









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













Comput. Methods Appl. Mech. Engrg. 199 (2010) 865–880



Contents lists available at ScienceDirect



Comput. Methods Appl. Mech. Engrg. journal homepage: www.elsevier.com/locate/cma



ODTLES: A multi-scale model for 3D turbulent ﬂow based on one-dimensional turbulence modeling Rodney C. Schmidt a,*, Alan R. Kerstein b, Randall McDermott c a



Computation, Computers and Math Center, Sandia National Laboratories, Albuquerque, NM 87185, United States Combustion Research Facility, Sandia National Laboratories, Livermore, CA 94550, United States c National Institute of Standards and Technology, Gaithersburg, MD 20899, United States b



a r t i c l e



i n f o



a b s t r a c t



Article history: Received 31 December 2007 Received in revised form 19 May 2008 Accepted 23 May 2008 Available online 12 June 2008 Keywords: Turbulence LES ODT Multi-scale



A novel multi-scale approach for extending the one-dimensional turbulence (ODT) model of [A.R. Kerstein. One-dimensional turbulence: model formulation and application to homogeneous turbulence, shear ﬂows, and buoyant stratiﬁed ﬂows, J. Fluid Mech. 392 (1999) 277] to treat turbulent ﬂow in three-dimensional (3D) domains is described. In this model, here called ODTLES, 3D aspects of the ﬂow are captured by embedding three, mutually orthogonal, one-dimensional ODT domain arrays within a coarser 3D mesh. The ODTLES model is obtained by developing a consistent approach for dynamically coupling the different ODT line sets to each other and to the large scale processes that are resolved on the 3D mesh. The model is implemented computationally and its performance is tested by performing simulations of decaying isotropic turbulence at two different Reynolds numbers and comparing to the experimental data of [H. Kang, S. Chester, C. Meneveau. Decaying turbulence in an active-grid-generated ﬂow and comparisons with largeeddy simulations, J. Fluid Mech. 480 (2003) 129; G. Comte-Bellot, S. Corrsin, Simple Eulerian correlation of full-and narrow band velocity signals in grid-generated ’isotropic’ turbulence, J. Fluid Mech. 48 (1971) 273]. Ó 2008 Elsevier B.V. All rights reserved.



1. Introduction A salient characteristic of turbulent ﬂow is the extremely large range of dynamically active length and time scales. In models to date, the multi-scale nature of this problem has typically been addressed from a ‘‘top-down” viewpoint. Traditional approaches apply temporal or spatial ﬁltering to the Navier–Stokes equations. All subsequent modeling decisions are supporting details that provide closure of the ﬁltered equations. Thus, the ‘‘top” scales – i.e. those resolved after the ﬁltering process – effectively regulate the entire model. All behaviors of the unresolved scales must be parameterized by and made slave to the dynamics of these large resolved scales. For example, in LES, a spatial ﬁlter formally separates the resolved scales from the unresolved scales. For a ﬁlter that commutes with differentiation, and for an incompressible ﬂuid with constant properties, the ﬁltered Navier–Stokes and continuity equations can be written as:



i  ou o 1 op o þ ðui uj Þ ¼  þ ot oxj q oxi oxj i ou ¼ 0; oxi



    ou m i þ f i ; oxj
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ð1Þ ð2Þ



where m is the kinematic viscosity, f denotes a body force, and repeated indices imply summation. The ﬁltered ﬁelds resolved by  i and the LES equations for a given ﬁlter (not speciﬁed here) are u . Closure requires a parameterization of the term ui uj in terms of p the resolved velocity ﬁeld, a problem typically framed by deﬁning a subgrid stress tensor sij as



sij ¼ ui uj  ui uj



ð3Þ



and rewriting Eq. (1) as



i  ou o 1 op o i u j Þ ¼  ðu þ þ ot oxj q oxi oxj



     ou m i  sij þ f i : oxj



ð4Þ



Reynolds-averaged Navier–Stokes (RANS) type models, which are based on ensemble or time averaging, are also top-down models in this context. There are important turbulent ﬂow problems, particularly those that involve additional coupled physical processes, for which the predictive capability of top-down turbulence modeling is limited. In large measure these limitations reﬂect the limited range of ﬂow scales – typically the largest – that are resolved. Here we introduce an alternate ‘‘bottom-up” approach to modeling turbulent ﬂow. This means that our ﬁrst concern is with a representation of the smallest scales of the ﬂow, and then we address constraints imposed by large-scale dynamics. In this context the closure problem is essentially the inverse of that posed in traditional modeling. Namely, we model LES-scale quantities and 3D
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constraints through temporal and spatial sampling of small-scale information provided by a reduced-dimensional small-scale model. To simulate the dynamics of the smallest scales of turbulence we use the one-dimensional turbulence (ODT) model developed by Kerstein and coworkers. ODT can be viewed as a method for simulating the turbulent transport and dynamic ﬂuctuations in velocity and ﬂuid properties that one might measure along a one-dimensional (1D) line of sight through 3D turbulent ﬂow. In the 1D dynamical system deﬁned by the ODT model, the effects of turbulent 3D eddies associated with real ﬂuid ﬂow are modeled by 1D ﬂuid-element maps (rearrangements), denoted ‘‘eddy events,” that occur over a range of length scales and with frequencies that depend on event length scales and instantaneous ﬂow states. ODT does not use eddy viscosity to model transport or energy transfer. However, like the Navier–Stokes equations, the ODT equations can be temporally or spatially ﬁltered, and an eddy viscosity model can be introduced as a simple closure for the ﬁltered ODT equations; see Section 2.2. ODT formulations have been developed that involve simulation of either a single velocity component [6] or the three-component velocity vector [7] on the 1D domain. Generalization to treat variable-density effects dynamically has also been demonstrated [1]. Because the model is 1D, well resolved calculations at high Reynolds numbers are affordable, and remarkably successful results have been demonstrated for a variety of canonical ﬂows. Recently, ODT was used as a near-wall subgrid closure model for LES [15,17]. This application is natural because statistical variations in the near-wall region are primarily 1D. The ODT-based LES near-wall model suggests several ways that ODT and LES might be more generally combined. One possible path is reported in [8,9] and another is introduced here. In the new approach, denoted ODTLES, large-scale 3D dynamics and constraints are imposed by introducing additional terms into the ODT evolution equations. These terms provide couplings among orthogonal sets of ODT line-domains that account for LESscale processes and transport. They are also used to enforce a set of discrete LES-type volume-balance equations, analogous to the discrete conservation equations applied in a traditional ‘‘topdown” LES approach. In this context the ODT model is particularly well-suited because an ODT domain is aligned with the normal vector extending from each ﬁnite-volume face. This is a convenient framework for modeling LES-scale ﬂux quantities in terms of small-scale ODT-based information. When full spatial resolution within the ODT model is either not affordable or not needed, a simple eddy viscosity model is used for subgrid closure of the ODT equations. With this closure, a three-tiered multi-scale model of



Fig. 1. The three-tiered ODTLES model affordably extends the explicit representation of ﬂow dynamics.



the turbulent ﬂow is obtained that extends the explicit ﬂow representation to the smallest scales desired. This is illustrated conceptually in Fig. 1 where the eddy viscosity model is denoted ‘‘EMC.” The paper is organized as follows. Section 2 brieﬂy describes the ODT model in general and gives speciﬁcs of a two-component version of ODT designed for the present application. Section 3 describes the coupled ODTLES model that speciﬁes new governing equations and the geometric relationships among sets of orthogonal ODT lines and the 3D control volumes that discretize the computational domain. Section 4 presents ODTLES simulations of decaying isotropic turbulent ﬂow. 2. One-dimensional turbulence (ODT) modeling 2.1. A two-component formulation of ODT The version of ODT used here evolves a two-component vector velocity ﬁeld vi ðx; tÞ on the spatial coordinate x, which is assumed orthogonal to the two velocity component directions. In other respects it follows the three-component vector formulation described in [7]. Unlike LES or RANS, which are derived directly from the NavierStokes equations, ODT is not based solely on a set of continuum equations. Rather, the important physics affecting the 3D turbulent ﬂow along a 1D line of sight is phenomenologically modeled. In ODT the ﬁelds deﬁned on the 1D domain evolve by two mechanisms: (1) molecular diffusion, and (2) a sequence of instantaneous transformations, denoted eddy events, which represent turbulent stirring. These events occur over a large range of length scales. Between eddy events, the time evolution of ODT velocity components vi on the ODT line is governed by



ovi o2 vi  m 2 ¼ 0; ot ox



ð5Þ



where t denotes time and m is the kinematic viscosity. This evolution is interrupted at various instants by eddy events. Each eddy event is the model analog of an individual turbulent eddy, and consists of two mathematical operations, represented symbolically as



vi ðxÞ ! vi ðf ðxÞÞ þ ci KðxÞ:



ð6Þ



Here, ﬂuid at location f ðxÞ is moved to location x, thus deﬁning a map in terms of its inverse f ðxÞ. In ODT we use a special measurepreserving map, called the triplet map, whose discrete implementation is a permutation of ﬂuid elements. The rightmost term in Eq. (6) is a momentum-conserving modiﬁcation of the velocity proﬁles that implements energy transfers among velocity components. This models pressure-induced inter-component energy redistribution. In the presence of body forces, it can modify the total kinetic energy. The event frequency is governed by a probabilistic model, involving two adjustable parameters, that depends on the current instantaneous velocity ﬁeld, the eddy location and its length scale [6,7]. An overall rate constant, C, controls the strength of the turbulent stirring process. The other model parameter, Z, scales a viscous cutoff. Eddy events modify 1D proﬁles of velocity and other properties, thus modifying the spatial distribution of momentum and kinetic energy. The resulting two-way coupling between velocity proﬁles and the eddy rate distribution leads to complex behavior that emulates both the gross structure and the ﬁne-grained unsteadiness of the 3D turbulent cascade. The function f ðxÞ deﬁning the triplet map is



8 3ðx  x0 Þ > > > < 2l  3ðx  x Þ 0 f ðxÞ  x0 þ > 3ðx  x0 Þ  2l > > : x  x0



if x0 6 x 6 x0 þ 13 l; if x0 þ 13 l 6 x 6 x0 þ 23 l; if x0 þ 23 l 6 x 6 x0 þ l; otherwise:



ð7Þ
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This mapping shrinks a chosen line segment ½x0 ; x0 þ l to a third of its original length and places three copies on the original domain. The middle copy is reversed, which maintains the continuity of advected ﬁelds and introduces the rotational folding effect of turbulent eddy motion. Property ﬁelds outside the size-l segment are unaffected. In Eq. (6), K is a kernel function that is deﬁned as KðxÞ ¼ x  f ðxÞ, i.e., its value is equal to the distance the local ﬂuid element is displaced. It is non-zero only within the eddy interval, and it integrates to zero as required by momentum conservation. With a proper calculation of ci , energy-conserving energy redistribution among velocity components is induced, representing the tendency of turbulent eddies to drive the ﬂow toward isotropy. Assuming an equipartition of available energy (see [7]), the values of ci are governed by the relation



ci ¼



rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ! 27 1 2 vi;K þ sgnðvi;K Þ ðv þ v2j;K Þ ; 4l 2 i;K



ð8Þ



where the two velocity components are denoted by the subscripts i and j, and



vi;K 



1 l



Z



2



vi ðf ðxÞÞKðxÞ dx ¼



4 2



9l



Z



s







vi ðxÞ½l  2ðx  x0 Þdx:



ð9Þ



x0



ð10Þ



Given Eq. (10), the time scales s for all possible eddies can be translated into an event-rate distribution k, deﬁned as



kðx0 ; l; tÞ 



2



l sðx0 ; l; tÞ



¼



Cm l



4



sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  2  2 vi;K l vj;K l þ  Z;



m



Z 0



  m2 v2i;K þ v2j;K  Z 2 : l



C



RðxÞ ¼



x0 þl



Eddy events occur with frequencies comparable to the turnover frequencies of corresponding turbulent eddies. This is enforced by sampling from an event-rate distribution that reﬂects the physics governing eddy turnovers. This distribution depends on the instantaneous state of the ﬂow, and thus changes as the ﬂow evolves. The event-rate distribution is determined by associating a time scale sðy0 ; lÞ with every possible eddy event. To this end, the quan3 tity l=s is interpreted as an eddy velocity and ql =s2 is interpreted as a measure of the energy of eddy motion. To determine s, this energy is equated to a measure of the eddy energy based on the current ﬂow state. The energy measure used here is the available energy in the two velocity components, minus an energy penalty that reﬂects viscous effects. (This formulation is slightly different than in [7].) Based on these considerations, we write



 2 l



very reﬁned grids that, even in 1D, are computationally expensive. Recently, McDermott et al. [10] developed a gradient-diffusionbased LES closure model which, in form, resembles a Smagorinsky-type eddy viscosity model, but which is derived entirely from ODT. This approach, called ensemble mean closure (EMC), is used here as the basis for a subgrid model for the ODT part of the ODTLES model. This removes the requirement that the ODT mesh must fully resolve the ﬂow. For high-Reynolds-number ﬂows this results in considerable costs savings while allowing freedom to choose the degree to which the sub-LES-grid scales are resolved by ODT. The form of the ensemble closure is obtained by accounting for all eddy events that can affect a given location, x, on an ODT line. To derive the model, the ﬁrst step is to ﬁnd the amount of momentum displaced across x by an eddy with given starting location xo and size l. The amount of momentum displaced, wðx; xo ; lÞ, is then mul2 tiplied by the event-rate density of the eddy, given by 1=l s, where s is the eddy time scale. The associated ensemble averaged Reynolds stress component is then written as:



m



ð11Þ



where C is the ODT model parameter that controls the overall event frequency. If the argument of the square root is negative, the eddy is deemed to be suppressed by viscous damping and k is taken to be zero for that eddy. In the square root term of Eq. (11), the quantities preceding Z involve groups that have the form of a Reynolds number. Z can be viewed in this context as a parameter controlling the threshold Reynolds number for eddy turnover. In stand-alone applications, the maximum eddy length Lmax is constrained by the boundary conditions or other ﬂow-speciﬁc considerations. However, in ODTLES, Lmax is directly linked to the size of the smallest 3D eddies resolvable by the LES mesh and must be speciﬁed as part of the ODTLES model. 2.2. Ensemble mean closure (EMC) of under-resolved ODT When implemented as a 1D analog of direct numerical simulation (DNS), ODT fully resolves all 1D length and time scales. For high-Reynolds-number ﬂows this resolution requirement dictates



lmax



Z



x



wðx; xo ; lÞ 2



l



xl



s



dxo dl;



ð12Þ



which is a particular case of the formulation in [10]. The integrals extend over the range of xo and l values of eddies that can displace momentum across location x. To obtain the subgrid contribution, lmax is taken to be the largest eddy length not resolved by the ODT discretization. Completion of the model requires speciﬁcation of the displacement function w and the eddy time scale s, which depend on the particular ODT formulation employed. Then Eq. (12) can be directly applied to calculate an ODT-based subgrid eddy viscosity. Applying the method of analysis of [10] to Eq. (12), the EMCbased ODT subgrid eddy viscosity mS for the two-component ODT model used here can be written as:



















 ov   ov  mS ¼ CC emc ðlmax Þ2  i  þ  j  ; oxk



oxk



ð13Þ



where C is the ODT eddy coefﬁcient and C emc is an EMC model coefﬁcient. Based on the discrete triplet map, the smallest eddy size that can be resolved by ODT is 6Dx. Thus, lmax is known from the ODT grid spacing Dx, and mS vanishes as Dx goes to zero. We note that Eq. (13) is slightly different than the analogous equation tested in [10], and thus the values of the model coefﬁcients are not expected to be the same. If we include the EMC model, the evolution equation for twocomponent stand-alone ODT can now be written as:



  ovi o ovi ¼ 0; ðm þ mS Þ  ot ox ox where



ð14Þ



mS is given by Eq. (13).



3. ODTLES model description 3.1. Geometry and numerical discretization In ODTLES we discretize the global ﬂow domain in two distinct but interdependent ways. The ﬁrst consists of a set of three mutually orthogonal ODT domain arrays. Each ODT domain spans the three-dimensional ﬂow domain in one direction. ODT domains in different arrays intersect each other at regular intervals throughout the domain. The second consists of a standard partitioning into rectangular control volumes, arranged such that an ODT-line intersection point resides at the center of each control volume, and that each control-volume face has an ODT-line that extends normal to the face and through its center. This is illustrated in Fig. 2 for a sim-
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right-hand-side (RHS) of the stand-alone ODT equation, Eq. (14). Global 3D coupling is achieved by deﬁning an LES-scale pressure ﬁeld that is resolved on the 3D mesh and by requiring a 3D continuity equation to be satisﬁed. The ODTLES evolution equations on each line in direction kðk ¼ 1; 2; 3Þ that will be solved for the individual ODT velocity components iði–kÞ can be written conceptually as:



  ovk;i o ovk;i ðm þ mS;k Þ  ¼ ðLES Pres:Þi  ðLES Conv:Þk;i oxk ot oxk þ ð3D Visc:Þk;i ;



Fig. 2. Illustrative geometry of the ODT and LES subdomains.



ple box-shaped region. In this illustration the overall domain is subdivided into N 3les uniform LES control volumes, where N les ¼ 3 is the number of LES-scale subdivisions in each direction. A 2D array of N 2les ODT lines is also placed in each coordinate direction. This forms a network of lines such that three of the lines intersect at the center of each LES control volume. Note that only the three lines that intersect in the shaded control volume are shown in Fig. 2. Overall there are 3N 2les ODT lines that extend through the computational domain. Each ODT line consists of N odt mesh points, where N odt > N les . Without a subgrid closure of ODT, the value of N odt must be large enough so that the smallest scales of the turbulent motion are adequately resolved. Here, this constraint is relaxed by the introduction of the EMC-based ODT subgrid model described in Section 2.2. The total number of mesh points in the problem is therefore 3  N 2les  N odt . This can be compared with the total number of points that would be required for a direct numerical simulation, which is 3  N 3odt if N odt corresponds to a fully resolved case. Associated with each ODT line direction kðk ¼ 1; 2; 3Þ, we deﬁne two ODT velocity components, vk;i ði–kÞ, corresponding to the two coordinate directions that are orthogonal to the line (as described in Section 2.1). Although a three-component ODT model would also work in the formulation presented here, we have adopted the two-component model as adequate for our present purposes, primarily for numerical efﬁciency reasons. A consequence of this choice will be discussed later in the context of results. Although instantaneous ODT values are conceptualized as point values, a control-volume sub-structure is introduced for the purpose of preserving certain conservation properties described later. As illustrated in Fig. 3, the staggered locations of the two velocity components on each ODT line are associated with the ODT subcontrol-volume faces in the standard way. Note that two orthogonal sets of ODT velocities are associated with each LES-scale control-volume face. In ODTLES numerics, there are two important length scales, Dx  DX, and two important time scales, Dt  DT. These are, respectively, the ODT and LES spatial discretization lengths and the ODT and LES time steps.



3.2. The ODTLES evolution equations In ODTLES, local 3D coupling among the different velocity components is captured by adding several additional terms to the



ð15Þ



where, in contrast to the standard ODT model (where the RHS is zero), this revised equation has three additional terms. These terms are used to model the LES-scale pressure-gradient, LES-scale advection, and multi-dimensional viscous effects on the evolution of the ODT velocity components. Note that here, as in all equations to follow (unless speciﬁcally noted), repeated indices do not imply summation. Before describing a model for each of these additional terms, we deﬁne a set of quantities used in the model formulation. 3.2.1. Deﬁnitions d dX o ox



Numerical difference operator acting on the LES scale.



P



LES-scale pressure divided by density. One value is associated with each 3D control volume. Pressure is not deﬁned on the individual ODT lines.



T



A time scale which should be of order the eddy turnover time for the smallest 3D eddies resolved on the 3D mesh. In all calculations performed here, T is set equal to the LES time step, DT.



DX



The width of a 3D control volume.



 k;i u



A time average of vk;i ði–kÞ over time-scale T, where



Numerical difference operator acting on the ODT scale.



 k;i ¼ u



 k;k u



1 T



Z



t



vk;i dt:



ð16Þ



tT



A time-averaged velocity parallel to ODT line k that is com k;i -based continuity equation to be satputed by requiring a u isﬁed in each ODT sub-control volume associated with an ODT point on line k. In continuum notation



 k;k ðxk Þ ¼ u  k;k ð0Þ  u



Z 0



xk



   k;j  k;i du du dxk ; þ dX i dX j



ð17Þ



where i; j; k is any permutation of the indices (1, 2, 3). For a speciﬁc example consider Fig. 4. Here we see that if values  2;3 ði;  2;1 ði  1; 1; kÞ; u of the four side-face velocities u  2;3 ði; 1; k  1Þ and the bottom-face velocity  2;1 ði; 1; kÞ; u 1; kÞ; u  2;2 ði; 1; kÞ can be directly com 2;2 ði; 0; kÞ are known, then u u  2;2 ði; 1; kÞ is known, puted based on continuity. Once u  2;2 ði; 2; kÞ can be computed in similar fashion, and so forth. u Ui



A spatial average over an LES control-volume face of the  l;i  k;i and u time-averaged velocity components u



Ui ¼



0:5 DX k



Z



þDX k 2



DX k 2



k;i dxk þ u



0:5 DX l



Z



þDX l 2



DX l 2



 l;i dxl ; u



ð18Þ



where i; k; l is any permutation of the indices (1, 2, 3) and the origin of coordinates is taken to be at the control volume center. Fig. 3 illustrates how ODT-resolved velocities from two ODT lines are associated with each LES face.
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Fig. 3. Staggered location of ODT velocity components on ODT sub-control-volume faces (illustrated for N odt =N les ¼ 4).



Fig. 4. Illustration of velocities located on faces of an ODT sub-control volume for a vertical ODT line. An ODT j-index value of zero denotes the lower boundary of the computational domain. For line direction 2, illustrated here, a unit increment of j corresponds to the ODT resolution scale and unit increments of i and k correspond to the LES control-volume scale.



Hereafter we refer to the temporally and spatially ﬁltered velocity deﬁned by Eq. (18) as the ‘‘LES” velocity ﬁeld. Its location, con k;i ODT velocities, is geometrically sistent with the location of the u associated with control-volume faces in a standard staggered-grid scheme. 3.2.2. 3D continuity and the LES-scale pressure-gradient term Conservation of mass is enforced in the 3D domain by requiring the LES velocity ﬁeld to satisfy the following discrete continuity equation on the LES grid:



dU 1 dU 2 dU 3 þ þ ¼ 0; dX 1 dX 2 dX 3



ð19Þ



where U i is expressed in terms of the ODT velocity components in Eq. (18). This LES-scale continuity equation is enforced indirectly through the pressure ﬁeld. The pressure ﬁeld couples to the velocity ﬁeld through a pressure gradient term in the evolution equations for the ODT velocity components (i.e., the momentum conservation equations). In ODTLES, the LES-scale pressure-gradient term is modeled as:



ðLES Pres:Þi ¼



dP : dX i



ð20Þ



Evaluation of the right-hand side of Eq. (20) is explained in Section 3.2.6. 3.2.3. LES-scale convection term The purpose of the LES-scale convection term is to model the 3D transport of momentum due to the resolved velocity ﬁeld. This transport is distinct from that due to eddy events, whose purpose is to model the unresolved turbulent stirring.



In the current model, the LES-scale convection term is



ðLES Conv:Þk;i ¼ 



d d o k;i vk;i Þ   k;j vk;i Þ   k;k vk;i Þ; ðu ðu ðu dX i dX j oxk



ð21Þ



where the time-averaged velocity ﬁeld is used for the advecting velocities, as in [15]. 3.2.4. Multi-dimensional viscous term Diffusional transport parallel to the ODT line is modeled by the ODT-resolved viscous term that appears as the second term on the LHS of Eq. (15). The purpose of introducing an additional viscous term is to model viscous transport of momentum in the two coordinate directions orthogonal to the ODT line. In addition, this model will contribute to the local energy dissipation rate due to viscous effects. For a given ODT line parallel to the kðk ¼ 1; 2; 3Þ coordinate (hereafter denoted a k line) and velocity component vk;i , the two directions that must be accounted for are the ‘‘longitudinal direction” i and the ‘‘transverse direction” j, where k–j–i. Thus the longitudinal direction is a relative term deﬁned here as parallel to the ﬂow direction of velocity component vk;i , and the transverse direction is deﬁned as orthogonal to both the k and the i coordinate directions. Because velocity gradients are not locally resolved in the i and j directions, we seek the best available information to approximate the required terms. To model vk;i viscous transport in the transverse j direction, we leverage the fact that i-component velocity gradients in the j direction are fully resolved on all j-direction lines, and intersections of these lines with k-lines occur at intervals every DX (see Fig. 3). Therefore, we can model j-direction transport at any point on line k by interpolation from the nearest two j-line intersection points.
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This approximation is convenient, consistent with the concept that ODT values are point values, and means that the velocity gradients felt by the ODT points on line k will have the proper magnitude and statistical variation. However, a small momentum-conservation error is also introduced by this approximation because the sum of all momentum ﬂuxes to/from all ODT points is no longer balanced by construction. This error could be corrected with the introduction of a supplementary LES-scale momentum-balance equation, but was not deemed necessary for the present work as the error introduced is small, symmetric around zero, and tends to zero with time averaging. In this version of ODTLES, the viscous transport of vk;i in the longitudinal direction i is only weakly represented. This is because the two-component ODT model applied here does not provide the information to resolve gradients of vk;i at the small scale in this direction, either locally or at intersection points. Therefore, they are computed here using ﬁnite differences on the LES scale. If a three-component ODT model were applied, then interpolation from the nearest two i-line intersection points would be possible and longitudinal and transverse viscous transport terms could be treated in identical fashion. The consequence of this is that small-scale viscous transport and small-scale viscous dissipation are only resolved in two of the three coordinate directions. We will discuss artifacts associated with this issue in the context of results presented later. Given the modeling choices just described, the additional viscous transport term for each of the two velocity components vk;i deﬁned on ODT line k is



ð3D Visc:Þk;i ¼



    o ovj;i d dv ðm þ mS;j Þ m k;i ; jjkinterp þ oxj dX i oxj dX i



ð22Þ



where the sufﬁx jjkinterp denotes evaluation by interpolation between values located at j  k line-intersection points. Note that we have not included an EMC-based eddy viscosity into the longitudinal viscous transport term, even though computing such a quantity would be possible at the LES scale. This would increase energy dissipation at the LES-resolved scales, but in only one of the coordinate directions, and thus create an inconsistent model. 3.2.5. Summary of the ODTLES evolution equations The complete equation set describing the evolution of the ODTLES velocity components vk;i during time intervals between successive eddy events can now be written. In these equations k denotes an ODT line in coordinate direction k, and the indices i; j; k are any permutation of the indices (1, 2, 3).



  ovk;i o ovk;i dP d d  k;i vk;i Þ   k;j vk;i Þ ðm þ mS;k Þ  ðu ðu  ¼ oxk dX i dX i dX j ot oxk o  k;k vk;i Þ ðu  oxk   o ovj;i j ðm þ mS;j Þ þ oxj oxj jkinterp   d dv þ m k;i ; ð23Þ dX i dX i



continuum, and no eddy events occur because all motion is re k;i ¼ U i . Therefore, Eq. (23) reduces solved in 3D. In this case vk;i ¼ u to two identical copies of the incompressible form of the Navier– Stokes equations, and Eq. (24) reduces to the standard incompressible continuity equation. Next consider the opposite case where the length scales DX k and time scale T go to inﬁnity, and we are modeling stationary homogeneous turbulence. Under these conditions all of the LES scale convective and viscous transport terms on the RHS of Eq. (23) either become constant or go to zero, and Eq. (24) becomes meaningless. What remains are a set of 1D equations that are the evolution equations for a stand-alone ODT model. 3.2.6. Scale coupling and numerical procedure  k;i must be To begin a calculation, initial values for vk;i and u speciﬁed on all ODT lines subject to the constraint that the LESscale continuity equation, Eq. (24), is satisﬁed. The LES pressure ﬁeld P is initialized to zero. The ODTLES equations are integrated from LES time-step n to n þ 1 through a sequence of seven steps described here. This procedure tightly links the evolution of small-scale processes deﬁned on the 1D ODT lines with the large-scale physics deﬁned on the 3D mesh. As illustrated conceptually in Fig. 5, this coupling requires both ‘‘ﬁltering” and ‘‘reconstruction” procedures. In ODTLES, reconstruction and ﬁltering are linked because reconstruction depends on information stored during the ﬁltering step. As the steps are described below, one should note the following. Step 1 evolves the small-scale physics. Steps 2 and 3 apply the temporal and spatial ﬁltering that enable up-scale coupling, and store the information required later for reconstruction. Steps 4 and 5 evolve the large-scale physics. Finally, the reconstruction process of steps 6 and 7 deﬁnes the down-scale coupling, a key operation that completes the physical model formulation. Step 1: Evolve the ODT equations in time (using the ODT timestep Dt) on each individual ODT line over a time period equal to the LES time step DT. The values of the ODT ^nþ1 velocity ﬁeld at this point are denoted by v k;i , to indicate the intermediate nature of these values. Remark: The numerical implementation of an ODT simulation involves three parts: time integration of Eq. (23), eddy selection, and eddy implementation. In the calculations performed here, Eq. (23) is time advanced after each sampling of the eddy event-rate distribution, leading to very small ODT time steps. Therefore, ﬁrst-order explicit time integration coupled with second-order central differ-



subject to the 3D continuity constraint that



dU 1 dU 2 dU 3 þ þ ¼ 0; dX 1 dX 2 dX 3



ð24Þ



 k;i and U i are deﬁned in terms of the ODT velocity compowhere u nents vk;i by Eqs. (16) and (18). At this point it is instructive to consider certain limiting cases of the ODTLES evolution equations. First consider the limiting case in which the length scales DX k and time scale T go to zero. Here ODT is viewed in the space–time



Fig. 5. ODTLES coupling between small and large scales requires both ‘‘ﬁltering” and ‘‘reconstruction” procedures.
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encing of all other terms is employed. The procedure for eddy selection and eddy implementation is described in [7] (also see [15,17]). Note that during this step, the presdP and the time-averaged advecting velocisure gradient dX i  k;i in Eq. (23) are invariant. They evolve, as ties u explained below, at LES time scales. b nþ1 from nþ1 ^  k;i and U Step 2: Compute the intermediate values of u k;i the deﬁnitions given in Eqs. (16) and (18). The hat is used here to indicate the intermediate nature of these values. Step 3: For each ODT line compute ODT-resolved values for a b nþ1 Þ whose cell average smooth continuous function f ð U k;i k;i matches the LES cell average values, Eq. (18). An efﬁcient procedure for doing this was not found in the literature, so a procedure was developed for this purpose, as described in Appendix A. Then, on each line and at each ODT point location, compute and store the difference quantities



^ nþ1 ^nþ1 v0k;i ¼ v k;i  uk;i



ð25Þ



and



b nþ1 Þ : ^nþ1  f ð U  0k;i ¼ u u k;i i k;i
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volume-balance LES method the averaged quantities correspond to a discrete set of control volumes that are ﬁxed in space. Here we extend this concept into the temporal domain by also viewing the LES quantities as being time-averaged over a time scale T, where T is of order the LES time step DT. Thus, in ODTLES, the U i velocities can be properly viewed as LES quantities. Because U i are deﬁned in terms of the vk;i , a separate LES-scale momentum equation is not directly solved. However, by construction, an LES-scale momentum equation is implicitly being satisﬁed by the formulation. This equation can be found by properly summing the individual contributions made by each ODT velocity equation to the change in U i over a discrete LES time step. These changes are due to four processes: LES-scale pressure gradients, viscous diffusion across control volume surfaces, LES-scale advective transport across control volume surfaces, and momentum transport due to eddy events whose range extends across control volume surfaces. The ﬁrst three of these processes occur continuously in time and are associated with the ODT evolution equation, Eq. (23). They can therefore be properly expressed as rates. In contrast, eddy events happen at random epochs, and their effect must be represented through a summation.



ð26Þ 4. Simulations of decaying isotropic turbulent ﬂow



Remark: These differences will be used to reconstruct the ODT velocity ﬁelds after the LES velocity ﬁeld has been adjusted to a divergence-free state through a pressureprojection step. Step 4: Solve the following discrete Poisson equation for the pressure correction /:



  b nþ1 d2 / 1 dU i ¼ ; dX i dX i DT dX i



ð27Þ



where the repeated indices are used in this equation to imply summation in the standard way. Step 5: Compute the LES pressure and velocity ﬁelds at time n þ 1 using the following pressure and velocity correction equations:



Pnþ1 ¼ Pn þ /; U inþ1







 b nþ1  DT d/ ; ¼U i dX i



ð28Þ ð29Þ



Remark: Steps 4 and 5 correspond to a standard projection step that enforces the LES continuity constraint, Eq. (24).  k;i and vk;i based on the Step 6: Compute the corrected values of u ODT reconstruction equations nþ1  0k;i  nþ1 Þk;i þ u u k;i ¼ f ðU i



ð30Þ



and 0  nþ1 vnþ1 k;i ¼ uk;i þ vk;i :



ð31Þ



nþ1 nþ1  k;i Remark: The adjusted values of vk;i and u are now consistent with the new pressure-projected LES velocity ﬁeld. This reconstruction procedure is designed so that highwave-number (i.e. small-scale) ﬂuctuations resolved at the ODT level are relatively unaffected by this procedure.  k;k per Eq. (17). Step 7: Compute the values of u Remark: Step 7 completes the LES time-step cycle.



3.2.7. Implied LES momentum equation So far, we have described ODTLES primarily from the ODT perspective. However, it can also be cast in the form of a volume-balance LES model such as described by Schumann [18]. In the



The simulation of decaying isotropic turbulent ﬂow is a relatively simple but important test problem for turbulence models and computer codes. It is a convenient ﬁrst test because the problem is posed in a fully periodic domain and complications that arise near solid walls are avoided. Although the idealized conditions deﬁne a temporally evolving ﬂow that is for all practical purposes unachievable in an experiment, space–time correlation measurements from the nearly isotropic turbulent ﬂow downstream of a regular grid provide an excellent approximation. Simulations are ﬁrst presented for the experimental conditions of Kang et al. [5] (hereafter denoted KCM), where the Reynolds number is relatively high ðRek ¼ 720Þ. In these calculations we apply the EMC model for ODT closure over a range of ODT and LES grid resolutions. The second set of simulations is for the experimental conditions of Comte-Bellot and Corrsin [3] (hereafter denoted CBC) where the Reynolds number is relatively low ðRek ¼ 72Þ and resolving the viscous scales without the EMC model is computationally affordable. 4.1. High-Reynolds-number case of Kang et al. [5] 4.1.1. Geometry and initial conditions The simulation domain is a cube with edge length Lbox ¼ 2p m where periodic boundary conditions are applied in all three directions. The 3D Cartesian mesh has an equal mesh spacing DX ¼ Lbox =Nles in all three directions. Most calculations are performed on a relatively coarse LES mesh size of N 3les ¼ 323 , but a comparison is also made with N 3les ¼ 643 . The ODT mesh resolution is varied from N odt ¼ 128 to 8192 to illustrate the impact of ODT mesh resolution on results and cost. To perform the simulations, an initial ODTLES velocity ﬁeld must be generated whose statistical characteristics match those of the KCM data at location X=M ¼ 20 (M is the mesh spacing of the turbulence-generating grid), and whose physical characteristics are consistent with a realistic turbulent ﬁeld. Speciﬁcally, both the transverse 1D energy spectrum E22 of the 1D velocities, and the associated divergence-free LES-resolved 3D energy spectrum are required to match the experimental data within the limits of the speciﬁed mesh resolution. (The two ODT velocity components are normal to each line, so the longitudinal 1D energy spectrum E11 cannot be directly computed.) Several procedures for computing
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an initial LES resolved velocity ﬁeld for decaying turbulence simulation have been developed (e.g. [4,14]). Initialization of this ﬂow conﬁguration requires particular care because the initial ﬂow structures are inﬂuential throughout the ﬂow evolution. For ODTLES, initialization of this ﬂow is further complicated by the fact that the LES ﬁeld is only a by-product of the ODT-resolved smallscale velocities. The procedure used here to initialize the simulations involves a sequence of steps that progressively develop the desired velocity ﬁeld at both the LES-resolved and the ODT-resolved scales. It starts by envisioning an earlier hypothetical state of the ﬂow – corresponding here to the streamwise location X=M ¼ 5. The 3D energy spectrum at this location is estimated by simple quadratic extrapolation of measured spectra at larger X=M, as illustrated in Fig. 6. The ﬁrst step in the procedure is to generate an LES velocity ﬁeld b for this station. This is done by superimposing Fourier modes U i with random phases to match the extrapolated 3D energy spectrum. The associated ODT-resolved velocity ﬁeld is computed as b Þ , a smooth continuous function whose an approximation of f ð U i k;i cell average matches the LES cell average values (see Appendix A, and step 3 of Section 3.2.6). To develop coherent turbulent structure in this initial ﬁeld, the ODTLES evolution equations are then solved over a series of LES time steps. Coherent turbulent structures evolve on the 3D velocity ﬁeld as the 3D continuity equation is enforced at each time step. During this process the 3D energy spectrum decays while at the same time energy begins to build up in the high-wave-number region of the 1D spectrum resolved by ODT. After 10–20 LES time steps (comparable to a large-eddy turnover time) energy is once again injected into the Fourier modes such that the 3D energy spectrum matches the extrapolated 3D energy spectrum, and the ODT ﬁeld is adjusted as explained in steps 3 and 6 of Section 3.2.6. This process is repeated several times, allowing coherent structure to develop and the energy spectrum to stabilize. However, as illustrated in Fig. 7, a spectral dip remains in the 1D energy spectrum as a result of imposing the idealized 3D energy spectrum on the 1D velocity ﬁeld. To fully develop a consistent and resolved ODT velocity spectrum the coupled equations must be allowed to evolve further in time. This is why we begin this process at an earlier point in time than the initial data set. The next part of the initialization process is to allow the coupled equations to evolve in time until the energy spectrum of the LES



velocity ﬁeld has decayed to a point corresponding to the actual desired initial state at X=M ¼ 20. During this time period the ODT substructure also becomes fully developed, and an initial state very close to the desired conditions is obtained. At this point both the 3D LES and the 1D ODT Fourier modes are slightly modulated to produce an initial velocity ﬁeld whose 3D and 1D energy spectra are smooth and match the X=M ¼ 20 data very closely. The initialization is complete after projecting the modulated LES resolved ﬁeld into a divergence-free space and adjusting the ODT velocity ﬁeld to be internally consistent as described above in Section 3.2.6 (see steps 3–6). 4.1.2. Results Table 1 lists key mesh and model parameters for a series of runs discussed here. In addition to grid size parameters, the values of three model parameters, Lmax ; C; C emc , and the LES time step DT are speciﬁed. The ﬁrst seven runs explore the impact of increasing the ODT-scale resolution while maintaining the same 323 LES-scale grid. The next three use a 643 LES grid with three different ODTscale meshes. Run 11 was performed to demonstrate the impact of turning the EMC model off. Note that Table 1 does not specify a viscous cutoff parameter Z. This is because we are not resolving the length scales at which the viscous cutoff parameter affects the model, choosing instead to apply the EMC model to close the ODT equations. In ODTLES, the values of C and Lmax control the rate and spectral characteristics of how lower-wave-number energy resolved by the LES mesh is transferred to the higher-wave-number energy resolved only on the 1D grid. Thus, in ODTLES they cannot be speciﬁed independently. Based on its functional role, the value of Lmax should be approximately equal to the smallest eddies that can be resolved on the 3D LES mesh. The value of 4 chosen here is consistent with this constraint and, in conjunction with adjustment of C (see below), yields the correct energy transfer rate. Numerical tests showed that setting Lmax larger or smaller than this yielded less accurate spectral proﬁles even though C was adjusted so that the energy decay rates were equivalent [16]. Theoretical considerations pﬃﬃﬃﬃﬃﬃ suggest that the ratio of the overall ODT rate constant C to 54 should be approximately one [10], which is roughly consistent with the empirically determined ratio of 0.6 used here. The EMC coefﬁcient C emc in Eq. (13) is set equal to 0.004 based on numerical tests. Larger or smaller values adversely affect the
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Fig. 7. 1D energy spectrum build-up during part 1 of the velocity-ﬁeld initialization process.



Table 1 Parameters for ODTLES simulations of the high Reynolds number case pﬃﬃﬃﬃﬃﬃ Run N les N odt Lmax =DX C= 54 C emc



DT=DT cfl



1 2 3 4 5 6 7 8 9 10 11



0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1



32 32 32 32 32 32 32 64 64 64 32



128 256 512 1024 2048 4096 8192 256 512 1024 512



4 4 4 4 4 4 4 4 4 4 4



0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6



.004 .004 .004 .004 .004 .004 .004 .004 .004 .004 0



shape of the E22 spectrum in the energy-dissipation range. Furthermore, if the ODT mesh is insufﬁciently resolved and the EMC model is turned off by setting C emc to zero, the kinetic energy can not be properly dissipated and an artiﬁcial energy build-up occurs at the highest resolved wave numbers (as will be illustrated by the results of run 11). The sensitivity of the results to the speciﬁed values for Lmax and C emc is illustrated later after presenting the results for runs 1 through 11. The LES time step is speciﬁed as a small fraction (0.1) of the CFL time step stability limit primarily because the numerical integration scheme used here is relatively unsophisticated. Tests were conducted to verify that the results did not change if smaller LES time steps were used. The LES-resolved 3D energy spectrum from runs 1, 3, 5, and 7 are compared to the experimental data in Fig. 8. The simulation results overlay each other at X=M ¼ 20 because this is the initial condition speciﬁed for each run. At later points in time the four cases compare well with the data, and differences between them are small. This indicates that the eddy events are properly transferring energy from the low wave-numbers resolved by the LES velocities to the higher wave-numbers resolved only on the ODT domain. However, small differences are seen near the LES Nyquist limit for run 1 compared to the other three runs. These differences indicate that the spectral energy transfer driven by the ODT eddy events is not completely resolved when N odt ¼ 128. The nature of the energy-spectrum cutoff near the Nyquist limit shown here is



consistent with the ‘‘implied LES ﬁlter” associated with energyconserving ﬁnite-volume methods discussed by McDermott et al. [9]. In Fig. 9 we compare the transverse 1D energy spectra E22 from runs 1 to 7 and 11 with the data from the last experimental data station. The data at the ﬁrst experimental station is also shown overlaid on the initial conditions for run 7 to illustrate that each run started with a 1D energy spectrum that closely matches the experimental data. In this ﬁgure two vertical reference lines are also plotted together with the experimental data. The left-most vertical line corresponds to the wave-number of the wind tunnel height H. At wave-numbers approaching this value, and lower, the turbulence in the experiment is not isotropic, and thus the data is not valid for our comparison (see [5] for details). The second vertical line shown corresponds to the LES Nyquist limit. With regard to the inertial-range power-law scaling that is evident in Fig. 9, this property of ODT was previously demonstrated and explained [6]. Nevertheless, it is noteworthy that this behavior is also obtained in the present framework. Both the momentum transfer between ODT domains and the ODT velocity-proﬁle reconstruction following pressure projection are formulated to avoid signiﬁcant disturbance of the small scale structure. The spectra in Fig. 9 indicate that this goal has been achieved and also that energy transfer from motions resolved on the 3D mesh to motions resolved only in 1D is handled appropriately. As the simulation proceeds in time, energy should be dissipated by viscous effects at the higher wave-numbers. This is where the EMC model affects the problem, providing the additional eddy viscosity needed to account for the eddy events that are not being explicitly modeled. As noted in Section 2.2, the EMC eddy viscosity decreases as the cut-off length-scale lmax decreases. lmax is deﬁned as the largest unresolved eddy event, which is therefore approximately equal to the smallest resolved eddy event. (The smallest eddy event captured on the ODT grid is 6Dx, therefore lmax ¼ Lmin ¼ 6Dx.) Turning the EMC model off has a drastic effect on the results, as illustrated here by the large build-up of energy in the higher wave numbers for run 11. Fig. 10 further illustrates the impact of turning the EMC model off by showing the total resolved kinetic energy as a function of time for runs 3 and 11. As can be seen, without the larger viscosity generated by the EMC model, only a very small amount of energy is dissipated during the time frame of the experiment.
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Fig. 8. 3D energy spectra for reference runs 1, 3, 5, and 7.
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Fig. 9. 1D energy spectra E22 at X=M ¼ 48 for runs 1–7, and 11.



In Fig. 11, the effect of LES-scale mesh resolution on the 3D energy spectrum is shown by comparing results from run 9 with run 3. Other than the LES mesh resolution, all model parameters are the same. As expected, the higher resolution in run 9 causes a larger portion of the 3D spectral energy to be resolved on the LES grid. Although minor differences between the results can be seen, the generally good comparison both with the data and with each other conﬁrm that the model performs as it should. Of perhaps greater interest is the effect of LES mesh resolution on the 1D energy spectrum. This is shown in Fig. 12, where results for E22 from runs 8 to 10 are compared with runs 2, 3, and 4. The spectra overlay each other very closely, with the only noticeable difference being a slight suppression of the E22 spectra in the region near the two Nyquist limits for the runs with N les ¼ 64. A speciﬁc reason for this artifact is unclear, but is likely related to the fact that in this region of spectral space, the spectral energy transfer is transitioning from being controlled by the ﬂow dynamics resolved on the 3D grid to the 1D dynamics of the ODT eddy events.



Fig. 13 illustrates the impact of changing model parameters Lmax and C emc on the 1D energy spectrum for the conditions of run 3 where the value of N odt is 512 and the nominal values for Lmax =DX and C emc are 4 and 0.004, respectively. Changing Lmax affects the spectral energy transfer near the LES Nyquist limit but has no impact on the high-wave-number results. On the other hand, changing C emc only inﬂuences the viscous dissipation occurring at high wave-numbers and has no effect on the spectral energy transfer. 4.2. Low-Reynolds-number case of Comte-Bellot and Corrsin [3] Compared to KCM, the turbulence Reynolds number Rek in the CBC experiments is signiﬁcantly lower, and the spatial separation between the integral L, Taylor k, and Kolmogorov g turbulence length scales is relatively small. Table 2 lists the turbulence characteristics from these two experiments at both the ﬁrst and last (shown in parentheses) data stations.
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Fig. 10. Resolved kinetic energy as a function of time for runs 3 and 11 showing the impact of the EMC model.



LES Nyquist limit N_les=32 N_les=64



E(κ) (m 3 /s 2 )



0.1



Kang et al. X/M = 20 Kang et al. X/M = 30 Kang et al. X/M = 48 N_les = 64, N_odt = 512 N_les = 32, N_odt = 512 0.01



1



1



0 Wave Number κ (1/m)



100



Fig. 11. Illustration of the effect of LES-scale mesh resolution on 3D energy spectra.



For the conditions of CBC, ODTLES was run with full resolution, without applying the EMC model. This enables us to explore the performance of the two-component ODT model under low-Reynolds-number conditions. 4.2.1. Geometry and initial conditions The computational domain, boundary conditions and process for specifying initial conditions for the CBC problem are completely analogous to the KCM problem. However, data for the 1D energy spectrum E22 , which is needed in ODTLES to specify the initial ODT-resolved velocity ﬁeld, is not directly available for the CBC experiment. For isotropic turbulence, E22 and EðjÞ are related as follows (e.g. see [13], p. 228)



1 E22 ðj1 Þ ¼ 2



Z



1



j1



EðjÞ



j



  j2 1 þ 12 dj:



j



ð32Þ



Performing the integration in Eq. (32) based only on the CBC experimental data points was unsatisfactory due to experimental noise



and the relative sparsity of the data over the entire wave-number range. Therefore, the E22 spectrum used here is instead based on recent work by Park and Mahesh [12], who performed simulations of the CBC problem using what they termed EDQNM-DNS. In EDQNMDNS, a one-dimensional integro-differential equation valid for isotropic incompressible ﬂow is solved in a manner that resolves all energetic scales. These simulations provided a source of smooth, fully resolved, and consistent data for EðjÞ, from which the E22 spectrum could be computed. The size of the computational box used here is 10 M, where M = 5.08 cm is the upstream experimental mesh size. 4.2.2. Results Table 3 lists key run parameters for the four ODTLES simulations discussed here. Because the EMC model is not applied to close the ODT equations, the ODT viscous cutoff parameter Z is speciﬁed. Results from calculations for two ODT-resolved mesh resolutions (N odt ¼ 512; 1024) are compared for Z ¼ 1 and Z ¼ 10. Other run
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Fig. 12. The effect of LES-scale mesh resolution on 1D energy spectra E22 .



Fig. 13. Sensitivity of the 1D energy spectra E22 to increasing or decreasing the model parameters (a) Lmax and (b) C emc for the conditions of run 3. Results are for X=M ¼ 48.



Table 2 A comparison of turbulence conditions between CBC [3] and KCM [5] Experiment



Rek



L=k



L=g



k=g



CBC KCM



71.6 (60.7) 716 (626)



4.96 (4.80) 145 (70)



82.7 (74.2) 7720 (3416)



16.7 (15.5) 53 (48.8)



Table 3 Parameters for ODTLES simulations of the low-Reynolds-number case Run



N les



N odt



Lmax =DX



DT=DT cfl



pﬃﬃﬃﬃﬃﬃ C= 54



Z



12 13 14 15



32 32 32 32



512 1024 512 1024



4 4 4 4



0.1 0.1 0.1 0.1



0.6 0.6 0.6 0.6



1 1 10 10



parameters are identical to those used in the KCM simulations for N les ¼ 32.



The predicted 3D energy spectra from runs 12 and 13 are compared with the experimental data in Fig. 14. The data is nondimensionalized with a reference length scale L ¼ 10M=ð2pÞ cm and a reference time scale of t  ¼ 1 s. As with the KCM data, the predicted decay of the 3D spectrum in the LES-resolved wavenumber range compares well with the data. In the lowest wave numbers, the 3D spectrum decays at a slightly faster rate than experimentally observed. This artifact is attributed to the ﬁnite size of the computational box in physical space, and is similar to results presented elsewhere (e.g. Refs. [2,11]). Minimal differences between runs 12 and 13 conﬁrm the expected result that increasing the ODT mesh resolution from 512 to 1024 has no impact on the coarsely resolved 3D energy spectrum. Differences among runs 12–15 can be seen in Fig. 15, where the 1D energy spectrum E22 is plotted. Several items in this ﬁgure are of interest. First, the E22 proﬁle computed with ODTLES is clearly elevated in the dissipation wave-number range, indicating that viscous dissipation is too low. As discussed in Section 3.2.4, the viscous term
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Fig. 14. 3D energy spectra of ODTLES simulations of the CBC experiment for Z ¼ 1.



in the longitudinal direction is only weakly represented in ODTLES because a two-component instead of a three-component ODT model is used. Therefore, this result is not unexpected, and highlights the main liability of this choice. Second, the results of runs 14 and 15 illuminate the impact of increasing the viscous cutoff parameter Z. Increasing Z suppresses the smaller eddy events, shutting down the energy cascade and leading to smaller energies in the highest wave-numbers. However, this requires increased energy in the moderate wave-numbers so that the same amount of energy dissipation can occur. Thus, overall, this change does not produce improved behavior. Third, the N odt ¼ 512 results overlay the N odt ¼ 1024 results very closely except near the Nyquist limit. For a mesh resolution of N odt ¼ 512, a small build-up of energy is noticeable just before j ¼ 256. This indicates that even though the remaining unresolved energy is very small, the velocities in the smallest resolved energy



scales are naturally elevated compared to the N odt ¼ 1024 runs in order to dissipate this additional energy. 4.3. Summary of the modeling approach and numerical implementation Due to the novelty of the modeling approach, it is brieﬂy recapitulated. ODTLES is a ‘‘bottom-up” approach in that its construction begins by ﬁrst deﬁning a representation of the smallest scales of the turbulent ﬂow with the ODT turbulence model [6]. Large-scale 3D dynamics and constraints are imposed on the model by introducing a set of additional terms into the ODT evolution equations. These terms provide couplings among orthogonal sets of ODT line-domains that account for LES-scale processes and transport. They are also used to enforce a set of discrete LES-type volume-balance equations, analogous to the discrete conservation
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Fig. 15. 1D energy spectra E22 showing the effects of ODT mesh resolution and the viscous cutoff. The data symbols are inferred from the EDQNM-DNS-based calculations of [12] using Eq. (32).
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equations applied in a traditional ‘‘top-down” LES approach. Thus in the limit of vanishing ODTLES length scales DX k and time scale T, the model equations reduce to the incompressible form of the Navier–Stokes equation and continuity equation. ODTLES includes both an up-scale coupling – which involves temporal and spatial ﬁltering of the ODT velocity ﬁelds, and an associated down-scale coupling – whereby the high-wave-number content of the ODT velocity ﬁeld is preserved. The ‘‘reconstruction” procedure performed as part of the down-scale coupling is linked to the ﬁltering process that immediately precedes it because the coupling depends on information stored during the ﬁltering step. This two-way coupling enables the ﬂow simulation to advance simultaneously on two disparate time/length-scale domains. ODTLES has three free parameters: C, the ODT overall rate constant, Lmax , the maximum eddy length, and either the viscous cutoff parameter Z or the EMC model coefﬁcient C emc . Recommended values are listed in Tables 1 and 2. In addition, values for the grid parameters N les and N odt must be set to physically reasonable values. For example, if the EMC model is not employed, then the value of N odt must be sufﬁciently large for all dynamic scales to be resolved by the model. Finally, both the LES and ODT time steps DT and Dt (where DT > Dt), must be sufﬁciently small for both stability and accuracy requirements to be met for whatever numerical time-integration scheme is used. (Relatively simple numerical methods have proven adequate for the present study.) All computations reported here were performed on single-processor workstations. Efforts to optimize code performance or parallelize the algorithms for use on multi-processor platforms have not yet been pursued. Major speedups could clearly be obtained through such work. However, basic timing results were reported to demonstrate that, for a given LES mesh resolution, the computational cost of the ODTLES scales, as expected, with N 2odt . Thus, for an equivalent scale resolution, ODTLES has the potential for signiﬁcant cost savings over alternative modeling approaches.



5. Concluding remarks In this paper, we have described a novel multi-scale model for 3D turbulent ﬂow, called ODTLES, and illustrated its performance using simulations of decaying isotropic turbulence. We have shown how application of the EMC model within ODTLES leads to a three-tiered multi-scale turbulence model that captures a dynamic range determined by 1D ODT grid resolution. With ﬁxed model parameters, good agreement with the high Reynolds number turbulent ﬂow data of Kang et al. [5] is obtained for a wide range of LES-scale and ODT-scale grid sizes. In addition, by modeling the experiment of Comte-Bellot and Corrsin [3], we have shown that for low-to-moderate Reynolds number ﬂows, ODTLES can fully resolve all of the dynamics scales, without using EMC closure. However, comparisons with the CBC results indicate that the viscous dissipation of energy is under-predicted. This is attributed to a limitation of the two-component ODT model implemented in this version of ODTLES, which prevents a proper resolution of the viscous term in one of the three coordinate directions. Basing ODTLES on a three-component ODT model is expected to improve its performance, but remains to be demonstrated. The results presented here provide motivation for continued development and testing of this approach. Speciﬁcally, the model should be further assessed by performing calculations of wallbounded ﬂows, such as turbulent channel ﬂow and turbulent ﬂow over a backward-facing step. Turbulent heat transfer problems can also be usefully explored now. Only simple modiﬁcations are needed to treat problems with passive scalar ﬁelds such as turbulent convective heat transfer. In ODTLES, scalar quantities such as temperature, species concentration, and so forth are geometrically



positioned on points that lie on the ODT lines. Separate 1D transport equations must be solved for each additional scalar quantity, but eddy events act to rearrange all additional scalar quantities in addition to the velocities. For buoyancy-driven turbulent heat transfer where the Boussinesq approximation is valid, the model must include both a modiﬁed eddy rate equation (to account for buoyancy-driven eddy events) and an LES-scale buoyancy term. The current ODTLES approach is only valid for geometrically simple 3D domains that can be meshed with rectangular control volumes. Extending the approach for application to geometrically more complex problems appears possible, but will require additional development. Acknowledgements We express sincere thanks to Dr. Krishnan Mahesh for kindly providing selected results from Ref. [12] in digital form. This work was supported by the Department of Energy Laboratory Directed Research and Development (LDRD) program at Sandia National Laboratories and by the Division of Chemical Sciences, Geosciences, and Biosciences, Ofﬁce of Basic Energy Sciences, US Department of Energy. Sandia National Laboratories is a multi-program laboratory operated by Sandia Corporation, a Lockheed Martin Company, for the United States Department of Energy under Contract DE-AC04-94-AL85000. Appendix A. An efﬁcient discrete procedure for computing reﬁned approximations that preserve cell averages Consider a 1D function f ðxÞ whose fully resolved values as a function of x are unknown, but whose box-ﬁltered values



Uðxj Þ ¼



1 h



Z



xj þh=2



f ðxÞdx



ðA:1Þ



xj h=2



are known at N uniformly spaced locations xj , on a domain 0 < x < L, where h ¼ L=N ¼ ðxjþ1  xj Þ, and whose boundary conditions, f ð0Þ and f ðLÞ, are known. We desire to ﬁnd a well-behaved, smooth set of M (M ¼ KN,  ðxi Þ, at uniformly spaced locations xi , that where K ¼ 2n ) values of u exactly satisfy the relationship



Uðxj Þ ¼



1 K



jK X



 ðxi Þ u



ðA:2Þ



i¼ðj1ÞKþ1



and that are consistent with the known boundary conditions.



Fig. A.1. Graphical illustration of initial steps in the discrete approximation procedure.
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Fig. A.2. Example of the discrete approximation for N ¼ 16; M ¼ 256.



The algorithm described here computes a set of 2N values of  ðxi Þ from the initial set of N values of Uðxj Þ. The process can be reu peated ðn  1Þ more times to obtain the desired reﬁnement corresponding to any value of K.  ðxi Þ are found through an iterative process that, by Values of u construction, enforces Eq. (A.2). During each iteration step, a set   ðxi Þ, are computed as of 2N ‘‘starred” values, u



Uðxj Þ þ f  ðxj  h=2Þ ; 2  Uðxj Þ þ f ðxj þ h=2Þ   ðxiþ Þ ¼ ; u 2   ðxi Þ ¼ u



ðA:3Þ ðA:4Þ



where i and iþ denote, respectively, the ﬁrst and second values of i located in cell j, and f  denotes a current iteration estimate of the  at the cell boundaries. These are estimated interpolated value for u in a manner to be explained next, except if the cell boundary corresponds to one of the domain boundaries, x ¼ 0; L, and the boundary conditions for f ðxÞ are speciﬁed. In this case, we simply set f  ð0Þ ¼ f ð0Þ, and f  ðLÞ ¼ f ðLÞ. As an aid to understanding the algorithm we refer to Fig. A.1, which graphically illustrates a simple case in which N ¼ 3, and the function f ðxÞ is periodic. The values of Uðxj Þ; j ¼ 1; 2; 3 are respectively, 4, 6, and 1. On the ﬁrst iteration, the values of f  ðxj  h=2Þ and f  ðxj þ h=2Þ are computed as a linear interpolation at the midway points between the Uðxj Þ, i.e.



Uðxj Þ þ Uðxj1 Þ ; 2 Uðxj Þ þ Uðxjþ1 Þ : f  ðxj þ h=2Þ ¼ 2 f  ðxj  h=2Þ ¼



ðA:5Þ ðA:6Þ



In Fig. A.1 the initial f  values are shown with a large X, and the ini  are shown with a gray diamond symbol. tial values of u  ðxi Þ are calculated by adding a corThe next iterate values of u   ðxi Þ, such that the average of rection, C j , to the starred values, u  ðxiþ Þ is exactly equal to Uðxj Þ. This step ensures that  ðxi Þ and u u Eq. (A.2) is identically satisﬁed by construction. Thus



  ðxi Þ þ C j ;  ðxi Þ ¼ u u   ðxiþ Þ þ C j ;  uðxiþ Þ ¼ u



ðA:7Þ ðA:8Þ



where



C j ¼ Uðxj Þ 



  ðxiþ Þ   ðxi Þ þ u u : 2



ðA:9Þ



 ðxi Þ are shown in The ﬁrst iteration values calculated for the u Fig. A.1 as the blue diamonds, and where one can see that the average value of each pair of blue diamonds is equal to the associated red bar. At each succeeding iteration, the values of f  ðxj  h=2Þ and f  ðxj þ h=2Þ are computed by interpolation between past iterate  ðxi Þ as follows: values of u



 ðxi Þ  ðxi Þ þ u u ; 2   Þ þ u ðx Þ u ðx iþ iþþ ; f  ðxj þ h=2Þ ¼ 2



f  ðxj  h=2Þ ¼



ðA:10Þ ðA:11Þ



where, ‘‘i++” denotes the value of ðiþÞ þ 1, and ‘‘i  ” denotes the value of ðiÞ  1. Illustrative values are shown as a large þ in Fig. A.1. The method converges rapidly as the iterations proceed. Experience using this method in the context of ODTLES suggests that four iterations are sufﬁcient for all practical purposes. In the limit of large M, the method produces a smooth continuous function f ðxÞ that exactly satisﬁes Eq. (A.1). Although the solution is not unique (a unique solution is not deﬁned by the conditions speciﬁed), this method is computationally fast, stable, and well behaved. In Ref. [8] the method is compared to a different approach based on adjusting high-order interpolation functions in an iterative fashion, and is characterized as being eighth order accurate. Fig. A.2 shows results from performing the approximation procedure for a case where N ¼ 16; M ¼ 256, and the domain is periodic. References [1] W.T. Ashurst, A.R. Kerstein, One-dimensional turbulence: variable-density formulation and application to mixing layers, Phys. Fluids 17 (2005) 025107. [2] D. Carati, S. Ghosal, P. Moin, On the representation of backscatter in dynamic localization models, Phys. Fluids 7 (1995) 606. [3] G. Comte-Bellot, S. Corrsin, Simple Eulerian correlation of full-and narrow band velocity signals in grid-generated ‘isotropic’ turbulence, J. Fluid Mech. 48 (1971) 273.
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