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Alternative solution strategies for RPO allocations, ACK and Flod´ en



The closest paper to ours is Flod´en (2009). It is important to clarify the differences. Flod´en solves a planner’s problem that maximizes the utility of one agent (the ‘optimized’ agent). Then Proposition 5 in his paper argues that all RPO allocations can be traced out by changing the wage and wealth of the optimized agent. By contrast we solve for all individual allocations directly (through the optimal choice of λ). These differences are important and we examine them carefully below as, in our view, finding the ‘optimized-agent’ solution does not find all RPO solutions. In fact, it is not clear that this strategy gives RPO allocations except in a very special case. Here we describe in detail Flod´en’s approach and review his contribution. We reinterpret his setup and show that it can be seen as a way of searching over competitive equilibria in a systematic and simple manner. Flod´en writes the planner’s problem as Atkeson, Chari, and Kehoe (1999), ACK hereafter. This approach keeps consumption of all agents in the equilibrium conditions, instead of summarizing the allocations of other agents using (7) and (8), see main text, and λ, as we do. Although this makes computations different, it should give the correct allocations, the same as we find. We describe ACK in detail below, compare it with our approach, and use it to comment on the results of Flod´en (2009). There are several ways in which our solution approach differs from Flod´en’s. He assumes that agents have a Greenwood-Hercowitz-Huffman (GHH) utility, i.e., utility of agent j is  1−µ 1 ζ 1+1/γ Uj,t = cj,t − l . 1−µ 1 + 1/γ j,t This is a non-separable utility function, unlike ours, but it is immediate to extend our computational approach to this case. In addition, Flod´en (2009) considers a general measure e λ(j) (λ(j) in Flod´en, 2009) of agents of type j ∈ [0, 1]. Our two-types-of-agents setup is a special case of his, therefore this is not an important difference either. Our approach could also be generalized to a general measure of agents. 1



We use the notation ujc,t



∂Uj,t ≡ = ∂cj,t



 cj,t −



ζ 1+1/γ l 1 + 1/γ j,t



−µ ,



and similarly for ujl,t .



1.1



Using an ACK Lagrangian



Instead of representing equilibrium conditions with (7) and (8), ACK keep equilibrium conditions u1c,t ujc,t u1l,t ujl,t = and = , ∀j, u1c,t+1 ujc,t+1 u1c,t φ1 ujc,t φj



(1)



as separate constraints in the planner’s problem. Feasibility, firm behavior, and budget constraints are as in the main text of our paper. For simplicity we do not consider consumption limits or tax limits in this online appendix. e is a discrete measure with J types of agents, where J is We focus on the case where λ ej . This is the case of our main text with J = 2 a finite integer, and agent j has mass λ e1 = λ e2 = 1/2. It also seems to be the case that Flod´en is thinking of, since in the and λ computations he looks at a case with 300 agents, each with the same mass. We comment on the case of a continuum of agents at the end of this online appendix. The Lagrangian to find the RPO allocations using this approach is ( J " # 1/γ+1 ∞ X X u1c,t ζlj,t t L= β ψj Uj,t + ∆j Uj,t (1 − µ) + γ+1 t=0 j=1 +ρjt [u1c,t ujc,t+1 − ujc,t u1c,t+1 ] + ξjt [u1c,t ujl,t φ1 − u1l,t ujc,t φj ] ) !) J J X X e +µt λj cj,t + g + kt − (1 − δ) kt−1 − F (kt−1 , et ) + ∆j Wj,−1 . j=1



(2)



j=1



We use Flod´en’s notation except that we use ψ instead of his agent weights ω, ∆j for the multipliers of individual implementability constraints instead of λj , and µt for the multiplier of the feasibility constraint instead of Flod´en’s −νt . Notice that this approach calls for solving for many variables, namely, n o∞ (cj,t , lj,t )Jj=1 , (ρj,t , ξj,t )Jj=2 , µt , kt . t=0



We prefer representing CE in the main text using (7) and (8) to substitute out agent 2,...,J’s consumption and labor because then the planner’s problem can be written as a maximiza∞



tion over τ0k , (λj )Jj=2 , {c1t , µt , kt , lt1 }t=0 . This reduces enormously the number of variables and 2



multipliers to be computed, and it is much more convenient for computation. More precisely, given the algorithm described in Appendix C, the number of variables to solve for with J agents would be 4J × T + 2 + J using the ACK approach, while using our approach the number of variables to compute is only 4T + 2 + J. Of course solving the Lagrangian (2) is equally valid, and it should give the same solution as we find.



1.2



Using a representative agent



Flod´en actually uses a modification of the above Lagrangian applying his Proposition 3. This proposition says that CE constraints can be summarized in an implementability constraint  1 P J 1+γ 1+γ RA e of a representative agent (RA) who has productivity φ ≡ and initial j=1 λj φj P PJ e ej cj,t . His Proposition 3 λj kj,−1 = k−1 − k g . This RA consumes C RA = J λ wealth −1



j=1



t



j=1



shows that as long as a CE satisfies ∞ X



  RA β t uC RA ,t CtRA + ulRA ,t ltRA = W−1 ,



(3)



t=0



there is a heterogeneous-agents equilibrium which is consistent with the tax policy for this RA economy. Flod´en finds equilibria that arise from the FOCs of the Lagrangian on page 300 in Flod´en (2009). The reader can check that one can go from the above Lagrangian (2) to Flod´en’s with the following three modifications: 1. Equation (3) is introduced in the planner’s problem as an additional constraint. 2. The competitive equilibrium conditions (1) are written in terms of ratios of individual marginal utilities to the RA’s marginal utilities. 3. Individual consumptions disappear from the feasibility constraint, i.e.,



PJ



j=1



ej cj,t is λ



replaced by CtRA in the feasibility constraint. Let us comment on the validity of these modifications. Modification 1 is not needed for an equilibrium, because if all individual implementability constraints are satisfied, constraint (3) is guaranteed to hold. Therefore, modification 1 is redundant. All this means is that the multipliers λj and ∧ (in Flod´en’s notation) are not uniquely defined, but the FOCs obtained from introducing modification 1 should give the same allocations as (2). Modification 2 is also correct, indeed it implies and is implied by (1). 3



But modification 3 is incorrect. Only if an additional constraint was added restricting J X



ej cj,t = C RA , λ t



(4)



j=1



one could put only CtRA in the feasibility constraint. A similar point applies to aggregate labor. As it is written, the Lagrangian on page 300 in Flod´en (2009) ignores the fact that the aggregate of all individual consumptions and leisure have to satisfy the feasibility constraint. A proper solution would entail incorporating the constraint (4) into the planner’s problem, since it is not implied by any combination of the other constraints imposed. Therefore, FOCs (A.6) to (A.14) in Flod´en (2009) do not provide a RPO allocation. That the FOCs of Flod´en’s Lagrangian do not give the correct solution can be seen in the following way. Let L2 represent the expression in the first two lines of (2). The correct FOC with respect to cj,t from (2) is ∂L2 ej . = −µt λ ∂cj,t Now, since



∂L2 ∂cj,t



(5)



is the expression on the left-hand side of equation (A.6) in Flod´en (2009) one



can see that he is using the FOCs ∂L2 = 0, ∂cj,t



(6)



which are not compatible with optimality. Therefore, the FOCs in Flod´en (2009) do not give a RPO solution. In particular, his solution does not insure that J X ∂L2 ∂L2 = −µt = , ∂cj,t ∂CtRA j=1



as should hold in the optimmum. Instead his solution has



∂L2 j=1 ∂cj,t



PJ



= 0. A similar issue is



found in the FOCs with respect to individual labor. In other words, the FOCs on page 300 do not relate correctly the marginal conditions of the RPO solution to the Lagrange multiplier of the feasibility constraint and, therefore, the solution is not RPO. ej = 0. In other words, it The only case where (6) is correct is when an agent has λ seems that the case where the FOCs are valid is where the planner gives full measure in her objective function to agents who have zero measure in the market. e with a continuous density λ e0 (where λ e represents the If we considered a measure λ(.) measure of agents denoted λ on page 283 in Flod´en (2009)), we would have the same problem. 4



Then the solution computed by Flod´en (2009) amounts to giving full weight to an agent with e0 (j) = 0 density λ Later on Proposition 5 in Flod´en (2009) argues that all RPO solutions can be traced out by maximizing the utility with respect to one ‘optimized agent,’ whose initial state is denoted s. The proof of that proposition shows that the FOCs for this modified problem coincide with the FOCs on page 300 which are as (6). But if (as we think) the latter do not give an RPO allocation, then the conclusion of Proposition 5 does not follow. In fact, most RPO solutions involve giving weight to all agents in the objective function of the planner, hence (5) has to hold instead of (6). Therefore, it is not true that all RPO solutions can be found by selecting an optimized agent even with GHH utility.



1.3



A rationale for Flod´ en’s solution



The above discussion means that Flod´en’s results have a consistent and interesting interpretation as follows. Imagine we consider optimizing a weighted sum of utilities of J 0 agents (where J 0 is a discrete number) and that these agents have mass zero in the economy. For this RPO allocation the planner’s FOCs are indeed (6). But this is only a very small share of RPO solutions. Any RPO arising from a welfare function that gives positive weight to all agents, as is implied by most RPO, (6) does not work. Hence what Flod´en does do is to find some fiscal policies which are feasible in the heterogeneous-agents economy by searching those that are optimal from the point of view of agents that have zero mass or zero density. This is a useful way of exploring the set of feasible policies in an ordered and easy-to-compute fashion, but it does not trace out all RPO equilibria.
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