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The main result



Let C ⊆



Rn and z ∈ C. The tangent cone [2] of C at z is defined as  T (z; C) =



d∈



R



n



zk − z | ∃ {zk } ⊆ C, zk → z and {τk } ↓ 0, s.t. d = lim k→∞ τk







Clearly, the tangent cone is a cone. Following is an alternative characterization from [1]. T (z; C) = {d ∈



Rn | ∃{dk } → d and {τk } ↓ 0 s.t. z + τk dk ∈ C ∀k}.



We recall the following additional properties that the tangent cone possesses: 1. T (z; C) is closed for any C, z [3, 1]. 2. If C is convex, T (z; C) is convex for any z ∈ C. Indeed for convex sets, we have yet another characterization of the tangent cone, from [3]. If C is convex, T (z; C) = cl {d ∈



Rn | ∃ τ > 0



s.t. z + τ d ∈ C},



where cl A or cl (A) denotes the closure of set A. Following is our main result. Theorem 1 Let C1 , C2 be convex sets and a point z ∗ belong to the intersection of C1 and C2 . Then cl (conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )}) = T (z ∗ ; conv {C1 ∪ C2 }).



(1)



Proof : “⊆” Since C1 ⊆ conv {C1 ∪ C2 } and C2 ⊆ conv {C1 ∪ C2 }, it follows that T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 ) ⊆ T (z ∗ ; conv {C1 ∪ C2 }). But since T (z ∗ ; conv{C1 ∪C2 }) is closed and convex, it contains in it the closed convex hull of T (z ∗ ; C1 )∪ T (z ∗ ; C2 ). i.e. cl (conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )}) ⊆ T (z ∗ ; conv {C1 ∪ C2 }). “⊇” Now let d0 belong to the set on the right. For  > 0, let d be such that kd − d0 k <  and z ∗ + τ d ∈ ∗
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conv {C1 ∪ C2 } for some τ > 0. Let α ∈ [0, 1], x ∈ C1 , y ∈ C2 be such that z ∗ + τ d = αx + (1 − α)y. Consequently d = αd1 + (1 − α)d2 , where x − z∗ y − z∗ ∈ T (z ∗ ; C1 ) and d2 = ∈ T (z ∗ ; C2 ), τ τ since C1 , C2 are convex. It follows that d belongs to the set on the left, and by closedness of this set, d0 also belongs to it. d1 =



Since the convex hull of a closed cone is a convex cone, that is not necessarily closed, the cone conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )} in (1) may not be closed and the “cl ()” in the left hand side of (1) is essential. Some sufficient conditions for its closedness of convex hulls of cones are the following. Lemma 2 Let K ⊆



Rn be a cone. If K is



1. closed and pointed, or 2. K is polyhedral conv K is closed. Proof : (1.) is proved in [3], page 86. For (2.), recall from [3], page 85, that conv K = K + · · · + K (n terms). If K is polyhedral, it is finitely representable. It follows that convK is also finitely representable and hence is polyhedral and thus closed. See [3], Definition 3.13, for pointed cones. As a consequence of Lemma 2, if the cone T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 ) in Theorem 1 is either pointed or polyhedral, the result may be refined as conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )} = T (z ∗ ; conv {C1 ∪ C2 }). Another interesting consequence of Theorem 1 is the following.



R



Corollary 3 Let C1 , C2 be convex sets in n with nonempty intersection and let z ∗ ∈ C1 ∩ C2 . For any convex neighbourhoods N , N1 , N2 of z ∗ , we have T (z ∗ ; N ∩ conv {C1 ∪ C2 }) = T (z ∗ ; conv {(N1 ∩ C1 ) ∪ (N2 ∩ C2 )}. Proof : Clearly T (z ∗ ; N ∩ conv {C1 ∪ C2 }) = T (z ∗ ; conv {C1 ∪ C2 }), so from Theorem 1, T (z ∗ ; N ∩ conv {C1 ∪ C2 }) = cl (conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )}).



(2)



Similarly, T (z ∗ ; Ci ) = T (z ∗ ; Ni ∩ Ci ), i = 1, 2. Since Ni are convex, we may apply Theorem 1 to the convex sets N1 ∩ C1 and N2 ∩ C2 . This gives T (z ∗ ; conv {(N1 ∩ C1 ) ∪ (N2 ∩ C2 )}) = cl (conv {T (z ∗ ; N1 ∩ C1 ) ∪ T (z ∗ ; N2 ∩ C2 )}) = cl (conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C1 )})



(3)



Combining (2) and (3), we get the result. To see that Corollary 3 is nontrivial take N = N1 = N2 and note that while the inclusion conv {(N ∩ C1 ) ∪ (N ∩ C2 )} ⊆ N ∩ conv {C1 ∪ C2 }, holds, equality does not hold in general. Corollary 3 however ensures that the tangent cones of both sets are equal. Example : Take C1 to be a disk in 2 whose boundary passes through the origin. Take C2 to be a unit segment along the Z-axis. conv {C1 ∪ C2 } is a (solid) “tent” with base C1 and staff C2 . Take N = N1 = 3 and N2 to be a ball of radius 0.5 centered at the origin. conv {(N2 ∩ C2 ) ∪ C1 } is now a shorter tent, which does not include the “surface” of the conv {C1 ∪ C2 }. Yet, Corollary 3 shows that the tangent cone of both tents at the origin is the same. 2
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1.1



Extension to finitely many convex sets



We now extend Theorem 1 to finitely many convex sets, i.e. we show the following. Corollary 4 Let k be an integer and C1 , C2 . . . . , Ck be convex sets with nonempty intersection. Let k \ z∗ ∈ Ci . Then i=1  n o  n o cl conv ∪ki=1 T (z ∗ ; Ci ) = T z ∗ ; conv ∪ki=1 Ci . To prove Corollary 4 we need a couple of results. Lemma 5 For any two sets A1 , A2 , 1. conv {A1 ∪ A2 } = conv {(conv A1 ) ∪ A2 }. 2. cl (conv {A1 ∪ A2 }) = cl (conv {cl (conv A1 ) ∪ A2 }) . Proof : e := (conv A1 ) ∪ A2 . conv C e is a convex set containing C, whence 1. Let C := A1 ∪ A2 and C e conv C ⊆ conv C. Furthermore, since conv A1 ⊆ conv C and and A2 ⊆ conv C, it follows that e Consequently conv C e ⊆ conv C. The result follows. conv C is a convex set containing C. 2. Recall that the closure of a convex hull of a set A is the intersection of all closed convex sets containing A. The proof of this part involves repeating precisely the same arguments as in part 1 e defined as C := A1 ∪ A2 and C e := cl (conv A1 ) ∪ A2 . with C and C We now prove Corollary 4. Proof : Corollary 4 We prove this by induction on k. The result holds vacuously for k = 1 and was shown in Theorem 1 for k = 2. Suppose the result holds for an arbitrary k. i.e. for arbitrary convex sets C1 , . . . , Ck with nonempty intersection and z ∗ ∈ ∩ki=1 Ci ,  n o  n o cl conv ∪ki=1 T (z ∗ ; Ci ) = T z ∗ ; conv ∪ki=1 Ci . (4) T T Let Ck+1 be a convex set intersecting ki=1 Ci and let z ∗ ∈ k+1 i=1 Ci . Therefore we get,  n o T z ∗ ; conv ∪k+1 = T (z ∗ ; conv {conv {∪ki=1 Ci } ∪ Ck+1 }) i=1 Ci  n o = cl conv T (z ∗ ; conv {∪ki=1 Ci }) ∪ T (z ∗ ; Ck+1 )  n  n o o = cl conv cl conv ∪ki=1 T (z ∗ ; Ci ) ∪ T (z ∗ ; Ck+1 )  n o ∗ = cl conv ∪k+1 T (z ; C ) , i i=1



(5) (6) (7) (8)



where, in (5) we have used Lemma 5, part 1 by taking A1 = ∪ki=1 Ci and A2 = Ck+1 ; in (6) we have applied Theorem 1 to the convex sets conv {∪ki=1 Ci } and Ck+1 ; in (7) we have used the induction hypothesis (4); and finally in (8) we have used Lemma 5, part 2 by taking A1 = ∪ki=1 T (z ∗ ; Ci ) and A2 = T (z ∗ ; Ck+1 ).
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Extension to nonconvex sets



Notice that the “⊆” part of the proof of Theorem 1 did not require convexity of C1 , C2 . In other words one for any sets C1 , C2 and z ∗ ∈ C1 ∩ C2 one has cl (conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )}) ⊆ T (z ∗ ; conv {C1 ∪ C2 }). It is not hard to imagine nonconvex sets for which equality would not hold above. Example : Consider C1 , C2 to be the boundaries of two disks in 2 intersecting each other only at the origin (= z ∗ ). So C1 , C2 are circles tangent to each other at the origin, and with their centers lying on either side of the origin. It is easy to see that T (z ∗ ; conv{C1 ∪C2 }) = 2 , since z ∗ ∈ int(conv{C1 ∪C2 }). On the other hand, T (z ∗ ; C1 ) = T (z ∗ ; C2 ) = the line tangent to C1 , C2 at the origin. 2



R R



A trivial extension to nonconvex sets is possible for sets that are “locally convex” in the following sense. Let C be nonconvex and suppose that for each point in C, there exists a neighbourhood N of the point such that N ∩ C is convex. If C1 , C2 are locally convex nonconvex sets and N is a neighbourhood such that C1 ∩ N and C2 ∩ N are convex, Theorem 1 yeilds cl (conv {T (z ∗ ; C1 ) ∪ T (z ∗ ; C2 )}) = T (z ∗ ; conv {N ∩ C1 ∪ C2 }).



References [1] J-P Aubin and H. Frankowska. Set-valued Analysis. Springer, 1990. [2] Francisco Facchinei and J-S. Pang. Finite-Dimensional Variational Inequalities and Complementarity Problems I. Springer, 1 edition, February 2003. [3] R. Tyrrell Rockafellar and Roger J.-B. Wets. Variational Analysis. Springer, August 2009.
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