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MORE ON INJECTIONS INTO FUNCTION SPACES OVER ORDINALS RAUSHAN Z. BUZYAKOVA Abstract. To formulate our main result let τ be an ordinal, X a subspace of some ordinal, and M a non-trivial metric space. We prove that if Cp (X, M ) admits a continuous injection into Cp (τ, M ) then X \ X is hereditarily paracompact.



1. Introduction One of the classical theorems of J. Nagata [7] states that if topological rings Cp (X) and Cp (Y ) are topologically isomorphic then X and Y are homeomorphic. This theorem, besides giving a best possible justification for the existence of Cp -theory, has motivated many interesting papers in the direction of the following natural problem: ”Suppose that Cp (X) can be nicely mapped into Cp (Y ). How strong are the bonds, if any, between X and Y ?” Of course, the nicer the map between the function spaces the better chances that X and Y are related. Many interesting conclusions can be made if one assumes that Cp (X) admits an open continuous surjection onto Cp (Y ). One of the results of this sort we would like to mention belongs to O. Okunev. In [8], O. Okunev shows that if Cp (Y ) admits a continuous open surjection onto Cp (X) then Y belongs to a relatively small class of spaces generated by X and a few basic operations. In [3], R. Cauty proved that if X and Y are metric compacta and Cp (Y ) admits a continuous open surjection onto Cp (X) then large pieces of Y are homeomorphic to Gδ -subspaces of finite powers of X. To prove these results, their authors had to invent very delicate techniques that have become quite popular and been later often used by other authors. In this paper we further relax the requirements on the map between function spaces, namely, we merely require the existence of a continuous injection of Cp (X) into Cp (Y ). Intuitively it is clear that one cannot expect to have too many similarities between X and Y unless we take X and Y from a small class of spaces. In this paper we do just that, namely, our spaces are subspaces of ordinals. In [2], the author proved that if A and B are unbounded in an uncountable regular ordinal τ and A \ B is stationary then Cp (B) does not 1991 Mathematics Subject Classification. 54C35, 54C10. Key words and phrases. pointwise convergence, injection, ordinal. 1
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admit a continuous injection into Cp (A). This statement implies in particular that if A and B are disjoint stationary subsets of τ then the functions space of one cannot be continuously injected into the function space of the other. In this paper we continue the topic started in [2] and widen our scope to all ordinals not only to regular ones. To formulate our main result let M be a metric space with at least two points and X a subspace of an ordinal. We prove that if Cp (X, M ) admits a continuous injection into Cp (τ, M ) for some ordinal τ then X \ X is hereditarily paracompact (Theorem 2.6). A more technical version of the conclusion of this theorem asserts that no subset of X \ X is homeomorphic to a stationary subspace of an uncountable regular cardinal (Theorem 2.5). We also have reasons to believe that that the statement of the main result can be reversed if M is replaced by M ω , however we have not accomplished this task. In notation and terminology of general topological nature we will follow [4]. The terminology related to Cp -theory will be consistent with [1]. Basic settheoretical facts used in this paper about ordinals and their stationary subsets can be found, in particular, in [5]. As usual, by Cp (X, Z) we denote the space of all continuous functions from X to Z endowed with the topology of pointwise convergence whose subbase is formed by sets in form B(x, U ) = {g ∈ C(X, Z) : g(x) ∈ U }, where x is an arbitrary element of X and U is an arbitrary element of a base of the topology of Z. A space is non-trivial if it contains at least two elements. In this study, when discussing Cp (X, M ), the letter M always denotes a non-trivial metric space. A point x is a point of complete accumulation for a set S in X if any open neighborhood of x meets S by an |S|-sized subset. All spaces are assumed to be Tychonov. 2. Study In our arguments we will often use the following classical facts without formally referencing them. Facts. (1) If X admits a continuous surjection onto Y then Cp (Y, Z) embeds into Cp (X, Z) (for Z = R, the proof is in [1, Proposition 0.4.6 and Corollary 0.4.8], which holds for any Z without changes). (2) Let Y be dense in X and let π : Cp (X, Z) → Cp (Y, Z) be defined by letting π(f ) = f |Y . Then π is a continuous injection [1, Proposition 0.4.1(5)]. (3) If X is a stationary subspace of a regular uncountable ordinal τ and f is a continuous function from X to a metric space, then there exists λ < τ such that f is constant on [λ, τ ) ∩ X ( the proof is an obvious modification of a standard proof that any continuous realvalued function
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on ω1 is constant, which can be found, in particular, in [9, Part II, examples 40-43]). (4) If τ is an ordinal of uncountable cofinality and f is a continuous map from τ to a metric space, then there exists λ < τ such that f is constant on [λ, τ ). (5) If {Si : i ∈ ω} is a nested family of stationary subsets of an uncountable T regular ordinal κ such that Si is closed in S0 for each i, then i∈ω Si is a stationary subset of κ closed in S0 . (This follows from [5, Lemma 6.8]). To simplify the statements of our technical results we need the following two definitions. Definition of Space Op (κ; S; A). If κ is an ordinal, S and A its disjoint subsets, and α ∈ S, then by fακ,S,A we denote the function from A to {0, 1} defined as follows:  0 if x < α κ,S,A fα (x) = 1 if α ≤ x < κ The subspace {fακ,S,A : α ∈ S} of the space Cp (A, {0, 1}) is denoted by Op (κ; S; A). Definition of Statement S(τ ). For an ordinal τ by S(τ ) we denote the following statement: For any uncountable regular cardinal κ; stationary subset S of κ; unbounded A ⊂ κ \ S; non-trivial metric space M ; and continuous map φ : Op (κ + 1; S; A ∪ {κ}) → Cp (τ, M ) there exists a closed unbounded Q ⊂ S such that φ(Op (κ + 1; Q; A ∪ {κ})) is a singleton. Our next statement is proved in [2, Claim 3 of Lemma 2.1]. Lemma 2.1. Let κ be an ordinal; S, A its disjoint subsets; and U an open neighborhood of fακ,S,A in Op (κ; S; A). If α ∈ S is limit in S, then there exists λ < α such that fβκ,S,A ∈ U for every β ∈ S ∩ [λ, α). The statement mentioned in the abstract follows from the main result of technical nature we prove next. Claims 1 and 2 in the proof of the next lemma are proved for particular cases in [2, Claims 5 and 6 of Lemma 2.1]. Nevertheless, it is shorter to give complete proofs here than explaining what must be changed in old ones. Lemma 2.2. S(τ ) is true for every ordinal τ .
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Proof. Assume S(λ) is true for all λ < τ . To prove S(τ ) fix five objects κ, S, A, M , and φ as in the definition of the statement. To simplify our notations, we will write fα instead of fακ,S,A . Our argument will be broken down into several cases. First, we will prove two claims that will be used in several cases. Claim 1. If λ < τ , T is closed and unbounded in S, and φ(fα ) is constant on [λ, τ ) for all α ∈ T , then there exists P ⊂ T closed and unbounded in T and c ∈ M such that φ(fα )([λ, τ )) = {c} for all α ∈ P . To prove the claim, for each α ∈ T by cα denote the point in M such that φ(fα )([λ, τ )) = {cα }. Assume the conclusion of the claim fails. Then for every α ∈ T we can fix α0 , α00 ∈ T ∩ (α, κ) such that the distance dα between φ(fα0 )(λ) and φ(fα00 )(λ) is positive. Since cofinality of κ is uncountable we can find an unbounded T ∗ ⊂ T and n ∈ ω \ {0} such that dα ≥ 1/n for all α ∈ T ∗ . Since T is stationary in κ we can find t ∈ T which has the following property Property: any neighborhood of t contains {α0 , α00 } for some α ∈ T ∗ . Put Ut = {g ∈ Cp (τ, M ) : g(λ) ∈ B(ct , 1/(3n))}, where B(ct , 1/(3n)) is the open ball centered at ct of radius 1/(3n). Clearly, Ut is an open neighborhood of φ(ft ). By Property and Lemma 2.1, Ut contains φ(fα0 ) and φ(fα00 ) for some α ∈ T ∗ , contradicting the fact that dα ≥ 1/n. The claim is proved. Claim 2. If there always exist P ⊂ S closed and unbounded in S, λ < τ , and c ∈ M such that φ(fα )([λ, τ )) = {c} for all α ∈ P , then S(τ ) is true. To prove the claim let Φ : Cp (τ, M ) → Cp (λ, M ) be defined by letting Φ(f ) = f |λ . The composition Φ ◦ φ is a continuous map of Op (κ; P ; A) into Cp (λ, M ). Since S(λ) is true we can find a closed unbounded Q ⊂ P such that Φ ◦ φ is constant on Op (κ; Q; A). Let us show that Q witnesses that S(τ ) is true. For this pick f, g ∈ Op (κ; Q; A). Since Φ ◦ φ(f ) = Φ ◦ φ(g) we conclude that φ(f ) coincides with φ(g) on [0, λ). By the hypothesis, φ(f ) coincides with φ(g) on [λ, τ ) as well. Hence, φ(g) = φ(h) for every f, g ∈ Op (κ; Q; A), which proves the claim. Case [τ is finite]. If τ = 1 then every function on τ is constant. Therefore by Claims 1 and 2, S(1) is true. Now assume τ > 1. Since S(1) is true, for each i ∈ τ we can find closed T unbounded Ri ⊂ S such that φ(fα )(i) = φ(fβ )(i) for any α, β ∈ Ri . Put R = i∈τ Ri . Clearly, R is as desired, which completes the case. Case [τ is infinite and isolated]. We have τ = λ + 1. If λ itself is isolated then τ is homeomorphic to λ. Since S(λ) is true so is S(τ ). If λ is limit then λ is dense in τ . Therefore Cp (τ, M ) admits a continuous injection into Cp (λ, M ). Now again apply the inductive assumption for λ.
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Case [τ is limit, cf (τ ) 6= κ, and cf (τ ) 6= ω]. Since cf (τ ) is uncountable, φ(fα ) is eventually constant on τ . Since cf (τ ) 6= κ there exist λ < τ and a κ-sized S 0 of S such that φ(fα ) is constant on [λ, τ ) for any α ∈ S 0 . By Lemma 2.1, φ(fα ) is constant on [λ, τ ) for all α ∈ clS (S 0 ). Now apply Claims 1 and 2. Case [cf (τ ) = ω]. Let hλn < τ : n ∈ ωi be a strictly increasing sequence of ordinals converging to τ . Since S(λn ) is true we can find closed unbounded Sn in T S such that φ(fα ) and φ(fβ ) coincide on [0, λn ) for any α, β ∈ Sn . Clearly, n∈ω Sn is as desired. Case [cf (τ ) = κ]. This case is more technical and we start it with the following claim. Claim 3. There exists an order-preserving homeomorphism h of S into a cofinal subset of τ such that h(α) is limit and φ(fα ) is constant on [h(α), τ ) for any α ∈ S. To prove the claim assume h(β) is defined for all β ∈ S that are less than α ∈ S. Case [α is limit in S]. Put h(α) = sup{h(β) : β < α}. We need to show that φ(fα ) is constant on [h(α), τ ). For this pick any γ, λ ∈ [h(α), τ ). Assume φ(fα )(γ) 6= φ(fα )(λ). Then we can find disjoint neighborhoods Oγ and Oλ of φ(fα )(γ) and φ(fα )(λ), respectively. Put U = {g ∈ Cp (τ, M ) : g(γ) ∈ Oγ , g(λ) ∈ Oλ }. Clearly, U is on open neighborhood of φ(fα ) that misses all φ(fβ ) for β ∈ S ∩ [0, α). On the other hand, by Lemma 2.1 and continuity of φ we have φ(fα ) is limit for {φ(fβ ) : β ∈ S ∩ [0, α)}. This contradiction completes the case for limit ordinal. Case [α is isolated in S]. Put α∗ = sup{h(β) : β < α, β ∈ S}. We have α∗ < τ because cf (τ ) = κ and |α ∩ S| < κ. Pick any limit h(α) in (α∗ , τ ) such that φ(fα ) is constant on [h(α), τ ). Such a choice is possible because any continuous function from τ to a metric space is eventually constant due to uncountable cofinality of τ . The definition of h is complete. The desired properties of h are incorporated in the requirements during our construction. The claim is proved. Claim 4. There exist a closed unbounded T in S and λ < τ such that φ(fα ) is constant on [λ, τ ) for every α ∈ T . To prove the claim, for each α ∈ S let cα ∈ M be the point such that φ(fα )([h(α), τ )) = {cα }, where h is the map defined in Claim 3. Since h(α) is limit there exists λ(α, n) < h(α) such that φ(fα )([λ(α, n), τ )) is in the ball B(cα , 1/n) of radius 1/n centered at cα . If h(α) is limit in h(S) we may assume that λ(α, n) ∈ h(S). Let L ⊂ S be the set of all elements of S that are limit points of S. Then h(L) consists of all points of h(S) that are limit in
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h(S). Consider the correspondence h(α) → λ(α, n). This correspondence is a regressive function from h(L) to h(S). Since h(L) is closed and unbounded in h(S) and h(S) is order-homeomorphic to a stationary subset of κ, we can apply the Pressing Down Lemma (see, for example, [5, Lemma 6.15]). Therefore, there exists Sn ⊂ L homeomorphic to a stationary subset of κ and λn < τ such that λ(α, n) = λ for every α ∈ Sn . By continuity of φ and Lemma 2.1, for every T α ∈ clS (Sn ) we have φ(fα ) maps [λn , τ ) into B(cα , 1/n). Now put T = n clS (Sn ). Clearly, T is as desired and the claim is proved. Now apply Claims 1 and 2 to complete the case.







Definition of Statement S ∗ (τ ). For an ordinal τ by S ∗ (τ ) we denote the following statement: For any uncountable regular cardinal κ; stationary subset S of κ; unbounded A ⊂ κ \ S; non-trivial metric space M ; and continuous map φ : Op (κ; S; A) → Cp (τ, M ) there exists a closed unbounded Q ⊂ S such that φ(Op (κ; Q; A)) is a singleton. Lemma 2.3. S ∗ (τ ) is true for every τ . Proof. To prove S ∗ (τ ) fix five objects κ, S, A, M , and φ as in the definition of the statement. Put each f ∈ Op (κ + 1, S, A ∪ {κ}) into correspondence with its restriction to A, namely, with f |A . Since A is dense in A ∪ {κ}, this correspondence π is a continuous injection of Op (κ + 1; S; A ∪ {κ}) into Op (κ; S; A). Since S(τ ) is true, there exists a closed unbounded Q ⊂ S such that π ◦ φ is constant on Op (κ + 1, Q, A ∪ {κ}). Clearly, Q also demonstrates that S ∗ (τ ) is true.  A proof of the following folklore statement can be found in particular in [2, Proposition 2.5]. Proposition 2.4. (Folklore) Let B be a subspace of an ordinal τ and A ⊂ B a closed non-empty subspace of B. Then B admits a continuous retraction onto A. We are now ready to prove our main result in the technical form to be reformulated later. Theorem 2.5. Let X be a subspace of some ordinal λ and M a non-trivial metric space. If Cp (X, M ) admits a continuous injection into Cp (τ, M ) for some ordinal τ then no subspace of X \ X is homeomorphic to a stationary subspace of an uncountable regular ordinal.
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Proof. Let Φ be a continuous map from Cp (X, M ) to Cp (τ, M ) and let S ⊂ X \X be order-homeomorphic to a stationary subset of an uncountable regular ordinal κ. We need to show that Φ is not one-to-one. To prove it, select a closed set A in X with the following properties: (1) A \ {sup S} is cofinal with S; (2) |A| = |S|. To construct such a set first pick a point between any two neighbors of S, which is possible because S is in the closure of X. Next take the closure of the selected collection of points in X. Put K = clλ (A ∪ S) \ {sup S}. Clearly K is order-homeomorphic to κ. First assume sup S 6∈ X. By Proposition 2.4, X admits a continuous retraction onto A. Therefore, Op (κ; S; A) embeds into Cp (X, M ). Denote the embedding by H. We have φ = Φ ◦ H is a continuous map from Op (κ; S; A) to Cp (τ, M ). By Lemma 2.3, φ is not one-to-one. Since H is one-to-one, we conclude that Φ is not one-to-one. For the case when sup S ∈ X, the argument is the same but we apply Lemma 2.2 to Op (κ + 1; S; A).  To make the statement of the theorem less technical we need the following classical theorem. Theorem. (R. Engelking and D. Lutzer [6]) Let X be a subspace of a linearly ordered topological space. Then X is paracompact iff no closed subspace of X is homeomorphic to a stationary subset of a regular uncountable cardinal. The Engelking-Lutzer criterion allows us to re-state Theorem 2.5 as follows. Theorem 2.6. Let X a subspace of some ordinal and M a non-trivial metric space. If Cp (X, M ) admits a continuous injection into Cp (τ, M ) for some ordinal τ then X \ X is hereditarily paracompact. In Theorem 2.9 of [2], it is proved that for any B ⊂ ω1 and non-trivial metric space M the following three conditions are equivalent: (1) B is countable or contains a homeomorphic copy of ω1 ; (2) Cp (B, M ω ) embeds into Cp (ω1 , M ω ); (3) Cp (B, M ω ) admits a continuous injection into Cp (ω1 , M ω ). This criterion and the main result of our paper motivate the following question. Question 2.7. Let X be a subspace of on ordinal and M a nontrivial metric space. Suppose X \ X is hereditarily paracompact. Is it true then that one can continuous inject (embed) Cp (X, M ω ) into Cp (τ, M ω ) for some ordinal τ ?
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Since the Engelking-Lutzer theorem is true for any linearly ordered space, one may wonder if it is possible to generalize our main result to a wider class of linearly ordered spaces. Question 2.8. Let X be a linearly ordered compactum; M a non-trivial metric space; and A ⊂ X. Suppose Cp (A, M ) admits a continuous injection into Cp (X, M ). Is it true that X \ X is hereditarily paracompact? References [1] A. Arhangel’skii, Topological function spaces, Math. Appl., vol. 78, Kluwer Academic Publishers, Dordrecht, 1992. [2] R. Buzyakova, Injections into Function Spaces over Ordinals, Topology and its Applications, 157 (2010), 2844-2849. [3] R. Cauty, Sur l’invariance de la dimension infinie forte par t-e’quivalence, Fund. Math. 160 (1999), no. 1, 95–100. [4] R. Engelking, General Topology, PWN, Warszawa, 1977. [5] K. Kunen, Set Theory, Elsevier, 1980. [6] D. Lutzer, Ordered topological spaces, Surveys in General Topology, G. M. Reed, ed., Academic Press, New York (1980), 247-296. [7] J. Nagata, On lattices of functions on topological spaces and of functions on uniform spaces, Osaka Math. J., 1949, vol. 1, no. 2, 166-181. [8] O. Okunev, Weak topology of a dual space and a t-equivalence relation, Math. Notes, 46 (1989), 534-538. [9] Lynn Arthur Steen and J. Arthur Seebach, Jr., Counterexamples in Topology, SpringerVerlag New York Inc., 1978. Department of Mathematics and Statistics, The University of North Carolina at Greensboro, Greensboro, NC, 27402, USA E-mail address: [email protected]
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