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Abstract Let L be a family of lattice-free polyhedra in Rm containing the splits. Given a polyhedron P in Rm+n , we characterize when a valid inequality for P ∩ (Zm × Rn ) can be obtained with a finite number of disjunctive cuts corresponding to the polyhedra in L. We also characterize the lattice-free polyhedra M such that all the disjunctive cuts corresponding to M can be obtained with a finite number of disjunctive cuts corresponding to the polyhedra in L, for every polyhedron P . Our results imply interesting consequences, related to split rank and to integral lattice-free polyhedra, that extend recent research findings.
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Introduction



Cutting plane methods have played a fundamental role in the theory of integer and mixed integer programming since they were introduced at the end of the 1950’s by Gomory [9]. In the 1970’s Balas [2] showed that valid inequalities for the mixed integer points in a polyhedron can be derived from special disjunctions in the space of the variables required to be integer. Such inequalities are called disjunctive cuts, and they can be introduced quite nicely using the concept of lattice-free polyhedra. To get more specific, we need to introduce some notation. The set of feasible solutions of a mixed integer programming problem attains the form {(x, y) ∈ P : x ∈ Zm }, where P is a polyhedron in Rm+n . The vectors (x, y) ∈ Zm × Rn are called x-integral. We denote by PI the convex hull of the x-integral vectors in P , and we say that P is x-integral if P = PI . In the special case where all the variables are required to be integer, i.e. when n = 0, we call vectors and polyhedra simply integral, instead of x-integral. A polyhedron is called rational if it is the solution set of a finite system of linear inequalities with rational data. If P is rational, then PI is a rational polyhedron (see [12], [16, Section 16.7]). In this paper we work with rational spaces, rather than real ones. In particular any vector and any polyhedron is assumed to be rational. In what follows, we denote by “relint” the relative interior, and we refer to [14] for its formal definition. A polyhedron L ⊆ Rm is said to be lattice-free if Zm ∩ relint L = ∅. Note that the given definition of lattice-free polyhedron is slightly different from the definition ∗ Institute for Operations Research (IFOR), Department of Mathematics, ETH Z¨ urich, R¨ amistrasse 101, 8092 Z¨ urich, Switzerland. ([email protected])
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present in some recent cutting plane literature, where the relative interior of L is replaced by the interior of L. A lattice-free polyhedron is a split when it is the convex hull of two parallel integral hyperplanes. Given a full-dimensional lattice-free polyhedron L = {x ∈ Rm : aj x ≤ βj , j ∈ J}, an inequality cx + dy ≤ γ is an (L-)disjunctive cut for P ⊆ Rm+n if cx + dy ≤ γ is valid for every set {(x, y) ∈ P : aj x ≥ βj },



j ∈ J.



Since relint L contains no integral point, any L-disjunctive cut is valid for PI . The disjunctive cuts corresponding to splits are called split cuts [6]. Disjunctive cuts have proven to be a very powerful tool. In fact, every valid inequality for PI can be obtained as a disjunctive cut corresponding to a suitable lattice-free polyhedron [10]. However such power comes with a price. It is clear that the number of lattice-free polyhedra is huge. Even if we restrict ourselves to the ones that are maximal with respect to inclusion, their number is infinite already in dimension two, even up to affine unimodular transformations [11], which are the affine transformations that map Zm onto Zm . In this paper we are interested in characterizing the cuts that the lattice-free polyhedra in a given family are able to produce, when used sequentially for a finite number of times. The simplest type of lattice-free polyhedra are the splits. In any dimension, there exists only one split up to affine unimodular transformations. Thus if m ≥ 2, the splits in Rm are a subset of “measure zero” of the maximal lattice-free polyhedra in Rm . Split cuts have been deeply studied in the literature, and have proven to be a very powerful class [4]. Moreover split cuts are relatively easy to construct as they are just intersection cuts [1]. Given a polyhedron P , it is in general not possible to get to PI with a finite number of split cuts [6]. However, split cuts can always give an arbitrarily good approximation of PI [13, 7]. The families of lattice-free polyhedra that we consider in this paper always contain the splits. On the one hand, this assumption is justified by the above arguments, but on the other hand, it is still open whether analogues of the results presented hold in the more general case where the families are not required to contain all the splits. The fundamental reason why the splits are always present is that the results rely on Theorem 2 of [7]. Let P ⊆ Rm+n be a polyhedron. The split closure S(P ) of P is the intersection of all the split cuts for P . The set S(P ) is a polyhedron [6], thus for every i ∈ N we can define the i-th split closure of P as S i (P ) := S(S i−1 (P )), where S 0 (P ) := P . An inequality cx + dy ≤ γ valid for PI has finite split rank (with respect to P ) if there exists h ∈ N such that cx + dy ≤ γ is valid for S h (P ). It follows from [6] that S(P ) can be described by the split cuts corresponding to a finite number of splits. Hence cx + dy ≤ γ has finite split rank, if and only if there exists a finite sequence S 1 , . . . , S k of splits in Rm such that cx + dy ≤ γ is valid for the polyhedron P k , where P i , i = 1, . . . , k, is defined as the intersection of all the S i -disjunctive cuts for P i−1 , and where P 0 := P . We extend the concept of finite rank to any family L of full-dimensional lattice-free polyhedra. Since in general it is not true that the intersection of all the disjunctive cuts for P corresponding to polyhedra in L can be described by 2



the disjunctive cuts corresponding to a finite subfamily of L, we give a natural extension of the equivalent definition of finite split rank given above. Let L be a family of full-dimensional lattice-free polyhedra in Rm . Given a polyhedron P ⊆ Rm+n , we say that an inequality cx + dy ≤ γ valid for PI has finite L-rank (with respect to P ), if there exists a finite sequence L1 , . . . , Lk of polyhedra in L such that cx + dy ≤ γ is valid for the polyhedron P k , where P i , i = 1, . . . , k, is defined as the intersection of all the Li -disjunctive cuts for P i−1 , and where P 0 := P . We say that a full-dimensional lattice-free polyhedron M ⊆ Rm has finite L-rank if every M -disjunctive cut has finite L-rank with respect to any polyhedron P ⊆ Rm+n . If L is the family of all the splits, we say that M has finite split rank instead of finite L-rank. To be able to state our results we need to introduce some more definitions. Given a convex set C in Rm+n we denote by proj C := {x ∈ Rm : ∃y ∈ Rn with (x, y) ∈ C} the orthogonal projection of C onto the space of the xvariables. We say that a polyhedron M ⊆ Rm is L-included if there exists L ∈ L such that relint M ⊆ relint L. We say that a polyhedron M has the Linclusion property if every face N of MI with relint N ⊆ relint M is L-included. Note that one of the faces of MI is MI itself. The definitions of “L-included” and “L-inclusion property” are straight generalizations to the definitions of “partitionable” and “2-hyperplane property” of [5]. In such paper the authors also illustrate such concepts by giving examples of polyhedra in R3 that do and do not have the 2-hyperplane property. The main result of this paper is the following theorem. Theorem 1. Let P be a polyhedron, let cx + dy ≤ γ be a valid inequality for PI , and let L be a family of full-dimensional lattice-free polyhedra containing the splits. Then cx + dy ≤ γ has finite L-rank if and only if every face M of proj{(x, y) ∈ PI : cx + dy = γ} with M ∩ proj{(x, y) ∈ P : cx + dy > γ} = 6 ∅, is L-included. Given P and L, Theorem 1 characterizes the inequalities valid for PI that have finite L-rank. The condition given in Theorem 1 is quite technical, but it turns out that this is exactly what is needed to have a characterization. To understand the power of Theorem 1, we derive two corollaries, and we point out their importance and how they extend recent research findings. Corollary 2. Let L be a family of full-dimensional lattice-free polyhedra containing the splits. A full-dimensional lattice-free polyhedron M has finite L-rank if and only if it has the L-inclusion property. Corollary 2 characterizes the lattice-free polyhedra with finite L-rank. The importance of this result follows from the fact that it allows us to assess the value of lattice-free polyhedra in a cutting plane algorithm that uses the family L to generate cuts. Such knowledge can then be used in different ways. For example, it can be used iteratively to remove from L polyhedra that can only generate cuts that can also be generated by the other polyhedra in L. Otherwise, it can be used iteratively to add to L polyhedra that can generate cuts that cannot be generated by the polyhedra in L. Corollary 2 generalizes a recent result by Basu et al. [5] giving a characterization of intersection cuts obtained from lattice-free polytopes having finite split rank. The generalization comes from i) working with polyhedra instead of polytopes, ii) working with disjunctive cuts
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instead of intersection cuts, iii) working with an arbitrary family L of lattice-free polyhedra containing the splits instead of the splits only. The result by Basu et al. extends a theorem by Dey and Louveaux [8] that holds when only two variables are required to be integer. Another intriguing consequence of Theorem 1 is Corollary 3. In what follows we denote by “lin.space” the lineality space (see for example [16]). Corollary 3. Let P ⊆ Rm+n be a polyhedron, let cx + dy ≤ γ be a valid inequality for PI , and let L contain the splits and every full-dimensional integral lattice-free polyhedron L with dim lin.space L ≥ m − dim proj{(x, y) ∈ PI : cx + dy = γ}. Then cx + dy ≤ γ has finite L-rank. In particular, Corollary 3 states that if an inequality cx + dy ≤ γ induces a vertex or an edge of PI , then the inequality cx + dy ≤ γ has finite split rank. This is an interesting observation because, given a random instance, most of the times (with probability 1) we are in this case. Accordingly, if cx + dy ≤ γ induces a two-dimensional face of PI , then it can be generated with a finite number of disjunctive cuts corresponding to full dimensional integral lattice-free polyhedra whose lineality space has dimension at least m − 2. It is easy to see that such lattice-free polyhedra are all the splits and all the affine unimodular transformations of {x ∈ R2 : x ≥ 0, x1 + x2 ≤ 2} × Rm−2 . In the other extreme case, if we define I to be the family of all the full-dimensional integral lattice-free polyhedra in Rm , then Corollary 3 says that every valid inequality for PI has finite I-rank. Such result was recently presented by Del Pia and Weismantel [7]. In the remainder of the paper we give the proofs of the results stated. Theorem 1 is proved in Section 2, and the corollaries are proved in Section 3. For ease of exposition, we introduce here some notation that we use frequently. Given ≥ a polyhedron P and an inequality cx + dy ≤ γ, let Pc,d,γ := {(x, y) ∈ P : > cx + dy ≥ γ}, and Pc,d,γ := {(x, y) ∈ P : cx + dy > γ}. Since most of the times we consider such sets with respect to the inequality cx + dy ≤ γ, in this case we just suppress the subscript in the above notation (i.e. we write P ≥ , ≥ > P > , instead of Pc,d,γ , Pc,d,γ ). Notice that, if cx + dy ≤ γ is valid for PI , then ≥ ≥ (P )I = (PI ) = {(x, y) ∈ PI : cx + dy = γ}, thus in this case we simply write PI≥ .
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Main result



In order to simplify the main part of the proof of Theorem 1, we first prove some lemmas. Lemma 1. Let P be a polyhedron, let cx + dy ≤ γ be an inequality, and let M be a polyhedron contained in proj P ≥ . If M ∩ proj P > 6= ∅, then relint M ⊆ proj P > . Proof. Let x ¯ ∈ M ∩ proj P > . Then ∃¯ y such that (¯ x, y¯) ∈ P > . Assume for 1 > a contradiction that ∃x ∈ (relint M ) r proj P . Then x1 6= x ¯ and x1 = 2 2 2 λ¯ x + (1 − λ)x for 0 < λ < 1 and for some x ∈ M . As x ∈ proj P ≥ , there exists y 2 such that (x2 , y 2 ) ∈ P ≥ , and thus (x1 , λ¯ y + (1 − λ)y 2 ) ∈ P > , a contradiction. 4



The next lemma is a generalization of a well-known example presented in [6], and it implies the necessity of the condition given in Theorem 1. Lemma 2. Let P be a polyhedron, let cx + dy ≤ γ be a valid inequality for PI , and let L be a family of full-dimensional lattice-free polyhedra. If there exists an integral polyhedron M ⊆ proj P ≥ such that M ∩ proj P > 6= ∅, and M is not L-included, then cx + dy ≤ γ does not have finite L-rank. Proof. Let L ∈ L, and let Q be the polyhedron obtained from P by applying an L-disjunctive cut. Since M is not L-included, there exists x ¯ ∈ (relint M ) r relint L. As M ⊆ proj P ≥ , and M ∩ proj P > 6= ∅, by Lemma 1, relint M ⊆ proj P > , and thus x ¯ ∈ proj P > . Hence there exist y¯ such that (¯ x, y¯) ∈ P > . Since x ¯ ∈ / relint L, by definition of L-disjunctive cut (¯ x, y¯) ∈ Q. Thus the inequality cx + dy ≤ γ is not valid for Q. As x ¯ ∈ M , and (¯ x, y¯) ∈ Q ∩ P > = Q> , we have that x ¯ ∈ M ∩ proj Q> 6= ∅. ≥ We show that M ⊆ proj Q . Since M is integral and proj Q≥ is convex, we only need to prove that every integral point in M is also in proj Q≥ . Let x ˜ be an integral point in M . x ˜ ∈ M ⊆ proj P ≥ , so there exists a point (˜ x, y˜) ∈ P ≥ . (˜ x, y˜) is x-integral, hence (˜ x, y˜) ∈ PI ⊆ Q. As c˜ x + d˜ y ≥ γ, we have (˜ x, y˜) ∈ Q≥ , ≥ ≥ and so x ˜ ∈ proj Q . Hence M ⊆ proj Q . We showed that the inequality cx + dy ≤ γ is not valid for the polyhedron Q obtained from P by applying any disjunctive cut corresponding to a lattice-free polyhedron L in L. We have also showed that the obtained polyhedron Q again satisfies the hypothesis of the lemma. It follows by Balas’ extended formulation for union of polyhedra [3] that there are finitely many non-dominated L-disjunctive cuts for P . Applying the above argument recursively to all such cuts shows that cx + dy ≤ γ is not valid for the polyhedron P¯ , obtained from P by applying all the L-disjunctive cuts for P , and that P¯ again satisfies the hypothesis of the lemma. By repeating the latest argument any finite number of times, it follows that for every finite sequence L1 , . . . , Lk of lattice-free polyhedra in L, cx + dy ≤ γ is not valid for the polyhedron P k , where P i , i = 1, . . . , k, is defined as the intersection of all the Li -disjunctive cuts for P i−1 , and where P 0 := P . Hence cx + dy ≤ γ does not have finite L-rank. The following observation follows from standard arguments in convex analysis. Observation 3. Let N , M be nonempty polyhedra with N ⊆ M . Then the following are equivalent: (i) relint N ⊆ relint M , (ii) N ∩ relint M 6= ∅, (iii) N is not contained in a facet of M . Proof. (i) ⇒ (ii). As N is nonempty, there exists x ¯ ∈ relint N . It follows that x ¯ ∈ N ∩ relint M . (ii) ⇒ (iii). Since there exists a vector x ¯ ∈ N ∩ relint M , N is not contained in a facet of M . (iii) ⇒ (i). Assume that relint N * relint M . As N ⊆ M , there exists x ¯ ∈ (relint N ) r relint M ⊆ M r relint M . It follows that relint N is contained in facets of M and, by convexity of N , N is contained in a single facet of M . 5



In order to prove the next lemma we introduce a concept of convergence for sequences of decreasing polyhedra. A sequence of decreasing polyhedra is a sequence of polyhedra {P i }i∈N such that P i+1 ⊆ P i for every i ∈ N. In what follows, given convex sets C and D, we define C + D := {c + d : c ∈ C, d ∈ D}. Let {P i }i∈N be a sequence of decreasing polyhedra, and let P˜ be a polyhedron such that P˜ ⊆ P i for every i ∈ N. We say that {P i }i∈N converges to P˜ if for every  > 0, there exists k ∈ N such that P k ⊆ P˜ + B, where B is the unit ball. The given definition of convergence is based on the well-known Hausdorff distance, see [15, Section 3] for more details. To show the following lemma, we use a recent result by Del Pia and Weismantel, which states that the sequence of the split closures of a polyhedron P , {S i (P )}i∈N , converges to PI [7, Theorem 2]. The following observation is also needed and can be found in [7, Observations 5 and 6]. Let {P i }i∈N be a sequence of decreasing polyhedra that converges to P˜ . If the inequality cx + dy < γ is valid for P˜ , then there exists k ∈ N such that cx + dy < γ is valid for P k . Furthermore, if Q is a polyhedron, then the sequence {P i ∩ Q}i∈N converges to P˜ ∩ Q. Lemma 4. Let P be a polyhedron, and let cx + dy ≤ γ be a valid inequality for PI such that (proj PI≥ ) ∩ (proj P > ) = ∅. Then cx + dy ≤ γ has finite split rank. Proof. We show that there exists k ∈ N such that the inequality cx + dy ≤ γ is a split cut for S k (P ). At first we prove the statement in the special case PI≥ = ∅. In this case the inequality cx + dy < γ is valid for PI . As {S i (P )}i∈N converges to PI , there exists k ∈ N such that cx + dy < γ is valid for S k (P ). Thus from now on we assume PI≥ 6= ∅. If P > = ∅, cx + dy ≤ γ is valid for P , thus there is nothing to show. Hence we assume P > 6= ∅. Since P > ⊆ P ≥ , it follows that (proj P ≥ ) ∩ (proj P > ) 6= ∅. Thus by applying Lemma 1 with M := proj P ≥ we get relint proj P ≥ ⊆ proj P > . Since by hypothesis (proj PI≥ ) ∩ (proj P > ) = ∅, also (proj PI≥ ) ∩ (relint proj P ≥ ) = ∅. As proj PI≥ is nonempty and contained in proj P ≥ , by Observation 3, proj PI≥ is contained in a facet of proj P ≥ . The set P > is by definition the polyhedron P ≥ set minus some of its faces, namely the faces comprising of points all satisfying cx + dy = γ. It follows that proj P > is the polyhedron proj P ≥ set minus some of its faces. Let N be a minimal face of proj P ≥ , with respect to inclusion, containing proj PI≥ , and let ax ≤ β be a valid inequality for proj P ≥ such that N = {x ∈ proj P ≥ : ax = β}. The minimality of N implies that relint N ∩ proj PI≥ 6= ∅. As by hypothesis proj P > does not contain any point in proj PI≥ , we have N ∩ proj P > = ∅, and thus ax < β is valid for proj P > . Notice that, since proj PI≥ is integral, we can assume a ∈ Zm , β ∈ Z. We show that there exists k ∈ N such that cx + dy ≤ γ is valid for both {(x, y) ∈ S k (P ) : ax ≤ β − 1}



and



{(x, y) ∈ S k (P ) : ax ≥ β}.



The sequence {S i (P )}i∈N , converges to PI . By intersecting S i (P ) for every i ∈ N with the half-space corresponding to the inequality cx + dy ≥ γ, it follows that the sequence {S i (P )≥ }i∈N converges to PI≥ . Since the equation ax = β is valid for PI≥ , also ax > β − 1 is valid for PI≥ , hence there exists k ∈ N such that ax > β − 1 is valid for S k (P )≥ . As S i (P )> ⊆ S i (P )≥ for every i ∈ N, 6



ax > β − 1 is valid for S k (P )> . Since S i (P )> ⊆ P > for every i ∈ N, and ax < β is valid for P > , the inequality ax < β is valid for S k (P )> . Thus β − 1 < ax < β is valid for S k (P )> . Equivalently, cx + dy ≤ γ is valid for both {(x, y) ∈ S k (P ) : ax ≤ β − 1}



and



{(x, y) ∈ S k (P ) : ax ≥ β},



implying that cx + dy ≤ γ is a split cut for S k (P ). The following lemma is a direct consequence of Lemma 4, and it was already shown in [7]. Lemma 5. Let P be a polyhedron, and let cx + dy ≤ γ be a valid inequality for PI such that proj PI≥ is not lattice-free. Then cx + dy ≤ γ has finite split rank. Proof. As proj PI≥ is not lattice-free, there exists x ¯ ∈ Zm ∩ relint proj PI≥ . Since > cx + dy ≤ γ is valid for PI , P contains no x-integral point, thus x ¯∈ / proj P > . ≥ ≥ > Hence relint proj PI * proj P . Furthermore PI ⊆ P implies PI ⊆ P ≥ , and proj PI≥ ⊆ proj P ≥ . Thus by Lemma 1 with M := proj PI≥ we get (proj PI≥ ) ∩ (proj P > ) = ∅. It follows by Lemma 4 that cx + dy ≤ γ has finite split rank. We are ready to give the proof of Theorem 1. Theorem 1. Let P be a polyhedron, let cx + dy ≤ γ be a valid inequality for PI , and let L be a family of full-dimensional lattice-free polyhedra containing the splits. Then cx + dy ≤ γ has finite L-rank if and only if every face M of proj PI≥ with M ∩ proj P > 6= ∅, is L-included. Proof. To prove necessity of the condition, assume that there exists a face M of proj PI≥ with M ∩proj P > 6= ∅, that is not L-included. Note that the polyhedron PI≥ is x-integral, since it is a face of PI . Thus proj PI≥ is an integral polyhedron, and so is its face M . Moreover M ⊆ proj PI≥ ⊆ proj P ≥ . Hence it follows by Lemma 2 that cx + dy ≤ γ does not have finite L-rank. Now assume that every face M of proj PI≥ with M ∩ proj P > 6= ∅, is Lincluded. For ease of exposition, in what follows let F := PI≥ = {(x, y) ∈ PI : cx + dy = γ}. We prove sufficiency of the condition by induction on dim F . We prove the first two base cases. Assume F = ∅. Then by Lemma 4, cx + dy ≤ γ has finite split rank. Since L contains the splits, cx + dy ≤ γ has also finite L-rank. Assume that F is a minimal face of PI . F is an affine space and it contains x-integral vectors. Hence proj F is an affine space too, and it contains integral vectors. As the relative interior of every affine space is the same affine space, proj F contains integral vectors in its relative interior, thus it is not lattice-free. Then by Lemma 5, cx + dy ≤ γ has finite split rank. As L contains the splits, cx + dy ≤ γ has also finite L-rank. To prove the inductive step, assume that F is a face of PI which is not minimal, and assume that the statement is true for every face of PI of dimension strictly smaller than dim F . If (proj F ) ∩ (proj P > ) = ∅, the result follows by Lemma 4, since L contains the splits, thus we assume that (proj F )∩(proj P > ) 6= ∅. It follows by hypothesis that proj F is L-included. Thus let L be a fulldimensional lattice-free polyhedron in L such that relint proj F ⊆ relint L, and let aj x ≤ βj , j = 1, . . . , h, be the minimal system of inequalities defining L. 7



Claim 1. For every j = 1, . . . , h, there exists an inequality cj x + dy ≤ γj such that: (i) cj x + dy ≤ γj is valid for PI , (ii) cj x + dy ≤ γj has finite L-rank, (iii) cx + dy ≤ γ is valid for {(x, y) ∈ Rm+n : cj x + dy ≤ γj , aj x ≥ βj }. Proof of claim Let j ∈ {1, . . . , h}. For every  ≥ 0, consider the inequality (c + aj )x + dy ≤ γ + βj . Since relint proj F ⊆ relint L, proj F ⊆ L, and the inequality aj x ≤ βj is valid for F . Moreover, as F is the set of points that achieve max{cx + dy : (x, y) ∈ PI }, and lim→0 aj = 0, it follows by the polyhedrality of PI that there exists ¯ > 0 small enough so that there is a face F 0 of F such that a point achieves max{(c + ¯aj )x + dy : (x, y) ∈ PI } if and only if it is in F 0 .



(1)



Let cj := c + ¯aj , γj := γ + ¯βj , and Fj := {(x, y) ∈ PI : cj x + dy = γj }. (i). Since both inequalities cx + dy ≤ γ, and aj x ≤ βj are valid for F , also their conic combination cj x + dy ≤ γj is valid for F . Thus by (1), cj x + dy ≤ γj is valid for PI . (ii). By (i) and (1), Fj is a face of F . We show that Fj = {(x, y) ∈ F : aj x = βj }. As Fj ⊆ F , Fj satisfies the equation cx + dy = γ. Adding such equation to the description of Fj given by its definition we get Fj = {(x, y) ∈ PI : cx + dy = γ, cj x + dy = γj }. Since ¯ > 0, Fj = {(x, y) ∈ PI : cx + dy = γ, aj x = βj }, and by definition of F , Fj = {(x, y) ∈ F : aj x = βj }. We show that Fj 6= F . As L has dimension m, and aj x ≤ βj is valid for L, aj x < βj is valid for relint L. Furthermore relint proj F ⊆ relint L, hence aj x < βj is valid also for relint proj F . Thus F does not satisfy aj x = βj . Since Fj satisfies aj x = βj , Fj 6= F . ≥ In what follows let Pj≥ := P(c = {(x, y) ∈ P : cj x + dy ≥ γj }, and j ,d),γj > Pj> := P(c = {(x, y) ∈ P : cj x + dy > γj }. By (i), (Pj≥ )I = Fj . j ,d),γj Let N be a face of proj Fj with N ∩ proj Pj> 6= ∅. We prove that N is Lincluded. Since Fj is the face of F induced by the inequality aj x ≤ βj , and in the inequality aj x ≤ βj the y variables have coefficients equal to zero, proj Fj is the face of proj F induced by the inequality aj x ≤ βj . As N is a face of proj Fj , N is also a face of proj F . Let x ¯ ∈ N ∩ proj Pj> 6= ∅. We show that > x ¯ ∈ proj P . As there exists y¯ such that (¯ x, y¯) ∈ Pj> , by definition of Pj> , (c + ¯aj )¯ x + d¯ y > γ + ¯βj . Since x ¯ ∈ N ⊆ proj Fj , and proj Fj satisfies aj x = βj , it follows that aj x ¯ = βj , thus ¯aj x ¯ = ¯βj . Hence c¯ x + d¯ y > γ, so (¯ x, y¯) ∈ P > , > > and x ¯ ∈ proj P . Thus x ¯ ∈ N ∩ proj P 6= ∅. As N is a face of proj F with N ∩ proj P > 6= ∅, it follows by hypothesis that N is L-included. By (i), cj x + dy ≤ γj is valid for PI . Since Fj is a face of F different from F , dim Fj < dim F . As every face N of proj Fj such that N ∩ proj Pj> 6= ∅,
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is L-included, by hypothesis of the induction the inequality cj x + dy ≤ γj has finite L-rank. (iii). Follows by definition of the inequality cj x + dy ≤ γj , and the fact that ¯ > 0.  By Claim 1(ii), cj x + dy ≤ γj has finite L-rank for every j = 1, . . . , h. By definition of finite L-rank, for every j = 1, . . . , h, there exists a finite sequence k L1j , . . . , Lj j of lattice-free polyhedra in L such that cj x + dy ≤ γj is valid for the polyhedron obtained from P by applying sequentially all the disjunctive cuts for every lattice-free polyhedron in the sequence. Observe that, given a full˜ and polyhedra Q ˜ ⊆ P˜ , an L-disjunctive ˜ dimensional lattice-free polyhedron L, ˜ ˜ ˜ cut for P is also an L-disjunctive cut for Q. As h is finite, every inequality cj x + dy ≤ γj , j = 1, . . . , h, is valid for the polyhedron Q obtained from P by applying sequentially all the disjunctive cuts for every lattice-free polyhedron in the finite sequence L11 , . . . , Lk11 , . . . , L1h , . . . , Lkhh . By Claim 1(iii), cx + dy ≤ γ is valid for every set {(x, y) ∈ Rm+n : cj x + dy ≤ γj , aj x ≥ βj },



j = 1, . . . , h.



Since every inequality cj x + dy ≤ γj , j = 1, . . . , h, is valid for Q, it follows that cx + dy ≤ γ is valid for every set {(x, y) ∈ Q : aj x ≥ βj },



j = 1, . . . , h.



Hence cx + dy ≤ γ is an L-disjunctive cut for Q. This means that cx + dy ≤ γ is valid for the polyhedron obtained from P by applying sequentially all the disjunctive cuts for every lattice-free polyhedron in the finite sequence L11 , . . . , Lk11 , . . . , L1h , . . . , Lkhh , L. Hence cx + dy ≤ γ has finite L-rank.
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Corollaries



To show Corollary 2, we first give a lemma. Lemma 6. Let M be a polyhedron that has the L-inclusion property, and let N be a nonempty integral polyhedron with relint N ⊆ relint M . Then N is Lincluded. Proof. Clearly N ⊆ M . As N is nonempty and relint N ⊆ relint M , by Observation 3, N is not contained in a facet of M . Since N is integral, N ⊆ MI . Let O be the minimal, with respect to inclusion, face of MI containing N . As N ⊆ O, also O is not contained in a facet of M . Furthermore O is nonempty, and O ⊆ M , thus by Observation 3, relint O ⊆ relint M . Since M has the L-inclusion property, and O is a face of MI with relint O ⊆ relint M , O is Lincluded. This means that there exists L ∈ L such that relint O ⊆ relint L. By minimality of O, N is not contained in a facet of O. As N ⊆ O, by Observation 3, relint N ⊆ relint O. It follows that relint N ⊆ relint O ⊆ relint L, and thus N is L-included. We prove Corollary 2. Corollary 2. Let L be a family of full-dimensional lattice-free polyhedra containing the splits. A full-dimensional lattice-free polyhedron M has finite L-rank if and only if it has the L-inclusion property. 9



Proof. To prove necessity of the condition, let M be a full-dimensional latticefree polyhedron that does not have the L-inclusion property. We show that M does not have finite L-rank, which means that there exists a polyhedron P , and an M -disjunctive cut for P that does not have finite L-rank with respect to P . Since M does not have the L-inclusion property, there exists a face N of MI with relint N ⊆ relint M that is not L-included. As M is lattice-free, also N is lattice-free. Let P ⊆ Rm+1 be the convex hull of (N × {0}) ∪ {(¯ x, ¯)}. where x ¯ ∈ relint N , and ¯ > 0. Since N is lattice-free and x ¯ ∈ relint N , the inequality y ≤ 0 is valid for the set {(x, y) ∈ P : x ∈ / relint N }. As relint N ⊆ relint M , y ≤ 0 is valid also for the set {(x, y) ∈ P : x ∈ / relint M }. Thus y ≤ 0 is an M -disjunctive cut for P . ≥ , The inequality y ≤ 0 is valid for PI . By definition of P , N ⊆ proj P0,1,0 > and N ∩ proj P0,1,0 6= ∅. Moreover N is integral and not L-included, thus by Lemma 2, the inequality y ≤ 0 does not have finite L-rank with respect to P . Hence M does not have finite L-rank. To prove sufficiency of the condition, let M be a full-dimensional latticefree polyhedron that has the L-inclusion property. To show that M has finite L-rank, we need to prove that every M -disjunctive cut has finite L-rank with respect to any polyhedron P . Let P be a polyhedron, and let cx + dy ≤ γ be an M -disjunctive cut for P . If P > = ∅ there is nothing to prove, thus we assume P > 6= ∅. Since cx+dy ≤ γ is an M -disjunctive cut for P , it is valid for the set {(x, y) ∈ P : x ∈ / relint M }. Equivalently proj P > ⊆ relint M . Let N be a face of proj PI≥ such that N ∩ proj P > 6= ∅. We show that N is L-included. As N ⊆ proj P ≥ , and N ∩ proj P > 6= ∅, by Lemma 1 relint N ⊆ proj P > . Hence relint N ⊆ relint M , since proj P > ⊆ relint M . As M has the L-inclusion property, and N is integral and nonempty, Lemma 6 implies that N is L-included. By Theorem 1, cx + dy ≤ γ has finite L-rank. We terminate with a short proof of Corollary 3. Corollary 3. Let P ⊆ Rm+n be a polyhedron, let cx + dy ≤ γ be a valid inequality for PI , and let L contain the splits and every full-dimensional integral lattice-free polyhedron L with dim lin.space L ≥ m − dim proj PI≥ . Then cx + dy ≤ γ has finite L-rank. Proof. Let cx + dy ≤ γ be a valid inequality for PI which is not valid for P . If PI≥ = ∅ then the result follows by Lemma 4, since L contains the splits. Thus we assume PI≥ 6= ∅. Let M be a face of proj PI≥ with M ∩ proj P > 6= ∅. We show that M is L-included. As M ⊆ proj P ≥ and M ∩ proj P > 6= ∅, by Lemma 1, relint M ⊆ proj P > . Since cx + dy ≤ γ is valid for PI , proj P > contains no integral point. Hence relint M contains no integral points, thus M is lattice-free. As M is integral, there exists an integral lattice-free polyhedron L with relint M ⊆ relint L,



10



and with dim lin.space L ≥ m − dim M . To see this, note that via an affine unimodular transformation we can assume M ⊆ Rdim M ×{0}m−dim M , and consider the lattice-free polyhedron L := M + ({0}dim M × Rm−dim M . As M is a face of proj PI≥ , dim M ≤ dim proj PI≥ , thus dim lin.space L ≥ m − dim proj PI≥ . By hypothesis L ∈ L, so M is L-included. Hence by Theorem 1 the inequality cx + dy ≤ γ has finite L-rank. Acknowledgements. The author would like to thank F. Margot and R. Weismantel for encouraging him to write this paper, and the two anonymous referees, whose valuable comments improved the style and presentation of this paper.
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