geometry












[image: Gravity in Complex Hermitian Space-Time]
Gravity in Complex Hermitian Space-Time












[image: Percolation in High Dimensions]
Percolation in High Dimensions












[image: Quantum mechanics on noncommutative spacetime]
Quantum mechanics on noncommutative spacetime












[image: Grand unification on noncommutative spacetime - Springer Link]
Grand unification on noncommutative spacetime - Springer Link












[image: Programming in Three Dimensions - Marc Najork]
Programming in Three Dimensions - Marc Najork












[image: LECTURE 8: OPTIMIZATION in HIGHER DIMENSIONS - GitHub]
LECTURE 8: OPTIMIZATION in HIGHER DIMENSIONS - GitHub












[image: Gravity in Non-Commutative Geometry - Project Euclid]
Gravity in Non-Commutative Geometry - Project Euclid












[image: Superstrings in arbitrary dimensions]
Superstrings in arbitrary dimensions












[image: Noncommutative geometry modified non-Gaussianities ...]
Noncommutative geometry modified non-Gaussianities ...















Noncommutative gravity in two dimensions






Jul 15, 2002 - ( c Î½a â‹† Ï†cb âˆ’ Ï†ac â‹† c Î½b. ) âˆ’ 1. 2. ÏµabÏµcd. { ec Î½,Ï†d }. âˆ’ 1. 2 Î·abÎ·cd. [ ec ...... [13] Nair V P 2001 Gravitational fields on a noncommutative space ... 






 Download PDF 



















 173KB Sizes
 2 Downloads
 266 Views








 Report























Recommend Documents







[image: alt]





Complexified Gravity in Noncommutative Spaces - Springer Link 

Complexified Gravity in Noncommutative Spaces. Ali H. Chamseddine. Center for Advanced Mathematical Sciences (CAMS) and Physics Department, American University of Beirut,. Lebanon. Received: 1 June 2000 / Accepted: 27 November 2000. Abstract: The pre














[image: alt]





An invariant action for noncommutative gravity in four ... 

is an alternative interpretation in the case where the constraints could be .... different from the usual gauge formulations in that it has more vacua, and it allows for solutions ..... 1 A. Connes, M. R. Douglas, and A. Schwartz, J. High Energy Phys














[image: alt]





An invariant action for noncommutative gravity in four ... 

ab(ea. ,b ). The solutions which recover the ... different from the usual gauge formulations in that it has more vacua, and it allows for solutions ..... 101, 1597 1956.














[image: alt]





Second order noncommutative corrections to gravity 

Aug 29, 2006 - and a computer algebra program such as. Mathematica with ... Schupp, and J. Wess, Classical Quantum Gravity 22, 3511. (2005); P. Aschieri ...














[image: alt]





Kinematics in Two Dimensions Multiple Choice Test Review.pdf ... 

from where you originally started? A) 35 m B) 68 m C) 39 m D) 75 m. 16). 17) You walk 53 m to the north, then you turn 60Â° to your right and walk another 45 m. Determine the. direction of your displacement vector. Express your answer as an angle rel














[image: alt]





Two-way interaction in 3 dimensions with Sparse ... 

Smoothed Particle Hydrodynamics is a mesh-free La- grangian fluid .... the boundary of the domain, virtual particles are placed ..... 100 simulation steps. Fig.














[image: alt]





Boussinesq systems in two space dimensions over a ... 

Sep 15, 2009 - compare the results with analytical solutions of the linearized Euler ..... the triangulation of the domain Î© we usually use the â€œTriangleâ€� software, ...














[image: alt]





Two Applications of Noncommutative Groebner Bases 

G is a Groebner basis of I. However, if kã€ˆSã€‰ is the free k-algebra generated by a finite set ..... X2 >grlex X1, one may check by Theorem 1.2.2 that the defining relations of A form a Groebner basis in kã€ˆX1,X2,X3,X4ã€‰, and ..... is a domain, t














[image: alt]





A solution to two dimensional quantum gravity. Non ... 

Mar 14, 1991 - tion it is not even clear how to recover the known critical cases. ... It was then pro- posed that the classical gravity action should have the.














[image: alt]





in various dimensions 

May 7, 1990 - 3kf d4x E~i~VP~Eapya ... (4.2c). Here Ã«'~and ~ab are the quantum fluctuations and D0 is the covariant ... (4.2c) using the background (4.6):.














[image: alt]





Noncommutative general relativity - Semantic Scholar 

Aug 11, 2005 - We define a theory of noncommutative general relativity for canonical ... It turns out that these transformations correspond to volume-preserving.














[image: alt]





noncommutative quantum mechanics in the presence ... 

1INFN, Laboratori Nazionali di Frascati, Italy. 2Yerevan State University, Armenia. 3Yerevan Physics Institute, Armenia. 4Joint Institute for Nuclear Research, Dubna. Recently it was found that quantum mechanics on noncommutative plane possesses, in 














[image: alt]





The Chern--Simons action in noncommutative geometry 

the standard model, using tools of noncommutative geometry, which yields a geometrical inter .... A trivial vector bundle, ECw, corresponds to a finitely generated,free left J% module, i.e., one ..... where A = Cj ai(tYbi), and ++ &=I,@ (Xi ait#+,bi)














[image: alt]





The Chern--Simons action in noncommutative geometry 

given by T(J&); n-forms form a linear space, fl$(&), spanned by equivalence classes ... Thus, for each n, L!L(Jrs) is an ~6 bimodule closed under *. ... fs), a --+ dcu.














[image: alt]





Gravity in Complex Hermitian Space-Time 

Oct 9, 2006 - The Hermitian symmetry of the metric gÂµÎ½ is given by. gÂµÎ½ (x) = gÎ½Âµ (x), .... The Hermitian manifold M of complex dimensions d is defined as a.














[image: alt]





Percolation in High Dimensions 

Jul 18, 1996 - Consider Zd as a graph, with undirected edges from each point x âˆˆ Zd to each of the points distance one away from x. For any p âˆˆ [0,1], we ...














[image: alt]





Quantum mechanics on noncommutative spacetime 

electron in a strong magnetic field. ... moments of the electron, muon, neutron, and other nuclei .... hydrogen atom requires us to solve the Schroedinger equa-.














[image: alt]





Grand unification on noncommutative spacetime - Springer Link 

Jan 19, 2007 - Abstract. We compute the beta-functions of the standard model formulated on a noncommutative space- time. If we assume that the scale for ...














[image: alt]





Programming in Three Dimensions - Marc Najork 

[10]. We have identified four potential benefits of using a 3D notation : it can alleviate the screen space ... together with a host of other properties, such as color, texture, shape, etc. Visual ...... To our best knowledge, Cube was the first visu














[image: alt]





LECTURE 8: OPTIMIZATION in HIGHER DIMENSIONS - GitHub 

We want to descend down a function J(a) (if minimizing) using iterative sequence of steps at a t . For this we need to choose a direction p t and move in that direction:J(a t. +Î·p t. ) â€¢ A few options: fix Î·. â€¢ line search: vary Î· ... loss (co














[image: alt]





Gravity in Non-Commutative Geometry - Project Euclid 

]R. In order to introduce a notion of metric on a non-commutative space, we must try to define an analogue of the tangent- or cotangent bundle over a manifold ...














[image: alt]





Superstrings in arbitrary dimensions 

Apr 4, 1991 - sonic systems and it is natural to extend it to the su- persymmetric case [ 5 ]. This is most easily done using superfields. In this lctter I shall show ...














[image: alt]





Noncommutative geometry modified non-Gaussianities ... 

Mar 20, 2008 - strain a large amount of inflation models and to make the paradigm more clear. .... rather complicated to analyze the order of the perturbation action with respect to ..... (4.18) as well as the fact that data determines Pk. 10 9 at.


























×
Report Noncommutative gravity in two dimensions





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















