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Density Estimation Main Results Examples



Let X1 , · · · , Xn be strictly stationary ρ, or β, or α mixing data set with density function f (x). The kernel estimator of f (x): n



1 X fˆ(x, h) = k nh t=1







xt − x h



 ,



where k(·) is a non-negative, bounded symmetric second order kernel function, and h is the smoothing parameter.
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Let h0 = h0n be a deterministic sequence that converges to zero. For example, if we choose h0 = b0 n−1/5 for some positive constant b0 , it is well established that ˆ ∆(x, h0 ) := (nh0 )1/2 [fˆ(x, h0 ) − f (x) − B(x)(h0 )2 ] → N (0, V (x)) R 00 2 where R B(x)2 = f (x)κ2 /2, V (x) = κf (x), κ2 = k(v)v dv and κ = k(v) dv. Define m(x, h) = E[fˆ(x, h)] − f (x). Note that ˆ ˆ 1 (x, h0 ) + ∆ ˆ 2 (x, h0 ) with ∆(x, h0 ) = ∆ ˆ 1 (x, h) = (nh)1/2 [fˆ(x, h) − E(fˆ(x, h))], ∆ ˆ 2 (x, h) = (nh)1/2 [m(x, h) − B(x)h2 ]. ∆ Hence prove the claim.
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p ˆ with h/h ˆ 0− → 1. We want Consider a stochastic smoothing parameter h ˆ If one can show that to establish the asymptotic distribution of fˆ(x, h). 0 ˆ ˆ ˆ ˆ ˆ ˆ ∆(x, h) − ∆(x, h ) = op (1), then ∆x, h and ∆(x, h0 ) have the same distribution.



Note ˆ − ∆(x, ˆ −∆ ˆ ˆ ˆ 1 (x, h) ˆ 1 (x, h0 )] ∆(x, h) h0 ) = [∆ ˆ −∆ ˆ 2 (x, h) ˆ 2 (x, h0 )]. + [∆ ˆ and ∆(x, ˆ ˆ Asymptotic equivalence between ∆(x, h) h0 ) follows if one can 0 ˆ −∆ ˆ l (x, h) ˆ l (x, h ) = op (1) for l = 1, 2. show that ∆
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p p ˆ 0− ˆ = ˆbn−1/5 , then h/h → 1 is equivalent to ˆb/b0 − → 1. Define Write h 0 B = [B1 , B2 ] with 0 < B1 < b < B2 < ∞. Define



ˆ l (x, h)|h=bn−1/5 , In,l (b) = ∆



b ∈ B.



for l = 1, 2. ˆ −∆ ˆ 1 (x, h) ˆ 1 (x, h0 ) = op (1) is that A sufficient condition for ∆ E{[In,1 (b0 ) − In,1 (b)]2 } ≤ C(b0 − b)2 for all b, b0 ∈ B. ˆ −∆ ˆ 2 (x, h) ˆ 2 (x, h0 ) = op (1) is that A sufficient condition for ∆ sup |In,2 (b)| = o(1). b∈B
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Recall that E{[In,1 (b0 ) − In,1 (b)]2 } ≤ C(b0 − b)2 implies that the ˆ 1 (x, ·) is tight and stochastically equicontinuous for stochastic process ∆ b ∈ B. That is, for any  > 0, " # lim lim P r



n→∞ δ→0



sup



|In,1 (x, b0 ) − In,1 (x, b)| >  = 0.



b,b0 ∈B:|b−b0 |
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Let Jn (b) denote an estimator or a test statistic that involves some nonparametric estimations. Jn (b) can be a vector, say Jn (b) = (Jn1 (b), · · · , Jnq (b))0 is a q × 1 vector of stochastic process indexed by b, where b = (b1 , · · · , br ) is a r-dimensional parameter that has a one to one correspondence with a set of smoothing parameters: h = (h1 , · · · , hr ) with hj = bj n−δj for some δj > 0 (j = 1, · · · , r). Let b0 = (b01 , · · · , b0r ) denote a set of positive constants, and ˆb = (ˆb1 , · · · , ˆbr ) denote a set of random variables that depend on n. Qr p Assume that ˆbj /b0j − → 1 for all j = 1, · · · , r. Let B = j=1 [B1j , B2j ], where 0 < B1j < b0j < B2j < ∞ for j = 1, · · · , r. Assume that for any give b ∈ B, Jn (b) converges in distribution to J as n → ∞.
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Theorem d



→ J, Let b0 = (b01 , · · · , b0r ) be an interior point in B. Assume Jn (b0 ) − where J denotes the well defined limiting distribution of Jn (b0 ) (it maybe a zero mean normal distribution). Let ˆb = (ˆb1 , · · · , ˆbr ) denote a r-vector of random variables, and assume that kˆb − b0 k = op (1). Then Jn (ˆb) − Jn (b0 ) = op (1), and consequently, d Jn (ˆb) − → J,



provided that for all b, b0 ∈ B E{|Jn (b0 ) − Jn (b)|α } ≤ Ckb0 − bkγ , for some α > 0 and γ > 1.
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Theorem If the stochastic process Jn (b), indexed by b ∈ B, is stochastically equicontinuous, i.e., " # lim lim sup P r



δ→0 n→∞



sup



|Jn (b0 ) − Jn (b)| >  = 0,



b,b0 ∈B:kb−b0 k


the conclusion still holds true. Corollary If we assume further that Jn (b) is non-stochastic, and if uniformly in b ∈ B, |Jn (b)| = o(1), the conclusion holds true.
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Multivariate Regression Estimator



Consider a r-dimensional kernel regression function estimator of g(x) = E(Y |X = x) given by  Pn gˆ(x, h) = (nh1 · · · hr )−1 t=1 K Xth−x Yt /fˆ(x, h). It is well established that  (nh01 · · · h0r )1/2 gˆ(x, h0 ) − g(x) −



r X



 d



Bj (x)(h0j )2  − → N (0, Vreg (x)).



j=1



We want to show that  ˆ1 · · · h ˆ r )1/2 gˆ(x, h) ˆ − g(x) − (nh



r X



 d ˆ 2 − Bj (x)h → N (0, Vreg (x)). j



j=1
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Estimation of Conditional Cumulative Distribution Function Let F (y|x) denote the conditional cumulative distribution function (cdf) of Yt = y given Xt = x. Since F (y|x) = E[1(Yt ≤ x)|Xt = x], we can estimate F (y|x) by  Pn Fˆ (y|x, h) = (nh1 · · · hr )−1 t=1 K Xth−x 1(Yt ≤ y)/fˆ(x, h). With h0j = b0j n−δj for some δj ∈ (1/(r + 6), 1/r), so that n(h0j )r+6 = o(1) and n(h0j )r → ∞,



  r q X d nh01 · · · h0r Fˆ (y|x, h0 ) − F (y|x) − B(x) Bj,cdf (y, x)(h0j )2  − → N (0, Vcdf (x j=1



We want to show that   q r X d ˆ1 · · · h ˆ r Fˆ (y|x, h) ˆ − F (y|x) − B(x) ˆ 2 − nh Bj,cdf (y, x)h → N (0, Vcdf (x)). j j=1
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Estimation of Conditional Quantile Function The conditional αth quantile function of y given x is defined as qα (x) = inf{y : F (y|x) ≥ α} ≡ F −1 (α|x). One can estimate qα (x) by qˆα (x, h) = argmin|Fˆ (q|x, h) − α|. q∈R



With h0j = b0j n−δj for some δj ∈ (1/(r + 6), 1/r),  q



nh01 · · · h0r qˆα (x, h0 ) − qα (x) −



r X



 d



Bj,quan (y, x)(h0j )2  − → N (0, Vquan (x)).



j=1



We want to show that   q r X d ˆ1 · · · h ˆ r qˆα (x, h) ˆ − qα (x) − ˆ 2 − Bj,quan (y, x)h → N (0, Vquan (x)). nh j j=1
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Partially Linear Model A semiparametric partially linear model is given by Yt = Zt0 β + g(Xt ) + ut . Assume h1 = h2 = · · · = hr = h = bn−δ . A density weighted estimator is " βˆh =



n X



#−1 (Zt − Zˆt )fˆt (Zt − Zˆt )0 fˆt



t=1



n X



(Zt − Zˆt )fˆt (Yt − Yˆt )0 fˆt ,



t=1



where Zˆt , Yˆt and fˆt are the kernel estimators of E(Zt |Xt ), E(Yt |Xt ) and f (Xt ), respectively. Fan and Li (1999) proved that √ Once we show that



d



n(βˆh0 − β) − → N (0, Φ−1 ΨΦ−1 ).



√



n(βˆhˆ − βˆh0 ) = op (1), we have



√



d



n(βˆhˆ − β) − → N (0, Φ−1 ΨΦ−1 ).
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Specification Test for a Parametric Model For testing a parametric regression functional form, the null hypothesis is stated as H0 : E(Y |X) = α + X 0 β



a.s.,



for some



β ∈ B.



The null hypothesis is equivalent to E(ut |Xt ) = 0 a.s. One can construct a test statistic based on sample analogue of E[ut E(ut |Xt )f (Xt )]. The test statistic is given by Un (b) =



  n X n X 1 xt − xs u ˆ u ˆ K . t s h [n(n − 1)hr ]1/2 t=1 s6=t



Under H0 , Fan and Li (1999) have shown that d



Un (b0 )/ˆ σn (b0 ) − → N (0, 1). We need to show that d



Un (ˆb)/ˆ σn (ˆb) − → N (0, 1). ,
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A Nonparametric Significance Test



Fan and Li (1996) propose a procedure for testing the following null hypothesis: H0 : E(Yt |Wt = w, Zt = z) = E(Yt |Wt = w) for almost all (w, z). Fan and Li (1996) use the density weighted error to construct the test, i.e., the sample analog of E[ut fw (Wt )E(ut fw (Wt )|Xt )f (Xt )] to test the null hypothesis. The test statistic is given by   n X n X xt − xs 1 ˆ ˆ Vn (a, h) = u ˆt u ˆs fwt fws K , h [n(n − 1)hr ]1/2 t=1 s6=t ˆ−t (Yt |Wt ). where u ˆt = Yt − E
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A Nonparametric Significance Test Cont.



Li (1999) has shown that under the null, Vn (a, h) = Vn,0 (a, h) + (s.o.), with   n X n X 1 xt − xs , Vn,0 (a, h) = u u f f K t s wt ws h [n(n − 1)hr ]1/2 t=1 s6=t



q d ˆ h) − and Vn,0 (a, h)/ Ω(a, → N (0, 1). ˆ = Vn,0 (a0 , h0 ) + op (1) and If we show that Vn,0 (ˆ a, h) 0 0 ˆ = Ω(a ˆ a, h) ˆ , h ) + op (1), we have Ω(ˆ q d ˆ − ˆ ˆ a, h) Vn,0 (ˆ a, h)/ Ω(ˆ → N (0, 1). q d ˆ ˆ − ˆ a, h) Hence Vn (ˆ a, h)/ Ω(ˆ → N (0, 1).
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More Examples



Average derivative estimator Powell et al. (1989). Smooth maximum score estimator of Horowitz (1992). Single index model estimator of Ichimura (1993).



,



Thanks for your time!
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