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Abstract Let



6Q) be an analytic function on t = {z; l, | . f} with 0(0) = L > 0. Let 0(0)0"(0) zg,(z)l@e)_t) map a onto a region starlike with



respect to 1 and symmetric with respect to the real axis. Let s.(Q) denote the class of analytic functions (z) with f /(0) = o = /,(0) - I for which i'e)lf @ . 0e), z e L,. we study the subclass consisting of functions with negative coefficients.



1. Introduction Some of the subclassesof univalent functions play an important role in geometric function theory because of their geometric properties. A function in these classes is characterized by either of the quantities r + zf "(z)ff'(") or zf '(z)lf e) lying in a given region in the right half plane; the region is often convex and symmetric with respect to the real axis [2]' Recently Ma and Minda [2] showed that many of their properties can be obtained bv a unified method. Let 0(e) be analytic in A, {(A) is 2000 Mathematics Subject Classification:
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to Q(0)= 1 symmetric with respect to the real axis, starlike with respect (z) in A with and $'(0) > 0. Let A be the class of all analytic functions f the the normalization /(0) = 0 = /'(0) 1. Ma and Minda [2] introduced classesC($) and S.(0) bv



s.(0)= eA t # < o ( , ), ., ^ }



{r



c(0)=



,. ^}. {r. A}+TE*o(,)



= /c6(o)-1- o and The function k6 defined by /ea(o)



,.ffi=o(,) - hOQ) is in is clearty in C(O). The function hq(z) defined bv zhq(z)



s.(0).



, (L + z\o are ---- all ^rr convex f,,-^rinno 'rhn range is symmetric with in A whose functions in and. | | \l-z) of functions respect to the real axis, the class S.(O) for these choices of order a' red.uces to the well-known classes of starlike, starlike uniformly convex S*[A, B], So* associated.with the class UCV of functions of functions introd,uced by Goodman [1] and strongly starlike order crrespectivelY. ->:--za,rz" A function of the form f(") = "



' a,, 2 0 is a function



of order cr with negative coefficients. For starlike and. convex functions coefficient' with negative coefficients, silverman t4]l determined Let ?s*(0) b" distortions and covering inequalities and extreme points. coefficients' In the subclassof S.(O) consisting of functions with negative



ON STARLIKE FUNCTIONS WITH NEGATIVE COEFFICIENTS 361 this paper, we prove that "S.(0) = ?S*(cr) where a = 0(-1). Therefore properties of the functions in this class follow directly from the works of Silverman [4] and we omit the details. 2. Starlike Functions with Negative Coefficients We begin with the following reformulation of a result of Silverman



[4: Theorern l. If f (") . "S.(0) and Re 0(r) r a, then



-a)o,,


it"



?=r' The result follows by Silverman [4] since the functions are starlike of order cr.Notice that the result dependsonly on the order of starlikeness of the functions. Also the above coefficient condition is equivalent to the following: zf



'(z) _ tr






(1)



f(")



Before we state and prove a converse to the above theorem, we need following lemma: the Lemma L. Let g(z) be an analytic function on L, = {z; | , | . t} with



t o. Let 0(o)= 1,0'(o)0"(o) ab) - 1i'@) 0(z) 1



map A,onto a region starlike with respectto L and symrnetric with respect to the real axis. If f(z) e A and f(z) < 1+ F - 0(-1)lz, then f(") < 0(r). (Here 0(-1) = lim.-1 0(-r).) o(z) - t o(z\ - -O(0)Proof' Let y\.,



Then -'t''l-\
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Also c)'(0) = 0'(0)/(20'(0)) and therefore 0'(0)0'(0) > 0 implies (D'(0)> 0' Therefore, g(z) e S.(O). By Ma and Minda [2], we seethat 9(A) contains thedisk lrl



- 9 ( - 1 ) . S i n c e - sJ (\ - r ; = 1 : - g C 1 ) , w e h a v e 0'(0)



t-9,! r { o ( r ) - t t z et tl l= t ' : l r u l < .t)}



o ' ( o))



Lo'(o)



or equivalently



0 ( n )' { * , l w - r | . 1 - 0 ( -1 ) } . Therefore, f(z) < 1+ [1 - 0(-1)]z implie, f (") < 0(r). Theorern 2. Let 0(r) be an analytic function in A with 0(0) = 1, \ / = ,1,!'!"), be anatytic uniualent 0,(0)0"(0)> 0 and, o = 0(- 1). Let o(r) 0(z)-1 l. If fuructionin A, wlr,ich nlops A, onto a starlike region with, respectto @



F (" - ")l a,,l s 1 - cr,



?=r' then f(").



S.(0).



Proof. By silverman [4], it follows that (1) holds. Therefore, 1-'


f@t



(t-.,)2.



By the Lemma we have r + (1 - a)z * 0(r) and therefore the result follows. Let S.[A, Bf, -1< B < A < 1 be the classof all functions f(z) e A '(z)lf for which zf Q) < (1 + Az)l$ + Bz). Note that



*#=



1 + ( A - B ) z+ B ( B- A ) r z + " ' .



The conditions of the Theorems are satisfied fi B < 0. In this casewe get



ON STARLIKE FUNCTIONS WITH NEGATIVE COEFFICIENTS 363 Corollary 1 [5]. Let B < 0 and f(z) haue negatiuecoefficients.Then f (") . S*[A, B] if and only if



- - f t'rtt B) 0 A)1o,,< A - B. From the proof of Theorem 2, it is clear that we need to find the largest radius 1 - ct such that the disk centered at 1 and with radius 1 - cr is contained in 0(A). This can be computed directly for several classes.Ronning [3] introduced the class sp of functions f(z) e A for which



Ru"f'(") ,



f(")



zf



'(z)
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1



for all z e A^.In terms of subordination, we have



zf '(z)



f(")



q f



< 0 ( r ) = 1 +* l t o



n-l



Clearly, Re S(z) t | 0(r) - 1 | and the disk I the parabolic region 0(A). Therefore,we ha corollary



2. Let f(") - " -I,7",12",



is irt, S, if and onty ty



l|@n



contained in



a,, > 0. Then the function f(z)



- L)a,, < !.



From the above two theorems, it is clear that the functions with negative coefficients in s-(o) (for certain functions Q@D are characterized by a = Q(- 1) alone. Therefore the properties of functions with negative coefficients belonging to S.(0) can be obtained directly from S.(o). Hence we do not discussany property of this unified class. References lll
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