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共Received 14 February 2005; accepted 18 August 2005; published online 12 October 2005兲 The rheology of two-dimensional steady surface flow of cohesionless cylinders in a rotating drum is investigated through nonsmooth contact dynamics simulations. Profiles of volume fraction, translational and angular velocity, rms velocity, strain rate, and stress tensor are measured at the midpoint along the length of the surface-flowing layer, where the flow is generally considered as steady and homogeneous. Analysis of these data and their interrelations suggest the local inertial number—defined as the ratio between local inertial forces and local confinement forces—to be the relevant dimensionless parameter to describe the transition from the quasistatic part of the packing to the flowing part at the surface of the heap. Variations of the components of the stress tensor as well as the ones of rms velocity as a function of the inertial number are analyzed within both the quasistatic and the flowing phases. Their implications are discussed. © 2005 American Institute of Physics. 关DOI: 10.1063/1.2063347兴 I. INTRODUCTION



Granular media present numbers of interesting and unusual behaviors: they can flow as liquids, but, under some circumstances, they can jam and resist external shear stress without deforming. Understanding the rheology of granular systems has thus developed along two major themes: The rapid flows—gaseous-like—regime, where grains interact through binary collisions, are generally described in the framework of the kinetic theory;1–3 the slow flow—solidlike—regime, where grain inertia is negligible, is most commonly described using the tools of soil mechanics and plasticity theory.4 In between these two regimes there exists a dense flow—liquid-like—regime where grain inertia becomes important, but contacts between grains are kept. The rheology of this last regime has been widely investigated experimentally, numerically, and theoretically 共see Ref. 5 for a review兲, but still remains far from being understood. Several models have been proposed recently to describe dense granular flows by accounting for nonlocal effects,6–10 by adapting kinetic theory,11–13 by modeling dense flows as partially fluidized flows,14,15 or by considering them as quasistatic flows where the mean motion results from transient fractures modeled as a self-activated process,16–19 but, to our knowledge, none of them has succeeded in accounting for all the features experimentally observed. The most spectacular manifestation of this solid/liquid duality occurs during an avalanche when a thin layer of 1070-6631/2005/17共10兲/103303/12/$22.50



grains starts to roll at the surface of the packing, most of the grains remaining apparently static. The global evolution of such surface flows can be captured by models derived from nonlinear physics20–22 or fluid mechanics.23–26 However, some experimental results remain unexplained: For instance, experimental velocity profiles measured in two-dimensional 共2D兲 flows27–29 or three-dimensional 共3D兲 flows26,30–32 clearly exhibit the selection of a constant velocity gradient within the flowing layer, while momentum balance implies that the shear stress increases linearly with depth. This observation is incompatible with any local and one-to-one stress/strain constitutive relations. Recent experiments33 have provided evidence of “jammed” aggregates embedded in the avalanche. These “solid” clusters are found to be power-law distributed without any characteristic length scales and may explain the failure of present models. But a clear understanding of the avalanche rheology is still missing. The purpose of this paper is to investigate the surface flow rheology through numerical simulations of 2D “minimal” granular systems made of cohesionless weakly polydisperse cylinders confined in a slowly rotating drum. Those allow us to track the evolution of quantities such as stress that are not accessible in real experiments. Moreover, they allow to get rid of artifacts such as the friction of beads on the lateral boundaries of the drum that may confuse the interpretation of an experiment. The numerical simulations were performed using contact dynamic methods34,35 based on
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a fully implicit resolution of the contact forces, without any resort to regularization schemes. At a given step of evolution, all the kinematic constraints within the packing are simultaneously taken into account together with the equations of motions to determine all the contact forces in the packing. This allows to deal properly with nonlocal momentum transfers implied in multiple collisions, contrary to moleculardynamics schemes traditionally used that reduce the system evolution to a succession of binary collisions. The simulation scheme and the description of the simulated systems are detailed in Sec. II. In Sec. III, we report comprehensive analysis of volume fraction and velocity 共translational and rotational兲 profiles at the center of the drum. They are compared with experimental data available in the literature. Stress analysis and implications on the rheology of free-surface flows are discussed in Secs. IV and V, respectively. Section VI is focused on the analysis of both the translational and rotational velocity fluctuations. Finally, Sec. VII summarizes our findings. II. SIMULATION METHODOLOGY



For this study, we simulate granular systems similar to those investigated experimentally in Refs. 27–29 and 33. We model a 2D rotating drum of diameter D0 equal to 450 mm half-filled with 7183 rigid disks of density 0 = 2.7 g cm−3 and diameter uniformly distributed between 3 and 3.6 mm. This weak polydispersity prevents any 2D ordering effect that may induce nongeneric effects. Normal restitution coefficient between two disks 共respectively between disks and drum兲 is set to 0.46 共respectively 0.46兲 and the friction coefficient to 0.4 共respectively 0.95兲. Normal restitution coefficients and disk/disk friction coefficient were chosen to mimic the experimental flows of aluminum beads investigated in Refs. 28 and 29. The drum/disk friction coefficient was set close to 1 to prevent sliding at the drum boundary. Numerical simulations dedicated to evolution of granular media can be based either on explicit36–39 or implicit34,35,40 method. One of the drawbacks of explicit models is to reduce nonlocal momentum transfers implied in multiple collisions to a succession of binary collisions. Moreover, numerical instabilities can occur in granular flows. They are corrected either by introducing some artificial viscosity or by reducing the size of the time step. The nonsmooth contact dynamics method used here is implicit. It provides a nonsmooth formulation of the body’s impenetrability condition, the collision rules, and the dry Coulomb friction law. The method is extensively described in Ref. 41 and briefly explained below. Firstly, equations of motion are written for a collection of rigid bodies and discretized by a time integrator.42 The interaction problem is then solved at contact level 共local level兲 rather than at particle level 共global level兲 as commonly performed in explicit methods. In other words, equations are written in terms of relative velocities u␣ and local impulsions r␣ defined at each contact point indexed by ␣. The impenetrability condition evoked previously means that particles candidates for contact should not cross the boundaries of the antagonists’ bodies. We consider also that contacting bodies do not attract each other, i.e., that the reaction force is posi-



tive and vanishes when the contact vanishes. This can be summarized in the following so-called velocity Signorini condition: un 艌 0,



rn 艌 0,



共1兲



unrn = 0,



where the index n denotes the normal component of the various quantities 共index ␣ is omitted兲. Let us note that this philosophy is different from what is used in explicit methods, where normal forces are usually proportional to the penetration between two particles. The dry frictional law is the Coulomb’s one for which the basic features are as follows: The friction force lies in the Coulomb’s cone 共储rt储 艋 rn,  friction coefficient兲, and if the sliding relative velocity is not equal to zero, its direction is opposed to the friction force 共储rt储 = rn兲. This is summarized in the following relation: 储rt储 艋 rn,



储ut储 ⫽ 0 → rt = − rn



ut . 储ut储



共2兲



For rigid bodies we also need to adopt a collision law because the velocity Signorini condition does not give enough information. We adopt the Newton restitution law, u+n = −enu−n , realistic for collection of disks. The reader can refer to Ref. 43 for more explanations about collision laws. Time discretization of equations of motion, where the global contact forces are the only missing quantities to determine the motion of each bead, lead to the following scheme:



再



Wr − u = b law␣关u␣,r␣兴 = true,



␣ = 1,nc ,



冎



共3兲



where u and r denotes the vectors containing the relative velocity and the mean contact impulse for all the contact points, respectively. The matrix W is the Delassus operator44 that contains all the local information 共local frames and contact points兲 as well as the information related to the contact’s connectivity. The right-hand side of the first line in Eq. 共3兲 represents the free relative velocity calculated by only taking into account the external forces. The operator law␣ encodes the friction-contact law which should be satisfied by each component of couple 共u␣ , r␣兲; nc denotes the number of contact. Systems of Eq. 共3兲 can be solved by a classical nonlinear Gau␤-Seidel algorithm41 or a conjugate projected gradient one.45 This two algorithms benefit from parallel versions46,47 which show their efficiency in the simulations of large systems. Information from this local level, the contact level, is transferred to the global level, the grain level, and the configuration of the system is updated. The procedure to achieve a numerical experiment is the following: All the disks are placed in an immobile drum. Once the packing is stabilized, a constant rotation speed ⍀ 共ranging from 2 to 15 rpm兲 is imposed to the drum. After one round, a steady continuous surface flow is reached 共this has been checked by looking at the time evolution of the total kinetic energy within the packing over the next round兲. One starts then to capture 400 snapshots equally distributed over a rotation of the drum. The time step is set to 6 ⫻ 10−3 s. The number of time steps necessary to achieve an experiment ranges from 4 ⫻ 103 to 104 depending on the rotation speed. All simulations have been performed with
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FIG. 1. Typical snapshot of the steady surface flows in the simulated 2D rotating drum. Its diameter and its rotation speed are, respectively, D0 = 450 mm and ⍀ = 6 rpm. It is filled with 7183 disks of density 0 = 2.7 g cm−3 and diameter uniformly distributed in the interval 关3 mm; 3.6 mm兴. The disk/disk coefficient of restitution and disk/disk friction coefficient are set, respectively, to en = 0.46 and  = 0.2. The disk/drum coefficient of restitution and disk/drum friction coefficient are set, respectively, to e0n = 0.46 and 0 = 0.95.



software.48 On a SGI Origin 3800 with 16 processors, about 20 h are required to achieve one of these simulations. A typical snapshot of the simulated granular packing is shown in Fig. 1. For each bead of each of the 400 frames within a given numerical experiment, one records the position x of its center of mass, the “instantaneous” velocity c of this center of mass measured over a time window ␦t = 6 ⫻ 10−3 s, and its angular velocity w. Voronoï tessellation was used to define the local volume fraction associated with each bead 共see, e.g., Ref. 33兲. The components of contact stress tensor  associated with each bead i are computed as49,50 LMGC90



␣␤ =



1 兺 x␣ F␤ , 2Vi j⫽i ji ji



␣, ␤ 苸 兵1,2其,



共4兲



where Vi is the volume of the Voronoï polyhedra associated with the bead i, F ji the contact force between i and j, and x ji = x j − xi. In all the following, these quantities are nondimensionalized: Calling g the gravity constant and d the mean disk diameter, distances, time, velocities and stresses are given in units of d, 冑d / g, 冑gd, and 0gd, respectively. In this paper, we concentrate on the continuum scale by looking at profiles of the time- and space-averaged quantities. Statistical analysis of these quantities at the grain scale will be presented in a separate paper. In rotating-drum geometries, the surface flow is not fully developed. The frame of study should now be chosen appropriately. One thus define the frame R rotating with the drum that coincides with the reference frame R0 = 共ex , ez兲 fixed in the laboratory, so that ex 共ez兲 is parallel 共perpendicular兲 to the free surface 共see Fig. 1 and Ref. 51兲. In the frame R, the flow can be considered as quasihomogeneous at the center of the



FIG. 2. Volume fraction profile 共z兲 共averaged over 400 frames兲 at the center of the drum obtained for ⍀ = 6 rpm. The error bars correspond to a 99% confident interval. The vertical mixed line locates the free-surface boundary, set to the point where  crosses the value 0.7, from which  drops quickly down to zero. The vertical dotted line locates the static/flowing interface, defined from the streamwise velocity profile 共see Fig. 3兲. Apart from these two zones,  appears almost constant, around 0.8. Inset, zoom in the “constant region” enhancing the small variations of  within the two phases.



drum, e.g., within the elementary slice ⌺ 共see Fig. 1兲 20 bead diameters wide, parallel to ez located at x = 0. This slice is divided into layers of one mean bead diameter wide parallel to the flow. The given value of a given continuum quantity ¯a共z兲 共volume fraction, velocity, stress, etc.兲 at depth z is then defined as the average of the corresponding quantity defined at the grain scale over all the beads in all the 400 frames of the sequence whose center of mass is inside the layer. III. KINEMATIC ANALYSIS A. Volume fraction profile



Let us first focus on volume fraction profiles within the packing. Figure 2 displays the volume fraction profile measured for ⍀ = 6 rpm. To check the homogeneity of the flow with regard to , the elementary slice ⌺ was translated with an increment of five bead diameters in both positive x and negative x. The volume fraction profile is found to be invariant under infinitesimal translation along ex. At the free surface,  drops quickly to zero within a small zone of thickness around three/four bead diameters independent of ⍀. In all the following, the free-surface boundary is set at the lower boundary of this small region 共mixed line in Fig. 2兲, defined at the point where  becomes larger than 0.7. At the drum boundary,  jumps also to a much smaller value within a small region about two/three bead diameters thick, which should be attributed to the presence of the smooth drum boundary. Apart from these two narrow regions, the volume fraction  is almost constant within the drum, around the random close packing 共RCP兲 value RCP ⯝ 0.82. A closer look 共inset of Fig. 2兲 suggests that  is constant within the static phase and decreases weakly within the flowing layer as defined from the velocity profile in Sec. III B. Such behavior is expected since granular systems should dilate before being able to deform. However, this decrease is very small and
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FIG. 4. Velocity profiles obtained for ⍀ = 6 rpm at five different locations x. The velocity gradient within the flowing layer as well as the exponential decreasing within the static phase are found to depend weakly on the precise location in the drum. They are consequently independent of both the flowing layer thickness H and its x derivative xH.



FIG. 3. Profile of 共a兲 streamwise velocity x共z兲 and 共b兲 streamwise velocity gradient zx共z兲 共averaged over 400 frames兲 at the center of the drum as obtained for ⍀ = 6 rpm. The error bars correspond to a 99% confident interval. The profile of the velocity gradient 共the velocity gradient兲 is linear 共constant兲 within the flowing layer. The plain straight line in 共a兲 关共b兲兴 corresponds to a linear fit: x = ␥˙ 共z + H兲 共a constant zx = ␥˙ 兲, where ␥˙ ⯝ 0.15. The vertical mixed line locates the free-surface boundary 共see Fig. 2兲. The flowing/static interface 共dotted line兲 is defined from the depth where the straight line intersects the z axis in figure 共a兲. The flowing layer thickness H can then be deduced: H = 14.6. Inset of 共a兲 关共b兲兴: plot of the profile of the velocity x共z兲 关velocity gradient zx共z兲兴 in semilogarithmic scales. In both insets, the plain straight line corresponds to an exponential fit of characteristic decay length  ⯝ 3.4.



compressible effects can thus be neglected with regard to momentum balance, even if they may significantly alter the local flow rheology.33 B. Velocity profiles



As expected for a quasihomogeneous flow, the normal component z of the velocity was found to be negligible compared to the tangential component x at any depth z. Figure 3 depicts both the streamwise velocity profile x共z兲 关Fig. 3共a兲兴 and the shear rate profile zx共z兲 关Fig. 3共b兲兴 for ⍀ = 6 rpm. Both these profiles were found to be invariant under infinitesimal translation along ex. Two phases can clearly be observed: A flowing layer exhibiting a linear velocity profile and a static phase experiencing creep motion, where both x and x / z decay exponentially with depth 关see inset of Fig. 3共b兲兴. Such shapes are very similar to the ones observed experimentally in 2D flows27–29 as well as in 3D flows.26,30–32 The interface between the two phases can



then be defined by extrapolating the linear velocity profile of the flowing phase to zero 关see Fig. 3共a兲兴. The flowing layer thickness H can then be deduced. Velocity profiles measured for ⍀ = 6 rpm at five different locations x are represented in Fig. 4. At these locations, xH is no more equal to zero. The width of the elementary slice ⌺ has thus been decreased to two bead diameters in order to minimize this drift. The shape of the velocity profile remains the same in these locations, with a clear linear velocity profile within the flowing layer and an exponentially decaying velocity within the static phase. Both the characteristic decay length  of the exponential creep within the static phase and the constant velocity gradient ␥˙ 0 within the flowing layer are observed to be independent of the precise location x for a given value of ⍀. The “natural” control parameter in our experiment is the rotation speed ⍀. However, comparisons between experiments in heap geometry and rotating-drum geometry5 suggest that the main control parameter for the surface flow is the nondimensionalized flow rate Q, defined as Q=



冕



0



共z兲x共z兲dz.



共5兲



z=−R0



Its variation as well as that of the flowing layer thickness H and the mean slope  with respect to ⍀ are reported in Table I. Velocity profiles obtained in the center of the drum for various Q are represented in Fig. 5共a兲. Apart from the flow-



TABLE I. Variation of the nondimensionalized flow rate Q, the mean angle  of the flow, and the flowing layer thickness H with respect to the rotating speed ⍀ within the elementary slice ⌺ at the center of the drum. ⍀



2 rpm



4 rpm



5 rpm



6 rpm



10 rpm



15 rpm



Q  H



8 18.1 9



15.3 18.9 11.5



19.5 19.3 13.3



21.8 19.7 14.6



39.8 21.2 17.2



57.7 23.0 21.0
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FIG. 6. 共a兲 Flowing layer thickness H at the center of the drum as a function of the flow rate Q. Inset, H vs 冑Q. The straight line is a linear fit H = 3冑Q. 共b兲 Variation of the effective friction coefficient err = tan  of the surface flow with respect to Q 共nondimensionalized units兲. The error bars show the standard deviation over the sequence at constant Q. The straight line is a linear fit: eff共Q兲 = 0.31+ 1.9⫻ 10−3Q.



FIG. 5. 共a兲 Velocity profiles at the center of the drum for various rotating speed ⍀. 共b兲 Characteristic decay length  of the shear strain zx as a function of the flow rate Q. Within the error bars,  is constant, around 3. 共c兲 Constant shear rate ␥˙ 0 within the flowing layer as a function of the flow rate Q. Inset: ␥˙ vs 共sin  − sin ⌽兲1/2 / cos1/2 ⌽, where the Coulomb friction angle ⌽ = 17.4° has been identified with the value eff共Q = 0兲 defined in Fig. 6共b兲. The straight line is a linear fit ␥˙ = 0.75共sin  − sin ⌽兲1/2 / cos1/2 ⌽.



ing layer thickness H, the streamwise velocity profile at the center of the drum is characterized by two parameters, namely, the characteristic decay length  of the exponential creep within the static phase and the constant shear rate ␥˙ 0 within the flowing layer. Their evolution with respect to the flow rate Q is reported in Figs. 5共b兲 and 5共c兲. Within the error bars,  is independent of Q, of the order of 3 ± 0.3. This behavior is similar to what is reported in both 3D heap-flow experiments52 and 3D rotating-drum experiments,26,28,53 where  was found to be  ⯝ 1.4 and  ⯝ 2.5, respectively.



In our numerical simulation, ␥˙ 0 exhibits a weak dependence on Q 关see Fig. 5共c兲兴. It ranges typically from 0.1 to 0.25 when Q is made to vary from 8 to 58. This dependency is compatible with the ones observed experimentally in 2D rotating drum by Rajchenbach,27 who proposed that ␥˙ 0 scales as ␥˙ 0 ⬀ 共sin  − sin ⌽兲1/2 / cos1/2 ⌽, where ⌽ refers to the Coulomb friction angle. The value of this angle can be estimated from the variation of the mean flow angle with respect to Q 共see Fig. 6 and Sec. III C兲 and was found to be ⌽ = 17.4°. The inset of Fig. 5共c兲 shows that the scaling proposed by Rajchenbach is compatible with our results. It is worth to mention that ␥˙ 0 was found to be constant, around 0.5, independent of Q in 3D experiments in Hele-Shaw drums.5,26 This strongly suggests some nontrivial effect of either the lateral confinement or the flow dimension on the profile within the flowing layer. This will be explored in future 3D simulations of rotating drums. C. Flowing layer thickness and mean flow angle



The thickness of the flowing layer H is plotted as a function of the flow rate Q in Fig. 6共a兲. As observed experimentally,5,26 H scales as 冑Q, which is expected since the shear rate varies weakly within the flowing layer. The mean flow angle  can then be assimilated to an effective friction coefficient eff = tan  between the flowing



Downloaded 20 Oct 2005 to 134.214.132.184. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



103303-6



Phys. Fluids 17, 103303 共2005兲



Renouf et al.



dynamics simulations of dilute granular flows,54,55 but was expected to fail at higher volume fractions.56,57 In this latter case, grains were expected to organize in layers, the grains of which rotate in the same direction. This would decrease the mean angular velocity of the grains and  would be smaller than 21 ⵜ ⫻ v. In our numerical simulation, such behavior is not observed, which suggests that the grains spin, but do not organize in layer despite the high density of the flow. IV. STRESS ANALYSIS A. Stress tensor profile



FIG. 7. Mean angular velocity profile 共z兲 共averaged over 400 frames兲 at the center of the drum obtained for ⍀ = 6 rpm. The error bars correspond to a 99% confident interval. The vertical mixed line 共vertical dotted line兲 show the free-surface boundary as defined in Fig. 2 共the static/flowing interface as defined in Fig. 3兲. Inset,  vs vorticity ⵜ ⫻ v = zx for ⍀ = 2 rpm 共䊊兲, ⍀ = 4 rpm 共쐓兲, ⍀ = 5 rpm 共䊐兲, ⍀ = 6 rpm 共䉭兲, ⍀ = 10 rpm 共〫兲, and ⍀ 1 = 15 rpm 共䉯兲. The straight line is given by  = 2 ⵜ ⫻ v.



layer and the static phase.24 Its evolution with respect to the flow rate Q is represented in Fig. 6. The effective friction coefficient is found to increase with Q. A similar increase was observed experimentally, at a much larger scale. It was attributed to wall effects5,26 since this dependency was observed to be weaker when the drum thickness is increased.5,28 No such wall effects can be invoked in the present study. In other words, part of the increase of the effective friction with flow rate cannot be induced by wall friction contrary to what was suggested in Refs. 5 and 26 and should be found in the granular flow rheology. D. Angular velocity profiles



A typical mean angular velocity profile 共z兲 has been represented in Fig. 7. It is interesting to plot  with respect to the vorticity ⵜ ⫻ v = zx 共see inset of Fig. 7兲. There is a clear relationship between these two quantities:  = 21 ⵜ ⫻ v in the whole packing, independent of Q. This relationship is analogous to the one obtained in classical hydrodynamics, where the mean rotating speed of the particles is equal to half the vorticity. Such relationship was observed in molecular-



Let us now look at stress profiles that can be difficultly measured experimentally. The stress tensor  is the sum of three contributions:  = c + k + r, where c, k, and r refer to the contact, kinetic, and rotational components of the stress tensor, respectively. In our dense free-surface flows, k and r are found to be negligible with regard to c. One can thus assume that  ⯝ c. Components of the contact stress tensor associated with each bead have been computed for each snapshot of each numerical experiment 共see Sec. II兲. The profile of the continuum value of each component of the contact stress tensor—and, consequently, the total stress tensor—␣␤共z兲 is then defined over the elementary slice ⌺ located in the center of the drum 共see Fig. 1兲 according to the same procedure used to calculate the velocity and volume fraction profiles. The tensor  is found to be symmetric, i.e., xz = zx. For 2D surface flows, it is thus defined by three independent components xx, xz, and zz. Typical profiles of these components with respect to the depth z at the center of the drum are represented in Fig. 8. The shapes of these profiles are quite surprising. In the rotating frame R, velocity and volume fraction profiles were found to be invariant along infinitesimal translation along ex within the elementary slice ⌺. In other words, for x = 0, one gets  / x ⯝ v / x ⯝ 0. More generally, it is commonly assumed that at the center of the drum the x derivative of the stress tensor vanishes.5,10,27,28,33 The Cauchy equations would then read



xz = −  sin  , z



共6a兲



FIG. 8. Profiles of the three independent components of the static stress tensor zz 共a兲, xx 共b兲, and xz 共c兲 for ⍀ = 6 rpm. The error bar corresponds to a 99% confident interval. In 共a兲, 关共c兲兴 the straight line is given by zz = −RCP cos  共xz = −RCP sin 兲 as expected from the Cauchy equations for a homogeneous surface incompressible flow of volume fraction RCP = 0.82. For ⍀ = 6 rpm,  was measured to be  = 19.7°. The vertical mixed lines and the vertical dotted lines show the free-surface boundary and the static/flowing interface as defined in Figs. 2 and 3, respectively.
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FIG. 9. Top: Profiles of the six independent components of the contact stress tensor gradient, namely, zz / z 共a兲, xx / z 共b兲, xz / z 共c兲, zz / x 共d兲, xx / x 共e兲, and xz / x 共f兲 for ⍀ = 6 rpm. The error bars correspond to a 99% confident interval. In 共a兲, 共c兲, 共d兲, and 共f兲, the horizontal straight line is given by zz / z = −RCP cos , xz / z = −RCP sin , zz / x = 0, and xz / x = 0, respectively, as expected from the Cauchy equations for a homogeneous surface incompressible flow of volume fraction RCP = 0.82 and mean flow angle  = 19.7° as measured for ⍀ = 6 rpm. The vertical mixed lines and the vertical dotted lines show the free-surface boundary and the static/flowing interface as defined in Figs. 2 and 3, respectively.



zz =  cos  + ⍀x + ⍀2z, z



共6b兲



where  denotes the mean flow angle. The second right-hand term of Eq. 共6b兲 is the Coriolis term. This term is maximum at the free surface, where it reaches 15% of the first righthand gravity term, e.g., for ⍀ = 6 rpm. The last right-hand term of Eq. 共6b兲 is the centrifugal term. This term is maximum at the drum boundary, where it reaches 1% of the first right-hand gravity term, e.g., for ⍀ = 6 rpm. Thus, inertial effects can be neglected and the Cauchy equations for pure steady homogeneous flows would reduce to



xz = −  sin  , z



共7a兲



zz = −  cos  , z



共7b兲



and, since the volume fraction  is almost constant, close to the random close packing value RCP = 0.82:



xz共z兲 = − zRCP sin  , zz共z兲 = − z



RCP



cos  .



共8a兲 共8b兲



These predictions were compared to the measured profiles 共Fig. 8兲. The measured profile zz fits well with Eq. 共8b兲. However, xz departs from Eq. 共8a兲 within the static phase. To understand this discrepancy, one looks at the gradient of the stress tensor 共see Fig. 9兲. The x derivative of the various components were calculated by translating the elementary slice ⌺ with an increment ␦x = 5 from one side to the other of the reference position x = 0. We checked that the obtained



values do not depend on ␦x. Both zz / x and xz / x vanish within ⌺ at the center of the drum. However, xx / x does not. In other words, steady surface flows in rotating drums cannot be considered as quasihomogeneous even at the center of the drum. The Cauchy equations should then read



xx xz + = −  sin  , x z



共9a兲



zz = −  cos  . z



共9b兲



This may explain the slight discrepancies observed between homogeneous steady heap surface flows and steady surface flows in rotating drum 共see, e.g., Ref. 9 for related discussions兲.



V. CONSTITUTIVE LAWS A. Inertial number I



It was recently suggested5,58–60 that the shear state of a dense granular flow can be characterized through a dimensionless number I, referred to as the inertial number, defined as I=



 z x



冑zz .



共10兲



This parameter can be regarded as the ratio between the typical time of deformation 1 / zx and the typical time of confinement 1 / 冑zz.5
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FIG. 10. 共a兲 Profiles of the inertial parameter I共z兲 for ⍀ = 6 rpm. The error bar corresponds to a 99% confident interval. The vertical mixed lines and the vertical dotted lines show the free-surface boundary and the static/flowing interface as defined in Figs. 2 and 3, respectively. 共b兲 Variation of the value Ith of the inertial number at the static/flowing interface with respect to the flow rate Q.



A typical profile of the inertial number I is plotted in Fig. 10共a兲. This nondimmensionalized parameter was shown to be the relevant parameter to account for the transition from the quasistatic regime to the dense inertial regime in plane-shear configuration, annular shear, and inclined plane configuration.5,58,59 Therefore, it is natural to consider I as the relevant parameter to describe the transition from the quasistatic phase and the flowing layer in the surface flow geometry. To check this assumption, we determine the value Ith of the inertial number at the interface between the static phase/flowing layer interface—defined by extrapolating the linear velocity profile of the flowing phase to zero 共see Fig. 3兲—for all our numerical experiments carried out at various ⍀. Variations of Ith as a function of Q is represented in Fig. 10共b兲. This threshold is found to be constant, equal to Ith ⯝ 1.8 ⫻ 10−2 ,



共11兲



which provides a rather strong argument to consider this nondimensionalized parameter as the relevant one to describe surface flows. B. Rheology



Now that a relevant parameter describing the local shear state of the flow has been proposed, one can discuss in more detail the flow rheology. As a first guess, it is tempting to consider local constitutive laws relating the components of



FIG. 11. 共a兲 Variation of the effective friction coefficient  = xz / zz as a function of the inertial number I for ⍀ = 6 rpm. Inset: Variation of  as a function of I for ⍀ = 2 rpm 共䊊兲, ⍀ = 4 rpm 共쐓兲, ⍀ = 5 rpm 共䊐兲, ⍀ = 6 rpm 共䉭兲, and ⍀ = 10 rpm 共〫兲 in semilogarithmic scale. The dash-dotted line is given by  = 0.35+ 0.013 log I. 共b兲 Variation of the ratio k = xx / zz as a function of the inertial number I for ⍀ = 6 rpm. Inset: Variation of k as a function of I for for ⍀ = 2 rpm 共䊊兲, ⍀ = 4 rpm 共쐓兲, ⍀ = 5 rpm 共䊐兲, ⍀ = 6 rpm 共䉭兲, and ⍀ = 10 rpm 共〫兲 in semilogarithmic scale. The dash-dotted horizontal line corresponds to k = 1.



the stress tensor to I through a one-to-one relation. In this case, dimensional analysis leads to



xz/zz = 共I兲,



xx/zz = k共I兲.



共12兲



Typical variations of the effective friction coefficient  as a function of the inertial number I are plotted on Fig. 11共a兲. A semilogarithmic representation 关see inset of Fig. 11共a兲兴 shows that the data collected for different flow rates Q collapse relatively well within the scaling:



 = a + b log I,



共13兲



with a ⯝ 0.35 and b ⯝ 0.013 when I ranges from 10−4 to 10−1. A departure from this scaling is observed when I becomes smaller than 10−4. In this latter case,  decreases more rapidly with I. It is worthy to note that the scaling given by Eq. 共13兲 is quantitatively similar to the one observed in the inclined plane geometry,59 which suggests that both freesurface flow and flows down a rough inclined plane may be described through the same constitutive laws. Relating  and I through a local constitutive law seems thus to be relevant. Figure 11共b兲 shows the variations of k = xx / zz as a function of I. In the flowing layer, i.e., when I exceeds Ith, k → 1. The nonmonotonic behavior observed in the static phase is much more suprising: The parameter k starts from a
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FIG. 12. Profiles of the x gradient k / x of the ratio k = xx / zz at the center of the drum as observed for ⍀ = 6 rpm. The vertical mixed lines and the vertical dotted lines show the free-surface boundary and the static/flowing interface as defined in Figs. 2 and 3, respectively.



value lower than 1 at the drum boundary k共I → 0兲 ⯝ 0.8, increases, reaches a maximum for I ⯝ 10−3, where k共I ⯝ 10−3兲 ⯝ 1.2, and finally decreases for increasing I and tends to 1 within the flowing layer. Such observation is very different from the k = 1 behavior observed in the whole material in both annular shear and incline geometry.5,39,59 While the profile 兵共z兲其 is observed to be invariant along infinitesimal translation, the profile 兵k共z兲其 is not 共Fig. 12兲. The x derivative of k is found to be almost constant k / x ⯝ −0.05 within the whole packing. In other words, the flow cannot be considered as homogeneous at the center of the drum as regard with the parameter k. Furthermore, while the curves 共I兲 collected for different flow rates Q collapse fairly well, the curves k共I兲 do not. This strongly suggests that the nonlocal effects implied, e.g., by the existence of multiscale rigid clusters embedded in the flow,33 should be found in the constitutive law k共I兲 rather than in 共I兲 contrary to what was suggested in Refs. 5, 9, 29, and 33.



VI. FLUCTUATION ANALYSIS



Let us now analyze the fluctuations ␦ and ␦ of the velocity and the vorticity, respectively. Calling c共x , t兲 the instantaneous velocity of a bead located at the position x within the elementary slice ⌺ at a given time t, the fluctuating part of the velocity ␦c共x , t兲 is defined as ␦c共x , t兲 = c共x , t兲 − x共z兲ex, where x共z兲 denotes the average velocity at the depth z 关see Fig. 3共a兲兴. Profiles of velocity fluctuation ␦2共z兲 are then computed by dividing ⌺ into layers of one mean bead diameter wide and averaging ␦c2 over all the beads of the 400 frames, whose center of mass is inside the corresponding layer. The same procedure is applied to determine the profiles of angular velocity fluctuations. In our athermal granular systems, the only time scale is provided by the velocity gradient zx. Therefore, we looked at profiles of 兵␦ / zx其 and 兵␦ / zx其 rather than direct profiles of 兵␦其 and 兵␦其. Figure 13 displays both the translational velocity fluctuation profile 关Fig. 13共a兲兴 and the angular fluctuation 关Fig.



FIG. 13. Profile of translational velocity fluctuations ␦ 共a兲 and angular velocity fluctuation ␦ 共b兲 nondimensionalized by the shear rate zx at the center of the drum obtained for ⍀ = 6 rpm. The vertical mixed lines and the vertical dotted lines show the free-surface boundary and the static/flowing interface as defined in Figs. 2 and 3, respectively.



13共b兲兴 nondimensionalized by the shear rate zx. In both cases, the nondimensionalized fluctuations are found to be constant within the flowing layer, i.e.,



␦ ⯝ 2.65  z x



for z 艌 − H or I 艌 Ith ,



␦ ⯝ 3.35 for z 艌 − H or I 艌 Ith .  z x



共14兲



In the static phase, both ␦ / zx and ␦ / zx are found to increase with the distance from the static/flowing interface. Figure 14 plots both ␦ / zx 关Fig. 14共a兲兴 and ␦ / zx 关Fig. 14共b兲兴 as functions of the inertial number I. It evidences the existence of two different scalings within the static phase, namely,



␦ ⬀ I−1/2  z x



for I 艋 Ith ,



共15a兲



␦ ⬀ I−1/3 for I 艋 Ith .  z x



共15b兲



Such scalings are very similar to the one observed in the shear geometry.59 The importance of these fluctuations with regards to the typical rate of deformation zx 共up to 40兲, as well as the scaling given by Eq. 共15a兲 exhibited within the static phase, are compatible with the picture presented in
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FIG. 14. 共a兲 Nondimensionalized velocity fluctuation ␦ / zx as a function of the inertial number I for ⍀ = 2 rpm 共䊊兲, ⍀ = 4 rpm 共쐓兲, ⍀ = 5 rpm 共䊐兲, ⍀ = 6 rpm 共䉭兲, and ⍀ = 10 rpm 共〫兲. The axes are logarithmic. The slope of the plain straight line is −1 / 2. 共b兲 Nondimensionalized velocity fluctuation ␦ / zx as a function of the inertial number I for ⍀ = 2 rpm 共䊊兲, ⍀ = 4 rpm 共쐓兲, ⍀ = 5 rpm 共䊐兲, ⍀ = 6 rpm 共⌬兲, and ⍀ = 10 rpm 共〫兲. The axes are logarithmic. The slope of the plain straight line is −1 / 3. In both graphs, the vertical dash-dotted line shows the static/flowing interface as defined by I = Ith.



Ref. 5 to describe quasistatic flow: The average grain motion is made of a succession of very slow motions when the particle climbs over the next one and a rapid motion when it is pushed back into the next hole by the confining picture.



VII. CONCLUDING DISCUSSION



Rheologies of 2D dense granular flows were investigated through nonsmooth contact dynamics simulations of steady surface flows in a rotating drum. Profiles of the different continuum quantities were measured at the center of the drum where the flow is nonaccelerating. Volume fraction  is found to be almost constant, around the random close packing value RCP ⯝ 0.82 within the whole packing, except for a tiny dilation 共few percents兲 within the flowing layer, as expected from dilatancy effects. As observed experimentally,26–32 the streamwise velocity profile 兵x共z兲其 is found to be linear within the flowing layer and to decrease exponentially within the static phase. The mean profile of the angular velocity was also measured at the center of the drum and was shown to be equal to half of the vorticity in the whole packing.
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In a second step, profiles of the three independent component of the stress tensor were measured at the center of the drum. Quite surprisingly, the flow is found to be nonhomogeneous at the center of the drum with regard to one of this component, namely, xx. In other words, xxx does not vanish, whereas x, xv, xzz, and xxz vanish. The inertial number I, defined as the ratio between inertial solicitations and confinement solicitations, was determined. This number is shown to be the relevant one to investigate quantitatively the rheology of the surface flows. The transition from the static to the flowing phase is found to occur to a fixed value Ith of I, independent of the flow rate Q. Constitutive laws relating the components of the stress tensor to I were determined. The effective friction  = xz / zz is found to increase logarithmically with I, independent of the flow rate Q. This relation is found to match quantitatively the one observed in rough incline geometry. On the other hand, the ratio k = xx / zz is found to be be significantly different from k = 1 in contrast to what was observed in plane shear, annular shear, and rough incline geometry.39,59 To be more precise, k is found to vary nonmonotonically with I. Moreover, xk is found not to vanish contrary to the x derivative of the other continuum quantities. It is worthy to note that k = 1 together with a univocal relation between  and I would have naturally implied a Bagnold velocity profile, as observed in rough incline geometry, but not in the present freesurface flow geometry. In other words, the selection of the velocity profile resides more in the function k共I , . . . 兲 than in 共I兲. Dependencies of 兵k共I兲其 with Q, as well as the fact that xk does not vanish, lead us to conjecture that the ratio k encodes the structure of the percolated network of grains in extended contact with each others—referred to as the arches network. In this scenario, the structure of this network, and therefore the ratio k, is related to the global geometry of the packing as well as to the orientation of the flow. This picture is broadly consistent with nonlocal models based on the coexistence of particle chains and fluid-like materials.6,9 However, a more detailed study is needed to verify this and understand how k can be related to the global structure of the force network. Finally, both velocity ␦ and angular velocity ␦ fluctuations were analyzed. These quantities nondimensionalized by the shear rate zx were found to be constant— independent of the flow rate—within the flowing layer thickness. In the static phase, both ␦ / zx and ␦ / zx were found to decrease as different power-laws with I. This behavior is consistent with the idea of an intermittent dynamics generated from the succession of rapid rearrangements and slow displacement.5 This change of behavior at the static/flowing interface is broadly consistent with recent measurements of Orpe and Khakhar,61 revealing a sharp transition in the rms velocity distribution at this interface. Understanding what set precisely the scaling laws require precise statistical analysis of bead velocities at the grain scale. This represents an interesting topic for a future investigation.



Downloaded 20 Oct 2005 to 134.214.132.184. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



103303-11



ACKNOWLEDGMENTS



This work is supported by the CINES 共Centre Informatique National de l’Enseignement Supérieur兲, MontpellierFrance, Project No. mgc257. 1



Phys. Fluids 17, 103303 共2005兲



Numerical simulation of 2D steady granular flows



S. B. Savage and D. J. Jeffrey, “The stress tensor in a granular flow at high shear rates,” J. Fluid Mech. 110, 255 共1981兲. 2 J. T. Jenkins and S. B. Savage, “A theory for the rapid flow of identical smooth inelastic, spherical particle,” J. Fluid Mech. 130, 187 共1983兲. 3 C. K. K. Lun and S. B. Savage, “The effect of an impact dependent coefficient of restitution on stresses developed by sheared granular materials,” Acta Mech. 63, 15 共1986兲. 4 R. Nedderman, Statics and Kinematics of Granular Materials 共Cambridge University Press, Cambridge, 1992兲. 5 G. D. R. Midi, “On dense granular flows,” Eur. Phys. J. E 14, 341 共2004兲. 6 P. Mills, D. Loggia, and M. Texier, “Model for stationnary dense granular flow along an inclined wall,” Europhys. Lett. 45, 733 共1999兲. 7 B. Andreotti and S. Douady, “Selection of velocity profile and flow depth in granular flows,” Phys. Rev. E 63, 031305 共2001兲. 8 J. T. Jenkins and D. M. Hanes, “Kinetic theory for identical, frictional, nearly elastic spheres,” Phys. Fluids 14, 1228 共2002兲. 9 D. Bonamy and P. Mills, “Diphasic-non-local model for granular surface flows,” Europhys. Lett. 63, 42 共2003兲. 10 J. Rajchenbach, “Dense rapid flow of inelastic grains under gravity,” Phys. Rev. Lett. 90, 144302 共2003兲. 11 S. B. Savage, “Analysis of slow high concentration flows of granular materials,” J. Fluid Mech. 377, 1 共1998兲. 12 L. Bocquet, W. Losert, D. Schalk, T. Lubensky, and J. Gollub, “Granular shear flow dynamics and forces: Experiment and continuum theory,” Phys. Rev. E 65, 011307 共2002兲. 13 L. S. Mohan, K. K. Rao, and P. R. Nott, “Frictional cosserat model for slow shearing of granular materials,” J. Fluid Mech. 457, 377 共2002兲. 14 I. S. Aranson and L. S. Tsimring, “Continuum theory of partially fluidized granular flows,” Phys. Rev. E 65, 061303 共2002兲. 15 C. Josserand, P.-Y. Lagrée, and D. Lhuillier, “Stationary shear flows of dense granular materials: A tentative continuum modelling,” Eur. Phys. J. E 14, 127 共2004兲. 16 O. Pouliquen and R. Gutfraind, “Stress fluctuations and shear zones in quasi-static granular flows,” Phys. Rev. E 53, 552 共1996兲. 17 G. Debregeas and C. Josserand, “A self-similar model for shear flows in dense granular materials,” Europhys. Lett. 52, 137 共2000兲. 18 O. Pouliquen, Y. Forterre, and S. L. Dizes, “Slow dense granular flows as a self induced process,” Adv. Complex Syst. 4, 441 共2001兲. 19 A. Lemaitre, “The origin of a repose angle: Kinetic rearrangement for granular materials,” Phys. Rev. Lett. 89, 064303 共2002兲. 20 J. P. Bouchaud, M. E. Cates, J. R. Prakash, and S. F. Edwards, “A model for the dynamics of sandpile surface,” J. Phys. II 4, 1383 共1994兲. 21 T. Boutreux, E. Raphael, and P. G. de Gennes, “Surface flows of granular materials: A modified picture for thick avalanches,” Phys. Rev. E 58, 4692 共1998兲. 22 A. Aradian, E. Raphael, and P. G. de Gennes, “Thick surface flows of granular materials: The effect of velocity profile on the avalanche amplitude,” Phys. Rev. E 58, 4692 共1998兲. 23 S. B. Savage and K. Hutter, “The motion of a finite mass of granular material down a rough incline,” J. Fluid Mech. 199, 177 共1989兲. 24 S. Douady, B. Andreotti, and A. Daerr, “On granular surface flow equations,” Eur. Phys. J. B 11, 131 共1998兲. 25 D. V. Khakhar, J. J. McCarthy, T. Shinbrot, and J. M. Ottino, “Tranverse flows and mixing of granular materials in a rotating cylinder,” Phys. Fluids 9, 31 共1997兲. 26 D. Bonamy, F. Daviaud, and L. Laurent, “Experimental study of granular surface flows via a fast camera: A continuous description,” Phys. Fluids 14, 1666 共2002兲. 27 J. Rajchenbach, “Granular flows,” Adv. Phys. 49, 229 共2000兲. 28 D. Bonamy, “Phénomènes collectifs dans les matériaux granulaires,” Ph.D. thesis, Université Paris XI, Orsay, France, 2001. 29 D. Bonamy and P. Mills, “Texture of granular surface flows: Experimental investigation and biphasic non-local model,” Granular Matter 4, 183 共2003兲. 30 A. V. Orpe and D. V. Khakhar, “Scaling relations in quasi 2D cylinders,” Phys. Rev. E 64, 031302 共2001兲. 31 N. Jain, J. Ottino, and R. Lueptow, “An experimental study of the flowing



granular layer in a rotating tumbler,” Phys. Fluids 14, 572 共2002兲. G. Felix, “Ecoulements de matèriaux granulaires en tambour tournant,” Ph.D. thesis, Institut National Polytechnique de Lorraine, Nancy, France, 2001. 33 D. Bonamy, F. Daviaud, L. Laurent, M. Bonetti, and J.-P. Bouchaud, “Multi-scale clustering in granular surface flows,” Phys. Rev. Lett. 89, 034301 共2002兲. 34 M. Jean and J. J. Moreau, Unilaterality and dry friction in the dynamics of rigid bodies collection, in Contact Mechanics International Symposium, edited by A. Curnier 共Presses Polytechniques et Universitaires Romanes, Lausane, 1992兲, pp. 31–48. 35 J. J. Moreau, “Some numerical methods in multibody dynamics: Application to granular materials,” Eur. J. Mech. A/Solids 13, 93 共1994兲. 36 T. G. Drake, “Granular flows: Physical experiments and their implications for microstructural theories,” J. Fluid Mech. 225, 121 共1991兲. 37 P. A. Cundall and O. D. L. Strack, “A discrete numerical model for granular assemblies,” Geotechnique 29, 47 共1979兲. 38 Y. Kishino, in Micromechanics of Granular Materials, edited by M. Satake and J. T. Jenkins 共Elsevier, Amsterdam, 1988兲, pp. 143–152. 39 L. E. Silbert, D. Ertas, G. S. Grest, T. C. Halsey, D. Levine, and S. J. Plimpton, “Granular flow down an inclined plane: Bagnold scaling and rheology,” Phys. Rev. E 64, 051302 共2001兲. 40 G. de Saxcé and Z. Feng, “New inequation and functional for contact with friction,” Mech. Struct. Mach. 19, 301 共1991兲. 41 M. Jean, “The non-smooth contact dynamics method,” Comput. Methods Appl. Mech. Eng. 177, 235 共1999兲. 42 J. J. Moreau, “Numerical aspects of sweeping process,” Comput. Methods Appl. Mech. Eng. 177, 329 共1999兲. 43 J. J. Moreau, in Nonsmooth Mechanics and Applications, CISM Courses and Lectures Vol. 32, edited by J.-J. Moreau and P.-D. Panagiotopoulos 共Springer, New York, 1988兲, pp. 1–82. 44 E. Delassus, “Mémoire sur la théorie des liaisons finies unilatérales,” Ann. Sci. Ec. Normale Super. 34, 95 共1917兲. 45 M. Renouf and P. Alart, “Conjugate gradient type algorithms for frictional multicontact problems: Applications to granular materials,” Comput. Methods Appl. Mech. Eng. 194, 2019 共2004兲. 46 M. Renouf, F. Dubois, and P. Alart, “A parallel version of the non smooth contact dynamics algorithm applied to the simulation of granular media,” J. Comput. Appl. Math. 168, 375 共2004兲. 47 M. Renouf and P. Alart, “Solveurs parallèles pour la simulation de systèmes multi-contacts,” Rev. Eur. Elem. Finis 13, 691 共2004兲. 48 F. Dubois and M. Jean, in Actes du sixième colloque national en calcul des structures 共CSMA-AFM-LMS, Giens, 2003兲, Vol. 1, pp. 111–118. 49 F. Radjai, M. Jean, J. J. Moreau, and S. Roux, “Force distribution in dense two-dimensional granular systems,” Phys. Rev. Lett. 77, 274 共1996兲. 50 F. Radjai, D. E. Wolf, M. Jean, and J. J. Moreau, “Bimodal character of stress transmission in granular packings,” Phys. Rev. Lett. 80, 61 共1998兲. 51 The procedure to define the angle between the x axis and the horizontal is the following: 共i兲 On each of the 400 snapshots of the sequences, one defines the free surface of the packing and calculates its slope. 共ii兲 The angle  is defined as the average of these slope over the 400 snapshots of the sequence. 52 T. S. Komatsu, S. Inagasaki, N. Nakagawa, and S. Nasuno, “Creep motion in a granular pile exhibiting steady surface flow,” Phys. Rev. Lett. 86, 1757 共2001兲. 53 S. Courrech du Pont, R. Fisher, P. Gondret, B. Perrin, and M. Rabaud, “Instantaneous velocity profiles during granular avalanches,” Phys. Rev. Lett. 94, 048003 共2005兲. 54 C. S. Campbell and C. E. Brennen, “Kinetic theory for granular flow of dense slightly inelastic, slightly rough spheres,” J. Appl. Mech. 52, 172 共1985兲. 55 C. K. K. Lun, “Kinetic theory for granular flow of dense slightly inelastic, slightly rough spheres,” J. Fluid Mech. 233, 539 共1991兲. 56 C. S. Campbell, “The effect of microstructure development on the collisional stress tensor in a granular flow,” Acta Mech. 164, 107 共1986兲. 57 C. S. Campbell and A. Gong, “The stress tensor in a two-dimensional granular shear flow,” J. Fluid Mech. 164, 107 共1986兲. 58 F. da Cruz, F. Chevoir, J.-N. Roux, and I. Iordanoff, “Macroscopic friction of dry granular materials,” in 30th Leeds Lyon Symposium on Tribology, Lyon, 2–5 September 2003 共Elsevier, Amsterdam, 2004兲, Vol. 43. 32



Downloaded 20 Oct 2005 to 134.214.132.184. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



103303-12 59



Renouf et al.



F. da Cruz, “Ecoulement de grain secs: Frottement et blocage,” Ph.D. thesis, Ecole Nationale des Ponts et Chausses, Champs sur Marnes, France, 2004. 60 P. Jop, Y. Forterre, and O. Pouliquen, “Crucial role of side walls for



Phys. Fluids 17, 103303 共2005兲 granular surface flows: Consequences for the rheology,” J. Fluid Mech. 共in press兲. 61 A. V. Orpe and D. V. Khakhar, “Solid-fluid transition in a granular shear flow,” Phys. Rev. Lett. 93, 068001 共2004兲.



Downloaded 20 Oct 2005 to 134.214.132.184. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



























[image: Computational linear rheology of general branch-on ...]
Computational linear rheology of general branch-on ...












[image: Dynamic constraints on the crustal-scale rheology of ...]
Dynamic constraints on the crustal-scale rheology of ...












[image: New Insights on Fumed Colloidal Rheology - Shear ...]
New Insights on Fumed Colloidal Rheology - Shear ...












[image: EFFECTS OF SURFACE CATALYTICITY ON ...]
EFFECTS OF SURFACE CATALYTICITY ON ...












[image: Unifying Suspension and Granular Rheology - Physics (APS)]
Unifying Suspension and Granular Rheology - Physics (APS)












[image: open channel flow stratified by a surface heat flux]
open channel flow stratified by a surface heat flux












[image: On discriminating between geometric strategies of surface ... - Frontiers]
On discriminating between geometric strategies of surface ... - Frontiers












[image: Temporal evolution of surface ripples on a finite ... - EGR.MSU.Edu]
Temporal evolution of surface ripples on a finite ... - EGR.MSU.Edu












[image: Excitation of surface dipole and solenoidal modes on toroidal structures]
Excitation of surface dipole and solenoidal modes on toroidal structures












[image: Measurement of vibrations induced on the surface of crystalline eye ...]
Measurement of vibrations induced on the surface of crystalline eye ...












[image: Modeling reaction-diffusion of molecules on surface and ... - CiteSeerX]
Modeling reaction-diffusion of molecules on surface and ... - CiteSeerX












[image: On Linear Variational Surface Deformation Methods]
On Linear Variational Surface Deformation Methods












[image: Effect of surface termination on the electronic properties ...]
Effect of surface termination on the electronic properties ...












[image: Compositional Variation on the Surface of Centaur ...]
Compositional Variation on the Surface of Centaur ...












[image: On discriminating between geometric strategies of surface ... - Frontiers]
On discriminating between geometric strategies of surface ... - Frontiers












[image: Rapid comparison of properties on protein surface]
Rapid comparison of properties on protein surface












[image: Modeling reaction-diffusion of molecules on surface ...]
Modeling reaction-diffusion of molecules on surface ...












[image: Road Surface 3D Reconstruction Based on Dense Subpixel ...]
Road Surface 3D Reconstruction Based on Dense Subpixel ...












[image: Effect of CMC and pH on the Rheology of Suspensions of ... - U-Cursos]
Effect of CMC and pH on the Rheology of Suspensions of ... - U-Cursos












[image: Maestre, Puche - 2009 - Indices based on surface indicators predict ...]
Maestre, Puche - 2009 - Indices based on surface indicators predict ...















On surface flow rheology






granular flows by accounting for nonlocal effects,6â€“10 by adapting kinetic theory .... lomb's one for which the basic features are as follows: The friction force lies in ... LMGC90 software.48 On a SGI Origin 3800 with 16 proces- sors, about 20 h ... 






 Download PDF 



















 249KB Sizes
 2 Downloads
 397 Views








 Report























Recommend Documents







[image: alt]





Computational linear rheology of general branch-on ... 

Contemporaneous with these ad- vances in tube ... 2006 by The Society of Rheology, Inc. 207 ... express Gslow t as a sum over such relaxing elements. Gslow t ...














[image: alt]





Dynamic constraints on the crustal-scale rheology of ... 

Aug 5, 2011 - spacing with other geological data and theory to constrain parameters ... and a combination of numerical and analytical studies have shown ...














[image: alt]





New Insights on Fumed Colloidal Rheology - Shear ... 

hardware-based feedback of this instrument was used to monitor residual stresses on ..... vided direct imaging that supports these assertions, and our scaling model ..... B. Kaffashi, V.T. Obrien, M.E. Mackay, S.M. Underwood,. Journal of Colloid ...














[image: alt]





EFFECTS OF SURFACE CATALYTICITY ON ... 

The risk involved, due to an inadequate knowledge of real gas effects, ... the heat shield surface, increase the overall heat flux up to about two times, or more, higher than ..... using data from wind tunnel and free flight experimental analyses.














[image: alt]





Unifying Suspension and Granular Rheology - Physics (APS) 

Oct 24, 2011 - regime, where both hydrodynamic and contact interactions contribute to the ... constant particle pressure Pp. Figure 1(b) depicts how Pp.














[image: alt]





open channel flow stratified by a surface heat flux 

and Saito (1997) considered a DNS of open channel flow ... the surface of water in an inclined open channel, approxi- ... be good for stratified water flows.














[image: alt]





On discriminating between geometric strategies of surface ... - Frontiers 

Apr 25, 2012 - Department of Psychology, Georgia Southern University, Statesboro, GA, USA ... GA 30460, USA. ..... March 2012; published online: 25 April.














[image: alt]





Temporal evolution of surface ripples on a finite ... - EGR.MSU.Edu 

we integrate analytic solutions for the temporal evolution of the initial ripples on ...... F. Garanin, V. A. Ivanov, V. P. Korchagin, O. D. Mikhailov, I. V.. Morozov, S. V. ...














[image: alt]





Excitation of surface dipole and solenoidal modes on toroidal structures 

May 1, 2006 - ... field, microwave radiation. âˆ—Electronic address: [email protected]. 1 ... the basis set are given and the solution method detailed. Section 4 presents results in the ..... 13, wherein a clear signature of a circulatory Jb.














[image: alt]





Measurement of vibrations induced on the surface of crystalline eye ... 

aDepartment of Electrical and Computer Engineering, University of Houston, ... cDepartment of Biomedical Engineering, University of Texas at Austin, Austin, TX, ...














[image: alt]





Modeling reaction-diffusion of molecules on surface and ... - CiteSeerX 

MinE and comparing their simulated localization patterns to the observations in ..... Hutchison, â€œE-CELL: software environment for whole-cell simulation,â€� ... 87â€“127. [11] J. Elf and M. Ehrenberg, â€œSpontaneous separation of bi-stable biochem-














[image: alt]





On Linear Variational Surface Deformation Methods 

Deformation tools allow the user to interact with a 3D surface and modify its shape. The quality of a deformation method is measured by its flexibility, the quality ...














[image: alt]





Effect of surface termination on the electronic properties ... 

estimate the amount of accumulated charge for both terminations by computing the electron occupation of LÃ¶wdin atomic orbitals [6] on each atom in the fully ...














[image: alt]





Compositional Variation on the Surface of Centaur ... 

Subject headings: infrared: solar system â€” Kuiper Belt, Oort Cloud. 1. INTRODUCTION ... heliocentric distances in the solar nebula. These distant objects.














[image: alt]





On discriminating between geometric strategies of surface ... - Frontiers 

Apr 25, 2012 - meters by which mobile organisms orient with respect to the environment. ... human participants in a dynamic, three-dimensional virtual envi-.














[image: alt]





Rapid comparison of properties on protein surface 

Jul 10, 2008 - 4 Markey Center for Structural Biology, Purdue University, West Lafayette, Indiana 47907. 5 The Bindley ... per proteins, and proteins in the ubiquitination pathway.10â€“14 ... several protein families including globins, thermo-.














[image: alt]





Modeling reaction-diffusion of molecules on surface ... 

Abstractâ€”The E-Cell System is an advanced open-source simulation platform to model and analyze biochemical reaction networks. The present algorithm ...














[image: alt]





Road Surface 3D Reconstruction Based on Dense Subpixel ... 

and computer vision have been increasingly applied in civil. Rui Fan is with the ... e.g., stereo vision, are more capable of reconstructing the 3D ..... Road Surface 3D Reconstruction Based on Dense Subpixel Disparity Map Estimation .pdf.














[image: alt]





Effect of CMC and pH on the Rheology of Suspensions of ... - U-Cursos 

particle-particle interactions since the rheology of dispersed systems is ..... oxides" Transactions of the Canadian Institute of Mining and Metallurgy 69, 1966, 438.














[image: alt]





Maestre, Puche - 2009 - Indices based on surface indicators predict ... 

Maestre, Puche - 2009 - Indices based on surface indic ... oil functioning in Mediterranean semi-arid steppes.pdf. Maestre, Puche - 2009 - Indices based on ...


























×
Report On surface flow rheology





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















