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Nonnegative Polynomials and Sums of Squares Accentuate the positive; delete the negative.
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Dramatis Personae • A multivariate polynomial p is called nonnegative (psd) if



p(x) ≥ 0 for all x ∈ Rn . • A polynomial p is a sum of squares (sos) if we can write



p(x) =



P



qi2 for some polynomials qi .



• Sums of squares are clearly nonnegative from their



presentation. Abstract Question: Can we always write a nonnegative polynomial in a way that makes its nonnegativity apparent? Practical Version: Can we efficiently compute such representations?



The First Date



• If a polynomial p is nonnegative then we can make it



homogeneous and it will remain nonnegative. • n number of variables • 2d degree • R[x]2d vector space of homogeneous polynomials (forms) in n



variables, of degree 2d. Nonnegative polynomials and sums of squares form full dimensional closed convex cones Pn,2d and Σn,2d in R[x]2d .



Hilbert’s Theorem



Hilbert’s Theorem Pn,2d = Σn,2d in the following three cases: n = 2 (univariate non-homogeneous case), 2d = 2 (quadratic forms), and n = 3, 2d = 4 (ternary quartics). In all other cases there exist nonnegative forms that are not sums of squares. The standard proof of equality cases provides a separate argument for each case. Today we will see a unified argument and applications to the 17th problem in 3 variables based on studying the dual cone Σ∗n,2d and Gorenstein ideals.



Hilbert’s 17th Problem Is it true that we can write every nonnegative polynomial as a sum of squares of rational functions? YES (Artin,Schreier 1920’s). Equivalently, there exists h ∈ Σn,2m such that ph is a sum of squares. However, the multiplier h may have very large degree.



Hilbert’s 17th Problem Is it true that we can write every nonnegative polynomial as a sum of squares of rational functions? YES (Artin,Schreier 1920’s). Equivalently, there exists h ∈ Σn,2m such that ph is a sum of squares. However, the multiplier h may have very large degree.



Hilbert’s Ternary Forms Theorem Suppose that p ∈ P3,2d . Then there exists q ∈ P3,2d−4 such that pq is a sum of squares. To obtain a sum of squares multiplier, apply the Theorem to q and continue knocking down the degree.



The Dual Cone to Sums of Squares If Σn,2d 6= Pn,2d then there exists a linear functional ` : R[x]2d → R such that `(q 2 ) ≥ 0,



so that ` is supporting to Σn,2d



but ` cuts through the interior of Pn,2d . How to construct linear functionals that are nonnegative on squares? Point evaluations work: for v ∈ Rn , let `v (f ) = f (v ). But point evaluations are also supporting to Pn,2d .



Explicit Example Take 9 points in R3 : {v1 , . . . , v9 } = {(x, y , 1)} with x, y ∈ {−1, 0, 1}. Set v9 = (0, 0, 1). Then for any sum of squares p ∈ Σ3,6 we have `(p) = p(v1 ) + . . . + p(v8 ) −



4p(v9 ) ≥ 0. 5



The points vi come from intersection of two real cubics: q1 = x(x − z)(x + z) and q2 = y (y − z)(y + z). Let p = z(3x 2 + 3y 2 − 5z 2 ). Then `(q12 + q22 + p 2 ) = `(q12 ) + `(q22 ) + `(p 2 ) = 0, but q12 + q22 + p 2 is a strictly positive form.



Gorenstein Ideals To a linear functional ` in the dual space R[x]∗2d we can associate the Gorenstein Ideal I (`) with socle `. I (`) consists of all forms of degree greater than 2d and forms q of degree at most 2d, such that `(rq) = 0 for all forms r of degree 2d − deg q.



Gorenstein Ideals To a linear functional ` in the dual space R[x]∗2d we can associate the Gorenstein Ideal I (`) with socle `. I (`) consists of all forms of degree greater than 2d and forms q of degree at most 2d, such that `(rq) = 0 for all forms r of degree 2d − deg q. Easy Example: If we take `v (f ) = f (v ) then the Gorenstein Ideal I (`v ) of `v consists of all forms of degree at most 2d that have a zero at v . We are interested in positive socles: `(p 2 ) ≥ 0



for all



p ∈ R[x]d .



No Point Evaluations We only want the supporting hyperplanes that intersect Σn,2d maximally. This translates to positive Gorenstein ideals in which Id generates I2d . We are also not interested in functionals ` that come from point evaluations. This translates to The forms in I (`)d have no common zeroes over C.



No Point Evaluations We only want the supporting hyperplanes that intersect Σn,2d maximally. This translates to positive Gorenstein ideals in which Id generates I2d . We are also not interested in functionals ` that come from point evaluations. This translates to The forms in I (`)d have no common zeroes over C. Ternary quartics: the forms in I (`)2 have no common zeroes. There exist q1 , q2 and q3 in I (`)d with no common zeroes. Take the ideal J =< q1 , q2 , q3 > generated by qi . The dimension of I (`)4 is already 3 ∗ 6 − 32 = 15. This is the dimension of R[x]3,4 , so we have generated too much.



Border Cases For the cases n = 3, 2d = 6 and n = 4, 2d = 4 we get the following dimension counts: 3 cubics in R[x]3,3 with no common zeroes generate in degree 6  3 ideal of dimension 3 ∗ 10 − 2 = 27, which is exactly 1 less than dimension of R[x]3,6 . Then can construct an appropriate linear functional. 4 quadratics in R[x]4,2 with no common zeroes generate in degree 4 ideal of dimension 4 ∗ 10 − 42 = 34, which is exactly 1 less than dimension of R[x]4,4 . Then can construct an appropriate linear functional.



”Positive” Results Equivalent Reformulation of Hilbert’s Ternary Forms Theorem: ∗ Suppose that a linear functional ` ∈ H3,4d defines a positive Gorenstein ideal I (`). Then I (`) does not contain any strictly positive forms of degree 2d + 2.



Main idea of proof: Assume not. We can define the linear functional ` by evaluation on zeroes of p. Since p has no real zeroes, we have to evaluate on complex zeroes. It is possible to limit the number of points at which we need to evaluate. A dimension count yields that a linear functional ` defined only on a few complex points cannot be positive. Is the bound tight? Can show that there exist a nonnegative form p of degree 4k + 6 so that pq is not a sum of squares for all q of degree 2k.



THANK YOU!
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