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Observable Restrictions of General Equilibrium Models with Financial Markets Felix Kubler1 University of Pennsylvania, Philadelphia, PA 19104-6297 [email protected]



Summary. This paper examines whether general equilibrium models of exchange economies with incomplete ﬁnancial markets impose restrictions on prices of commodities and assets given the stochastic processes of dividends and aggregate endowments. We show that the assumption of time-separable expected utility implies restriction on the cross-section of asset prices as well as on spot commodity prices. However, a relaxation of the assumption of time separability will generally destroy these restriction.



1 Introduction General equilibrium theory as an intellectual underpinning for various ﬁelds in economics is often criticized for its lack of empirical content (see for example [HH96]). While Brown and Matzkin [BM96] challenge this view by showing that there are restrictions on the equilibrium correspondence, i.e., the map from individual endowments to equilibrium prices, it is now well understood that these restrictions only arise because individual incomes are observable and that general equilibrium theory imposes few restrictions on aggregate quantities and prices alone. There are no restrictions on the equilibrium set [Mas77] and there are no restrictions on the equilibrium correspondence when individual incomes are not observable and when the number of agents is sufﬁciently large (see, e.g., [CEKP00] for a local analysis, but see also positive results in [Sny01]). However, in models with time and uncertainty there are various natural assumptions on individual preferences which ensure that equilibrium prices cannot be arbitrary for given aggregate endowments. When agents consume after uncertainty about endowments is resolved, it is often assumed that they have von Neumann–Morgenstern utility with common beliefs. It is well known since Borch [Bor62] that for this case, Pareto-optimality implies that agents’ optimal consumptions are a non-decreasing function of aggregate resources only. With complete ﬁnancial markets competitive equilibria are Pareto-optimal
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and possible equilibrium prices for state contingent consumption must therefore be anti co-monotone to aggregate endowments (see e.g., [LM94] or [Dan00] for a detailed analysis of this case). There exist restrictions on the equilibrium set for ﬁxed aggregate endowments under the assumption that markets are complete and agents maximize expected utility with homogeneous beliefs. In this paper, we take this observation as a starting point and examine how it generalizes to economies with multiple commodities per state, incomplete ﬁnancial markets, heterogeneous beliefs and several time periods. Independently of complete ﬁnancial markets and Pareto-optimality of competitive equilibrium allocations the assumption of expected utility with homogeneous beliefs turns out to impose joint restrictions on aggregate variables and cross-sectional asset prices. In a multi-period model, when households maximize time-separable expected utility, restrictions from a two period model translate immediately to restrictions at each node of the event tree. When agents’ expectations are unknown and heterogeneous there are restrictions on asset prices, dividends and aggregate endowments as long as beliefs are restricted to lie in some strict subset of possible beliefs, i.e., subjective probabilities are bounded away from zero. In the light of the theoretical literature on equilibrium restrictions these results are not necessarily surprising because time-separable expected utility is a very strong assumption. However, under this strong assumptions, our results show that there are restrictions on the equilibrium set—individual endowments are not observed (as for example in [BM96]) but equilibrium prices are restricted for given aggregate endowments. It is natural to ask whether this is a property speciﬁc to time-separable expected utility. We show that a slight relaxation of time separability is likely to destroy all these restrictions. In particular, a model where agents maximize recursive utility imposes almost no restrictions on aggregate data, even under fairly strong additional assumptions on the aggregator which ensure that individual choices in spot markets have to satisfy the strong axiom of revealed preferences. The paper is organized as follows. In Section 2 we give a short introduction into the model and we deﬁne formally what we mean by ‘restrictions’. In Section 3 we examine restrictions on the joint process of asset prices, spot prices and aggregate endowments under the assumption of time-separable expected utility. In Section 4 we argue that time-separability of the utility functions is crucial for these results.



2 The Model We consider a standard multi-period general equilibrium model of an exchange economy with incomplete ﬁnancial markets (GEI model). This is a model with several goods, uncertainty and T + 1 periods t = 0, ..., T . (For a thorough description of the model see e.g., [DS86].) We model the uncertainty as an
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event tree Ξ with X nodes ξ ∈ Ξ. We denote a node’s unique predecessor by ξ− and the set of its successors by (ξ). This set is empty for each terminal node. We will denote the root node (the unique node without a predecessor) by ξ0 . There are complete spot markets for L commodities at every node and we denote commodity ’s price at node ξ by p (ξ). We assume that the price of commodity one in non-zero at each node and normalize p1 (ξ) = 1 for all ξ, so that the ﬁrst good is the num´eraire commodity. There are J real assets which we collect in a set J , with asset j paying dj (ξ) units of good 1 at node ξ, its price being denoted by qj (ξ). We assume that all assets are traded at all nodes (i.e., all assets are long-lived). We will remark below on how the results change when we introduce one-period securities. There are H agents which we collect in H. Each agent h has an endowment LX eh ∈ RLX ++ , his consumption set is R+ and his utility function is denoted by h LX u : R++ → R. Agent h’s portfolio holding at node ξ is denoted by θh (ξ) ∈ RJ and his consumption by ch (ξ) ∈ RL + . In order to simplify notation we will sometimes use θh (ξ0− ) to denote agent h’s portfolio holding in the beginning of period 0.  We denote aggregate endowments at node ξ by e(ξ) = h∈H eh (ξ). We can deﬁne an equilibrium as follows. Definition 1. A competitive equilibrium consists of good and asset prices (p(ξ), q(ξ))ξ∈Ξ and of an allocation (ch (ξ), θh (ξ))h∈H ξ∈Ξ such that: all markets clear and agents maximize utility, i.e., for all ξ ∈ Ξ, H 



(ch (ξ) − eh (ξ)) = 0) and



h=1



H 



θh (ξ) = 0.



h=1



For all h ∈ H, (ch , θh ) ∈



arg max uh (c) s.t. JX c∈RLX + ,θ∈R



p(ξ)c(ξ) + q(ξ)θ(ξ) ≤ p(ξ)eh (ξ) + θ(ξ− )(q(ξ) + d(ξ)) for all ξ ∈ Ξθ(ξ0− ) = 0. A necessary condition for prices to be equilibrium prices is the absence of arbitrage opportunities. Definition 2. Prices and dividends (p(ξ), q(ξ), d(ξ))ξ∈Ξ preclude arbitrage if there is no trading strategy (θ(ξ))ξ∈Ξ with θ(ξ0− ) = 0 such that if we deﬁne D(ξ) = θ(ξ− )(d(ξ) + q(ξ)) − θ(ξ)q(ξ), D(ξ) ≥ 0 for all ξ ∈ Ξ and D = 0. We want to investigate in this paper which assumptions on preferences restrict competitive equilibrium prices and aggregate endowments beyond the
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absence of arbitrage. We will assume throughout that prices preclude arbitrage. 2.1 Observable Restrictions Given an event tree Ξ and H agents, a process of prices, aggregate endowments and dividends (p(ξ), q(ξ), e(ξ), d(ξ))ξ∈Ξ is said to be rationalizable if there exist speciﬁcations of agents utility functions, individual endowments and individual consumptions such that these add up to aggregate endowments and such that these individual consumptions maximize the agents’ utility functions subject to the budget constraints. We will also refer to rationalizable observations as consistent processes. Processes which are not rationalizable are called inconsistent. The main contribution of this paper is to provide assumptions on preferences which ensure that the model imposes restrictions on prices given aggregate endowments and dividends. This paper focuses on restrictions on prices and aggregate quantities although, in addition to observing aggregate endowments, there might also be cases where one can hope to observe individual incomes. From a theoretical point of view this is an interesting question because there are no restrictions on aggregate variables and prices without assumptions on preferences (when individual incomes are observable, there are both local and global restrictions on the equilibrium correspondence since individual income eﬀects are observable—see [BM96, CEKP00]). The next step must be to examine standard assumptions on preferences in models with time and uncertainty and evaluate to what extent they do impose restrictions. From a more practical perspective, stochastic processes for individual incomes are diﬃcult to estimate. For example, the question whether shocks to income are transitory or permanent seems diﬃcult to resolve empirically— however, the results in [CD96] indicate that quantitative predictions of asset pricing models with heterogeneous agents and incomplete markets depend crucially on the exact speciﬁcation of the individual income processes. It is then important to clarify that even without any assumptions on incomes, the standard model does restrict equilibrium prices and to investigate these restrictions. A model imposes restrictions on the entire process if there exist a process (p(ξ), q(ξ), e(ξ), d(ξ))ξ∈Ξ , with e(ξ) > 0 for all ξ ∈ Ξ which precludes arbitrage but which is not rationalizable. From a theoretical point of view it is interesting to examine restrictions on the entire process of prices, since this means examining restrictions on the equilibrium set of the economy in the tradition of Mas-Colell [Mas77]. However, when investigating observable restrictions of general equilibrium models it must be taken into account that observed time series only consist of a single sample path of dividends, aggregate endowments and prices. It is clear that without any assumptions about oﬀ sample path realizations of
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dividends and endowments, the model does not restrict possible observations at all. Maheswaran and Sims [MS93] show that even the absence of arbitrage is a restriction on the entire process and does not impose restrictions on a single sample path of asset prices, dividends and aggregate endowments. Similarly, equilibrium will not impose any restrictions on a path when oﬀ-sample path variables can be picked freely. It is standard in modern macroeconomics (see e.g., [Luc78]) to assume that aggregate endowments as well as dividends are stationary. By estimating the stochastic process for endowments and dividends one can then specify values for these variables oﬀ the sample path. In addition to examining restrictions on the entire process of asset prices we will therefore also examine if the model restricts asset prices along a sample path, given speciﬁcations for aggregate endowments and dividends at all nodes. In particular, we will give conditions under which there exists restrictions on asset prices at t = 0 (the root node) given only the stochastic processes for dividends and aggregate consumption. Given the excellent quality of data on security prices, there is no reason why stochastic processes for dividends and endowments should be easier to specify than processes for asset prices. However, if individual endowments and dividends follow a Markov chain and if markets are incomplete, the joint process of prices, endowments and dividends will generally not be Markov. Since the theory takes prices as endogenous, it seems natural in our framework to specify as the exogenous variables dividends and aggregate consumption and to ask if the model imposes restrictions on prices. 2.2 The Role of Preferences Under the assumption that all utility functions are strictly increasing and strictly concave any joint process of prices, aggregate endowments and dividends can be rationalized as long as prices preclude arbitrage. The model is not refutable. While this result is well known it is worth to reformulate it in our framework. In particular, it is important to point out that the result also holds true when individual consumptions are observable. The fact that the model has no empirical content in this case has therefore nothing to do with aggregation issues—it is caused by the fact that we are considering a single observation—incomes or prices do not vary exogenously. Theorem 1. Spot prices (p(ξ))ξ∈Ξ , asset prices (q(ξ))ξ∈Ξ , asset payoﬀs (d(ξ))ξ∈Ξ and individual consumptions (ch (ξ))h∈H ξ∈Ξ can be rationalized in a GEI model with strictly increasing and concave utility functions if and only if there is no arbitrage. Proof. Necessity of no arbitrage follows directly from the deﬁnition. If there exists an arbitrage opportunity, the agent’s maximization problem cannot have a ﬁnite solution. Conversely, it is well known (see e.g., [MQ96]) that the absence of arbitrage is equivalent to the existence of λ(ξ) > 0 for all ξ ∈ Ξ such that
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q(ξ)λ(ξ) =







λ(ζ)(q(ζ) + d(ζ)).



(1)



ζ∈(ξ)



One can construct a smooth, concave and strictly increasing utility function whose derivatives with respect to c(ξ) are given by λ(ξ)p(ξ).  Despite of this theorem one might argue that multi-period general equilibrium models with several commodities and uncertainty are testable if one makes assumptions on preferences which take into account that agents face a decision problem under time and uncertainty. One extreme is to assume that markets are complete and agents maximize time-separable expected utility with homogeneous beliefs—in this case there are restrictions on asset prices. While both the assumption of homogeneous beliefs and the assumption of complete markets can be relaxed substantially, time separability of the utility function will turn out to be crucial for the existence of restrictions.



3 Time-separable Expected Utility We assume that for each agent h, uh ((c(ξ))ξ∈Ξ = W h (ξ0 ), where W h (ξ), the ‘utility at node ξ ∈ Ξ’, is recursively deﬁned by ⎧  ⎨ v h (c(ξ)) + β h (ξ) π h (ζ)W h (ζ) for all non-terminal ξ, h W (ξ) = ζ∈(ζ) ⎩ h v (c(ξ)) for all terminal ξ for a strictly increasing, strictly concave and diﬀerentiable function v h : RL + → R, for varying patience factors β h (ξ) > 0 and for conditional probabilities1 π h (ξ), ξ ∈ Ξ. We assume that indiﬀerence curves do not cross the axes, i.e., for all c¯ ∈ RL ++ , h h c)} is closed in RL {c ∈ RL ++ : v (c) ≥ v (¯ ++ .



We refer to this speciﬁcation as time-separable expected utility or TSEU. We restrict each probability π h (ξ) to lie in some strict subset of [0, 1] which we denote by Iπ (ξ) and we restrict each β h (ξ) to lie in some bounded Iπ (ξ) ⊂ R+ . In order to relate our analysis to models with homogeneous expectations and discounting we will also consider the case where all Iβ (ξ) and all Iπ (ξ) are singleton sets. In the following we will call the collection of sets (Iβ (ξ), Iπ (ξ))ξ∈Ξ restrictions on discounting and on beliefs and we 1



In this context probabilities are numbers 0 ≤ π h (ξ) ≤ 1 for all ξ ∈ Ξ  conditional h such that ζ∈(ζ) π (ξ) = 1 for all non-terminal ζ.
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will consider observations on prices, dividends and endowments together with these restrictions. In this section we show that under TSEU restrictions on beliefs and discounting impose joint restrictions on processes of aggregate endowments and dividends as well as on the cross section of asset prices at any non-terminal node ξ and on spot commodity prices along a sample path. Given a joint process of prices, aggregate endowments and dividends (p(ξ), q(ξ), e(ξ), d(ξ))ξ∈Ξ , we follow Brown and Matzkin [BM96] and use a nonparametric analysis of revealed preferences to examine restrictions on prices. We derive a system of inequalities which has a solution if and only if there are preferences and individual endowments which rationalize the data. Lemma 1. Given restrictions (Iπ (ξ), Iβ (ξ))ξ∈Ξ , prices q(ξ) ∈ RJ , p(ξ) ∈ RL ++ , aggregate endowments e(ξ) and dividends d(ξ), ξ ∈ Ξ, are consistent if and only if there exist V h (ξ), λh (ξ) > 0 and ch (ξ) ∈ RL ++ as well as π h (ξ) ∈ Iπ (ξ) and β h (ξ) ∈ Iβ (ξ) for all ξ ∈ Ξ and all h ∈ H such that (T1) For all h ∈ H and all non-terminal ξ ∈ Ξ,  q(ξ)λh (ξ) = β h (ξ) π h (ζ)λh (ζ)(q(ζ) + d(ζ)).



(2)



ζ∈(ξ)



(T2) For all ξ ∈ Ξ,







ch (ξ) = eh (ξ).



(3)



h∈H



(T3) For all h ∈ H and all ξ, ζ ∈ Ξ, V h (ξ) ≤ V h (ζ) + λh (ζ)p(ζ)(ch (ξ) − ch (ζ)).



(4)



The inequality holds strict whenever ch (ξ) = ch (ζ). The proofs of the lemmas can be found in the appendix. In the following analysis, it will be useful to deﬁne probability weighted discount factors δ h (ξ) for each node ξ ∈ Ξ as follows:  1, δ h (ξ0 ) = δ h (ξ− )β h (ξ− )π h (ξ) for all ξ = ξ0 . 3.1 Restrictions on Asset Prices with a Single Commodity In this section we examine how the assumption TSEU imposes restrictions on asset prices at the root node ξ0 , given aggregate endowments and dividends at all nodes ξ ∈ Ξ. We assume that there is single physical commodity at each state. Applying Theorem 24.8 of Rockafellar [Roc70], since cyclical monotonicity and monotonicity are equivalent for functions of only one variable, condition (T3) turns out to be equivalent to the following.
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(T3 ) For all h ∈ H and all ξ, ζ ∈ Ξ, (ch (ξ) − ch (ζ))(λh (ξ) − λh (ζ)) ≤ 0.



(5)



The inequality holds strict whenever ch (ξ) = ch (ζ). Homogeneous expectations: We ﬁrst consider the case where all agents have homogeneous and known beliefs and impatience factors, i.e., we can write δ(ξ) = δ h (ξ) h. We show that independently of T there exist restriction on asset prices at t = 0 given aggregate endowments and dividends at all nodes. This, of course, implies that there exist restrictions on a sample path of prices alone. We collect the probability weighted discounted asset payoﬀs in a (X−1)×J matrix A with aξj = δ(ξ)dj (ξ) for all ξ ∈ Ξ, ξ = ξ0 . We collect the marginal utilities in a vector m ¯ h ∈ RX−1 ¯ hξ = λh (ξ)/λh (ξ0 ). ++ with m In the following, it is not important how the nodes of the event tree are numbered as long as the ith entry in the vector m ¯ h refers to the same node as the ith row of the matrix A. In a slight abuse of notation we will use mi to denote the ith element of m and we will use mξ to denote the element of m which refers to the node ξ ∈ Ξ. Denoting the transpose of A by AT , Condition (T1) then implies that ¯ h. q(ξ0 ) = AT m We assume that there are at least two assets in the economy, that there is at least one asset with strictly positive payoﬀs and that all probabilities are strictly positive. In this framework the set of arbitrage-free asset prices at t = 0 is given by T Q = {q ∈ RJ for which there exists m ∈ RX−1 ++ : q = A m}.



One can use condition (T3 ) together with a simple linear programming argument to construct arbitrage-free prices and aggregate endowments which are not rationalizable: Fixing arbitrage free prices of J − 1 assets, qj∗ , j = 1, ..., J − 1, we can maximize the price of the Jth asset under the conditions that asset prices remain in the closure of Q. The solution to this linear programming problem will generally lead to unique marginal utilities m. These marginal utilities will not be consistent with all possible aggregate consumptions, therefore possible prices are restricted. Formally, consider the following linear program: max qJ = m≥0



X−1 



mi aiJ ,



i=1



qj∗ =



X−1 



mi aij , j = 1, ..., J − 1.



i=1



Generically in A the problem is in general position and therefore has a unique solution in m (see e.g., [Dan63]). Moreover (generically in A), this solution
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will satisfy mi = mj for all i = j. Suppose for two speciﬁc ξ, ζ we have mξ < mζ . There must exist a qJ∗ suﬃciently close to the maximal value of the problem such that q ∗ = (q1∗ , ..., qJ∗ ) ∈ Q and such that all solutions to q ∗ = AT m, m 0, will still satisfy mξ < mζ . For all speciﬁcations of aggregate endowments which satisfy e(ξ) < e(ζ) the equilibrium inequalities (T1), (T2) and (T3 ) then cannot have a solution—(T2) implies that for at least one h, ch (ξ) < ch (ζ). For this agent (T3 ) cannot be satisﬁed since λh (ξ) < λh (ζ). The results can be slightly sharpened if we assume that the ﬁrst asset is a consol bond i.e., if d1 (ξ) = 1 for all ξ ∈ Ξ. For this case the above argument becomes simpler since we can restrict the marginal utilities to lie in a compact set. In particular, we have the following theorem. Theorem 2. Suppose that the ﬁrst asset is a consol and that there exists at least one other asset, asset 2, which has the highest payoﬀ in one single state and the lowest payoﬀ in another, i.e., there exists ξmax such that d2 (ξmax ) > d2 (ξ) for all ξ = ξmax and there exists ξmin such that d2 (ξmin ) < d2 (ξ) for all ξ = ξmin . For any aggregate endowments which satisfy e(ξmin ) = e(ξmax ) and for each price of the consol q1 (ξ0 ) there then exists a q2 (ξ0 ) which does not allow for arbitrage but cannot be rationalized by the model. Proof. Consider the pricing vector mmax ∈ RX−1 ++ deﬁned by  q1 − ε ξ∈Ξ,ξ=ξ0 ,ξ=ξmax δ(ξ) max , mmax = ε for all ξ = ξmax . mξmax = ξ δ(ξmax ) Let q2max = AT mmax for suﬃciently small ε > 0 the system q = AT m, m 0 only has solutions which satisfy mξmax > mξ for all ξ = ξmax . Therefore q2 can only be rationalized if e(ξmax ) < e(ξ) for all ξ = ξmax . However, also consider mmin deﬁned by  q1 − ε ξ∈Ξ,ξ=ξ0 ,ξ=ξmin δ(ξ) min , mmin = ε for all ξ = ξmin . mξmin = ξ δ(ξmin ) This time, for suﬃciently small ε > 0 the resulting q2min = AT mmin can only be rationalized if e(ξmin ) < e(ξ) for all ξ = ξmin . Clearly, both prices preclude arbitrage—however, since by assumption e(ξmax ) < e(ξmin ), one of prices has to be inconsistent with the aggregate endowments.  Note that the theorem does not make any assumptions about the number of investors H the number of time periods or the number of nodes X. As long as there are at least two assets with strictly positive payoﬀs, generically in the payoﬀ of the second asset and in aggregate endowments, there exist arbitrage free prices which cannot be rationalized. There is a large literature in macroeconomics which argues that given observed aggregate endowments, the average returns of stocks and government bonds cannot be explained in commonly used dynamic general equilibrium
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models. While most of this literature restricts agents’ relative risk aversion and uses a parametric form for preferences, it is not well understood how a relaxation of these assumptions may resolve the puzzle and explain the low observed risk-free rate at the same time—see [Koc96]. In response to this literature Constantinides and Duﬃe [CD96] and Krebs [Kre04] argue that the assumption of incomplete ﬁnancial markets potentially enriches the pricing implications of these models and that without restrictions on individual incomes, any (no-arbitrage) equity premium can be explained when markets are incomplete. Their results are sometimes interpreted as general results about a lack of observable restrictions in models with incomplete markets. The reason for the negative results in [CD96] and in particular Krebs [Kre04] is the following. They assume that agents face idiosyncratic shocks which are not measurable with respect to aggregate shocks and the asset payoﬀs. Therefore, the condition of Theorem 2 is not satisﬁed in their framework—there exist states ξ = ξ  with d2 (ξ) = d2 (ξ  ) = maxζ d2 (ζ) and the construction in the proof breaks down. In the above analysis restrictions on discounting are needed for restrictions on period zero asset prices. However, when asset prices are observable at all nodes of the event tree one can dispense with this restrictions. Given dividends and prices at direct successor nodes Theorem 2 immediately implies that generically there exist restrictions on asset prices even without assumptions on discounting. When there are one-period assets in the economy (such as one-period bonds or derivative securities) whose state-contingent payoﬀs are known this observation implies that there are restrictions on the prices of these assets whenever aggregate endowments at all successor nodes are known. Restrictions under unknown beliefs and discounting: While the assumption of homogeneous beliefs helps to achieve restrictions on asset prices it is not a necessary assumption. In particular, given any lower bound on all investors’ subjective probabilities π > 0 such that π h (ξ) ≥ π and any bounds on agents’ ¯ β such that impatience β, 0 < β < β h (ξ) < β¯ for all ξ ∈ Ξ and all agents h ∈ H one can construct payoﬀs of a risky asset, d2 (ξ) to ensure that some arbitrage free prices for this asset and for a consol bond at t = 0 cannot be rationalized. Let ε = (βπ)T −1 . Clearly, δ h (ξ) > ε > 0 for all h and all ξ. As before, assume that the ﬁrst asset is a consol with d1 (ξ) = 1 for all ξ ∈ Ξ. We want to construct an asset which pays extremely high dividends at one node, while paying dividends below 1 at all other nodes. Let ξmax = arg maxξ d2 (ξ) and let ξ2 = arg maxξ=ξmax d2 (ξ). Suppose that d2 (ξmax ) > 1 > d2 (ξ2 )
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and that



β¯T d2 (ξ2 ). ε If aggregate consumption is high in the state where the asset’s payoﬀ is large, ξmax , its price cannot be arbitrarily large. The latter of the above inequalities implies that for all agents h, d2 (ξmax ) >



δ h (ξmax )d2 (ξmax ) > δ h (ξ2 )d2 (ξ2 ). If aggregate endowments satisfy e(ξmax ) > e(ξ2 ), there must be at least one agent for whom λh (ξmax ) < λh (ξ2 ). This imposes an upper bounds on the price of the second asset relative to the price of a consol. In fact, it must be the case that ε q2 (ξ0 ) − q1 (ξ0 ) < (d2 (ξmax ) − 1). X Therefore, we have the following theorem. Theorem 3. Suppose that there are at least two assets in the economy, i.e., J ≥ 2 and that the ﬁrst asset is a consol. For any known restrictions on beliefs and discounting (Iπ (ξ), Iβ (ξ))ξ∈Ξ , if e(ξ) = e(ζ) for at least two nodes ξ, ζ, there exist payoﬀs of the second asset, (d2 (ξ))ξ∈Ξ and asset prices q(ξ0 ) ∈ RJ such that these prices preclude arbitrage but they cannot be rationalized by the model. While homogeneous and known expectations might appear as an overly strong assumption on preferences it is certainly reasonable to restrict possible beliefs as in Theorem 3. However, it is clear from the preceding arguments that without such restrictions any arbitrage-free price can be rationalized by the model—as Iπ (ξ) → [0, 1] for all ξ, the set of rationalizable prices converges to the set of no-arbitrage prices. 3.2 Joint Restrictions on Prices of Assets and Commodities We now illustrate how restrictions on λh impose joint restrictions on commodity— and asset prices when L > 1. First suppose that markets are complete and subjective probabilities are identical and known. In this case, there exists unique solution for λh (ξ), ξ ∈ Ξ in (T1). Since this solution is identical across all h ∈ H, it adding up across individuals it follows from (T3) that (λh (ξ)p(ξ) − λh (ζ)p(ζ))(e(ξ) − e(ζ)) ≤ 0. The law of demand must hold for aggregate endowments across states, given the ‘Debreu’ prices λ(ξ)p(ξ). Therefore, complete asset markets, together with TSEU and homogeneous beliefs lead to strong very restrictions on spot prices, even along a sample path. When asset markets are incomplete, the restrictions on spot prices are generally much weaker since the mh (ξ) are diﬀerent across agents.
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However, if in addition to aggregate endowments and dividends commodity prices are known at all nodes, the above analysis still goes through: Generically in dividends, there exist asset prices at t = 0 and nodes ξ, ζ which ensure that all solutions to (T1) must satisfy λh (ξ) > λh (ζ). In this case, adding up, (T2) implies a joint restriction on spot prices and aggregate endowments: p(ξ)e(ξ) < p(ζ)e(ζ). For general dividends, there is no guarantee that ξ and ζ always lie on one sample path. However, one can always construct dividends, probabilities and discount factors to ensure that the model therefore restricts prices and aggregate endowments along a sample path only.



4 Relaxing Time Separability: Necessary Conditions for Restrictions In order to show that separability is the crucial assumption for obtaining restrictions we consider a slightly more general model. Instead of assuming that current utility is simply the sum of utility from current consumption and future expected utility we now assume that it is some non-linear function of the two ⎧  ⎨ f h (v h (c(ξ)), π h (ζ)W h (ζ)) for all non-terminal ξ, W h (ξ) = ζ∈(ξ) ⎩ h h for all terminal ξ, f (v (c(ξ)), 0) where f h : R × R → R is assumed to be diﬀerentiable, increasing and concave. This is a special case of the recursive utility speciﬁcation in [Kre04]. The additional assumption of weak separability of the aggregator function ensures that marginal rates of substitution between spot commodities are not aﬀected by diﬀerent future utilities. This assumption implies that choices in spot markets must satisfy the strong axiom. Therefore there are restrictions on individual choices. However, we will show below that with suﬃciently many agents this assumption generally does not impose restrictions on prices and aggregate variables even when subjective probabilities are known and identical across agents—the argument will make clear why separability of the utility function is crucial. We refer to this speciﬁcation as recursive expected utility, REU. The equilibrium inequalities: The following lemma characterizes processes of aggregate endowments, prices and dividends which are consistent with equilibrium. Lemma 2. Under REU, a price process (q(ξ), p(ξ))ξ∈Ξ is consistent with aggregate endowments (e(ξ))ξ∈Ξ , a dividend process (d(ξ))ξ∈Ξ and beliefs (π h (ξ))ξ∈Ξ for all h ∈ H if and only if there are:
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H



h ch (ξ) ∈ RL ++ for all h ∈ H such that h=1 c (ξ) = e(ξ) for all ξ ∈ Ξ, h h h 2 h U (ξ), V (ξ) ∈ R, γ (ξ) ∈ R++ and λ (ξ) ∈ R++ , for all ξ ∈ Ξ and all h ∈ H,



such that (R1) For all non-terminal ξ ∈ Ξ and all h ∈ H,  π h (ζ)λh (ζ)(q(ζ) + d(ζ)). q(ξ)λh (ξ) = γ2h (ξ)



(6)



ζ∈(ξ)



(R2) For all h ∈ H and all ξ, ζ ∈ Ξ,ξ = ζ,  h  h  h  γ1 (ζ) V (ξ) V (ζ) U h (ξ) ≤ U h (ζ) + − , γ2h (ζ) μh (ξ) μh (ζ) where μh (ξ) =



(7)



⎧  ⎨ π h (ζ)U h (ζ) for non-terminal ξ, ⎩ ζ∈(ξ) 0



for terminal ξ.



In addition, V h (ξ) ≤ V h (ζ) +



λh (ζ) p(ζ)(ch (ξ) − ch (ζ)). γ1h (ζ)



(8)



The inequality holds strict whenever ch (ξ) = ch (ζ). No restrictions without time separability: Recursive utility imposes almost no restrictions on prices and aggregate variables, even if the aggregator is weakly separable. In the last period, since f (v(c), 0) will be a strictly concave function in c, our speciﬁcation of preferences is equivalent to TSEU. Therefore, there will exist restrictions on asset prices in period T − 1 as well as on dividends, commodity prices and aggregate endowments in period T . However, there exist no other restrictions. This can be formally stated in various diﬀerent ways. If we assume that assets’ dividends in the last period are all zero, the only restriction is that all prices at T −1 are zero. Alternatively and perhaps more interestingly, there will be no restrictions on any prices at t ≤ T − 1 whenever the model has more than 2 time-periods. In the statement of the theorem we will use the former formulation, the proof of the theorem shows that the two formulations are equivalent. Theorem 4. If there are at least as many households as commodities, H ≥ L, and if there are no assets with payoﬀs at T , i.e., d(ξ) = 0 for all terminal ξ ∈ Ξ, there exist no restrictions on (arbitrage-free) prices, dividends and aggregate quantities (q(ξ), p(ξ), d(ξ), e(ξ))ξ∈Ξ and on households’ subjective probabilities (π h (ξ))h∈H ξ∈Ξ .
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For the proof of the theorem the following lemma from Kubler [Kub00] is needed. Lemma 3. For any ﬁnite event tree Ξ, probabilities (π(ξ))ξ∈Ξ and positive numbers η(ξ) for all terminal ξ ∈ Ξ with η(ξ) = η(ζ) for all ξ = ζ there exist numbers (U (ξ), g(ξ))ξ∈Ξ , 1 > g(ξ) > 0 and U (ξ) > 0 for all ξ ∈ Ξ as well as a number δ > 0 such that U (ζ) − U (ξ) + g(ζ)(η(ξ) − η(ζ)) > 0 for all ζ, ξ ∈ Ξ with η(ξ) =







(9)



π(ζ)U (ξ) for all non-terminal ξ ∈ Ξ.



ζ∈(ξ)



The proof of the lemma requires some tedious notation but the idea is straightforward: for any concave and increasing function U with derivatives between zero and one set g = U  to obtain (9). Proof of Theorem 4. To proof the theorem, we take an arbitrary (arbitragefree) process and construct numbers to ensure that all conditions in Lemma 2 hold. If H ≥ L, aggregate endowments can always be decomposed into individual consumptions that satisfy the strong axiom of revealed preferences. If we assume w.l.o.g. that H = L, one possible construction is to assign almost all of commodity  = 1, ..., L to agent h =  and only some small amount ε > 0 to all other agents, i.e., to set ch (ξ) − e (ξ) − (H − 1)ε for h =  and ch (ξ) = ε otherwise. If all ε are chosen to be suﬃciently small, the strong axiom must hold— p(ξ)ch (ξ) > p(ξ)ch (ζ) will be equivalent to chh (ξ) > chh (ζ). Therefore there exist ch (ξ) and there exists numbers αh (ξ) > 0 and V h (ξ) > 0 [Afr67], such that for all h ∈ H, V h (ξ) ≤ V h (ζ) + αh (ζ)p(ζ)(ch (ξ) − ch (ζ)) for all ξ, ζ ∈ Ξ.



(10)



Furthermore, one can ensure that the inequality holds strict whenever ch (ξ) = ch (ζ). For each agent h, given γ2h (ξ) for all ξ ∈ Ξ and given λh (ξ0 ) the absence of arbitrage guarantees that equation (6) have at least one solution in λh (ξ0 ), ξ ∈ Ξ. Given this solution deﬁne γ1h (ξ) = λh (ξ)/αh (ξ) for all non-terminal ξ ∈ Ξ. For all terminal nodes ξ, λh (ξ) is arbitrary since q(ξ) + d(ξ) = 0. Therefore, for any terminal ξ, ζ we can choose γ1h (ξ) > γ1h (ζ) whenever V h (ξ) < V h (ζ) and then set λh (ξ) = αh (ξ)γ1h (ξ). With these constructions construction inequalities (8) of (R2) are satisﬁed for all ξ, ζ ∈ Ξ. Since λ(ξ0 ) can be chosen freely, for each δ1 > 0, if all γ2h (ξ) are bounded below, there is a solution to equation (6) with λ(ξ) < δ1 for all non-terminal
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ξ ∈ Ξ. Therefore for all δ2 > 0, we can ﬁnd a δ1 > 0 to ensure that supξ,ζ∈Ξ γ1h (ξ)(V h (ζ) − V h (ξ) < δ2 (for all terminal ξ ∈ Ξ we can make all γ1h (ξ) arbitrarily small without aﬀecting any inequality). Since the V h (ξ) in equation (10) can be chosen in an open neighborhood we can ensure that μ(ξ) = μ(ζ) for all ξ, ζ and, by Lemma 3, we can construct (U h (ξ))ξ∈Ξ to ensure that 0 < U h (ζ) − U h (ξ) + γ2h (ζ)(μh (ξ) − μh (ζ)) for all non-terminal ξ, ζ. We chose γ1 (ξ) to ensure that inequality (7) holds for all terminal ξ, ζ. With the above construction the inequality now also has a solution for all nonterminal ξ, ζ ∈ Ξ. Finally, we can ensure that the inequality has a solution for terminal and non-terminal nodes because for all terminal ξ the γ2 (ξ) are arbitrary.  Acknowledgments I thank Don Brown for many helpful comments on earlier versions of this paper as well as for many valuable conversations and his constant encouragement. I thank Herakles Polemarchakis for many valuable discussions on the topic. Seminar participants at the Venice workshop in economic theory and at Yale University provided several helpful improvements. I also thank two anonymous referees who provided detailed and very helpful comments on earlier versions of the paper. Their comments improved the paper considerably. This paper contains material from my Ph.D. dissertation at Yale University. The ﬁnancial support from a C.A. Anderson Prize Fellowship is gratefully acknowledged.



Appendix A. Proofs of Lemmas We ﬁrst prove Lemma 2 and Lemma 1 then follows directly. Proof of Lemma 2. For necessity, given a feasible allocation (ch (ξ))h∈H ξ∈Ξ deﬁne h



μ (ξ) =



⎧ ⎨ 0 ⎩



for terminal ξ, π (ζ)f (v (c (ζ)), μ (ζ)) for non-terminal ξ. h



h



h



h



h



ζ∈(ξ)



Let (γ1h (ξ), γ2h (ξ)) = (∂1 f h (v h (ch (ξ)), μh (ξ)), ∂2 f h (v h (ch (ξ)), μh (ξ))). Consider an agent’s ﬁrst-order condition (which are necessary and suﬃcient for optimality):
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η h (ξ)qj (ξ) =







η h (ζ)(qj (ζ) + dj (ζ))



ζ∈(ξ)



for j = 1, ..., J and for all non-terminal ξ ∈ Ξ. and



κh (ξ)γ1h (ξ)∂c v h (c(ξ)) − η h (ξ)p(ξ) = 0 for all ξ,



where κh (ξ0 ) = 1 and where for all ξ = ξ0 ∈ Ξ, κh (ξ) = κh (ξ− )π h (ξ)γ2h (ξ− ). Deﬁning λh (ξ) = η h (ξ)/κh (ξ) one obtains (R1). The assumption that f h (·, ·) and v h (·) are concave and the usual characterization of concave functions [Afr67] imply the inequalities in (R2)—the second optimality–condition is used to substitute for ∂c v h in equation (8). For the suﬃciency part, assume that the unknown numbers exist and satisfy the inequalities. We can then construct a piecewise linear aggregator function f h as well as piecewise linear v h (·) following Varian [Var82]: Deﬁne



  h   V V (ξ) − f h (V, μ) = min U h (ξ) + γ h (ξ) μ μh (ξ) ξ∈Ξ and 



 λh (ξ) v h (c) = min V h (ξ) + h p(ξ)(c − ch (ξ)) . ξ∈Ξ γ1 (ξ)



The resulting functions are concave and strictly increasing and the functions rationalize the observation. Furthermore, the approach in [CEKP00] can be used to construct a strictly concave and smooth functions v h as well as concave and smooth f h for all h ∈ H. Their argument goes through without any modiﬁcation.  The proof of Lemma 1 now follows immediately. If for some β the aggregator can be written as f h (x, y) = x + βy, γ1h = 1 and γ2h = β will give the conditions of the lemma.
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