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ON THE NATURAL DENSITIES OF EIGENVALUES OF A SIEGEL CUSP FORM OF DEGREE 2 SOUMYA DAS



Abstract. We prove explicit lower bounds for the density of the sets of primes p such that eigenvalue λp of a Siegel cusp form of degree 2 satisfy c2 > λp > c1 , c1 , c2 real. A similar result is also proved for the set of primes such that |λp | > c.



1. Introduction A central problem in the theory of modular forms is the distribution of the Hecke eigen values λ(n) of the Hecke operators T (n) defined on the space in question. Especially for an elliptic Hecke eigen form f , such an equidistribution (the Sato–Tate conjecture) has recently been proved, see [3]. However in the case of cuspidal Siegel modular forms of weight k and degree g > 1, which we denote by Skg , not much is known in this regard. In this paper we will work in the setting of g = 2 and will denote Sk2 simply by Sk and the corresponding Maaß space by Sk∗ . Further, F will always be a cuspidal eigen form in Sk which is not in Sk∗ . Here, the Ramanunjan–Petersson conjecture for g = 2 (proved by Weissauer in [10]) states that all the Satake p-parameters of F (see sect. 2 for the definition) have absolute value 1. This implies that for any prime p and any positive integer n, −4 ≤ λp ≤ 4;



|λn | ε nε .



where (and for the rest of the paper) we define the normalised eigenvalues λn := λF (n)/nk−3/2 . A recent result of A. Saha in [8] gives some information about the proportion of primes for which λp is large. More precisely, it states that for F not in Sk∗ and c > 0,   3 4 ; δ Nat {Primes p | |λp | ≥ c} ≤ , δ Nat {Primes p | λp ≥ c} ≤ 2c c+4 where δ Nat denotes the lower natural density. However the above result gives no information about the set of primes for which λp is negative; this was also noted in [8]. In particular, we do not even know if the eigenvalues λp (p prime) are negative infinitely often. We note 2000 Mathematics Subject Classification. Primary 11F30; Secondary 11F46. Key words and phrases. Siegel modular forms, Eigenvalues, Density results, Sign changes. 1
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here that a result of Kohnen (see [5]) says that there are infinitely many sign changes in the sequence (λn ) (n ∈ N). The assumption that F is not in Sk∗ is crucial for us; but it is also natural since it is known from [2] that in this case λF (n) > 0 for all n ≥ 1. The aim of this short paper is to provide lower bounds on the lower natural densities for the set of primes for which c1 < λp < c2 for appropriate real numbers c1 , c2 . In particular we will show that λp < 0 for a positive proportion of the primes. We now state the main result of this paper. Let P be the set of all primes. Theorem 1.1. Let F ∈ Sk be a cuspidal eigenform not in Sk∗ . Let −a < 0 < b be real numbers such that ab > 1; c, d, e ≥ 0. Then ab − 1 , (4 + a)(a + b)  1 − 4c {p ∈ P | λp > c} ≥ , 8(4 − c)  1 − 4d {p ∈ P | λp < −d} ≥ , 8(4 − d)  1 − e2 . {p ∈ P | |λp | > e} ≥ 16 − e2



 (i) δ Nat {p ∈ P | b > λp > −a} ≥ (ii) δ Nat (iii) δ Nat (iv) δ Nat



Remark 1.2. Note the above results are void unless a, b ≤ 4; c, d, e < 4. Also (ii), (iii) and (iv) are meaningful only if c, d < 1/4 and e < 1 respectively. To prove the theorem, we make use of the prime number theorem for the L-functions attached to irreducible, unitary representations for GL(4, AQ ) as in [6] and the recent result on the transfer of unitary, cuspidal representations on Gsp(4) obtained from a Siegel eigenform in Sk to GL(4). See sect. 2 and [9] for the details. Thus, while the Sato–Tate conjecture for eigenvalues of F is out of reach at the moment, Theorem 1.1 provides some information about the distribution of the λp unconditionally. In particular we see that (ii) and (iii) of Theorem 1.1 with c = d = 0 shows that in the interval [1, X] with X large, the number of positive and negative eigenvalues in the sequence (λp ) (p prime) is  X/ log X; a result best possible in terms of the order of magnitude. Acknowledgements. The author thanks Jyoti Sengupta for useful conversations and the School of Mathematics T.I.F.R., where this work was done, for providing excellent working conditions.
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2. Preparation For a subset A of the set of all primes P, we denote the upper and lower natural density of A by δ¯Nat (A) and δ Nat (A). They are by definition #{p ≤ X | p ∈ A} δ¯Nat (A) := lim sup ; #{p ≤ X} X7→∞



δ Nat (A) := lim inf X7→∞



#{p ≤ X | p ∈ A} . #{p ≤ X}



We recall that F ∈ Sk∗ if it is the Saito–Kurokawa lift of an elliptic eigenform f of weight 2k − 2 for SL(2, Z). See [4] for more on this lift. In this case it is also known by [2] that λn > 0 for all n. Next, we recall the prime number theorem for the Spinor L-function ZF attached to a cuspidal eigenform F ∈ Sk which is not a Saito–Kurokawa lift. Hence, the Ramanujan– Petersson conjecture is known for the Satake parameters of F . Crucial for us is the recent result in [9] regarding the transfer of the irreducible, cuspidal, unitary, tempered, self-dual representation πF attached to F (with trivial central character) to such a representation Π of GL(4, AQ ) (AQ being the adele ring of Q) such that L(s, πF ) := ZF (s) = L(s, Π).



(2.1)



We will need the prime number theorem for the L-function L(s, Π) attached to Π as proven in [6]. We state the result in terms of the (finite part of) the local data of ZF by virtue of (2.1). We have the Euler product expansion for ZF in the region Re(s) > 1 as Y ZF (s) = Zp,F (s); Zp,F (s) = (1 − αp p−s )(1 − βp p−s )(1 − αp−1 p−s )(1 − βp−1 p−s ) (2.2) p



where αp±1 , βp±1 are the Satake p-parameters of F . They all are of absolute value 1. Zp,F (s) is related to the eigen values of F via: Zp,F (T ) = 1 − λp T + (λ2p − λp2 − 1/p)T 2 − λp T 3 + T 4 .



(2.3)



The quantities aΠ (pm ) attached to the local p-factor Lp (s, Π) (and hence of ZF ) are defined as aΠ (pm ) := αpm + βpm + αp−m + βp−m . They are essentially the Dirichlet coefficients of the logarithmic derivative of L(s, Π): For Re(s) > 1, ∞ X d Λ(n)aΠ (n) . log L(s, Π) = − s ds n n=1
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The prime counting function ψ(X, Π) is defined by X ψ(X, Π) := Λ(n)aΠ (n). n≤X



Next, we state the prime number theorem for the Rankin–Selberg L-function attached to two irreducible, unitary representations Π, Π0 of GL(4, AQ ). Let us call the Satake pparameters αp , βp , αp−1 , βp−1 of F as a1 (p), a2 (p), a3 (p), a4 (p) respectively and those of Π0 as bj (p) (1 ≤ j ≤ M ). Then the (finite part of) the Rankin–Selberg L-function attached to Π, Π0 is defined by L(s, Π × Π0 ) =



Y Lp (s, Π × Π0 );



Lp (s, Π × Π0 ) =



p



4 Y M Y



1 − ai (p)bj (p)p−s







i=1 j=1



The prime number theorem for Rankin–Selberg L-functions asserts that (taking Π0 = Π, see [6, Theorem 2.3]) for large X X p  ψ(X, Π × Π) := Λ(n)|aΠ (n)|2 = X + O X exp{−κ1 log X} (2.4) n≤X



for some κ1 > 0 and the implied constant depends on F . Here Λ(n) is the classical von– Mangoldt function. Now taking Π0 to be the trivial representation we find that (see [6, Theorem 2.3]) for large X, p (2.5) ψ(X, Π) = ψ(X, Π × Id.)  X exp{−κ2 log X}. for some κ2 > 0. Lemma 2.1. With the notation as above, we have for large X X p  (i) λ2p log p = X + O X exp{−κ1 log X }, p≤X



(ii)



X



λp log p  X exp{−κ2



p  log X .



p≤X



Proof. We will only prove (i); the proof of (ii) is the same. By definition, we have X ψ(X, Π × Π)) = aΠ (pm )2 log p. p,m pm ≤X



We know that aΠ (p) = λp (see (2.3), (2.2)) and also |aΠ (pm )| ≤ 4. Hence for m ≥ 2 and large X X X X aΠ (pm )2 log p ≤ aΠ (pm )2 log p ≤ 16 log p  X 1/2 . pm ≤X



p2 ≤X



p≤X 1/2
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Since m ≤ log X/ log p  log X, we arrive at X  ψ(X, Π × Π)) = λ2p log p + O X 1/2 log X p≤X



Now we get (i) from (2.4).



 3. Proof of Theorem 1.1



Let F ∈ Sk be a cuspidal eigenform which is not a Saito–Kurokawa lift. We consider the following weighted sum: X S(X) := (λf (p) + a)(b − λf (p)) log p. p≤X



with a, b as in Theorem 1.1. From the fact that (λf (p) + a)(b − λf (p)) ≥ 0 if and only if −a ≤ λf (p) ≤ b, we have X (λf (p) + a)(b − λf (p)) log p S(X) ≤ p≤X −a


≤ (4 + a)(a + b) #{p ≤ X | −a < λf (p) < b} log x.



(3.1)



Therefore we need to find a suitable lower bound for S(X), as X goes to infinity. To this end, we have by the classical prime number theorem ψ(X) =1 X



lim



X7→∞



where ψ(X) :=



P



log p. Using this and Lemma 2.1 we infer that for any ε > 0 and large



p≤X



X, say X ≥ X(ε, F ), S(X) ≥ (ab − 1 − 2ε)X + (b − a)



X



λp log p + O X exp{−κ1



p  log X}



p≤X



p  ≥ (ab − 1 − 2ε)X + O X exp{−κ log X} ≥ (ab − 1 − 3ε)X



(3.2)



where in the above, κ = min(κ1 , κ2 ), κ1 , κ2 as in Lemma 2.1. Since ε > 0 is arbitrary, (3.1) and (3.2) imply that  δ Nat {p ∈ P | −a < λp < b} ≥



ab − 1 . (4 + a)(a + b)
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This proves (i). The proofs of (ii), (iii) and (iv) are the same, so we omit the proofs and only indicate the ensemble to start with. Namely, for (ii) we consider X S(X) = (λp − c)(λp + 4) log p; p≤X



and for (iii) we consider S(X) =



X



(λp + d)(λp − 4) log p;



p≤X



and for (iv) we consider S(X) =



X



(λp − e)(λp + e) log p.



p≤X



This finishes the proof of Theorem 1.1. Corollary 3.1.  15 (i) δ¯Nat {p ∈ P | λp = 0} ≤ . 16  4b − 1 . (ii) δ¯Nat {p ∈ P | λp < b} ≥ 8(4 + b) Proof. (i) follows from the identity δ¯Nat (A) = 1 − δ Nat (P − A), where A ⊂ P, see e.g. [8]. Taking A = {p ∈ P | λp = 0} and using (ii) and (iii) of Theorem 1.1 (taking c = d = 0) 1 we find that δ Nat (P − A) ≥ 16 . (ii) follows by taking a = 4 in part (i) of Theorem 1.1 and the fact that λp ≥ −4.  In view of the relation δ Nat (A) ≤ δ Dir (A) for A ⊂ P (where δ Dir is the lower Dirichlet density; see e.g. [8]) we have: Corollary 3.2. Theorem 1.1 holds with δ Nat replaced by δ Dir . Remark 3.3. It is clear that the method in this paper (thanks to the results of [6]) allows one similarly to obtain lower bounds for the lower natural density of the set of primes p such that the quantities aΠ (p) attached to the local L-function of any irreducible, cuspidal, unitary, self-dual representation Π of GL(n, AQ ) lie in suitable intervals of the real line. References [1] A. N. Andrianov: Euler products corresponding to Siegel modular forms of genus 2. Russ. Math. Surv. 29:3, 1974, 45–116. [2] S. Breulmann: On Hecke eigenforms in the Maaß space. Math. Z. 232 1999, 527–530.
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