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Abstract



This paper deals with the ε -stability of bi-criteria nonlinear programming problems with fuzzy parameters (FBNLP) in the objective functions. These fuzzy parameters are characterized by trapezoidal fuzzy numbers (Tr. F. Ns). The existing results concerning the qualitative analysis notions (solvability set and the stability set of the first kind) in parametric nonlinear programming problems are reformulated to study the ε -stability of bi-criteria nonlinear programming problems under the concept of α -pareto optimality. Numerical example is given in the sake of this paper to clarify the obtained results.
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1. Introduction In fuzzy decision making problems, the concept of a maximizing decision was proposed by Bellman and Zadeh [3]. In his earlier work, Osman [8, 9] introduced the notions of the solvability set, stability set of the first kind and stability set of the second kind, and analyzed these concepts for parametric convex nonlinear programming problems. Tanaka and Asai [13] formulated multiobjective linear programming problems with fuzzy parameters, Orloveski [10] formulated general multiobjective nonlinear programming problem with fuzzy parameters, Sakawa and Yano [12] introduced the concept of α -pareto optimality of fuzzy parametric programs, Mahmoud A. Abo-Sinna [2] studied the stability of multiobjective dynamic programming with fuzzy parameters in the objective functions, Kassem [5] introduced an interactive stability of multiobjective nonlinear programming problems with fuzzy parameters in the constraints, Ammar [15] introduced a interactive stability of multiobjective nonlinear programming problems with fuzzy parameters in the objective functions and constraints. Kassem and Ammar [6] introduced a parametric study of multiobjective nonlinear programming problems with fuzzy parameters in the objective functions. Kassem [14] investigated the stability of multiobjective nonlinear programming problems with fuzzy weights in the objective functions and fuzzy matrix parameters in the constraints and represented the related dual problems. Li and Cheng [16] investigated the stability on multiobjective dynamic programming problems with fuzzy parameters in the objective functions and in the constraints. Tai [17] addressed the exponential stability of non-linear hyperbolic distributed complex-valued parameter systems. El-Sobky [18] converted a fuzzy multi-objective constrained optimization problem to a single-objective constrained optimization problem with equality and inequality constraints and solved it using a trust-region algorithm. Also, Osman and El-Banna [7] introduced an algorithm for obtaining the subset of the parametric space which has the same corresponding α -pareto optimal solution. The paper is organized in five sections as: In section 2, bi-criteria nonlinear programming problem with fuzzy parameters in the objective functions is presented as specific definition and properties. In section 3, the ε -stability set of the first kind is determined. In section 4, the H.A.Khalifa , IJRIT
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determination of the ε -stability set of the first kind is considered. Finally, an illustrative numerical example is given to clarify the obtained results in section 5.



2. Problem Formulation Consider the following bi-criteria nonlinear programming problem with fuzzy parameters in the objective functions:



( f ( x , a%1 ), f 2 ( x , a%2 ) )t



(FBNLP): Min 1 subject to



x ∈ M = { x ∈ R n : h j ( x ) ≤ 0, j = 1, 2, ..., m } where



f



i



: R



n



→ R , hj : R



m



→ R , i = 1, 2; j = 1, 2 , ..., m



a%i , i = 1, 2



,



; are convex differentiable



functions, is a vector of fuzzy parameters. These fuzzy parameters are be characterized as the trapezoidal fuzzy numbers introduced in [4]. It is assumed that: 1- M is non-empty (i.e., M ≠ φ ),



as summed to



2- f i ( x , a%i ), i = 1, 2 ; is continuous on M, and 3- (FBNLP) problem is stable [11]. It is appropriate to recall that real fuzzy numbers subset of the real line whose membership function



a%i , i = 1, 2 ; from a convex continuous fuzzy



µa% ( ait ) i



by (see, [4]): 1- A continuous mapping from R to the closed interval 2-



µa% ( ai ) = 0 i



and



a l ( l = 1, 2, 3 and 4 ) is defined



[ 0, 1] ;



for all ai ∈ [ − ∞, a ] ; 1 i



1



2



3- Strictly increasing on [ ai , ai ] ; 4-



µa% ( ai ) = 1 for all ai ∈ [ ai2 , ai3 ] ; i



5- Strictly decreasing on 6-



µa% ( ai ) = 0 i



[ ai3 , ai4 ] ;



for all ai ∈ [ ai , ∞ ] . 4



A possible shape of fuzzy number a is illustrated in the following figure



µa% ( a ) 1.0



0



a1



a2



a3



a4



a



Figure 1. Membership function of fuzzy number a% .
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µa% ( ai )



It must be noted that if which are imposed on



i



µa% ( ai )



is concave function on



[ ai1 , ai4 ]



, the conditions (1) – (6)



are still satisfied and the membership function



i



µa% ( ai ) i



is a



l i



a at a certain level α . function of Here, we assume that the membership function



µa% ( ai ) i



is differentiable on



Definition 1. The α -level set of the fuzzy numbers a%i



[ ai1 , ai4 ]



.



is defined as the ordinary set



Lα ( a%i ), i = 1, 2 for which the degree of their membership function exceeds the level α : Lα ( a%i ) = { ai : µa%i ( ai ) ≥ α , i = 1, 2} . For a certain degree of



α , (FBNLP) problem can be written as in the following non fuzzy form [4]:



( α -BNLP): Min [ f 1 ( x , a1 ), f 2 ( x , a2 ) ]



t



subject to



x ∈ M , ai ∈ Lα ( a%i ) , i = 1, 2 . In the whole paper, we assume that the ( α -BNLP) problem stable [11].



Definition 2. x ∈ M , ai ∈ Lα ( a%i ), i = 1, 2 is said to be an α -pareto optimal solution to the



( α -BNLP) problem if and only if there does not exist another such that:



x ∈ M , ai ∈ Lα ( a%i ), i = 1, 2 ;



[ f 1 ( x , a1 ), f 2 ( x , a2 ) ]t ≤ [ f 1 ( x , a1 ), f 2 ( x , a2 ) ]t , with strict inequality holding for at least one i, where the corresponding values of the parameters called



a are



α -level optimal parameters.



( α -BNLP) problem will be treated using the weighting method: ( α -NLP): Min



2



∑w i =1



f i ( x , ai )



i



subject to



x ∈ M , ai ∈ Lα ( a%1 ), i = 1, 2 , where w



2   ∈W =  w ∈ R 2 : ∑ w i = 1, w i ≥ 0, i = 1, 2  . i =1  



( α -NLP) problem can be rewritten as in the following form: ( α -NLP)1: Min



2



∑w i =1



i



f i ( x , ai )



subject to



x ∈ M , c1i ≤ ai ≤ c 2i , i = 1, 2 , where w



2   ∈W =  w ∈ R 2 : ∑ w i = 1, w i ≥ 0, i = 1, 2  . i =1  
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( x , a ) is an α -pareto optimal solution of ( α -BNLP) problem if there exists



We see that



w ≥ 0 such that ( x , a ) is the unique optimal solution of ( α -NLP )w1 corresponding to the α level. The stability of problem ( α -NLP)1 follows directly from the stability of ( α -BNLP) problem.



Definition 3 [1]. The norm of a vector x ∈ R n is denoted by || x || and is defined by:



x = ( xt x )



1



n



2



= ( ∑ xi2 )



1



2



, i = 1,2,..., n . .



i =1



Definition 4 [2]. The open ball with a center at x and a radius ε > 0 is denoted by B ε ( x ) and is defined as:



B ε ( x ) = { x ∈ R n : || x − x || ≤ ε , ε ∈ R } . Lemma 1. The open ball B ε ( x ) = { x ∈ R n : || x − x || < ε } is convex set. Proof: Let x 1 , x 2 ∈ B ( x ) . Since x 1 ∈ B ε ( x ) , then



|| x 1 − x || < ε



(i)



x 2 ∈ B ε ( x ) , then



Also,



|| x 2 − x || < ε Hence, || (1 − β ) x



(ii)



+ β x 2 − x || = || (1 − β ) x 1 − (1 − β ) x + (1 − β ) x + β x 2 − x ||



1



= || (1 − β ) ( x 1 − x ) + β ( x 2 − x ) || Since ||



A + B || ≤ || A || + || B || . Then || (1 − β ) x 1 + β x 2 − x || ≤ || (1 − β ) ( x 1 − x ) || + || β ( x 2 − x ) ||



Since || α A ||



= | α | || A || . Then



|| (1 − β ) x 1 + β ( x 2 − x ) || ≤ | 1 − β | || α 1 − x || + | β | || x 2 − x || (iii) From (1), (2) and (3), we obtain



|| (1 − β ) x 1 + β x 2 − α || < | 1 − β | ε + β ε = ε . Thus



B ε ( x ) is convex set.



Definition 5. The solvability set B of ( α -NLP)1 Problem is defined by B = {(w , a ) ∈ R 6 : ( α NLP)1



problem



has



the



α -pareto



optimal



solution



},



where



w ∈R2,



and



a = (a , a , a , a ) ∈ R . l



1



2



3



4



4



3. The ε-stability set of the first kind Definition 6. Given a certain w with a corresponding α -pareto optimal solution ( x , a ) , then the



ε -stability set of the first kind S ( x , a )



of ( α -NLP )w problem corresponding ( x , 1



a ) is defined
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S ( x , a ) = {w ∈ R 2 : ( x , a ) is an α -pareto optimal solution of ( α -NLP)' problem and || ( x , a ) − ( x , a ) || < ε } ,



∈ R , ε ∈ R and a l = ( a1 , a 2 , a 3 , a 4 ) ∈ R 4 .



where w



4. Determination of the ε-stability set of the first kind



α -pareto optimal solution of the ( α -BNLP) problem, then there exists w ∈ R , w ≥ 0, ε ∈ R , ε > 0 , and a l = ( a1 , a 2 , a 3 , a 4 ) ∈ R 4 , such that from the stability 1 of ( α -NLP )w problem, it follows that these exists u ≥ 0 , v ≥ 0 solves the following Kuhn-Tucker Let ( x , a ) be an



2



( K − T ) problem: 2 ∂ hj (x ) ∂ f i ( x , ai ) wi − ∑u j = 0, ∑ ∂x ∂x i =1 j ∈J



∂ µa%i ( ai ) ∂ f i ( x , ai ) −v i = 0; i = 1, 2 , ∂ ai ∂ ai



2



∑w i =1



i



(1)



(2)



h j ( x ) = 0; j ∈ J ⊂ {1, 2, ..., m } ,



(3)



h j ( x ) < 0; j ∉ J ,



(4)



u j h j ( x ) = 0; j = 1, 2, ..., k ,



(5)



α − µa% ( ai ) < 0; i ∈ I ⊂ {1, 2} ,



(6)



α − µa% ( ai ) = 0; i ∉ I



(7)



i



i



,



v i [α − µa%i ( ai ) ] = 0; i = 1, 2 ,



(8)



u j ≥ 0; j = 1, 2, ..., m



(9)



v i ≥ 0; i = 1, 2 ,



(10)



|| ( x , a ) − ( x , a ) || < ε



(11)



If a point ( x , a ) is an



α -optimal



NLP)', it follow that there exists



solution of ( α -NLP)' problem and from the stability of ( α -



w ∈ R 2 , w ≥ 0, w ≠ 0 (w > 0 ) , u j ∈ R m , u j ≥ 0 and



v i ∈ R 2 , v i ≥ 0 such that the Kuhn-Tucker conditions of ( α -NLP)' problem takes the form: 2 ∂ hj ( x ) ∂f i (x , a ) wi +∑ uj = 0; j = 1, 2, ..., m ; i = 1, 2 (12) ∑ ∂x ∂x i =1 j ∈J 2



∑w i =1



i



∂ µa%i ( ai ) ∂f i (x , a ) −v i = 0; i = 1, 2 , ∂ ai ∂ ai



h j ( x ) = 0; h j ( x ) < 0;



j ∈ J ⊂ {1, 2, ..., m },   j ∉J , 



µa% ( ai ) = α ; i ∈ I ⊂ {1, 2}, i



µa% ( ai ) > α ; i ∉ I , i
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u j ≥ 0, j ∈ J , v i ≥ 0, i ∈ I ,



(16)



|| ( x , a ) − ( x , a ) || ≤ ε .



(17)



Theorem 1. The set S ( x , a ) is convex. Proof: Given a certain α -level with a corresponding α -pareto optimal solution on ( x , a ) , then we have



w i1 , w i2 ∈ S ( x , a ) which satisfy the following relations: 2



∑w i =1



2



1 i



f i ( x , ai ) ≤ ∑ w i1 f i ( x , ai ) , for all ( x , a ) ∈ M × La ( a% ) and



2 i



f i ( α , ai ) ≤ ∑ w i2 f i ( α , ai ) for all ( x , a ) ∈ M × La ( a% ) . Therefore,



2



∑w i =1 2



i =1



2



i =1



∑ [βw i =1



for all ( x ,



2



1 i



+ (1 − β )w i2 ] f 1 ( x , ai ) ≤ ∑ [ β w i1 + (1 − β )w i2 ] f i ( x , ai ) i =1



a ) ∈ M × La ( a ) and 0 ≤ β ≤ 1 , i.e.,



β w i1 + (1 − β )w i2 ∈ S ( x , a ), i = 1, 2 , and hence the result follows. 5. Illustrative Numerical Example In this section, we provide a numerical example to demonstrate the theory developed in the paper. Consider the following



min ( f 1 ( x , a%1 ), f 2 ( x , a%2 ) )t subject to



−x 1 + x 2 ≤ 3 x 12 + x 22 ≤ 25 , x 1, x 2 ≥ 0 , f 1 ( x , a%1 ) = − x 1 − a%1 ,



where



f 2 ( x , a%2 ) = −x 2 − a%2 ,



a%1 = ( 3.8, 4, 4.8, 5 )



and



a%2 = (1, 2, 3, 4 ) . Solution. At



α =1



4 ≤ a1 ≤ 4.8,



2 ≤ a2 ≤ 3



x = ( 4, 3) , and a = ( 4.8, 3) The Kuhn-Tucker conditions:



−w 1 − u1 + 2 x 1 u 2 = 0 ;



−w 2 + u1 + 2 x 2 u 2 = 0 ;



−w 1 − ξ1 + η1 = 0 ,



−w 1 − u1 + 2 x 1 u 2 = 0 ;



−w 2 + u1 + 2 x 2 u 2 = 0 ;



−w 1 − ξ1 + η1 = 0 ,



−w 2 − ξ 2 + η2 = 0 ;



u1 (−x 1 + x 2 − 3) = 0 ;



u2 ( − x 1 + x 2 − 25) = 0 ,



ξ1 ( a1 − c 21 ) = 0 ; H.A.Khalifa , IJRIT
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u 1 , u 2 , ξ1 , ξ 2 , η1 and η 2 ≥ 0 ; •



u 2 = 0 . Then w 1 = w 2 = 0 .



•



u 2 > 0 . Then w 1 , w 2 > 0 .



w1 x 2 =w 2 x1 → x 2 =



u 1 = ξ1 = ξ 2 = 0; u 2 , η1 , η2 ≥ 0 ,



w2 x1, w1 2



w  x +  2  x 12 = 25 ,  w1 



x + x = 25 , 2 1



2 2



2 1



 w2 x 12  1 + 22 w1 



  = 25 , 



25w 12 25 25 = = . Then w 22 w 12 + w 22 w 12 + w 22 1+ 2 w1 w 12 5w 1 5w 2 x2 = and 2 2 w 1 +w 2 w 12 + w 22 x 12 =



x1 =



a1 = 4.8,



a2 = 3 .



Finally, η1 = η2 = 0; β1 , β 2 ≥ 0; u 1 = 0, u 2 ≥ 0 .



|| ( x , a ) − ( x , a ) || = || ( x 1 , x 2 , a1 , a2 ) − ( x 1 , x 2 , a1 , a2 ) || = || ( x 1 , x 2 , a1 , a2 ) − ( 4, 3, 4.8, 3) || ≤ 0.01 ( x 1 − 4 ) 2 + ( x 2 − 3)2 ≤ 0.00001    



2



5w 1 w 12 + w 22



  −4  +    



2



5w 2 w 12 + w 22



 − 3  ≤ 0.00001  



( 5w 1 − 4 w 12 + w 22 )2 + ( 5w 2 − 3 w 12 + w 22 )2 ≤ 0.00001 Take



w 1 = 1 − w , w 2 = w , 0 ≤ w ≤ 1 , then S ( 4, 3, 4.8, 3) = {w ∈ R 2 : 0.2857 < w < 0.6154} .



6. Conclusion In this paper, bi-criteria nonlinear programming problems with fuzzy parameters in the objective functions have reformulated to study the ε -stability under the concept of α -pareto optimality. A numerical example is presented to demonstrate the theory developed in the paper. In the proposed theory we allow the decision maker to control the resolutions of the pareto set by choosing the epsilon value according his needs. We noted that the literature in this area is little.
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