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ON EXISTENCE OF LOG MINIMAL MODELS CAUCHER BIRKAR



Abstract. We prove that the log minimal model program in dimension d − 1 implies existence of log minimal models for effective lc pairs (eg of nonnegative Kodaira dimension) in dimension d. We also prove that effective lc pairs in dimension 5 have log minimal models.



1. Introduction All the varieties in this paper are assumed to be over an algebraically closed field k of characteristic zero. See section 2 for notations and terminologies. Conjecture 1.1. A lc pair (X/Z, B) is effective if and only if it has a log minimal model. The ’if’ part follows from the semi-ampleness conjecture (that is, abundance). For the ’only if’ part we have the Theorem below. It is well-known that the log minimal model program (LMMP) in dimension d − 1 and the ACC for lc thresholds in dimension d imply termination of log flips for effective lc pairs in dimension d, and so existence of log minimal models for such pairs [2]. However, if we focus on constructing log minimal models, then we do not need the ACC. Theorem 1.2. Assume the LMMP (for Q-factorial dlt pairs) in dimension d − 1. Then, log minimal models exist for effective lc pairs in dimension d. In fact, the full LMMP in dimension d − 1 is not needed. We only need termination of log flips with scaling in dimension d − 1. Corollary 1.3. Assume termination of log flips with scaling in dimension d − 1. Then, log minimal models exist for effective lc pairs in dimension d. We expect that termination of log flips with scaling in dimension d − 1 follows from existence of log minimal models for pseudo-effective lc pairs in dimension d−1. So, according to this philosophy, one reduces Conjecture 1.1 to the following 1
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Conjecture 1.4. If a lc pair (X/Z, B) is pseudo-effective, then it is effective. When d = 5, instead of proving Conjecture 1.4 in dimension 4 we use termination of log flips with scaling in dimension 4 which follows from results of Shokurov [8] and Alexeev-Hacon-Kawamata [1]. Corollary 1.5. Log minimal models exist for effective lc pairs in dimension 5. We also get a new proof of the following result which was first proved by Shokurov [8]. Corollary 1.6. Log minimal models exist for effective lc pairs in dimension 4. Another important application of our method is a new proof of section 5 of [3]. That is, we can construct log minimal models for an effective klt pair (X/Z, B) in dimension d if B is big/Z and if Conjecture 1.4 holds in dimension d − 1 for klt pairs with a big boundary/Z. See Remark 4.3 for more details. Our method also gives a new proof of Shokurov reduction theorem, that is, reducing existence of log flips to existence of pl flips. See Remark 4.2 for more details. Acknowledgement I would like to thank Professor Y. Miyaoka and Tokyo University for their support and hospitality, where part of this work was done in March 2007. 2. Preliminaries Let k be an algebraically closed field of characteristic zero. By a divisor we mean an R-divisor unless stated otherwise. Definition 2.1. A pair (X/Z, B) consists of normal varieties X, Z over k, a divisor B on X with coefficients in [0, 1] such that KX + B is R-Cartier, and a surjective proper morphism X → Z. For a prime divisor D on some birational model of X with a nonempty centre on X, a(D, X, B) denotes the log discrepancy. A pair (X/Z, B) is called pseudo-effective if KX + B is pseudoeffective/Z, that is, numerically/Z it is the limit of effective divisors. The pair is called effective if KX + B is effective/Z, that is, there is a divisor M ≥ 0 such that KX + B ≡ M/Z. In this case, we call (X/Z, B, M ) a triple. By a log resolution of a triple (X/Z, B, M ) we mean a log resolution of (X, Supp B + M ).
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P P 0 di Di , let D≤1 := di Di where Definition 2.2. For a divisor D = d0i = min{di , 1}. For a triple (X/Z, B, M ), define θ(X/Z, B, M ) := #{i | mi 6= 0 and bi 6= 1} P P where B = bi Di and M = mi Di . Construction 2.3. Let (X/Z, B, M ) be a lc triple. Let f : W → X be a log resolution of (X/Z, B, M ) which is projective/Z, and let X BW := B ∼ + Ej where ∼ stands for birational transform, and Ej are the prime exceptional divisors of f . Obviously, (W/Z, BW ) is strictly lt, that is, dlt, Q-factorial and X/Z projective. Moreover, it is effective because MW := KW + BW − f ∗ (KX + B) + f ∗ M ≡Z KW + BW is effective. Note that since (X, B) is lc, KW + BW − f ∗ (KX + B) ≥ 0 In addition, the components of MW are either the components of M ∼ or the exceptional divisors Ej . Thus, by construction θ(W/Z, BW , MW ) = θ(X/Z, B, M ) We call (W/Z, BW , MW ) (resp. (W/Z, BW )), a log smooth model of (X/Z, B, M ) (resp. (X/Z, B)). Definition 2.4 (Cf., [6]). A log birational model (Y /Z, B + E) of (X/Z, B) consists of a birational map φ : X 99K Y /Z, B on Y which is the birational transform of B on X (for simplicity we use the same P notation), and E = Ej where Ej are the exceptional/X prime divisors of Y . (Y /Z, B + E) is a nef model of (X/Z, B) if in addition (1) (Y /Z, B + E) is strictly lt, (2) KY + B + E is nef/Z, And we call (Y /Z, B + E) a log minimal model of (X/Z, B) if in addition (3) for any prime divisor Di on X which is exceptional/Y , we have a(Di , X, B) < a(Di , Y, B + E) Note that if (X, B) is plt, by the negativity lemma, φ−1 does not contract any divisor in the log minimal model case. Moreover, a log
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minimal model of a log smooth model (W/Z, BW ) of (X/Z, B) is also a log minimal model of (X/Z, B). Lemma 2.5. Assume the LMMP in dimension d − 1. Let (X, B) be a lc pair of dimension d and let {Di }i∈I be a finite set of prime divisors (on birational models of X) such that a(Di , X, B) ≤ 1. Then, there is a strictly lt pair (Y /X, BY ) such that (1) Y /X is birational and KY + BY is the crepant pullback of KX + B, (2) every exceptional/X prime divisor E of Y is one of Di or a(E, X, B) = 0, (3) the set of exceptional/X prime divisors of Y include {Di }i∈I . Proof. Let f : W → X be a log resolution of (X, B) and let {Ej }j∈J be the set of prime exceptional divisors of f . Moreover, we can assume that for some J 0 ⊆ J, {Ej }j∈J 0 = {Di }i∈I . Now define X a(Ej , X, B)Ej KW + BW := f ∗ (KX + B) + j ∈J / 0



By running the LMMP/X on KW +BW and using special termination we get a log minimal model (Y /X, BY ) of (W/X, BW ). All the Ej are contracted in the process except if j ∈ J 0 or if a(Ej , X, B) = 0. The negativity lemma shows that KY + BY is the crepant pullback of KX + B. £ Lemma 2.6 (Cf. [5, Lemma 2.1]). Let (X/Z, B + C) be a strictly lt pair of dimension d where B, C ≥ 0, and KX + B + C is nef/Z. Then, either KX + B is also nef/Z or there is an extremal ray R such that (KX + B) · R < 0 and (KX + B + λC) · R = 0 where λ := inf{t ≥ 0 | KX + B + tC is nef/Z} and KX + B + λC is nef/Z. Proof. Suppose that KX + B is not nef/Z and let {Ri } be the set of (KX + B)-negative extremal rays/Z and Σi an extremal curve of Ri [8, Definition 1]. Let µ := sup{µi } where µi :=



−(KX + B) · Σi C · Σi



Obviously, λ = µ and µ > 0. It is enough to prove that µ = µl for some l.
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By [8, Proposition 1], there are positive real numbers r1 , . . . , rs , r10 , . . . , rt0 and positive integers m, m0 (all independent of i) such that X rj ni,j (KX + B) · Σi = m j and (KX + B + C) · Σi =



X rk0 n0i,k k



m0



where −2dm ≤ ni,j ∈ Z and −2dm0 ≤ n0i,k ∈ Z. Hence the set {ni,j }i,j is finite. Moreover, P m k rk0 n0i,k 1 C · Σi (KX + B + C) · Σi = = +1 = − 0P +1 µi −(KX + B) · Σi −(KX + B) · Σi m j rj ni,j Thus, inf{ µ1i } =



1 µl



for some l and so µ = µl . £



3. Proof of the Theorem Proof. Step 1. Let W be the set of triples (X/Z, B, M ) such that (1) (X/Z, B) is lc of dimension d, (2) (X/Z, B) does not have a log minimal model. It is enough to prove that W is empty. Assume otherwise and choose (X/Z, B, M ) ∈ W with minimal θ(X/Z, B, M ). Replace (X/Z, B, M ) with a log smooth model as in Construction 2.3 which preserves the minimality of θ(X/Z, B, M ). If θ(X/Z, B, M ) = 0, then either M = 0 in which case we already have a log minimal model, or by running the LMMP/Z on KX + B, we get a log minimal model because by special termination, flips and divisorial contractions will not intersect bBc and so will not intersect components of M after finitely many steps. So, we may assume that θ(X/Z, B, M ) > 0. Step 2. Define ¥ ¤ α := min{t > 0 | (B + tM )≤1 6= bBc }



In particular, (B + αM )≤1 = B + C for some C ≥ 0. The pair (X/Z, B + C) is strictly lt and (X/Z, B + C, M + C) is a triple. By construction θ(X/Z, B + C, M + C) < θ(X/Z, B, M )
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and so (X/Z, B + C, M + C) ∈ / W. Therefore, (X/Z, B + C) has a log minimal model, say (Y /Z, B + C + E). By definition, KY + B + C + E is nef/Z. Step 3. Now run the LMMP/Z on KY + B + E with scaling of C. By special termination, after finitely many steps, bBc + E does not intersect the extremal rays contracted by the LMMP. On the other hand, outside Supp bBc + E, we have 1 C α where M on Y is the birational transform of M on X. The LMMP should terminate because C cannot be both positive and negative on extremal rays. Therefore, we get a model Y 0 where KY 0 +B +E is nef/Z. Clearly, (Y 0 /Z, B +E) is a nef model of (X/Z, B) but may not be a log minimal model because condition (3) of Definition 2.4 may not be satisfied. KY + B + E ≡Z KY + B ≡Z M ≡Z



Step 4. Let T = {t ∈ [0, 1] | (X/Z, B + tC) has a log minimal model} Since 1 ∈ T , T 6= ∅. Let t ∈ T ∩ (0, 1] and (Yt /Z, B + tC + E) be a log minimal model of (X/Z, B + tC). Running the LMMP/Z on KYt + B + E with scaling of tC shows that there is t0 ∈ (0, t) such that [t0 , t] ⊂ T because condition (3) of Definition 2.4 is an open condition. The LMMP terminates for the same reasons as in Step 3. Step 5. Let τ = inf T . If τ ∈ T , then by Step 4, τ = 0 and so we are done. Thus, we may assume that τ ∈ / T . In this case, there is a sequence t1 > t2 > . . . in (τ, 1] ∩ T such that lim tk = τ . For each tk we have a log minimal model (Ytk /Z, B + tk C + E) of (X/Z, B + tk C) from which we get a nef model (Yt0k /Z, B + τ C + E) for (X/Z, B + τ C) by running the LMMP/Z on KYtk + B + E with scaling of tk C. Moreover, for any prime divisor Di ⊂ X contracted/Yt0k we have a(Di , X, B + tk C) < a(Di , Yt0k , B + τ C + E) P P where B = bi Di and M = mi Di . The inequality follows from the fact that (Ytk /Z, B +tk C +E) is a log minimal model of (X/Z, B +tk C) and (Yt0k /Z, B +τ C +E) is a log minimal model of (Ytk /Z, B +τ C +E). Replacing the sequence {tk } with a subsequence, we can assume that all X 99K Yt0k contract the same components of B + τ C. Now the negativity lemma shows that (Yt0k /Z, B+τ C+E) and (Yt0k+1 /Z, B+τ C+
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E) are numerically equivalent, that is, there is a common resolution of Yt0k and Yt0k+1 on which the pullback of KYt0 + B + τ C + E and k KYt0 + B + τ C + E are equal. Therefore, each (Yt0k /Z, B + τ C + E) k+1 is a nef model of (X/Z, B + τ C) such that a(Di , X, B + τ C) = lim a(Di , X, B + tk C) ≤ a(Di , Yt0k , B + τ C + E) for any prime divisor Di ⊂ X contracted/Yt0k . Step 6. Now it is enough to apply Lemma 2.5 to get a crepant model of (Yt0k , B + τ C + E) which is a log minimal model of (X/Z, B + τ C). Thus, τ ∈ T and this gives a contradiction. Therefore, W = ∅. £ 4. Corollaries and applications Proof. (of Corollary 1.3) Note that log flips exist in dimension d by [3]. In the proof of the Theorem and Lemma 2.5, we used the LMMP in dimension d − 1 only to get special termination in dimension d for LMMP with scaling. The latter obviously follows from termination of log flips with scaling in dimension d − 1, that is, we do not need full termination in dimension d − 1. £ Lemma 4.1. Let (X/Z, B + C) be a strictly lt pair of dimension 5 where B, C ≥ 0 and KX + B + C is nef/Z. Then, the LMMP/Z on KX + B with scaling of C terminates near bBc. Proof. Suppose that we get a sequence of flips when running the LMMP/Z with scaling of C which does not terminate near S, a component of bBc. We may assume that this sequence induces a sequence of KS + BS := (KX + B)|S -flips with scaling of C 0 = C|S . Let λ = lim λi in the LMMP/Z on KX + B with scaling of C where the λi are obtained as in Lemma 2.6 in the process of this LMMP. By [8, Corollary 12], λi stabilizes, that is, λ = λi for i ½ 0. Therefore, we get an infinite sequence of KS + BS + 21 λC 0 -flips such that C 0 is positive on each of these flips. After compactifying X and possibly lifting the sequence, we can assume that (S, BS + 12 λC 0 ) is strictly lt. Since special termination holds in dimension 4, we can further modify (S, BS + 12 λC 0 ) into a klt pair. Now by [1, Theorem 2.15], we my assume that each of the flips are of type (2, 1), that is, the flipping locus is of dimension 2 and the flipped locus of dimension 1. This is a contradiction by [7, Lemma 1]. £ Proof. (of Corollary 1.5) In the proof of the Theorem, when d = 5 we need LMMP in dimension 4 only for the special termination when we



8



CAUCHER BIRKAR



run an LMMP with scaling in dimension 5. Lemma 4.1 replaces the LMMP in dimension 4. £ Proof. (of Corollary 1.6) Immediate by the Theorem. £ Remark 4.2. Assume the LMMP in dimension d − 1 and existence of pl flips in dimension d. Let (X/Z, B) be a klt pair of dimension d where f : X → Z is a (KX + B)-flipping contraction. Now we can apply Theorem 1.2 to construct a log minimal model (Y /Z, B + E) of (X/Z, B). Note that since (X/Z, B) is klt, E = 0. So, (Y /Z, B) is also klt and its log canonical model gives the flip of f . This makes sense only if we do not use existence of log flips in dimension d in the proof of Theorem 1.2. However, a close look at the proof of Theorem 1.2 and Lemma 2.5 shows that every time we need a log flip, it is of pl type. Thus, existence of pl flips is enough. Therefore, we get Shokurov’s reduction theorem. Remark 4.3. One of the main steps in the inductive proof of existence of log flips and existence of log minimal models for pairs of general type in [3] is section 5 of that paper. We can state the main result of [3,§5] as that [3, Theorems Ad−1 , Bd−1 , Cd−1 and Dd−1 ] imply [3, Theorem Bd ]. The statement of [3, Theorem Bd ] is that if (X/Z, B) is a klt pair of dimension d such that B is big/Z and KX + B ∼R,Z M ≥ 0, then (X/Z, B) has a log minimal model. We can assume that (X/Z, B, M ) is log smooth and that B has an ample/Z component. To apply our methods, we can analyse the proof of the Theorem above to see what we need in this case. First of all, instead of W we take W0 to be the set of those triples (X/Z, B, M ) which satisfy (1)0 (X/Z, B) is strictly lt of dimension d and (X/Z, B, M ) is log smooth, (2)0 (X/Z, B) does not have a log minimal model (Y /Z, B) for which φ−1 : Y 99K X does not contract divisors, (3)0 KX + B ∼R M/Z, (4)0 B has a component which is ample/Z, Secondly, by Remark 4.2 we need existence of pl flips and special termination rather than existence of log flips. Existence of pl flips follows from Hacon-McKernan [4] and the assumptions. Thirdly, we need to verify that the special termination in dimension d that we need during the proof follows from [3, Theorems Ad−1 , Bd−1 ,
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Cd−1 and Dd−1 ]. Indeed this termination holds in Steps 1-5 of the proof by Lemma 4.4. On the other hand, in Step 6, we need Lemma 2.5 only for klt pairs because we can find ∆ such that ∆ ∼R B + τ C on X and such that (X/Z, ∆) is klt. Now we can apply Lemma 2.5 to (Y /Z, ∆) to get an appropriate log minimal model of (X/Z, ∆) which will also be a log minimal model of (X/Z, B + τ C). Here, the special termination we need in the proof of Lemma 2.5 follows from Lemma 4.4. Lemma 4.4. Let (X/Z, B, M ) be a triple such that (1) (X/Z, B) is log smooth and strictly lt of dimension d, (2) KX + B ∼R M/Z, (3) B has a component which is ample/Z. Let (Y /Z, B) be a log birational model of (X/Z, B) where φ−1 : Y 99K X does not contract divisors. Suppose that KY + B + C is nef/Z and strictly lt for some C ≥ 0. Assuming [3, Theorems Ad−1 , Bd−1 , Cd−1 and Dd−1 ], the LMMP/Z on KY + B with scaling of C terminates near bBc. Proof. Let S be a component of bBc on Y . Since some component of B on X is ample/Z, we can find ∆ ∼R B/Z and C 0 ∼R C/Z on Y such that (Y /Z, ∆ + C 0 ) is plt and b∆ + C 0 c = S. We get the corresponding LMMP/Z on KY + ∆ with scaling of C 0 . It is enough to prove that the latter LMMP terminates near S. This LMMP, after finitely many steps, induces an LMMP/T on KS + ∆S := KY + ∆|S with scaling of C 00 = C 0 |S where T is the normalisation of the image of S on Z, (S/T, ∆S + C 00 ) is klt and ∆S is big/T . Now [3, Lemma 4.2] finishes the proof. £ References [1] V. Alexeev, C. Hacon, Y. Kawamata; Termination of (many) 4-dimensional log flips. Prepint 2006. [2] C. Birkar; Ascending chain condition for lc thresholds and termination of log flips. Duke math. Journal, volume 136, no. 1. [3] C. Birkar, P. Cascini, C. Hacon, J. McKernan; Existence of minimal models for varieties of log general type. Preprint 2006. [4] C. Hacon, J. McKernan; On the existence of flips. Preprint 2005. [5] S. Keel, K. Matsuki, J. McKernan; Log abundance theorem for threefolds. Duke Math. J. 75 (1994), no. 1, 99-119 [6] V.V. Shokurov; Three-dimensional log flips. With an appendix in English by Yujiro Kawamata. Russian Acad. Sci. Izv. Math. 40 (1993), no. 1, 95–202. [7] V.V. Shokurov; Letters of a bi-rationalist. V. Minimal log discrepancies and termination of log flips. (Russian) Tr. Mat. Inst. Steklova 246 (2004), Algebr. Geom. Metody, Svyazi i Prilozh., 328–351.
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[8] V.V. Shokurov; Letters of a bi-rationalist VII: Ordered termination. Preprint 2006.
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