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On Dynamic Portfolio Insurance Techniques Jun Sekine Graduate School of Engineering Science, Osaka University, 1-3, Machikaneyama, Toyonaka, Osaka 560-8531, Japan. e-mail: [email protected] August 28, 2012 Abstract In continuous-time financial markets, several dynamic portfolio insurance techniques are introduced in generalized forms to construct selffinancing portfolios, which satisfy the floor constraint, or a generalized drawdown constraint: Concretely, generalized CPPI (Constant Proportion Portfolio Insurance) methods, American OBPI (Option-Based Portfolio Insurance) method, and DFP (Dynamic Fund Protection) method are explained. Moreover, these portfolio insurance techniques are applied to solve the long-term risk-sensitized growth rate maximization problem subject to the floor constraint or the generalized drawdown constraint. Keywords: floor constraint, generalized drawdown constraint, portfolio insurance, CPPI, American OBPI, DFP, long-term risk-sensitized growth rate.
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Introduction



Consider a ﬁnancial market in continuous-time. Let X x,π := (Xtx,π )t≥0 be the wealth process of a self-ﬁnancing investor, where x ∈ R++ (R++ is the totality of strictly positive real numbers) is an initial wealth and π := (πt )t≥0 is a dynamic investment strategy. The pair (x, π) is sometimes called a self-ﬁnancing portfolio strategy. In the present article, we are interested in constructing a self-ﬁnancing portfolio, which satisﬁes the ﬂoor constraint, i.e., Xtx,π ≥ Kt



for all t ≥ 0,



(1.1)



where K := (Kt )t≥0 is a given ﬂoor process. Moreover, related to this ﬂoor constraint, we are interested in constructing a self-ﬁnancing portfolio, which satisﬁes ( ) Xtx,π ≥ f



M0 ∨ sup Xsx,π s∈[0,t)



1



for all t ≥ 0,



(1.2)



which we call the generalized drawdown constraint. Here, M0 ∈ R++ is a given constant and f : [M0 , ∞) → R++ is a given function such that 0 < f (x) < x for any x ≥ M0 .



(1.3)



The present article focuses on surveying the dynamic portfolio insurance techniques for constructing dynamic self-ﬁnancing portfolios, which satisfy (1.1) or (1.2)-(1.3). The organization of the present article is as follows: In Section 2, we introduce our continuous-time ﬁnancial market model. With the market model, in Section 3, we introduce a generalized CPPI (Constant Proportion Portfolio Insurance) technique for constructing a dynamic self-ﬁnancing portfolio, which satisﬁes the ﬂoor constraint (1.1). In Section 4, we introduce another “CPPItype” technique for constructing a dynamic self-ﬁnancing portfolio, which satisﬁes the generalized drawdown constraint (1.2)-(1.3). In Section 5, we restrict ourselves to a complete ﬁnancial market and introduce applications of diﬀerent portfolio insurance techniques for constructing dynamic self-ﬁnancing portfolios which satisfy the ﬂoor constraint (1.1): that is, American OBPI (Option-Based Portfolio Insurance) method and DFP (Dynamic Fund Protection) method. Lastly, in Section 6, we apply these dynamic portfolio insurance techniques to solve the long-term risk-sensitized growth-rate maximization 1 log E(XTx,π )γ T →∞ γT



sup lim π



(1.4)



subject to the constraint (1.1) or (1.2)-(1.3), where x ∈ R++ is a ﬁxed initial wealth and γ ∈ (−∞, 0) ∪ (0, ∞) is the risk-sensitivity parameter. We introduce several results studied in Sekine (2012a-b) [31] and [32].
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Market Model



We consider a general, frictionless ﬁnancial market model in continuous time. The mathematical formulation is as follows: Let (Ω, F, P) be a complete probability space endowed with the ﬁltration (Ft )t≥0 satisfying the usual condition. Consider a ﬁnancial market consisting of a risk-free asset and n-risky assets. The risk-free asset price process, S 0 := (St0 )t≥0 , is a continuous, nondecreasing adapted process so that S00 ≡ 1. The price process of n-risky assets, S := (S 1 , . . . , S n )⊤ , where (·)⊤ denotes the transpose of a vector or a matrix and S i := (Sti )t≥0 , is an n-dimensional semimartingale, which is deﬁned by the stochastic diﬀerential equation (referred to as SDE), ( ) dS 0 i dSti = St− dRti + 0t , S0i ∈ R++ , (2.1) St using the cumulative excess return process, R := (R1 , . . . , Rn )⊤ , a given ndimensional semimartingale so that R0 ≡ 0. Solving (2.1), we see that Sti = S0i St0 E(Ri )t , 2



)∏ ( i 1 (1 + ∆Rsi )e−∆Rs E(Ri )t := exp Rti − [Ri ]ct 2



where



s≤t



is the Dol´eans-Dade stochastic exponential of Ri , in which we use ∆Rti := i Rti − Rt− and [Ri ]c , the continuous part of the quadratic variation [Ri ] of Ri . On this ﬁnancial market, we consider a self-ﬁnancing investor, whose wealth process X x,π := (Xtx,π )t≥0 is deﬁned by the SDE, ( ) ] [ n n ∑ ∑ dS i dSt0 x,π x,π t i i πt dXt =Xt− πt i + 1 − St0 St− (2.2) i=1 i=1 X0x,π =x, where x ∈ R++ is an initial wealth and π := (πt )t≥0 , πt := (πt1 , . . . , πtn )⊤ is a dynamic investment strategy, which is an n-dimensional predictable process (πti represents the proportion of wealth invested in the i-th risky asset at time t). Combining (2.1) and (2.2), we see that ( ) dS 0 x,π dXtx,π = Xt− πt⊤ dRt + 0t , X0x,π = x, St (∫



and that Xtx,π



=



xSt0 E



⊤



) .



π dR



(2.3)



t



We set the space { L :=



(ft )t≥0



} n-dimensional predictable, R-integrable, , and ft⊤ ∆Rt > −1 for all t > 0



recalling that X x,π > 0 for all π ∈ L .
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A Generalized CPPI



In this section, we work on the ﬁnancial market model, prepared in Section 2. Let K := (Kt )t≥0 be a given, positive, continuous adapted process, which we call a ﬂoor process. Assume that ( ) Kt is monotonic nonincreasing. (3.1) St0 t≥0 We then deduce the following. Proposition 3.1. Let x > K0 and a ﬂoor process K := (Kt )t≥0 , which satisﬁes (3.1), be given. Then, the following assertions are valid.
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(1) For each given π ∈ L , the solution Y := (Yt )t≥0 to the SDE, dYt = (Yt− − Kt )



dSti i St− )



πti



i=1



{( 1−



+



n ∑



n ∑



}



(Yt− − Kt ) + Kt



πti



i=1



dSt0 , St0



(3.2)



Y0 =x, deﬁnes a self-ﬁnancing wealth process, which satisﬁes the ﬂoor constraint in a strict sense, i.e., Yt > Kt for all t ≥ 0. Explicitly, it holds that Y = X x,ρ where ρ(CPPI) :=



(CPPI)



,



(CPPI) (ρt )t≥0



∈ L is given by ( ) Kt (CPPI) ρt := 1 − πt . Yt−



(3.3)



(2) Conversely, suppose that the self-ﬁnancing portfolio (x, ρ) ∈ (K0 , ∞) × L satisﬁes the ﬂoor constraint in a strict sense, that is, Xtx,ρ > Kt



for all t ≥ 0.



Then, Y := X x,ρ solves SDE (3.2) with ( ) Yt− πt := ρt . Yt− − Kt Proof. (1) We check that the solution to SDE (3.2) has the expression { )} ∫ t 0 ( Su Ku Yt = (x − K0 ) − d Xt + Kt , Su0 0 Xu− where we deﬁne X := X 1,π . Indeed, we see that { ∫ t( ) ( 0) } K S Yt = Xt x + d 0 S X u 0 u (



from d and



Yt St0 (



)



X d S0



( =



Yt− Kt − 0 St0 St



)



( =



t



X S0
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) t−



)



πt⊤ dRt



πt⊤ dRt .



(3.4)



(3.5)



Also, we see that ( ) ∫ t( ) ( 0) ∫ t( 0) K S Kt S K d = − K − d . 0 0 0 S X X X S t 0 0 u u u− u From (3.5), it follows that Y ≥ K + (x − K0 )X > K since K/S 0 is nonincreasing. The expression (3.3) of ρ(CPPI) directly follows by comparing (3.2) and (2.2). (2) From (2.2) and (3.4), we deduce that Y := X x,ρ satisﬁes, ] ) [ n ( n 0 ∑ dS i ∑ dS t dYt =Yt− ρit i t + 1 − ρit 0 S S t t− i=1 i=1 = (Yt− − Kt ) 1−



n ∑



dSti i St− )



πti



i=1



{( +



n ∑



πti



}



(Yt− − Kt ) + Kt



i=1



dSt0 . St0



Remark 3.1 (Original CPPI). Let Kt := K0 St0 , where K0 ∈ R++ . We then see that Yt = Xtx−K0 ,π + Kt



for all t ≥ 0



from (3.5). Moreover, suppose that π ∈ L is a constant proportion investment strategy, that is, πt := p for all t ≥ 0, where p := (p1 , . . . , pn )⊤ ∈ Rn is a constant vector. This can be interpreted as a situation studied in papers on original CPPI method: For example, we can refer to Black and Jones [3], Perold and Sharpe [27], Black and Perold [4], and Prigent [29], In this situation, pi represents the constant proportion of the “cushion part” Y − K, invested in the i-th risky asset. Remark 3.2. Another generalization of CPPI method is introduced in Section 3.1 of [30], which enables us to treat a ﬂoor process K := (Kt )t≥0 , which satisﬁes a weaker condition than (3.1). For example, we can treat with η ∈ L .



K := X K0 ,η
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Generalized Drawdown Constraint



In this section, restricting ourselves to the situation that R is continuous,



(4.1)



S ≡ 1,



(4.2)



0



we introduce a “CPPI-type” method, studied in Carraro et al. [5], to construct a self-ﬁnancing portfolio, which satisﬁes the generalized drawdown constraint (1.2)-(1.3). Remark 4.1. The assumption (4.2) implies that we always consider discounted prices and wealth, choosing S 0 as the num´eraire: Indeed, under (4.2), we have the equivalences, S0 S X x,π x,π , S ≡ , and X ≡ . S0 S0 S0 Our motivations to consider such constraints are explained in the following two examples and a remark. S0 ≡



Example 4.1 (Piecewise constant constraint on relative drawdown). For a positive fund wealth process X := (Xt )t≥0 , deﬁne the relative drawdown at time t as ¯ t − Xt X RDDt := ¯t , X where ¯ t := sup Xs . X s∈[0,t)



In practical asset management, RDD is popularly used as a measure of the riskiness of fund wealth. The constraint, ¯ t ) for all t ≥ 0, Xt > f (M0 ∨ X is rewritten as



¯t) f (M0 ∨ X ¯t X So, when we choose the linear function RDDt < 1 −



for all t ≥ 0.



f (x) := αx with α ∈ (0, 1), we have a constant constraint on the relative drawdown, that ¯ t ≥ M0 . Also, we is, RDDt < 1 − α for all (t, ω) ∈ [0, ∞) × Ω such that X may consider a slight generalization of this constant constraint on the relative drawdown: Set m ∑ f (x) := x αi 1[Ki−1 ,Ki ) (x) i=1



for some M0 = K0 < · · · < Km−1 < Km = +∞ and αi ∈ [0, 1) (i ∈ {1, . . . , m}). We then have a piecewise constant constraint on the relative drawdown: ¯t) RDDt < 1 − αi 1[Ki−1 ,Ki ) (X 6



for all t ≥ 0.



Remark 4.2 (Lower-bound for performance measure of fund return). In practical asset management, several drawdown-based performance measures of fund return are widely utilized. Using a continuous-time setting and considering the investment period [0, T ], we can describe these measures as follows. (a) Calmar ratio: CALT :=



RT RT := . MDDT supt∈[0,T ] DDt



(4.3)



(b) Sterling ratio: STET :=



RT := ADDT



1 T



RT . ∫T DDt dt 0



(4.4)



(c) Burke ratio: RT BURT := √∫ . T 2 DD dt t 0



(4.5)



Here, R := (Rt )t≥0 is the cumulative return process of fund wealth, and we deﬁne the drawdown of R at time t as ¯ t − Rt , DDt := m0 ∨ R where m0 ∈ R and



¯ t := sup Rs . R s∈[0,t)



Recall that MDDt := supu∈[0,t) DDu is the maximum drawdown at time t, ∫t and that ADDt := 1t 0 DDu du is the average drawdown at time t. Readers interested in such performance measures of fund return may refer to Eling and Schumacher [8] and the reference therein. Let X := (Xt )≥0 be a positive fund wealth process. If we employ the simple return, that is, Xt − X0 Rt := (4.6) X0 and if the fund wealth X satisﬁes the drawdown constraint such that 1 β ( (sim) ¯ ) ∨ Xt + Xt > M0 X0 for all t ≥ 0, 1+β 1+β (sim)



where β > 0 and M0



CALT > β,



(4.7)



:= X0 (1 + m0 ), then we can deduce that STET > β,



β BURT > √ T



for all T > 0



(4.8)



(see Lemma A.1 in [32]). Similarly, if we employ the logarithmic return, that is, Rt := log 7



Xt , X0



(4.9)



and if the fund wealth X satisﬁes the nonlinear drawdown constraint such that ( ) β 1 (log) ¯ t 1+β for all t ≥ 0, Xt > X01+β M0 ∨X (4.10) (log)



where β > 0 and M0 := X0 em0 , then we can again deduce that (4.8) holds (see Lemma A.1 in [32]). Inspired by Remark 4.1, we can consider the following example. Example 4.2 (Lower-bounded drawdown-based performance measures). Consider the generalized drawdown constraint (1.2) with f :≡ f (sim) + f (log) , where f (sim) (x) :=



β1 1 x+ X0 , 1 + β1 1 + β1 1



β2



f (log) (x) :=X01+β2 x 1+β2 and constants β1 , β2 > 0. We then able to set the lower-bound of drawdownbased performance measures: Explicitly, if the fund wealth process X = X x,π , where π ∈ L , satisﬁes (1.2), then the drawdown-based performance measures (4.4)–(4.6) with the simple return (4.7) satisfy CALT > β1 ,



STET > β1 ,



β1 BURT > √ T



for all T > 0,



and the drawdown-based performance measures (4.4)–(4.6) with the logarithmic return (4.10) satisfy CALT > β2 ,



STET > β2 ,



β2 BURT > √ T



for all T > 0,



respectively. Now, for f : [M0 , ∞) → R++ , which satisﬁes (1.3), deﬁne V : [M0 , ∞) → [v0∗ , ∞) as {∫ y } dx ∗ V (y) = v0 exp , (4.11) M0 x − f (x) where v0∗ ∈ R++ , and write its derivative as v := V ′ . Moreover, deﬁne



U := V −1



and u := U ′ ,



(4.12) (4.13)



the inverse function U : [v0∗ , ∞) → [M0 , ∞) of V , and its derivative. We then obtain the following theorem. 8



Theorem 4.1. Assume (4.1)-(4.2). Let f : [M0 , ∞) → R++ satisfy (1.3). Use (4.11)-(4.13). For X :≡ X V (x),π , which is deﬁned by (2.2)-(2.3) for x ≥ M0 and π := (πt )t≥0 ∈ L , deﬁne the Az´ema-Yor process M U (X) := (M U (X)t )t≥0 as ( ) ¯ t ) − u(X ¯t) X ¯ t − Xt , M U (X)t := U (X (4.14) where we use the notation for the running supremum process Z¯t := sup Zs s∈[0,t]



of a continuous semimartingale Z. Write Y := M U (X). Then, the following assertions are valid. ¯ ¯ (1) Y¯ = U (X)(≥ x ≥ M0 ) and Y − f (Y¯ ) = u(X)X > 0. In particular, Y satisﬁes the drawdown constraint. (2) Y is a pathwise unique solution to the Bachelier-drawdown equation, { } dXt dYt = Yt − f (Y¯t ) , Xt



Y0 = x.



(4.15)



In particular, Y is a self-ﬁnancing wealth process, which satisﬁes the generalized drawdown constraint (1.2) in a strict sense, i.e., Yt > f (M0 ∨ Y¯t )



for all t ≥ 0.



Explicitly, it holds that (



(GDD)



where ρ(GDD) := ρt



Y ≡ X x,ρ



) t≥0



(GDD) ρt



(GDD)



∈ L is given by } { f (M0 ∨ Y¯t ) πt . := 1 − Yt



(3) Conversely, suppose that the self-ﬁnancing portfolio (x, ρ) ∈ (M0 , ∞) × L satisﬁes the generalized drawdown constraint in a strict sense, that is, ( ) Xtx,ρ > f



M0 ∨ sup Xsx,ρ



for all t ≥ 0.



s∈[0,t)



Then, Y :≡ X x,ρ solves Bachelier-drawdown equation (4.15) with X :≡ X V (x),π , where we deﬁne { } Yt πt := ρt . Yt − f (M0 ∨ Y¯t ) So, the process Y is written as ) ( Y = M U X V (x),π .
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Proof. The assertions (1)-(2) follow from Proposition 2.2, Corollary 2.4, and Theorem 3.4 in [5]. To see the third assertion, we deduce, ( n ) ) ( n ∑ dS i ∑ dS i { } { } dXt ρit it = Yt − f (Y¯t ) . dYt = Yt πti it = Yt − f (Y¯t ) Xt S S t t i=1 i=1 The desired assertion now follows from the second assertion (2).
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American OBPI and DFP



In this section, as Section 3, we consider the construction of a self-ﬁnancing wealth process, which satisﬁes the ﬂoor constraint (1.1). The aim of this section is to apply other dynamic portfolio insurance techniques for the construction: that is, American OBPI (Option Based Portfolio Insurance), which is interpreted as a generalization of original European OBPI method, introduced by Leland and Rubinstein [23], and DFP (Dynamic Fund Protection), which is originally introduced and studied by Gerber and Pafumi [12]. For this aim, we restrict our ﬁnancial market model to a complete market model. Moreover, for simplicity of presentations, we consider a ﬁnite horizon model, and rewrite the ﬂoor constraint (1.1) as Xtx,π ≥ Kt



for all t ∈ [0, T ],



(5.1)



where T ∈ R++ is the ﬁnite time horizon. (As for the technical complications for treating inﬁnite horizon setting, see Section 4 of [31].) The complete market assumption that we impose in this section is precisely described as follows. Assumption 5.1. (1) T ∈ R++ is the ﬁxed ﬁnite horizon, and ﬁnancial market model is constructed on a probability space (Ω, F, P) endowed with a ﬁltration (Ft )t∈[0,T ] , satisfying the usual condition. (2) There exists a probability measure Q on (Ω, FT ) such that Q is equivalent to P|FT . (3) There exists an n-dimensional (Q, Ft )-continuous-local-martingale R := (Rt )t∈[0,T ] . (4) For any (Q, Ft )-martingale M := (Mt )t≥0 , there exists ϕM := (ϕM t )t≥0 , an element of { } n-dimensional Ft -predictable, L2,T := (ft )t∈[0,T ] ∫ T , ft⊤ d[R]t ft < ∞ a.s. 0 so that



∫ M(·) = M0 +



(·)



⊤ (ϕM u ) dRu



0



holds. (5) The bank account process S 0 := (St0 )t∈[0,T ] is a continuous, nondecreasing Ft -adapted process so that S00 ≡ 1. The price process of n-risky assets 10



S := (S 1 , . . . , S n )⊤ , S i := (Sti )t∈[0,T ] , is given by the solution to SDE (2.1) on (Ω, F, P, (Ft )t∈[0,T ] ). Note that the probability measure Q is the so-called equivalent local martingale measure in our ﬁnancial market: indeed, the discounted price process Sti = S0i E(Ri )t St0



t ∈ [0, T ],



(i ∈ {1, . . . , n}), and the discounted self-ﬁnancing wealth process (∫ ) Xtx,π ⊤ = xE π dR , t ∈ [0, T ], St0 t where (x, π) ∈ R++ × L2,T , are Q-local-martingales. Our scheme for constructing a self-ﬁnancing portfolio, which satisﬁes the ﬂoor constraint (5.1), is generally described as follows: Take an adapted process f (λ) := (f (t, λ))t∈[0,T ] , which is parametrized by λ ∈ R and satisﬁes f (t, λ) ≥ Kt



for all t ∈ [0, T ] and any parameter value λ.



Consider the minimal superhedging strategy of the American option whose payoﬀ process is f (λ): letting St,T := { τ : Ft -stopping time, t ≤ τ ≤ T a.s.} and using notation EQ [·] for expectation with respect to Q, we compute the Q-Snell envelope ] [ V (t, λ) Q f (τ, λ) := esssup E Ft , t ∈ [0, T ] 0 0 St Sτ τ ∈St,T of f˜(λ) := (f (t, λ)/St0 )t∈[0,T ] , that is, the smallest Q-supermartingale, which dominates the discounted payoﬀ process f˜(λ). By Assumption 5.1, the DoobMeyer decomposition of the Q-supermartingale (V (t, λ)/St0 )t∈[0,T ] admits the expression (∫ ) V (t, λ) ⊤ λ = V (0, λ)E π ¯ (λ) dR − A , St0 t where Aλ := (Aλt )t∈[0,T ] is a nondecreasing, continuous adapted process so that Aλ0 = 0. The self-ﬁnancing portfolio (V (0, λ), π ¯ (λ)) ∈ R++ × L2,T deﬁnes the ˆ minimal superhedging strategy. We now take λ(x) ∈ R so that ˆ V (0, λ(x)) =x and deﬁne ˆ π ˆ := π ¯ (λ(x)).
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We then obtain a self-ﬁnancing portfolio (x, π ˆ ) ∈ R++ × L2,T , which satisﬁes ( ) ˆ X x,ˆπ ≥ f t, λ(x) ≥ Kt for all t ∈ [0, T ]. t



In the following, employing typical examples of payoﬀ process f (λ), we show more detailed arguments for the above construction scheme: In Subsection 3.1, m we introduce the scheme, which we call American OBPI method: Take π ∈ L2,T arbitrarily, where we deﬁne { } m L2,T := (πt )t∈[0,T ] ∈ L2,T ; X 1,π /S 0 is a Q-martingale , and employ f (t, λ) := fOBPI (t, λ) := Kt ∨ λX 1,π . In Subsection 3.2, we introduce the scheme, which we call DFP method: Take m arbitrarily and employ π ∈ L2,T { } Ks f (t, λ) := fDFP (t, λ) := λ ∨ sup Xt1,π . 1,π s∈[0,t) Xs



5.1



American OBPI Method



Let K := (Kt )t∈[0,T ] be a non-negative continuous adapted ﬂoor process such that [ ( )] Kt EQ sup < ∞. (5.2) St0 0≤t≤T m Take π ∈ L2,T . Writing X := X 1,π , we deﬁne



fOBPI (t, λ) := Kt ∨ λXt , where λ ∈ R++ is a parameter. Recall that fOBPI (t, λ) = (Kt − λXt )+ + λXt , so, fOBPI is the sum of the λ-units of the fund X and the payoﬀ of the American put option written on λX with the ﬂoating strike price K. Using this, we introduce ] [ 0 S VOBPI (t, λ) := ess sup EQ t0 fOBPI (τ, λ) Ft . (OBPI) Sτ τ ∈St,T Note that we see



[ + VOBPI (t, λ) Q (Kτ − λXτ ) = ess sup E 0 St Sτ0 τ ∈St,T



] Ft + λ Xt S0



from the optional sampling theorem. Moreover, we see [ ] (Kt − λXt )+ 


t



(5.3)



for any λ ≥ 0 from (5.2). So, we can apply general results on optimal stopping problems and related American option pricing/hedging problems to deduce the following: The (Q, Ft )-Snell envelope of ( ) fOBPI (t, λ) ˜ fOBPI (λ) := , St0 t≥0 i.e., the smallest (Q, Ft )-supermartingale which dominates f˜OBPI (λ), is equal to VOBPI (t, λ) St0



a.s. for each t ∈ [0, T ],



and it admits the (multiplicative) Doob-Meyer decomposition, (∫ ) VOBPI (t, λ) ⊤ λ = VOBPI (0, λ)E π ¯OBPI (λ) dR − AOBPI St0 t a.s. for each t ∈ [0, T ],



(5.4)



m where π ¯OBPI (λ) := (¯ πOBPI (t, λ))t∈[0,T ] ∈ L2,T , and AλOBPI := (AλOBPI (t))t∈[0,T ] is a nondecreasing, continuous Ft -adapted process so that AλOBPI (0) ≡ 0 (as for the multiplicative expression of Doob-Meyer decomposition, we can refer to Theorem 8.21 of Chapter II of Jacod and Shiryaev [18]). In particular, the self-ﬁnancing portfolio strategy, m (VOBPI (0, λ), π ¯OBPI (λ)) ∈ R × L2,T ,



deﬁnes the minimal superhedging portfolio of the American option with the payoﬀ process fOBPI (λ), V



X(·)OBPI



(0,λ),¯ πOBPI (λ)



≥ VOBPI (·, λ) ≥ fOBPI (·, λ).



For details, see Section 6 of Karatzas [20], Section 2.7 and Appendix D of [21], and Chapter 1, Section 2 of Peskir and Shiryaev [28], for example. We now obtain the following. m Proposition 5.1. For X := X 1,π , where π ∈ L2,T , consider (OBPI), assuming ˆ OBPI (x) ∈ R++ by the (5.2). Take x ∈ R>0 so that x > VOBPI (0, 0). Deﬁne λ relation ˆ OBPI (x)) = x. VOBPI (0, λ



Then, the investment strategy, ˆ OBPI (x)) ∈ L m , π ˆ (OBPI) := π ¯OBPI (λ 2,T where π ¯OBPI (·) is given in (5.4), satisﬁes the ﬂoor constraint (5.1). Proof. We have, by deﬁnition, X x,ˆπ



(OBPI)



ˆ OBPI (x)) ≥ K ∨ λ ˆ OBPI (x)X ˆ ≥ K. ≥ VOBPI (·, λ
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(OBPI)



Remark 5.1. From (5.3), we deduce that X x,ˆπ is the sum of the fundˆ value λOBPI (x)X and the value of the hedging portfolio of the American put ˆ OBPI (x)X with the ﬂoating strike K. option written on λ Remark 5.2. Assume (5.2) and that K is a Q-submartingale. S0 Then, American OBPI is reduced to European OBPI, which is originally introduced by Leland and Rubinstein [23]: Indeed, we deduce that ] [ [ ] Ks Q ˜ Q Kt Fs ≥ 0 , E fOBPI (t, λ) Fs ≥ E St0 Ss that



[ [ ] Xt EQ f˜OBPI (t, λ) Fs ≥ EQ λ 0 St



] Fs = λ Xs , S0 s



and that (f˜OBPI (t, λ))t∈[0,T ] is a Q-submartingale. Hence, it follows that [ ] VOBPI (t, λ) = ess sup EQ St0 f˜OBPI (τ, λ) Ft τ ∈St,T



[ ] =EQ St0 f˜OBPI (T, λ) Ft [ 0 ] St + (K − λX ) =EQ Ft + λXt T T ST0 for t ∈ [0, T ]. So, American OBPI method is interpreted as an extension of the “original” European OBPI method for treating a general ﬂoor process K. As the reference for OBPI methods and its variations, we refer readers to Prigent [29] and the reference therein, for example. Also, we note that European/American OBPI and related utility maximizations with ﬂoor constraint are studied in El Karoui et. al. [9].



5.2



DFP Method



m Take π ∈ L2,T arbitrarily and let X := X 1,π . For a non-negative continuous adapted ﬂoor process K := (Kt )t∈[0,T ] , let ) ( Ks (5.5) fDFP (t, λ) := Ntλ Xt , where Ntλ := λ ∨ sup s∈[0,t) Xs



and λ ∈ R++ is a parameter. Using this, we deﬁne ] [ 0 Q St Ft . VDFP (t, λ) := ess sup E f (τ, λ) DFP Sτ0 τ ∈St,T
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(DFP)



ˆ on For analyzing (DFP), it is helpful to introduce the probability measure P (Ω, FT ) by the formula (∫ ) ˆ dP ⊤ = Xt = E π dR , t ∈ [0, T ]. dQ Ft St0 t Indeed, (DFP) is rewritten in a simpler form, as follows ] [ ˆ N λ Ft , VDFP (t, λ) = Xt · ess sup E τ τ ∈St,T



ˆ denotes expectation with respect to P. ˆ So, assuming that where E[·] [ ] ( ) Kt ˆ E sup 


(DFP’)



(5.6)



ˆ and noting that (Ntτ )t∈[0,T ] is a P(-uniformly-integrable)-submartingale, we deduce that ] [ ˆ N λ Ft VDFP (t, λ) =Xt E T ] [ 0 Q St =E fDFP (T, λ) Ft , t ∈ [0, T ]. S0 T



That is, VDFP (t, λ) is the no-arbitrage price at time t of the European option with the lookback-type payoﬀ fDFP (T, λ) = NTλ XT at the maturity date T . Using Assumption 5.1, we express the positive Q-martingale VDFP (λ)/S 0 as (∫ ) VDFP (t, λ) ⊤ = VDFP (0, λ)E π ¯DFP (λ) dR t ∈ [0, T ], (5.7) St0 t m where π ¯DFP (λ) := (¯ πDFP (t, λ))t∈[0,T ] ∈ L2,T . Then, we obtain the minimal superhedging portfolio m (VDFP (0, λ), π ¯DFP (λ)) ∈ R++ × L2,T



of the lookback-type option with the payoﬀ process fDFP (λ), V



X(·)DFP



(0,λ),¯ πDFP (λ)



= VDFP (·, λ) ≥ fDFP (·, λ).



We now obtain the following. m Proposition 5.2. For X := X 1,π , where π ∈ L2,T , consider (DFP), assuming ˆ DFP (x) ∈ R++ by the (5.6). Take x ∈ R>0 so that x > VOBPI (0, K0 ). Deﬁne λ relation ˆ DFP (x)) = x. VDFP (0, λ



Then, the investment strategy, ˆ DFP (x)) ∈ L m , π ˆ (DFP) := π ¯DFP (λ 2,T where π ¯DFP (·) is given in (5.7), satisﬁes the ﬂoor constraint (5.1). 15



Proof. We have, by deﬁnition, X x,ˆπ



(DFP)



( ) ˆ DFP (x)) ≥ fDFP ·, λ ˆ DFP (x) ≥ K. = VDFP (·, λ



Remark 5.3. Originally, DFP is introduced by Gerber and Pafumi [12], and studied by Gerber and Shiu [13], Imai and Boyle [17], and so on. As mentioned in [12] and [13], the quantity Ntλ in the payoﬀ (5.5) of “DFP-option” (DFP) (or (DFP’)) is characterized as the minimal quantity nt satisfying the following properties, (i) n0 = λ, (ii) nt ≥ ns for t ≥ s ≥ 0, and (iii) nt Xt ≥ Kt for all t ≥ 0. Indeed, considering the relation nt ≥ ns ≥



Ks Xs



from (ii)-(iii), we deduce



for all s ≤ t (



nt ≥ λ ∨ sup s∈[0,t)



Ks Xs



(5.8)



) =: Ntλ



from (i) and (5.8). So, fDFP (t, λ) = Ntλ Xt is the “minimally accumulated” fund X so that ﬂoor constraint is satisﬁed. In Figure 1, we plot typical sample paths of the fund wealth X, the ﬂoor K (with K0 = 1), the minimally accumulated number N 1 (with λ = 1), and the payoﬀ of DFP-option fDFP := N 1 X. Remark 5.4. It holds that fDFP (t, λ) ≥ λXt ∨ Kt = fOBPI (t, λ) for any t ≥ 0, that is, the “payoﬀ” of DFP is always higher than that of American OBPI. In Figure 2, we employ the deterministic ﬂoor process Kt = ekt with k ∈ R++ , and plot (i) a sample path of the fund wealth X, (ii) the associated payoﬀ fDFP = N 1 X of DFP, (iii) the value VOBPI of American OBPI, and (iv) the value VDFP of DFP, letting λ = 1.
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Long-term Risk-sensitized Growth-rate Maximization



In this section, we apply the dynamic portfolio insurance techniques, which are introduced in previous sections, to solve the long-term risk-sensitized growthrate maximization (1.4) with the ﬂoor constraint (1.1) or the generalized drawdown constraint (1.2)-(1.3): Our solution method consists of the following two steps. 16
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Figure 1: Sample paths of K, X, N , and fDFP = N X.
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Figure 2: Sample paths of X, fDFP , VDFP , and VOBPI .
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1



(I) Solve the “baseline” problem, i.e., (1.4) without ﬂoor/drawdown constraint. (II) “Upgrade” the optimal portfolio obtained in (I) by utilizing dynamic portfolio insurance techniques. For Step (I), we impose the following assumption: let Γ(γ) := sup lim



π∈A T →∞



1 γ log E (XTx,π ) . γT



(6.1)



where x ∈ R++ , γ ∈ (−∞, 0) ∪ (0, 1), and A (⊂ L ), the space of admissible investment strategies, are given. Assumption 6.1. (1) A subset A0 of L is given. It contains 0, and it is predictably convex in the following sense: for any π 1 , π 2 ∈ A0 and a predictable ϵ := (ϵt )t≥0 so that 0 ≤ ϵ ≤ 1, it holds that (1 − ϵ)π 1 + ϵπ 2 ∈ A0 . (2) (6.1) with A := A0 (⊂ L ) has an x-independent solution, i.e., there exists an optimal investment strategy π ˆ ∈ A0 , and ˆ := X 1,ˆπ X



(6.2)



satisﬁes ( )γ 1 1 γ log E (XTx,π ) = sup lim log E XT1,π π∈A0 T →∞ γT π∈A0 T →∞ γT ( )γ 1 ˆT . = lim log E X T →∞ γT



Γ(γ) := sup lim



The solvability imposed in Assumption 6.1 has been studied by Nagai (2003) [25] and Kaise and Sheu (2004) [19], for example, where Markovian models are employed by using stochastic diﬀerential equations driven by Brownian motions and systematic analyses of the associated ergodic HJB equations have been presented. Also, using speciﬁc Markovian models, e.g., linear diﬀusion models, the solvability is studied by Bielecki and Pliska (1999, 2004) [1], [2], Fleming and Sheu (1999, 2002) [10], [11], Kuroda and Nagai (2002) [22], Nagai and Peng (2002) [26], Hata and Sekine (2005) [16], Hata and Iida (2006) [15], Davis and Lleo (2008) [7], and so on. The following is a simplest example, which satisﬁes Assumption 6.1. Example 6.1 (Multi-dimensional Black-Scholes model). In (2.1), let St0 := ert ,



and Rt := µt + σwt ,



where r ∈ R, w is an n-dimensional Ft -Brownian motion, µ ∈ Rn , and σ ∈ Rn×n is invertible. Using this, we see the following.
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Lemma 6.1. Consider the ﬁnancial market given in Example 6.1. Deﬁne the constant proportion investment strategy π ˆ ∈ L by π ˆ :≡



1 (σσ ⊤ )−1 µ. 1−γ



(6.3)



It then holds that ( )γ 1 1 γ log E (XTx,π ) = lim log E XTx,ˆπ T →∞ γT π∈L T →∞ γT 1 =r + µ⊤ (σσ ⊤ )−1 µ. 2(1 − γ) sup lim



Proof. Note that π ˆ is optimal for power-utility maximization, 1 sup E (XTx,π )γ , γ



π∈AT



or equivalently sup π∈AT



1 log E(XTx,π )γ γ



{ } for any ﬁnite time horizon T ∈ R++ , where AT := f 1[0,T ] ; f ∈ L (see Merton [24], or Chapter 3 of Karatzas and Shreve [21], for example). Moreover, we deduce that ( )γ 1 1 γ log E (XTx,π ) ≤ log E XTx,ˆπ γT γT γ − 1 ⊤ 2 x ˆ⊤µ + σ π ˆ = +r+π T 2 x 1 = +r+ µ⊤ (σσ ⊤ )−1 µ T 2(1 − γ) for any π ∈ L and T ∈ R++ . In the following two subsections, we introduce the results for Step (II) for constructing the optimal portfolio with ﬂoor/drawdown constraint.



6.1



Long-term Optimality with Floor Constraint



In this subsection, admitting Assumption 6.1, we consider (6.1) with A := A K (x), where A K (x) := {π ∈ A0 ; Xtx,π ≥ Kt for all t ≥ 0} and K := (Kt )t≥0 is a given nonnegative, adapted ﬂoor process. The following observation is crucial for our solution method. Key Observation. Suppose π ˇ ∈ A K (x) satisﬁes ˇ := X x,ˇπ ≥ ϵX ˆ X



with some ϵ > 0. 19



(6.4)



Then, it holds that Γ(γ) =



( )γ 1 1 γ ˇT . log E (XTx,π ) = lim log E X T →∞ γT π∈A K (x) T →∞ γT sup



lim



(6.5)



In particular, π ˇ ∈ A K (x)(⊂ A0 ) is optimal for (6.1) with ﬂoor constraint. Indeed, we see that lim



T →∞



( )γ ( )γ 1 ˇ T ≥ lim 1 log E X ˆ T = Γ(γ). log E X T →∞ γT γT



We then obtain the following (for a detailed proof, see Section 3 and Proposition 3.4 of [31]). Proposition 6.1. Let Yˆ := (Yˆt )t≥0 be the solution to SDE (3.1) with π :≡ π ˆ. Then, ˆ Yˆ ≥ (x − K0 )X follows from (3.5). So, we apply Key Observation to deduce that Yˆ is an optimal wealth process for (6.1) with A := A K (x). The associated optimal investment strategy, which satisﬁes (OBPI) Yˆ = X x,ρˆ , is given by



( (CPPI) ρˆt



:=



Kt 1− ˆ Yt−



) π ˆt ,



t ≥ 0.



Remark 6.1. If we consider a complete ﬁnancial market with inﬁnite horizon, then, American OBPI method and DFP method are also applicable to construct optimal portfolios for (1.4) with ﬂoor constraint. The details are shown in Section 4-5 of [31].



6.2



Long-term Optimality with Generalized Drawdown Constraint



In this subsection, assume (4.1) and (4.2). We consider (6.1) with A := AAY (x), where { ( ) } AAY (x) := π ∈ L ; X x,π = M U X V (x),ρ for some ρ ∈ A0 , (6.6) (“AY” stands for Az´ema-Yor), which is a subset of ( } ) { LGDD (x) := π ∈ L ; Xtx,π > fα M0 ∨ max Xsx,π for all t ≥ 0 s∈[0,t]



by Theorem 4.1. For the function f : [M0 , ∞) → R, which is used to describe the generalized drawdown constraint (1.2), we assume (1.3) and f (x) = αx + o(xβ ) as x → ∞ with some α ∈ (0, 1) and β ∈ (−∞, 1).



(6.7)



Note that the examples presented in Section 4, i.e., Example 4.1-4.2, satisfy (6.7). We obtain the following. 20



Theorem 6.1. Assume (4.1) and (4.2). Moreover, assume that Assumption 6.1 holds with the risk-sensitivity parameter (1 − α)γ ∈ (−∞, 0) ∪ (0, 1). Let M0 ∈ R++ be given and assume that f : [M0 , ∞) → R satisﬁes (1.3) and (6.7). For x ≥ M0 , the following assertions are valid. (1) For any x ≥ M0 , Λ(x, γ) :=



sup



lim



π∈AAY (x) T →∞



= sup lim



π∈A0 T →∞



1 γ log E (XTx,π ) γT



1 (1−α)γ log E (XTx,π ) . γT



(6.8)



ˆ := X Vα (x),ˆπ , where π (2) Let X ˆ ∈ A0 is given in Assumption 6.1 (2) with the risk-sensitivity parameter (1 − α)γ. Deﬁne ˆ Yˆ := M U (X), where we use notation (4.14). This process, which satisﬁes dYˆt =



)} ˆ ( { dXt ˆ ˆ Yt − f max Ys , ˆt s∈[0,t] X



Yˆ0 = x,



is an optimal wealth process for (6.8), i.e., it holds that ( )γ 1 log E YˆT . T →∞ γT



Λ(x, γ) = lim



( (GDD) ) The associated optimal investment strategy ρˆ(GDD) := ρˆt ∈ AAY (x), t≥0 which satisﬁes (GDD) Yˆ = X x,ρˆ , is given by



{ (GDD) ρˆt



:=



( )} f maxs∈[0,t] Yˆs 1− π ˆt . Yˆt



Proof of Theorem 6.1 is presented in Section 4 of [32]. When f (x) := αx, the assertions of Theorem 6.1 have been shown in Grossman and Zhou (1993) [14], Cvitanic and Karatzas (1995) [6], and Sekine (2006) [30]. Remark 6.2. When A0 = L , it holds that AAY (x) = LGDD (x) (see Remark 2.4 of [32]).
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