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On the Proper Homotopy Invariance of the Tucker Property Daniele Ettore OTERA Universit´ a di Palermo, Dipartimento di Matematica ed Applicazioni, via Archirafi 34, 90123 - Palermo, Italy and Universit´e Paris-Sud, Math´ematiques, Bˆ at 425, 91405 Orsay Cedex - France E-mail: [email protected] [email protected] Abstract A non-compact polyhedron P is Tucker if, for any compact subset K ⊂ P , the fundamental group π1 (P − K) is ﬁnitely generated. The main result of this note is that a manifold which is proper homotopy equivalent to a Tucker polyhedron is Tucker. We use Poenaru’s theory of the equivalence relations forced by the singularities of a non-degenerate simplicial map. Keywords proper homotopy, Φ/Ψ-theory, tucker property MR(2000) Subject Classification 57Q05, 57N35, 55P57



1 Introduction The starting point of this note is a series of papers by Poenaru ([1, 2]), where the author, in his approach to the Poincar´e conjecture, introduced the idea of killing 1-handles stably (i.e. by taking the product with n-balls) to prove the simple connectivity at inﬁnity of some open, simply connected 3-manifolds. One of the ingredients used there is the Φ/Ψ-theory (introduced in [1]) of the equivalence relations forced by singularities of a non-degenerate simplicial map. Our aim is to use these techniques for non-simply connected manifolds. Poenaru in [2] showed that, if the product of an open, simply-connected 3-manifold with the closed n-ball, W 3 × Dn , has no 1-handles, then the manifold W 3 is simply connected at inﬁnity. The condition of having a decomposition without 1-handles extends to the polyhedral category as follows (see [3] and [4]): A polyhedron P is called weakly geometrically simply connected (or wgsc) if there exists an exhaustion by compact, connected, simply-connected subpolyhedra Ki such that Ki ⊂ Ki+1 and ∪i Ki = P . Poenaru’s result was further extended in [3] (see also [5]) where it is proved that an open, simply-connected 3-manifold having the same proper homotopy type of a wgsc polyhedron is simply connected at inﬁnity. These results are purely 3-dimensional and they cannot be extended to higher dimension, as stated. In fact, there exist compact, contractible n-manifolds M n for any n ≥ 4, such that Int(M n ) × [0, 1] is wgsc but Int(M n ) is not simply connected at inﬁnity. Nevertheless, in [6], the above result was extended regardless of the dimension. In particular, it is proved that a non-compact manifold of dimension n, with n = 4, having the same proper homotopy type of a wgsc polyhedron is wgsc. If one wants to extend the wgsc property to non-simply connected spaces, one has to recall a concept developed by Tucker in his work around the missing boundary problem for 3-manifolds ([7]). Received September 16, 2005, Accepted March 1, 2006 The author is partially supported by GNSAGA of INDAM, by MIUR of Italy (Progetto Giovani Ricercatori) and by Universit` a di Palermo
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Definition 1 A polyhedron M is Tucker (or it has the Tucker property) if, for every compact subpolyhedron K ⊂ M , each component of M − K has a ﬁnitely generated fundamental group. Remark 1 A major diﬀerence between the wgsc condition and the Tucker property is that the former means that there is no 1-handles in some handlebody decomposition, while the second only tells us that some handlebody decomposition needs only ﬁnitely many 1-handles, but without any control on their number. It was shown in [7] that, if a non-compact 3-manifold M is Tucker, then it is a missing boundary manifold, i.e. there exist a compact manifold N and a subset C of the boundary of N such that N − C is homeomorphic to M . The Tucker condition was also exploited by Mihalik and Tschantz in [8], where the authors introduced tame combings for ﬁnitely presented groups. It is shown that a group Γ is tame  of some (equivalently, any) compact polyhedron combable if and only if the universal covering X X, with π1 X = Γ, is Tucker. This is independent of the space X and hence the Tucker property can be seen as a group-theoretical notion. Moreover, Brick has shown that it is a geometric property for groups, in the sense that it is preserved by quasi-isometries ([9]). The class of tame combable groups contains all asynchronously automatic and semi-hyperbolic groups. Furthermore, if a closed irreducible 3-manifold has a tame combable fundamental group then its universal covering is R3 . Finally, Poenaru pointed out to us that the same techniques of [2] could still work for nonsimply connected 3-manifolds. In particular, he claimed that if the product W 3 × Dn of (not necessarily simply connected) an open 3-manifold W 3 with the closed n-ball has ﬁnitely many 1-handles, then W 3 is Tucker. Here we are interested in a generalization of this claim, in particular we want to show the proper homotopy invariance of the Tucker property without any restriction on the dimension. Our main result is the following: Theorem 1 Let W n be a manifold of dimension n. If W n is proper homotopy equivalent to a Tucker polyhedron X k , then W n is Tucker. Remark 2 • This theorem generalizes Poenaru’s claim. Indeed, if W 3 × Dn has ﬁnitely many 1-handles then it is Tucker and hence, by Theorem 1, W 3 is Tucker. • Notice that the result of [8] implies the homotopy invariance of the Tucker property only for universal coverings. • We will actually prove a stronger claim, namely that if W is proper homotopically dominated by a Tucker polyhedron then W is Tucker (see the next section). • With respect to the results of [2, 3] our result is somewhat soft because it does not use a Dehn-type lemma ([2]) speciﬁc to dimension three, and for this reason it holds true in any dimension. Corollary 1 Let V 3 be an open 3-manifold with H1 (V 3 , Z) = 0. Then V 3 has the proper homotopy type of a Tucker polyhedron if and only if V 3 is simple ended. Proof Theorem 1 implies that V 3 is Tucker. Since V 3 is open, by [7] it follows that V 3 = int(M 3 ), where M 3 is a compact 3-manifold with boundary. Thus H1 (M 3 ) = H1 (V 3 ) = 0 and then the boundary of M 3 is made of spheres. 2



Preliminaries Concerning Poenaru’s Φ/Ψ-theory



For the sake of completeness, we recall here some of the basic facts on the Φ/Ψ-theory introduced by Poenaru in [1] as a useful tool in his approach to the covering conjecture (see [2]). The problem is to ﬁnd, in the context of a non-degenerate simplicial map f : X → M from a not necessarily locally ﬁnite simplicial complex X to a manifold M , an equivalence relation on X which is the smallest possible such a relation, compatible with f and killing all the singularities of f . The simplicial complex X will be endowed with the weak topology (i.e. a
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subset C is closed if and only if C ∩ {simplex} is closed), and this makes the map f continuous. Let X be a simplicial complex of dimension at most n, not necessarily locally ﬁnite, but with countably many simplexes. Let M be an n-manifold and f : X → M be a non-degenerate simplicial map. Definition 2 A point x ∈ X is not a singular point if f is an embedding in a neighborhood of x. Write Sing(f ) for the set of singular points of X. Definition 3 The equivalence relation Φ(f ) ⊂ X ×X deﬁned by f is given by (x, y) ∈ Φ(f ) ⇔ f (x) = f (y). Note that we are interested only in equivalence relations R such that X/R is a simplicial complex. Poenaru has shown that, starting with Φ(f ), one can construct, by folding maps, “the smallest” equivalence relation Ψ(f ) ⊂ Φ(f ) killing all the singularities without changing the topology of X. More precisely: Proposition 1 There exists a unique equivalence relation Ψ ⊂ Φ such that • If f denotes the induced map f : X/Ψ(f ) → M , then f has no singularities (i.e. f is an immersion); • There exists no other equivalence relation Ψ1 ⊂ Ψ having the same properties as Ψ and such that Ψ1 (f )  Ψ(f ). Hence Ψ(f ) is the smallest equivalence relation compatible with f which kills all the singularities. Moreover, while the passage from X to X/Φ (which, by deﬁnition, is just f (X)) destroys all the topological information, this does not happen for Ψ, in fact: Proposition 2 The projection map π : X → X/Ψ(f ) is simplicial and it induces a surjection on fundamental groups π∗ : π1 (X) → π1 (X/Ψ(f )). Now, we give an idea of how to obtain such a Ψ. Let f : X → M be a non-degenerate simplicial map. If Sing(f ) = ∅ then Ψ is trivial (Ψ = Diag(X, X)); if not, there exist a point x ∈ Sing(f ) and two distinct simplexes of the same dimension σ1 and σ2 such that x ∈ σ1 ∩ σ2 and f (σ1 ) = f (σ2 ). In this case we consider the quotient relation ρ1 obtained by identifying σ1 and σ2 (ρ1 is called a folding map). Now, if the induced map f1 : X/ρ1 → M (that is non-degenerate and simplicial too) has no singularities, then Ψ(f ) = ρ1 . Otherwise, we proceed as above and deﬁne recurrently ρ2 , ρ3 , . . . ρn , . . . so that Ψ(f ) = ∪∞ n=1 ρn . If X is not ﬁnite, we need a transﬁnite recurrence to construct our equivalence relation. This construction is not too precise since one needs transﬁnite numbers, and it is not known if this construction yields a unique Ψ. The next lemma gives us a really manageable version of Ψ(f ) since it says that one can always choose the sequence of foldings so that ρω = Ψ(f ), i.e. without using ordinal numbers. Proposition 3 Even if X is not ﬁnite, there exists a manner in which one proceeds with the folding maps in order to have Ψ(f ) = ∪∞ n=1 ρn . 2.1 Deﬁnition of Ψ(f ) Deﬁne M 2 (f ) ⊂ Φ(f ) to be the set of double points of f , i.e. all the (x, y) ∈ (X × X) − Diag X (f ) has (f ) = M 2 (f ) ∪ Diag(Sing(f)) ⊂ Φ(f). Clearly, M such that f (x) = f (y), and denote M a natural topology. We will ignore it and deﬁne a new one. ⊂M . We say that R  is admissible if the subset R = R  ∪ Diag X is an equivalence Let R relation satisfying the following: If f (x) = f (y) with x ∈ σ1 , y ∈ σ2 and (x, y) ∈ R, then R  is a simplicial complex. identiﬁes the simplexes σ1 and σ2 . Note that this means that X/R  by deciding that the Hence one can deﬁne a new topology (called the Z-topology) on the set M Z-closed subsets are the ﬁnite unions of admissible subsets. Finally one can prove the following equality: The equivalence relation Ψ is the smallest admissible equivalence relation containing Diag(Sing(f)), i.e. Ψ(f ) is the Z-closure of Diag(Sing(f)).
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3



The Proof



3.1 Outline of the Proof We ﬁrst recall the following deﬁnitions from [3]: Definition 4 A polyhedron M is (proper) homotopically dominated by the polyhedron X if there exists a P L map f : M → X such that the mapping cylinder Zf = M × [0, 1]∪f X (properly) retracts on M . Remark 3 Observe that a proper homotopy equivalence is the simplest example of proper homotopy domination. Definition 5 An enlargement of the polyhedron E is a polyhedron X which retracts properly on E, i.e. such that i E → X id π E, where i is a proper P L embedding and π is a proper P L map. The main ingredient of the proof of Theorem 1 is the following lemma: Lemma 1



It suﬃces to prove the theorem for the case when X k is an enlargement of W n .



Let us introduce some more terminology. Definition 6 A polyhedron P has a strongly connected n-skeleton if any two n-simplexes of P can be joined by a sequence of n-simplexes such that consecutive ones have a common (n − 1)-dimensional face. The polyhedron is n-pure if its n-skeleton is the union of its n-simplexes. Finally, P is called n-full if it is both n-pure and has a strongly connected n-skeleton. We now turn to the second reduction. Lemma 2



We can assume that the polyhedron X k is n-full.



Now, the hypothesis of Lemma 1 provides us with a proper P L embedding W n → X k and a proper surjection π : X k → W n such that π ◦ i = id. Furthermore we can suppose that X k is n-full thanks to Lemma 2. Lemma 3 There exist triangulations τW of W n and, respectively, θX of the n-skeleton of X k and a map λ : θX → τW such that • λ is proper, simplicial, generic and non-degenerate (i.e. its restriction to any simplex is one-to-one); • λ ◦ i = id; • θX is Tucker. One derives that θX is an enlargement of τW , when the natural projection map is replaced by λ. Now we use the Φ/Ψ-theory introduced by Poenaru in [1]. Denote by λ : θX /Ψ → τW the simplicial map induced by λ. Lemma 4



The equality Φ(λ) = Ψ(λ) holds.



Remark 4 Roughly speaking, this equality means that it is possible to exhaust all singularities of λ(θX ) by a countable union of folding maps. 3.2 Proof of Theorem 1 Using the Lemmas To simplify the notation, we denote by λC the restriction of λ to some subset C, and by ΨC or ΦC the equivalence relations of λC . Fix a connected compact subset K of W . By compactness arguments, one can ﬁnd another compact subset L of θX such that λL (L) ⊃ K, and a third compact subset P ⊂ θX such that λ−1 (λL (L)) ⊂ P . This implies that if (x, y) ∈ M 2 (λ) with x ∈ i(K), then y ∈ P . Hence i(K) ⊂ P/ΦP .
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The last lemma says that the equivalence relation Φ(λ) can be obtained by a countable union of folding maps. This implies that any compact subset of X involves only a ﬁnite number of these foldings. Hence, for any compact subset P of X there exists a big compact subset P such that ΨP = ΦP . λP Furthermore we have the following diagram of maps: i(K) ⊂ P/ΦP = P/Ψ ⊂ P /Ψ → P



P



τW . Since the map λP is an immersion and no double point of it can involve P (thanks to



λ the equality ΦP = ΨP ), we have i(K) ∩ M2 (λP ) = ∅ and then i(K) ⊂ P /ΨP ⊂ θX /ΨP −→ τW . By hypothesis, the fundamental groupπ1 (θX − i(K)) is ﬁnitely generated and therefore Proposition 2, stated before, implies that π1 (θX − i(K))/Ψ(λ) is also ﬁnitely generated. Now, since i(K) ∩ M2 (λ) = ∅, one obtains that (θX − i(K))/Ψ is exactly θX /Ψ − i(K). From the equality of Lemma 4, we derive that θX /Ψ = θX /Φ. By the deﬁnition of Φ, θX /Φ is just the image of θX by λ, namely τW . It follows that the fundamental group π1 (τW − K) is isomorphic to π1 (θX − i(K)), and hence ﬁnitely generated. The Tucker condition for W is then veriﬁed.



4



Proof of the Lemmas



4.1 Proof of Lemma 1 Let f : W → X be a proper homotopy equivalence. Then the mapping cylinder Zf = W × [0, 1]∪f X has a strong deformation retraction on W . Notice that X is also a strong deformation retraction of Zf , by using the following retraction r(x, t) = f (x) for (x, t) ∈ W × [0, 1] and r(y) = y for y ∈ X. In particular r is a homotopy equivalence. Lemma 5 If X is Tucker then Zf is Tucker. Proof Let C be a compact subset of Zf , and write K = r(C) ⊂ X. The compact subset r −1 (K) of Zf is the mapping cylinder of f |f −1 (K) : f −1 (K) → K, and it strongly retracts on K. Then the fundamental group π1 (Zf − r −1 (K)) is isomorphic to π1 (X − K), which is ﬁnitely generated by hypothesis. This implies that π1 (Zf − C) is also ﬁnitely generated as claimed. It follows that Zf is an enlargement of W , and the proof of Lemma 1 is achieved. 4.2 Proof of Lemma 2 We observe that, if X is an enlargement of W , then X × Dp is also an enlargement of W for any p. Lemma 2 now follows directly from the fact that, if X is path-connected, then X × Dp is p-full (see [3]). 4.3 Proof of Lemma 3 This lemma is a consequence of some general results of the approximation of P L maps by non-degenerate maps. In fact Lemma 4.4 from [10] and the remark which follows it state that: Lemma 6 Let f : P → Q be a P L map, Q a P L manifold and P a P L space with dimP ≤ dimQ. Let P0 ⊂ P be a closed subspace. Suppose that f |P0 is non-degenerate. Then f is homotopic to f  rel P0 , where f  is a non-degenerate P L map and f  (P −P0 ) ⊂int(Q). Moreover, given : P → R+ a positive continuous function, we may insist that ρ(f (x), f  (x)) < (x), for all x, where ρ is a given metric for the topology of Q, and the homotopy between f and f  does not move points farther than a distance apart at any moment. Furthermore, if f is proper we can ask that f  be proper, too. An application of this lemma, when P is the n-skeleton of X, P0 = W ⊂ P and Q = W and f = π|P , gives a map λ = π  which is non-degenerate and generic. Moreover, the theorem 3.6 from [10] says that one can subdivide the n-skeleton of X and τW to make λ simplicial. Now, one has to observe that the Tucker property is preserved by subdivisions (since they do not aﬀect the fundamental group) and taking the k-skeleton with k > 1 (indeed, if C is a compact subset of the k-skeleton, Xk of X, then the k-skeleton of X − C is Xk − C and so
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π1 ((X − C)k ) = π1 (Xk − C) = π1 (X − C) which is ﬁnitely generated if X is Tucker). This proves that the n-skeleton of X, θX , is Tucker. 4.4 Proof of Lemma 4 λ



By the deﬁnition of Ψ, the map θX /Ψ −→ τW is an immersion. We claim that it is a simplicial isomorphism. Consider the commutative diagram below λ



θX /Ψ −→ τW i   id τW /Ψ. If we prove that i is onto, then automatically λ is injective. If the contrary holds, we could ﬁnd an n-simplex σ of θX /Ψ such that Int(σ) ∩ Im(i) = ∅, because X, and hence θX , is n-pure. Moreover, if σ1 and σ2 are two simplexes of θX /Ψ, arbitrary lifts of them to θX are connected by a chain of n-simplexes (since θX is n-full). The projections of the intermediary simplexes form a chain in θX /Ψ because the projection map is simplicial (Ψ is a composition of folding maps) and non-degenerate (as λ). Thus there exists some n-simplex σ such that Int(σ) ∩ Im(i) = ∅ = σ ∩ Im(i). Moreover λ(i(τW /Ψ)) = τW , and then any point on the boundary ∂σ∩Im(i) would be a singular point of λ, which is not possible since λ is an immersion. Now we want to show that Ψ = Φ. We have two bijections θX /Ψ → τW (already proved) and θX /Φ → τW (by deﬁnition of Φ), and an inclusion Ψ ⊂ Φ, which induce a bijective map θX /Ψ → θX /Φ. Hence the equality Φ = Ψ holds. 4.5 Final Remark If one considers the “quasi-simple ﬁltration” property introduced by Brick and Mihalik in [11] (which translates in the polyhedral framework the condition of being geometrically simply connected), then the same techniques above can be used to show that a manifold is qsf if and only if it is properly homotopically dominated by a qsf polyhedron. Acknowledgments The author is indebted to Valentin Poenaru and Louis Funar for useful discussions, comments and suggestions. Part of this work was done when the author visited the Institut Fourier of Grenoble, which he wishes to thank for their support and hospitality. References [1] Poenaru, V.: On the equivalence relation forced by the singularities of a non-degenerate simplicial map. Duke Math. J., 63, 421–429 (1991) [2] Poenaru, V.: Killing handles of index one stably and π1∞ . Duke Math. J., 63, 431–447 (1991) [3] Funar, L.: On proper homotopy type and the simple connectivity at infinity of open 3-manifolds. Atti Sem. Mat. Fis. Univ. Modena, 49, 15–29 (2001) [4] Otera, D. E.: Asymptoptic topology of groups. Connectivity at infinity and geometric simple connectivity, PhD Thesis, Universit´ a di Palermo and Universi´te de Paris-Sud, 2006 [5] Funar, L., Thickstun, T. L.: On open 3-manifolds proper homotopy equivalent to geometrically simply connected polyhedra. Topology its Appl., 109, 191–200 (2001) [6] Funar, L., Gadgil, S.: On the geometric simple connectivity of open manifolds. I.M.R.N., 24, 1193–1248 (2004) [7] Tucker, T. W.: Non-compact 3-manifolds and the missing boundary problem. Topology, 73, 267–273 (1974) [8] Mihalik, M., Tschantz, S. T.: Tame combings of groups. Trans. Amer. Math. Soc., 349(10), 4251–4264 (1997) [9] Brick, S.: Quasi-isometries and amalgamations of tame combable groups. Int. J. Comp. Algebra, 5, 199–204 (1995) [10] Hudson, J. F. P.: Piecewise–Linear Topology, W. A. Benjamin Inc., 1969 [11] Brick, S. G., Mihalik, M. L.: The QSF property for groups and spaces. Math. Zeitschrift, 220, 207–217 (1995)
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