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On Rumour Spreading with Skepticism and Denial Wentao Huang Department of Electrical Engineering Shanghai Jiao Tong University, China Email: [email protected] Abstract This report studies the rumour spreading process with denial and skepticism. Two models are established to accommodate skeptics. In the first model which focuses on a fixed population, bounds on the ratios of believers and skeptics of the rumour in the stable state are obtained. The second model considers a dynamic population with renewals. The author derives exact analytical results on the equilibrium point of the system and identifies interesting threshold phenomena that determine whether a rumour will eventually be accepted, rejected or forgotten. This research is relevant to the fundamental understanding of rumour spreading in realistic scenarios.



I. I NTRODUCTION Rumour is an important social phenomenon that a similar remark spreads on a large scale in a short time through chains of communication. To analyze the spreading and cessation of them, rumour transmissions are often modeled as social contagion processes [6]. Therefore the track of works on rumour spreading are closely relevant to epidemiological models [3], which involve the spread of a disease and the removal of infectious individuals. The major difference between epidemiological models and rumour spreading models is the removal mechanism. During the past decades, various mathematical models for the propagation of a rumour within a population have been developed. In particular, two classical models were introduced by Daley and Kendall [4; 3] and Maki and Thompson [9]. In both models, people are divided into three classes: ignorants (those not aware of the rumour), spreaders (those who are spreading it), and stiflers (those who know the rumour but have ceased communicating it after meeting somebody already informed), and they interact by pairwise contacts. In the Daley-Kendall Model, spreader-ignorant contact will convert the ignorant to spreader; spreader-spreader contact will convert both spreaders to stiflers and; spreaderstifler contact will stifle the spreader. In the Maki-Thompson Model, the rumour is spread by directed contact of the spreaders with other individuals. Hence, when a spreader contacts another spreader, only the initiating one becomes a stifler. A large amount of works have studied the dynamics and limit behaviors of these two systems and their variants [7; 18; 16; 14]. More recently, the study of rumour propagation modeling has been revamped by the large number of results [20; 21; 11; 10] on large complex network systems pointing out that the network structure and the possible heterogeneity therein can greatly impact the process of rumour spreading. Nekovee et al. [13] unified and generalized these observations to theory and investigated both the steady-state and the timedependent behaviors of various systems based on several classical models of social networks including homogeneous networks, Erdos-Renyi (ER) random graphs, uncorrelated scale-free networks and scale-free networks with assortative degree correlations. However, an interesting phenomenon in rumour spreading arguably has been so far neglected by previous works: skepticism and denial. In the spread of rumours, the exposure of individuals to a rumour often leads to both enthusiasts and skeptics, and this is especially true for the cases of false rumours. At times, the denial of these rumours is delivered by the authority in a broadcast like way, e.g., by public statement on newspapers or televisions. Nevertheless, for many other scenarios, due to the sensitivity or privacy of the message or other reasons, the denial process share a similar nature as the rumour spreading process, i.e., 1 The author wants to thank M. Nekovee, Y. Moreno, G. Bianconi and M. Marsili for their work “Theory of rumour spreading in complex social networks” [13] has inspired this technical report.



the message of denial is also spread in the population as a rumour by pairwise contact of people. This kind of denial mechanism is the main focus of this report. For example, since 2008 there have been frequent earthquake rumours, most of which turn out to be misleading, in several provinces of China [8; 17]. Interestingly, only a few of them are officially denied by the authority and the majority of these canards are gradually rectified by the words spread from local residents. It is also noticed that the official denial of rumours could be severely delayed. For instance, in late 2007 there was a wide spread rumour that a kind of extinguished tiger had been identified and photoed in southern China [12]. But soon skeptics emerged pointing out that the photos are fake. These two exclusive opinions had propagated in the country for almost a year before the government eventually announced that the photos are fraudulent. In such cases, again it would be interesting to investigate how two (or more) competing rumours propagate. Lastly it is worth mentioning that the problem of rumour spreading with skepticism and denial is also relevant to market share competition [19] and the spreading of competing ideas or thoughts [1]. To model the skepticism and denial of rumours, two models are established in this report. The first model considers a closed system with fix population and we derive the bounds on the steady state believerskeptic ratio. A more dynamic system with population renewal is studied in the second model, where exact analytical results on the equilibrium point of the system are obtained. In this model we identify an interesting threshold phenomena that determine whether the rumour will eventually be accepted, rejected, or forgotten. For most related works, Kawachi et al. [6] studied a flexible spreader-ignorant-stifler model where spreader to ignorant and stifler to spreader transitions are possible, while Lebensztayn et al. [5] investigated the case that a new uninterested class of people exists. Bettencourt et al. [1] have worked on the spreading process of multiple vying ideas. However, to the best of the author’s knowledge, this report is the first work on rumour spreading with denial and skepticism. II. M ODELING AND A NALYSIS The propagation of rumours is a complicated socio-psychological process and we base our model on the generalized ISS (Ignorant-Spreader-Stifler) model proposed in [13]. In this model, similar to the Maki and Thompson case, rumour spreads by directed contact of the spreaders with others in the population. Specifically, the process is governed by the following rules. • When a spreader contacts an ignorant, the ignorant becomes a spreader at rate λ1 . • When a spreader contacts one who is not an ignorant, the spreader becomes a stifler at a rate α1 . • Any spreader may automatically lose interest in spreading, and it becomes a stifler at rate δ. However, in addition to ignorants, spreaders and stiflers, we assume there is another class of people: the insiders. They are the counterparts of ignorants, having direct access to the expertise or facts that could refute the rumour. Hence, whenever a spreader contacts an insider, the insider will become a informant, which is the counterpart of spreader, at rate λ3 . The informant will disseminate denials of the rumour to its contact, such that whenever it meets an ignorant or insider, the ignorant or insider will become a informant at rate λ2 . The informant may also lose interest in denying and therefore it becomes a stifler at rate α2 when it encounters either a spreader, informant or stifler. Similarly, the automatical interest losing rate δ also applies to informants. It is interesting to note that now the stiflers can be divided into two subclass: we define the stiflers who are ex-spreaders as believers (or positive stiflers) and those who are ex-informants as skeptics (or negative stiflers). Then by analyzing the ratio of believers and skeptics, insights could be gained on whether a rumour is accepted or rejected and how. We comment that in order to keep our model mathematically tractable, the possible complex interaction between spreader-informant, spreader-skeptic and informant-believer contacts are simplified. Despite that, we believe our model still suffice to provide fundamental insights into the rumour spreading process with denial and skepticism. We also assume in this work that the underlying network structure is homogeneous, such that all the edges are independent and identically distributed according to uniform distribution. Therefore, denoting k¯ as the



TABLE I: Summary of Important Notations Notation N ρi , ρs , ρp ρd , ρf , ρn λ1 , λ2 , λ3 α1 , α2 δ



Definition size of the population fraction of ignorants, spreaders and believers (positive stiflers) in the population fraction of insiders, informants and skeptics (negative stiflers) in the population transition rate from ignorants/insiders to spreaders/informants transition rate from spreaders/informants to stiflers automatical interest losing rate



average degree of the network, without loss of generality, it is convenient to normalize k¯ to 1. We defer more realistic and complicated cases to future works. Given the rules specified above, using the Interacting Markov Chains (IMC) techniques similar to that in [13], the following ordinary differential equations (ODEs) could be established to characterize the system (a summary of important notations can be found in Table I). dρi (t) = −λ1 ρi (t)ρs (t) − λ2 ρi (t)ρf (t) (1) t dρs (t) = λ1 ρi (t)ρs (t) − α1 ρs (t)(1 − ρi (t) − ρd (t)) − δρs (t) (2) t dρp (t) = α1 ρs (t)(1 − ρi (t) − ρd (t)) + δρs (t) (3) t dρd (t) = −λ3 ρd (t)ρs (t) − λ2 ρd (t)ρf (t) (4) t dρf (t) = λ3 ρd (t)ρs (t) + λ2 ρf (ρd (t) + ρi (t)) − α2 ρf (t)(1 − ρi (t) − ρd (t)) − δρf (t) (5) t dρn (t) = α2 ρf (t)(1 − ρi (t) − ρd (t)) + δρf (t) (6) t Due to heterogeneities in parameters (e.g., λ and α) and contagion mechanism (e.g., differences between (2) and (5)), the above system of ODEs is rather difficult to solve even in steady state. However, it is possible to derive bounds on ρp (∞) and ρn (∞). First consider the case that λ = λ1 = λ2 = λ3 and α = α1 = α2 . Under this circumstance, ρi (∞) and ρd (∞) can be obtained by standard technique (for example, by integrating (1) and substituting it to the sum of (2) and (5), which will then be integrated again). Let R = 1 − e−R where =



α+λ δ+α



It follows, ρi (∞) = ρi (0)R ρd (∞) = ρd (0)R Observe that these two bounds hold trivially: ρp (t) < ρi (t), ρn (t) > ρd (t), ∀t. Therefore We have ρp (∞) < ρi (0)R, ρn (∞) > ρd (0)R, and hence ρn (∞) ρd (0) > ρp (∞) ρi (0)



(7)



However, we notice that the above bound could be very loose since it is possible that many of the initial ignorants will eventually become skeptics rather than believers. To obtain a refined bound, it is necessary to investigate the final placement distribution of the converted ignorants. The challenge is, even if we limit our focus to only ignorants (and therefore ignoring the insiders), the competition between spreaders and informants on infecting the ignorants still exists. Technically, in (1), it is difficult to separate the contribution from the two nonlinear terms −λ1 ρi (t)ρs (t) and −λ3 ρi (t)ρf (t). Nevertheless, we notice that a recent work [5] help shed some light on this problem. In that paper, the authors studied a extended ISS model with a new uninterested class of people, i.e., when a spreader contacts an ignorant, the ignorant has the choice (with a probability η) of becoming an uninterested, that is, of stifling right after hearing the rumour. Though their model cannot capture the contagious nature of informants, it still provides a better bound than (7), if we regard informants as uninterested. Notice that ρf (t)/ρs (t) is a monotone increasing function and therefore η can be set as: ρf (0) ρd (0) ρf (t) > ∼ =η ρs (t) ρs (0) ρi (0) Definition 1. f (x) : (0, 1] → R is a function: f (x) = (1 − η +



α α )(1 − x) + log x λ λ



and define x∞ as the unique root of f in (0, 1). Then, according to Theorem 2.3 in [5], u∞ = (1 − η)(1 − x∞ ) and v∞ = η(1 − x∞ ) is the final fraction of (positive) stifler and uninterested class in the population, respectively. Therefore we have, ρd (0) + ηρi (0) 2η ρn (∞) > = p i ρ (∞) (1 − η)ρ (0) 1−η Hence the following theorem holds, Theorem 1. For a rumour spreading process characterized by ODE system (1) - (6), the steady state ratio of believers to skeptics of the rumour follows the bound ρn (∞) 2η > p ρ (∞) 1−η where η = ρd (0)/ρi (0). We comment that Theorem 1 provides a much tighter bound than (7) when η is close to 1. However, when η is small, it could still be loose. To deal with such cases, invoking the previous method recursively may be a possible solution. Nevertheless, it is unquestionably more practical to proceed directly to their numerical evaluation [3]. Due to limited time, we skip this part in this report. A. Systems with Dynamic Population In the previous subsection we have extended the classical ISS model to accommodate denial and skepticism of rumours. However, it turns out that such model is somewhat too complex and deriving a neat and exact result is very difficult. An important reason of the complication is that the coupling of the two competing spreading process (rumours and denials) causes the system to become more sensitive to initial conditions. For example, the time that the first informant appears would make a big difference. Interestingly and somewhat surprisingly, by introducing more dynamics into the system, much of the complexness can be eliminated. That is, we now assume the population N to be a function of time, and satisfies dN (t)/dt = Λ − µN (8)



Then if we focus our analysis on steady state or limiting behaviors of the system, the impact of initial conditions will vanish. It is worth noting that the demographic dynamics (8) are widely assumed in many contexts including epidemic modeling and idea spreading [3; 1]. This assumption is also closely relevant to realistic cases in our problem. For example, Λ denotes the arrival rate of new individuals susceptible to the rumour, such as new births, new immigrants to a place, new employers/students to a company/school, etc. This assumption is especially necessary to model rumours with long life span: during the decades or even centuries of their propagation, the population is certain to go through major changes [6; 2]. Our new model is governed by the following ODE system. Notice that we have introduces some more adaptations in this model comparing to the one in previous subsection due to technical concerns. First, now we no longer assume the insiders. Rather, we now consider the case that there is at least one informant at the beginning of the process. The rationales are i) insiders are rare after all, and ii) the long time span of our analysis will diminish the impact of the first informant and hence minimize the impact of insiders. Second, in order to guarantee a clear cut and fundamental insight, we neglect the δ factor at this phase. Third, because of reasons that will be clear later, we do not need to explicitly model positive and negative stiflers, and therefore it suffices to establish the ODE system for only three variables. dρi (t) = Λ − λ1 ρi (t)ρs (t) − λ2 ρi (t)ρf (t) − µρi (t) (9) dt dρs (t) = λ1 ρi (t)ρs (t) − α1 ρs (t)(N (t) − ρi (t)) − µρs (t) (10) dt dρf (t) = λ2 ρi (t)ρf (t) − α2 ρf (t)(N (t) − ρi (t)) − µρf (t) (11) dt The asymptotic late-time dynamics of the above system can be obtained by using fix points analysis techniques. Let (9) - (11) equal zero, it is clear that at most three non-negative fix points, which are listed in below, can be supported. Λ , ρs (∞) = 0, ρf (∞) = 0 µ Λ(α1 Λ + µ2 ) Λµ(λ1 − µ) Point B : ρi (∞) = , ρs (∞) = , ρf (∞) = 0 µ(α1 Λ + λ1 µ) λ1 (α1 Λ + µ2 ) Λ(α2 Λ + µ2 ) Λµ(λ2 − µ) Point C : ρi (∞) = , ρs (∞) = 0, ρf (∞) = µ(α2 Λ + λ2 µ) λ2 (α2 Λ + µ2 )



Point A : ρi (∞) =



(12) (13) (14)



Observe that point A corresponds to the state that both believers and skeptics of the rumour have extinguished, i.e., the rumour is forgotten. In such cases, ρi (∞) = N (∞) = Λ/µ. Moreover, there are two steady states that correspond to the extinction of skeptics (Point B) and extinction of believers (Point C), respectively, i.e., the rumour is accepted or denied. Notice that this model does not support the steady state co-existence of both believers and skeptics. Given a set of parameters, to determine which of the three states will become stable, we investigate the linear part of the vector field given by the Jacobian matrix of (9) - (11) [15].  (λ ρf +λ ρs +Λ)µ  ρi λ1 µ ρi λ2 µ 1 − − − 2 Λ Λ Λ i   0 J =  ρs (α1 + λΛ1 µ ) ρi α1 − αµ1 Λ − µ + ρ λΛ1 µ  λ2 µ λ2 ρ i Λ f i ρ (α2 + Λ ) 0 α2 (ρ − µ ) + ( Λ − 1)µ Now consider the eigenvalues of J around state A. This gives λ1 − µ



λ2 − µ



−µ



Therefore the rumour-free state is stable if λ1 < µ and λ2 < µ.



It would be more interesting to study the two endemic states B and C. For state B, the eigenvalues are Λα2 (µ − λ1 ) + Λα1 (−µ + λ2 ) + µ2 (−λ1 + λ2 ) Λα1 + µλ1



−Λµα1 − µ2 λ1 ± C 2 (µ2 + Λα1 )



Where C=



p



(Λµα1 + µ2 λ1 ) 2 − 4 (µ2 + Λα1 ) (−µ4 − Λµ2 α1 + µ3 λ1 + Λµα1 λ1 ) 2



1 −µ λ1 ±C are negative definite. To make state B stable, it is It could be verified that the terms −Λµα 2(µ2 +Λα1 ) equivalent to guarantee the following inequality



Λα2 (µ − λ1 ) + Λα1 (−µ + λ2 ) + µ2 (−λ1 + λ2 ) < 0 which can be reduced to C1: λ1 > µ and λ2 ≤ µ or −Λµα1 + Λµα2 + µ2 λ2 + Λα1 λ2 C2: λ2 > µ and λ1 > µ2 + Λα2 Similarly, considering endemic state C, define C3 and C4 as C3: λ2 > µ and λ1 ≤ µ or −Λµα2 + Λµα1 + µ2 λ1 + Λα2 λ1 C4: λ1 > µ and λ2 > µ2 + Λα1 Then if either C3 or C4 holds, state C will be stable. In summary, we claim the following theorem. Theorem 2. For a rumour spreading process characterized by ODE system (9) - (11), the population will eventually forget the rumour and converge to state A if µ > λ1 and µ > λ2 . The rumour will be accepted by a constant fraction of the population and the skeptics will die out (state B) if C1 or C2 holds. The rumour will be rejected by a constant fraction of the population and the believers will die out (state C) if C3 or C4 holds. III. C ONCLUSIONS In this report we study the rumour spreading process with denial and skepticism. Two models are established to accommodate skeptics. In the first model which focuses on a fixed population, bounds on the ratios of believers and skeptics of the rumour in the stable state are obtained. The second model considers a dynamic population with renewals. We derive exact analytical results on the equilibrium point of the system and identify interesting threshold phenomena that determine whether a rumour will eventually be accepted, rejected or forgotten. Our research provides fundamental insight on the understanding of rumour spreading in realistic scenarios. [1]
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