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On the ground state eigenfunction of a convex domain in Euclidean space Pawel Kr¨oger∗ Mathematisches Institut, Universit¨ at Erlangen-N¨ urnberg Bismarckstr. 1 1/2, 91054 Erlangen Germany



Abstract. We study the first eigenfunction φ1 of the Dirichlet Laplacian on a convex domain in Euclidean space. Elementary properties of Bessel functions yield that ||φ1 ||∞ /||φ1 ||2 → ∞ if D is a sector in Euclidean plane with area 1 and the angle tends to 0. We aim to characterize those domains D such that (vol(D))1/2 ||φ1 ||∞ /||φ1 ||2 is large by the ratio of the eigenvalues ˜ of D with given volume. of D and the infimum of the eigenvalues of all subdomains D Key: 35 J 05, 35 B 05, 35 J 25 0. Introduction. Let D be a bounded convex domain in Rd . We consider the eigenvalue problem 4φ



=



−λφ



on D



and φ|∂D ≡



0.



Let φ1 be the eigenfunction for the first eigenvalue λ1 of the above eigenvalue problem. We investigate whether ||φ1 ||∞ is bounded above by a constant multiple of ||φ1 ||2 . We use (n) (n) standard results on Bessel functions in order to show that limn→∞ ||φ1 ||∞ /||φ1 ||2 = ∞ if (n) φ1 denotes the ground state eigenfunction on a sector S (n) in Euclidean plane with angle π/n. An elementary calculation shows that there exists a sequence of rectangular domains R(n) with R(n) ⊂ S (n) such that the first eigenvalue of R(n) is ”close” to the first eigenvalue of S (n) although the ratio of the areas of R(n) and S (n) tends to 0. We will show in the second part of the paper that a related phenomenon can be used to characterize those domains in Euclidean space for which ||φ1 ||∞ /||φ1 ||2 is large. More precisely, we will show that ||φ1 ||∞ /||φ1 ||2 can be bounded above by a function of λ1 and the infimum of the first eigenvalues of all convex subdomains of D with given volume. 1. Sectors in Euclidean plane We introduce polar coordinates (r, ω) in Euclidean plane. Let Jn be the Bessel function of (n) order n and let jn be the first positive zero of Jn . The ground state eigenfunction φ1 of the Laplace operator −4 on the sector S (n) ≡ {0 < r < jn , 0 < ω < π/n} is given by (n) φ1 (r, ω) ≡ Jn (r) sin(nω) and the corresponding eigenvalue is equal to 1. (n)



Claim. Let φ1 be the ground state eigenfunction of S (n) ⊂ R2 . Then (n)



(n)



lim (area(S (n) ))1/2 ||φ1 ||∞ /||φ1 ||2 = ∞.



n→∞ ∗
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Proof. Kapteyn’s inequality (cf. [2], p. 268) states that √ z n exp(n 1 − z 2 ) √ Jn (nz) ≤ for 0 < z < 1. (1 + 1 − z 2 )n √ We set u ≡ 1 − z 2 . Using the Taylor series of the exponential function, we can easily show exp 2u < 1 − 23 u3 for every u with 0 < u < 1. Hence, that 1−u 1+u Jn (nz) < (



(1 − u2 ) exp 2u n/2 2 ) < (1 − u3 )n/2 . 2 (1 + u) 3
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Now suppose that z < 1 − n− 3 for a positive number . Then u = n(−1)/3 . We can conclude that  /3



n 2 2 1− Jn (nz) < (1 − n−1 )n/2 = ((1 − n−1 )3n /2 ) 3 3



√



1 − z2 >



 /3



< 2−n



√



1−z >



.



On the other hand, it follows from [2], p.488 eq. (II) and the property that the absolute values of the consecutive extremas of Jn decrease that the maximum value of Jn is greater or equal than C1 n−1/2 for an appropriate constant C1 . The value of the q independent variable 0 0 such that Jn attains its maximum will be denoted by jn . Then jn > n(n + 2) and Jn00 (r) < 0 on (n, jn0 ) (see [2], p.486 (3) and (2)). We can conclude that lim n→∞



Z



jn 1



n−n+ 3



Jn (r)2 r dr/



Z 0



jn



Jn (r)2 r dr = 1 for every  > 0.



Finally, we take into account that the smallest positive zero jn of Jn is asymptotically equal to n(1 + C2 n−2/3 ) for an appropriate constant C2 > 0 (cf. [2], p.516). This establishes the claim. Remark. A simple calculation shows that there exists a constant C1 such that S (n) contains for every n a rectangle R(n) with sides n1/3 and 1 − C1 n−2/3 . Obviously, the ratio area(R(n) )/area(S (n) ) tends to zero as n → ∞. The first Dirichlet eigenvalue of R(n) is less or equal than 1 + (1 + 3C1 )n−2/3 for n sufficiently large. On the other hand, the difference between the first zero jn of Jn and the second zero of Jn is greater or equal than C2 n1/3 for a constant C2 (this can be shown by similar methods as in [2], pp. 518–521). We can conclude that the second eigenvalue of S (n) is greater or equal than 1 + C3 n−2/3 for an appropriate constant C3 (recall that the first eigenvalue is equal to 1). This example motivates the following considerations. 2. The ground state eigenfunction and the first eigenvalues of convex domains and their subdomains ˜ ⊂ D with λD˜ ≤ λD +α(λD −λD ) It is easy to see that the existence of a (small) subdomain D 1 1 2 1 for a constant α with α < 1 yields a lower bound for ||φ1 ||∞ /||φ1 ||2 . This follows if we ˜ ˜ extend the first eigenfunction φD 1 of D by zero to D and develop the resulting function with
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˜ We obtain that under the respect to an orthonormal system of Dirichlet eigenfunctions of D. normalization assumption ||φ1 ||2 = 1 the following holds (we will drop the superscript D): ˜



˜



˜



˜



˜



D 2 D 2 D 2 D 2 λD 1 ||φ1 ||2 ≥ λ1 < φ1 , φ1 > + λ2 (||φ1 ||2 − < φ1 , φ1 > ).



On the other hand, Z



||φ1 ||∞ ≥ (



˜ D



˜ ˜ D ˜ ≥ < φD ˜ φ21 dx)1/2 /vol(D) 1 , φ1 > /(vol(D)||φ1 ||2 )



This leads to ||φ1 ||∞ ≥



√



˜ 1 − α/vol(D).



We recall that Yu and Zhong have obtained the following explicit lower bound for λ2 − λ1 which might be useful if we want to apply the above observations in order to obtain a lower bound for ||φ1 ||∞ /||φ1 ||2 (see [3]). Let D be a convex domain in Rd . Let diam(D) denote the diameter of D. Then the first two Dirichlet eigenvalues λ1 and λ2 of D satisfy the inequality λ2 − λ1 ≥ π 2 (diam(D))−2 . The following theorem shows that we can also proceed in the converse direction. ˜



Theorem. Let D be a convex domain in Rd . Suppose that λD 1 ≥ Λ(δ) for every convex ˜ ˜ D ⊂ D with vol(D) ≤ δvol(D) and positive numbers Λ(δ) and δ. We normalize a positive eigenfunction φ1 for the first eigenvalue λ1 of D by ||φ1 ||2 = 1. Then ||φ1 ||∞ ≤ Cd δ −1/2 ( ln ||φ1 ||∞ − ln(1 − λ1 /Λ(δ)))d/2 for a positive constant Cd which depends only on the dimension d. ˜



Remark. We intend to choose δ not too small, say δ ≡ 1/2. We can conclude that inf{(λD 1 − 1 ˜ ˜ λ1 )/λ1 | D ⊂ D with vol(D) = 2 vol(D)} decreases exponentially fast as ||φ1 ||∞ increases. We guess that the above Theorem is no longer true if we drop the assumption that D is convex although it may be difficult to find a good lower bound for Λ(δ). Proof. Assume that vol(D) = 1. Let D() denote the set {x ∈ D| φ1 (x) > } for a positive number . We choose  such that vol(D() ) = δ. By [1], Theorem 6.1, ln φ1 is concave. This implies in particular that D() is convex. Let M denote the maximum value of φ1 . The concavity of ln φ1 yields that vol{x ∈ D | φ1 (x) ≥ λ M 1−λ } ≥ λd δ



for every 0 < λ < 1.



Hence, 1=



Z D



2



φ1 (x) dx ≥ δM



2



Z 0



1



(/M )2λ dλd ≥ δCd M 2 (ln(M/))−d



(∗)



where Cd depends only on the dimension d (the last inequality can be easily shown if we consider λ ∼ (ln(M/))−1 ). 3



On the other hand, we develop the restriction of φ1 to D() with respect an orthonormal () system of Dirichlet eigenfunctions φk of D() . The corresponding eigenalues will be denoted () by λk . By Green’s formula (n(x) stands for the exterior normal to the boundary ∂D() at x), () (λk



− λ1 )



Z D()



() φ1 φk



dx =



Z



= − =



()



D()



()



φk 4φ1 − φ1 4φk dx



Z



()



 < ∇φk , n(x) >



() ∂D Z () λk D()



()



φk dx.



If we take into account that Z ∞ X



(



k=1



and



()



D()



φ1 φk dx)2 = ||φ1 |D() ||22 ≥ δ



Z ∞ X



(



k=1



we can conclude that



()



D()



1φk dx)2 = δ



()



λ1 − λ 1 ()



λ1



≤ .



In conjunction with the assumption we arrive at 1 − λ1 /Λ(δ) ≤ . Thus, the assertion follows from (∗). References 1. H. J. BRASCAMP AND E. H. LIEB, On extensions of the Brunn-Minkowski and Pr´ekopaLeindler theorems, including inequalities for log concave functions, and with an application to the diffusion equation. J. Funct. Anal. 22 (1976), 366–389. 2. G. N. WATSON, A treatise on the theory of Bessel functions, Cambridge University Press 1922. 3. QIHUANG YU AND J. Q. ZHONG, Lower bounds of the gap between the first and second eigenvalues of the Schr¨odinger operator. Trans. Amer. Math. Soc. 294 (1986), 341–349.
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