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Abstract In a recent paper, Sato (Soc Choice Welf doi:10.1007/s00355-007-0285-5) has provided two alternative definitions of strategy-proofness for social choice correspondences and proved that they are incompatible with the joint requirements of anonymity, neutrality, and a minimal range condition. In this note, we use the results in Rodríguez-Álvarez (Soc Choice Welf 29:175–199, 2007) to directly prove stronger versions of Sato’s theorems.



1 Introduction A social choice correspondence (SCC) is a mapping from profiles of voters’ preferences over alternatives to non-empty subsets of alternatives. The study of voters’ incentives in a SCC is problematic because preferences over alternatives do not contain enough information to compare sets of alternatives. Thus, it is necessary to extend voters preferences over alternatives to preferences over sets of alternatives. Of course, there are many ways of extending preferences and, correspondingly, many different
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definitions of strategy–proofness (nonmanipulability) have been proposed in the literature.1 The object of this note is to show how the theorems about strategy–proof social choice in the independent contributions of Rodríguez-Álvarez (2007) and Sato (2008a) are related. Rodríguez-Álvarez (2007) analyzes the implications of a weak definition of strategy-proofness based on an expected utility rationale proposed by Duggan and Schwartz (2000). Rodríguez-Álvarez shows that strategy-proof SCCs concentrate the decision-making power in an arbitrary group of voters if they satisfy the weak range condition of ontoness.2 More recently, Sato (2008a) proposes two alternative definitions of strategy-proofness based on preferences over sets under complete uncertainty. Sato shows that his definitions are incompatible with the standard conditions of anonymity, neutrality, and a minimal range condition.3 We show that Sato’s definitions of strategy–proofness are stronger than Rodríguez-Álvarez’s definitions. Hence, we can apply directly Rodríguez-Álvarez’s results to obtain stronger versions of Sato’s theorems. The remainder of the note is structured as follows. In Sect. 2, we introduce the notation and definitions. In Sect. 3, we present several definitions of preferences over sets and a generic definition of strategy-proofness for SCCs. Finally, in Sect. 4, we discuss the relation between the frameworks of Rodríguez-Álvarez and Sato.



2 Basic notation and definitions Let N = {1, . . . , n} be a society consisting of a finite set of at least two voters, n ≥ 2 . Let A = {x, y, z, . . .} be a finite set of at least three alternatives, # A ≥ 3. Let P denote the set of linear orders over A.4 We call an element of P of preference. Each voter i ∈ N is equipped with a preference Pi ∈ P. Let A denote the set of all non-empty subsets of A. For each X ∈ A and each Pi ∈ P, max (X, Pi ) and min (X, Pi ) refer, respectively, to the first-ranked and the last-ranked alternatives of X according to Pi . We call P ∈ P N a preference profile. Abusing notation, for each i ∈ N and each P ∈ P N , P−i refers to the restriction of P to the members of N \{i}. A social choice correspondence (SCC) is a mapping f : P N −→ A. We now introduce formal definitions of the standard conditions for SCCs presented in the introductory section. Anonymity. For each P ∈ P N and each permutation σ of N , f (P) = f (P σ ), where P σ ∈ P N denotes the profile such that for each i ∈ N , Piσ ≡ Pσ (i) . 1 See Rodríguez-Álvarez (2007) for a detailed review of the earlier literature in this issue and the relation



among the alternative definitions of strategy-proofness. 2 Ontoness requires that all the singleton sets of alternatives belong to the range of the SCC. 3 Anonymity requires the symmetric treatment of voters. Neutrality requires the symmetric treatment of



alternatives. The range condition requires that at least a singleton set belongs to the range of the SCC. 4 An order on a set S is a complete, transitive and reflexive binary relation on S. A linear order on S is an



antisymmetric order on S.
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Neutrality. For each P ∈ P N and each permutation ρ of A, ρ( f (P)) = f (ρ(P)), where ρ(P) ∈ P N denotes the profile such that for each i ∈ N , ρ(Pi ) ≡ {(x, y) ∈ A2 | (ρ −1 (x), ρ −1 (y)) ∈ Pi }. Range condition. Ontoness.



There are x ∈ A and P ∈ P N such that f (P) = {x}.



For each x ∈ A, there is P ∈ P N such that f (P) = {x} .



It is immediate to see that every SCC that satisfies neutrality and the range condition satisfies ontoness. On the other hand, every onto SCC satisfies the range condition but there are onto SCCs that violate neutrality. 3 Strategy-proofness for social choice correspondences Next, we define strategy-proofness for SCCs. For this purpose, we need to equip voters with preferences on A. Let D be the set of all complete binary relations We denote by i an element of D and call it a preference over sets. Although we assume strict preferences over alternatives, we do not rule out the possibility of indifference among sets. Moreover, we do not require that preferences over sets are transitive. For each i ∈ D, i refers to the strict component of i , while ∼i refers to its associated indifference relation. Voters’ preferences over sets are required to be consistent with their preferences over alternatives. We define different domains of plausible preferences on A by means of extension rules. An extension rule E is a mapping E : P → D. For each extension rule E and each preference Pi ∈ P, E(Pi ) is interpreted as the set of preferences on A consistent with Pi . With the definition of an extension rule at hand, we can provide a generic definition of strategy-proofness for SCCs. E strategy-proofness. For each i ∈ N , each P ∈ P N , and each Pi ∈ P, for each i ∈ E(Pi ), f (P) i f (P−i , Pi ). We now introduce some criteria to construct different preferences over sets. We begin with the preferences proposed by Rodríguez-Álvarez (2007). These preferences generate a definition of strategy-proofness that is slightly stronger than that of Duggan and Schwartz (2000). Extended Duggan–Schwartz (DS+) preferences. For each Pi ∈ P, the preference over sets i ∈ D is Extended Duggan–Schwartz (DS+) Pi —consistent if: • for each x, y ∈ A, either {x} i {y} or {y} i {x}, • for each X, Y ∈ A, X i Y implies that one of the following cases holds: (i) max (X, Pi ) Pi max (Y, Pi ), (ii) min (X, Pi ) Pi min (Y, Pi ), (iii) either X = [max (Y, Pi ) ∪ min (Y, Pi )] or Y = [max (X, Pi ) ∪ min (X, Pi )] . For each preference Pi ∈ P, let E + (Pi ) be the set of all extended DS+ Pi –consistent preferences.
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According to the E + extension, a voter compares the sets of alternatives on the basis of the best and the worst elements in each set. A voter equipped with DS+ preferences over sets is normally indifferent between two sets that have the same best and worst ranked alternatives. However, the E + extension assumes the existence of a strict preference for one set over a second set if the former set only contains the first and the last ranked alternatives of the latter set. Note that, if a voter has the preference Pi ∈ P such that x Pi y Pi z, then there exist ,  ∈ E + (Pi ) such that {x, y, z}  {x, z} and {x, z}  {x, y, z}. Alternatively, Sato (2008a) analyzes two extension rules based on different preferences over sets that are consistent with the notion of choice under complete uncertainty. Following Pattanaik and Peleg (1984), Sato studies an extension rule that selects the lexicographic maximin and the lexicographic maximax preferences associated with each preference over alternatives. Lexicographic maximin preferences, bot . For each X, Y ∈ A and each Pi ∈ P, denote X = {x1 , . . . , xk } and Y = {y1 , . . . , yh } in such a way that for each j = 1, . . . , k − 1, x j+1 Pi x j , and for each j  = 1, . . . , h − 1, y j  +1 Pi y j  . We say that X is preferred to Y according to the lexicographic maximin Pi –consistent preference, X bot (Pi )Y , if • either there is l ∈ N such that xl Pi yl and for each m < l, xm = ym , • or k ≥ h and for each m ≤ h, xm = ym . Lexicographic maximax preferences, top . For each X, Y ∈ A and each Pi ∈ P, denote X = {x1 , . . . , xk } and Y = {y1 , . . . , yh } in such a way that for each j = 1, . . . , k − 1, x j Pi x j+1 ; and for each j  = 1, . . . , h − 1, y j  Pi y j  +1 . We say that X is preferred to Y according to the lexicographic maximax Pi –consistent preference, X top (Pi )Y , if • either there is l ∈ N such that xl Pi yl and for each m < l, xm = ym , • or k ≤ h and for each m ≤ h, xm = ym . For each Pi ∈ P, let E PP (Pi ) ≡ bot (Pi ) ∪ top (Pi ). Finally, following Bossert et al. (2000), Sato (2008a) also analyzes preferences that apply a lexicographic process, but one that alternates between comparing best and worst alternatives. According to the lexicographic min–max preferences, when comparing two sets of alternatives, voters use the worst elements as the primary criterion. If two sets have identical worst elements, voters turn attention to the best elements in each set. If the best elements are also the same, then voters remove the best and the worst elements from both sets and compare the resulting sets in the same fashion. If, at any stage in this process of successive reductions of the two original sets, the set of alternatives surviving from one set is non-empty while the set of alternatives surviving from the other is empty, then the former is considered better than the latter. The lexicographic max–min rule involves a similar multi-stage process but starting with the best elements. If at some stage in the process of successive reductions, one of the reduced sets is empty and the other is not, the former is considered better than
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the latter. We now present formal definitions of these preferences using the original notation in Bossert et al. (2000).5 For each Pi ∈ P, let min−max (Pi ) ∈ D and max−min (Pi ) ∈ D be such that for each X, Y ∈ A,  X



min−max



Y ⇔ 



X max−min Y ⇔



min(X, Pi ) Pi min(Y, Pi ), or min(X, Pi ) = min(Y, Pi ) and max(X, Pi ) Ri max(Y, Pi ). max(X, Pi ) Pi max(Y, Pi ), or max(X, Pi ) = max(Y, Pi ) and min(X, Pi ) Ri min(Y, Pi ).



For each X ∈ A, let  #X nX ≡



2 # X −1 2



if # X is even; if # X is odd.



For each X, Y ∈ A, let n X Y ≡ min{n X , n Y }. For each X ∈ A and each Pi ∈ P, let X 0 (Pi ) ≡ X . If n X > 0, let, for each t = 1, . . . , n X , X t (Pi ) ≡ X t−1 (Pi ) \ {min(X t−1 (P − i), Pi ), max(X t−1 (Pi ), Pi )}. Lexicographic min–max preferences, min . For each X, Y ∈ A and each Pi ∈ P, we say that X is preferred to Y according to the lexicographic min–max preferences associated with Pi if X min (Pi ) Y ⇔ ∃ t ∈ {0, . . . , n X Y } such that   X s (Pi ) ∼min−max (Pi ) Ys (Pi ) for all s < t and   X t (Pi ) min−max (Pi ) Yt (Pi ) or Yt (Pi ) = ∅ . Lexicographic max–min preferences, max . For each X, Y ∈ A and each Pi ∈ P, we say that X is preferred to Y according to the lexicographic max–min preferences associated with Pi if X max (Pi ) Y ⇔ ∃ t ∈ {0, . . . , n X Y } such that   X s (Pi ) ∼max−min (Pi ) Ys (Pi ) for all s < t and   X t (Pi ) max−min (Pi ) Yt (Pi ) or X t (Pi ) = ∅ . For each Pi ∈ P, let E BPX (Pi ) ≡ min (Pi )∪ max (Pi ) . Note that for each Pi ∈ P, bot (Pi ), top (Pi ), min (Pi ), and max (Pi ) are linear orders on A. On the other hand, DS+ preferences may contain indifferences. It is immediate to check that if there are only three alternatives, for each Pi ∈ P, 5 Sato (2008b) presents an equivalent and more compact formulation.
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E PP (Pi ) ⊂ E + (Pi ) and E BPX (Pi ) ⊂ E + (Pi ). However, this is not the case if there are at least four alternatives.6 4 Results Theorems 3.1 and 3.2 in Sato (2008a) show that E PP and E BPX strategy-proofness are incompatible with the joint requirements of anonymity, neutrality, and the range condition. His proof techniques are novel and of independent interest. However, we show that stronger versions of these theorems can be obtained directly from the results in Rodríguez-Álvarez (2007). We start with a lemma that relates the different definitions of strategy-proofness presented above. We show that E + strategy-proofness is implied by both E PP and E BPX strategy-proofness. Thus, when there are only three alternatives, the three conditions are equivalent. If there are at least four alternatives, then E + strategy-proofness is weaker. Lemma 1 E PP (E BPX ) strategy-proofness implies E + strategy-proofness. Proof Assume to the contrary that there is a SCC f that satisfies E PP strategy-proofness, but violates E + strategy-proofness. Then, there are i ∈ N , P ∈ P N , Pi ∈ P, and  ∈ E + (Pi ) such that f (P−i , Pi )  f (P). There are four exhaustive possibilities: • If min( f (P−i , Pi ), Pi ) Pi min( f (P), Pi ), then f (P−i , Pi ) bot (Pi ) f (P). • If max( f (P−i , Pi ), Pi ) Pi max( f (P), Pi ), then f (P−i , Pi ) top (Pi ) f (P). • If f (P−i , Pi ) = max( f (P), Pi ) ∪ min( f (P), Pi ), then f (P−i , Pi ) bot (Pi ) f (P). • If f (P) = max( f (P−i , Pi ), Pi ) ∪ min( f (P−i , Pi )), then f (P−i , Pi ) top (Pi ) f (P). The four possibilities contradict E PP strategy-proofness. Interchanging the roles of bot (Pi ) and top (Pi ) with min (Pi ) and max (Pi ), respectively, the same argu



ment proves the result for E BPX strategy-proofness. The following theorem in Rodríguez-Álvarez (2007) provides a characterization of E + strategy-proof and onto SCCs. First, we introduce some additional definitions. A SCC f is dictatorial if there is i ∈ N such that for each P ∈ P N , f (P) ≡ {max (A, Pi )} . A SCC f is bidictatorial if there are i, j ∈ N such that for each P ∈ P N ,   f (P) ≡ {max (A, Pi ) , max A, P j } . Theorem 1 (Rodríguez-Álvarez 2007, Theorem 4) A SCC f satisfies E + strategyproofness and ontoness if and only if f is either dictatorial or bidictatorial. 6 For example, consider the preference x P y P z P w. Then, for each ∈ E + (P ), {x, y, w} ∼ i i i i i {x, z, w}, but {x, y, w} bot (Pi ) {x, z, w}. Similar examples can be obtained with top (Pi ), min (Pi ), and max (Pi ).
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With Lemma 1 and Theorem 1 in hand, we can directly provide a characterization of E PP and E BPX strategy-proof and onto SCCs. Theorem 2 A SCC f satisfies E PP (E BPX ) strategy-proofness and ontoness if and only if f is either dictatorial or bidictatorial. Proof On the one hand, dictatorial and bidictatorial SCCs are clearly E PP (E BPX ) strategy-proof. On the other hand, let f be a E PP (E BPX + ) strategy-proof and onto SCC. By Lemma 1, f is E + strategy-proof. Then, by Theorem 1, f is either dictatorial or bidictatorial. 



Theorem 2 shows that if a SCC satisfies Sato’s definitions of strategy-proofness and ontoness, then it concentrates the decision-making power in the hands of at most two voters. Such SCCs clearly violate anonymity if there are least three voters. Hence, we obtain as a direct corollary the following (stronger) version of Sato (2008a) Theorems 3.1 and 3.2. Our Theorem 3 shows that neutrality and the range condition can be substituted by ontoness in Sato’s results. Corollary 1 Assume that n ≥ 3. 1. There is no SCC that satisfies E PP strategy-proofness, anonymity, and ontoness. 2. There is no SCC that satisfies E BPX strategy-proofness, anonymity, and ontoness. References Bossert W, Pattanaik PK, Xu Y (2000) Choice under complete uncertainty: axiomatic characterization of some decision rules. Econ Theory 16:295–312 Duggan J, Schwartz T (2000) Strategic manipulability without resoluteness or shared beliefs: Gibbard-Satterthwaite generalized. Soc Choice Welf 17:85–93 Pattanaik PK, Peleg B (1984) An axiomatic characterization of the lexicographic maximin extension of an ordering over a set to the power set. Soc Choice Welf 1:113–122 Rodríguez-Álvarez C (2007) On the manipulation of social choice correspondences. Soc Choice Welf 29:175–199 Sato S (2008a) On strategy-proof social choice correspondences. Soc Choice Welf. doi:10.1007/ s00355-007-0285-5 (forthcoming) Sato S (2008b) Erratum to “On strategy-proof social choice correspondences”. Soc Choice Welf. doi:10.1007/s00355-008-0304-1 (forthcoming)
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