









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













Optimal Size of the Government and Imperfect Competition: the Barro-La¤er Curve Revisited Nicolas Dubois



Jean-Jacques Nowak



Médée, université de Lille 1



Médée, université de Lille 1 and TEAM, université de Paris 1



Lionel Ragot Médée, université de Lille 1and EUREQua, université de Paris 1



JEL Classi…cation : E62, H11, H54, O41 Key Words : imperfect competition, economic growth, government size.



Abstract In his 1990 article, Barro demonstrates that, when tax receipts are used to …nance public infrastructures, there is a tax rate which maximises long run growth. This clearly shows the existence of an optimal government size. But this size is exclusively determined by the technology of production. His model does not take into account any other (non-technical) explanatory elements (such as the somewhat more intuitive public sector e¢ ciency). The potential for policy recommendations is thus severely limited. But once imperfect competition is introduced into a market where the government acts as a customer, optimal size is a function of government price elasticity. If this elasticity is considered as representative of the public sector’s e¢ ciency in its own management, then the optimal size of the government can be increase with this e¢ ciency. Contrary to common opinion, a more e¢ cient public sector can lead to a larger government size.



Correspondence : MEDEE, Faculté des Sciences Economiques et Sociales, Université des Sciences et Technologies de Lille, 59655 Villeneuve d’Ascq Cedex. Phone : (33)-03.20.43.65.98. E-mail : [email protected]



1



1



Introduction



The role of government in economic growth has been a subject of renewed interest since the early 80s. From the empirical point of view, a great deal of studies followed seminal works of Ashauer (1989a, 1989b, 1989c) in order to clarify the in‡uence of public services and infrastructures on economic growth (Holtz-Eakin, 1988,1992; Munnell, 1990). Although some of the results appear controversial and nonconclusive, others seem to have revealed a signi…cant role for the public inputs as determinant of long term growth. And even among the authors who have found opposing results, some agree that government can enhance growth, if only at earlier stages of its development (Grossman, 1988a; Scully, 1994; Gwartney, Lawson et Holcombe, 1998). At the same time that it exhibits growth-enhancing features (by providing legal and social framework, developing infrastructures, enforcing property rights... see Grossman, 1988b and Taylor, 1988), the government can also be responsible for ine¢ ciencies and losses whose importance increases as it expands, and these drawbacks can end up dominating the government’s bene…cial e¤ects on growth. As it becomes excessive, the size of government then impedes growth. Thus the relation between government and growth is not necessarily linear: Ashauer (1998) for example establishes on american data a non-linearity between the stock of public capital and economic growth. Such a non-linearity inevitably raises the question of the optimal size of the government, from the point of view of long-term growth. According to widespread opinion today, in many developed countries the government has exceeded its optimal size. A reduction of this size may be a necessary condition to stimulate growth (Gwartney, Lawson and Holcombe, 1998; Vedder and Gallaway, 1998; Folster and Henrekson, 2001). Another widespread idea is that this reduction goes hand in hand with a better management of the public sector: a more e¢ cient behavior of the government, the correction of some of its de…ciencies (corruption, X-ine¢ ciency, bureaucracy...) enables a country to reduce the size of its public sector towards its optimal level, and even leads to a reduction in this optimal size itself, while alleviating the government budget. In other words, more e¢ cient management is synonymous with smaller government. What does theory tell us about the relation between the size of the government and growth? Endogenous growth theories provide a suitable framework for reconsidering the role of government in growth. The main reference here is Barro (1990). He showed how the existence of productive public services can induce a self-sustained process of growth by stopping the decline of the marginal products on private accumulable factors1 . However, while it provides a theoretical justi…cation to the empirical studies that found a favorable in‡uence of government on growth, the analysis of Barro also reveals a limit to public intervention. Indeed introducing a distortive tax (instead of a non-realistic lump-sum tax) in order to …nance the provision of public inputs weakens the incitation to accumulate. This cost undermines the favorable impact of the public input on growth, with an intensity proportional to the tax rate. At low values of the tax rate, the productivity e¤ect of additional public input dominates and, hence, growth rises with government size. But beyond a certain threshold, the adverse impact of distorting taxation outweights the positive productive e¤ect and any increase of the government size reduces the growth rate. Therefore the relation between the growth rate and the tax rate looks like a La¤er curve. The non-linearity mentioned above is theoretically justi…ed. The message of Barro is thus clear: there would be an optimal size for the government from the point of view of long-term growth2 . However, in Barro this optimal size is entirely determined by the technology of production. More precisely, it is given by the elasticity of the output to the public infrastructures. This kind of determination does not allow any consideration relative to the e¢ ciency of the public sector. It does not tell us anything about the assertion that an increased e¢ ciency in the government management leads to a reduction of its optimal size. 1 Many studies have aimed to deepen Barro’s conclusions. In particular Barro and Sala-I-Martin (1992) and Turnovsky (1996) introduce the possibility of congestion for public services. Futagami, Morita and Shibata (1993) incorporate public capital stock into their model instead of public services ‡ows. Nevertheless Barro’s main results are not modi…ed. 2 Note that in Barro, the tax rate which maximizes growth also maximizes the representative household’s utility. Nothing ensures a priori such a result holds in our model. Nevertheless we will still use the term ”optimal” to describe the tax rate that maximizes the long-term growth.
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Di¤erent methods can be used for an explicit treatment of this problem. We chose to base our work on the release of one of Barro’s central assumptions, namely the perfectly competitive structure of the economy. Imperfect competition is introduced in the model on both empirical and theoretical grounds. On the one hand, empirical evidence suggests that the perfectly competitive market framework does not constitute the more adapted framework to study contemporary industrial structures (see for example Hall, 1988 and Domowitz, Hubbard and Petersen, 1988). On the other hand, the introduction of imperfect competition on a market where the government acts as customer has the theoretical advantage of making the price sensitivity of the government an essential parameter of the model. As this price sensitivity takes part in the price determination of the goods entering the composition of investment, it in‡uences the rate of growth of the economy, and the marginal costs and pro…ts of taxation. The optimal size of the government may therefore be modi…ed. But the price sensitivity of the government is, in fact, predetermined by factors related to public management e¢ ciency. Lobbying, corruption, political clientelism, X-ine¢ ciency, bureaucracy in decision-making, etc ..., are some of the many elements that in‡uence the way by which the government reacts to price changes, and one can reasonably admit that the weaker these elements, the stronger the importance that the government gives to price in its decisions of purchase. The price elasticity of the government demand can thus be interpreted as an indicator of the degree of e¢ ciency in public management, a variable which contributes from here on to the determination of the government optimal size. We show that a rise of the public price elasticity (i.e., according to our interpretation, an improvement of the government e¢ ciency) does not necessarily lead to a reduction of the government optimal size but may lead, on the contrary, to an increase of this optimal size, at least as long as this e¢ ciency does not exceed some threshold. The top of the Barro-La¤er curve moves then towards the North-East and not towards the North-West as is usually asserted. In other words, contrary to common opinion, more e¢ ciency in government management can be synonymous with larger government. The remainder of the paper is organized as follows. Section 2 presents the model. Section 3 is devoted to the study of the existence and the unicity of the balanced growth path. Section 4 analyses the optimal size of the government with and without discrimination from the intermediate good …rms.
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The framework of analysis



We consider an economy with two sectors (…nal and intermediate) which, in addition to the three goods initially considered by Barro (consumer good, capital good and public good) also includes a fourth category of goods, intermediate goods, which are produced under monopolistic competition. These di¤erentiated intermediate goods are used by the government and by the …rms of the …nal sector only. The government assembles them in a public good freely provided to the …nal sector. The …rms of the …nal sector assemble them to form an accumulable capital good which is used to increase their stock of capital. The …nal good sector is perfectly competitive and its output is used both as consumer goods by the households and as an input by the …rms of the intermediate goods sector which thus does not use either intermediate goods or public good in their production process.



2.1



The representative household



The representative, in…nite-lived, household with perfect foresight wishes to maximize its intertemporal utility subject to a budget constraint. More precisely, at any time t, the household rents labor services (at the wage rate wt ), earns dividends (at the rate rt ) on the shares (at ) previously issued by the …rm of the …nal good sector and earns pro…ts from the …rms of the intermediate sector. These incomes are spent on consuming …nal goods (ct ), buying new shares (a_ t ) and paying taxes to the government (the household is taxed at the constant rate on his wage and dividends). 3



We assume that the household supplies inelastically 1 unit of labor services per unit of time and that the instantaneous utility function is of the CIES type. The household has therefore to …nd the solution to the following problem: 8 R1 c1 1 < max U = 0 e t t1 dt; ct ;at P N : s:t: a_ = (1 ) rt at + (1 ) wt + j=1 j ct and a0 given t (> 0) denotes the inverse of the intertemporal elasticity of substitution, the rate of time preference and j is the pro…t made by the …rm producing the intermediate good of type j. The …nal good is chosen as numéraire. The resolution of this problem leads to the Euler equation: c_t 1 = [(1 ct



) rt



];



(1)



with the following transversality condition3 : lim



t!1



2.2



c te



t



at = 0:



(2)



The government



As we exclude any borrowing, the only resources available to the government are provided by taxation at constant rate of labor income and …nancial income. These taxes are entirely used to …nance the purchase of intermediate goods. The government ‡ow budget constraint is: wt + rt at =



N X



pgj;t gj;t



qtg ;



j=1



where gj denotes the quantity of good j bought by the government and pgj the price paid for it. qtg is the total public spending (measured in units of the …nal good) at time t. The government buys intermediate goods in order to produce productive public infrastructures. Indeed, these goods are combined to build a composite public input, noted (gt ) and de…ned as:



(gt )



N



1 1



2 N X 4 (gj;t ) j=1



1



3 5



1



;



> 0;



where is the elasticity of substitution between any two intermediate goods. This composite good represents public infrastructures4 and is said to be productive as it increases the production capability of the …rms of the …nal good sector. The cost minimization of this composite good leads to a combination of intermediate inputs characterized by the equality of marginal rates of substitution to price ratios (for any pair i, j): 1 pgj;t gj;t M RSj;i = = g gi;t pi;t The government optimal demand function for the jth variety of intermediate good is then: c t is 4 Note 3



the costate variable associated with the state variable in the Hamiltonian. that (gt ) is a ‡ow variable, not a stock variable. Strictly speaking, it is improper to call it infrastructure in this case. We will do it nevertheless in the rest of the paper for convenience’s sake.
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gj;t =



pgj;t Ptg



!



2 N X qtg g 41 pg g ; with Pt = N Pt N j=1 j;t



1



311 5



:



PN Ptg is the price index the government faces at time t and is so that Ptg (gt ) = qtg = j=1 pgj;t gj;t : And is the price elasticity of the government’s optimal demand. As already stated in the introduction, we assume that the government is not e¢ cient in the sense that the demand functions it uses are not the cost-minimizing functions. This ine¢ ciency in public management re‡ects in a lower price elasticity for the demands: gj;t =



pgj;t Ptg



!



qtg ; with Ptg = N Ptg



PN



j=1



N1



PN



1



j=1



pgj;t



1



and 1



pgj;t



>



>0



(3)



1



Any reduction of corresponds to a reduction of the costs for a given level of production and can be considered as giving rise to an improvement of the government’s e¢ ciency.



2.3



The sector of the …nal good



The production function of the representative …rm is: yt = Alt1



1



kt [ (gt )]



; with



2 ]0; 1[ ;



where yt denotes the level of output and lt the amount of labor used by the …rm. The stock of capital, kt ; is accumulated through the purchase of intermediate goods (we assume no depreciation): k_ t =



(it ) ;



with k0 given. Investment is a CES function of the N intermediate goods: 2 3 1 1 N 1 X 1 1 4 5 (it ) = (ij;t ) ; with > 0; N j=1



where ij;t is the amount of intermediate good of type j bought by the …nal-good sector …rm at time t and is the elasticity of substitution between any two intermediate goods. The …rm’s program can be solved in two steps. First, at each period, the representative …rm maximizes the level of e¤ective investment (it ) by choosing the ij;t (j = 1; : : : ; N ) for a given value of its total PN f f spending in intermediate goods (qtf j=1 pj;t ij;t where pj is the price that the …rm pays for the jth variety of intermediate good). This yields the following set of equations characterizing its demand for the intermediate goods: 311 2 ! N X 1 pfj;t qtf 1 5 ij;t = : (4) ; with Ptf = 4 pf N j=1 j;t Ptf N Ptf



Ptf is a price index for the intermediate goods purchased by the …rm and is so that Ptf (it ) = qtf PN f j=1 pj;t ij;t . The n second o1 step of the …rm’s program is to maximize its real present value by choosing investment 1 plans qtf and amounts of labor flt gt=0 , while taking prices and the quantity of public productive t=0 infrastructures as given: 5



8 R 1 R t r ds > max e 0 s yt wt lt qtf > > < lt ;qtf 0 1 s:t: yt = Alt1 kt [ (gt )] > > f > q : k_ t = tf ; with k0 given



dt



Pt



By solving this program, we get the standard …rst-order conditions (the marginal value product of a factor must equal its real cost), that is: 1



wt = (1



) Alt kt [ (gt )]



and Alt1



2.4



kt



1



1



[ (gt )]



=



rt



P_tf Ptf



(5) !



Ptf :



(6)



The sector of the intermediate goods



This sector is composed of N (given) …rms, each producing a di¤erentiated good which is purchased by both the government and the competitive …rm. Let us assume that, in order to produce a quantity vj (j = 1; : : : ; N ) of the intermediate good of type j, the …rm j only uses hj units of …nal good as input. By choosing a constant returns to scale technology, the production function of …rm j is: vj = hj : As the N …rms are perfectly identical and the quantities gj;t (respectively ij;t ) enter symmetrically into the CES aggregate (g) (respectively (i)), all the equilibria considered subsequently are necessarily symmetric. At any time t, the N intermediate goods will therefore be produced in the same quantity and at the same price, so that one can use the shorthand notation: pfj;t = pft , pgj;t = pgt and vj;t = vt . Moreover the government and the …rms will purchase the same quantity of each intermediate good, that is: gj;t = gt and ij;t = it . Two cases are considered afterwards depending on whether the …rms of the intermediate sector are able to discriminate between the government and the competitive …rms when they choose their price. 2.4.1



Third-degree price discrimination



In the …rst case, each …rm of the intermediate sector is able to sell at di¤erent prices in the two submarkets that it faces. By charging the government and the competitive …rms di¤erent prices (respectively pgt and pft ), each monopolist maximizes its total pro…t which is de…ned by: t = pft it + pgt gt ht . Using the equilibrium condition on its own market (that is v = i + g) and the equations of the government’s and the competitive …rms’ demands, (3) and (4), we can express the program of any …rm producing an intermediate good as: ! pft qtf pgt qtg g f + (p 1) max t = pt 1 g t Pt N Ptg pft ;pg Ptf N Ptf t All …rms are assumed to know both current and future values of Ptf , Ptg , qtf et qtg and take them as given. Solving this program gives the following optimality conditions5 : pft =



1



= pf ;



(7)



5 As the marginal cost of production is equal to one, one recognizes the familiar static optimal price-setting rule: the …rm determines its monopoly price by imposing a markup on its marginal cost, which is a decreasing function of the …rm’s perceived elasticity of demand.
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and pgt =



1



= pg :



(8)



For the prices to be positive it is assumed that both and are greater than one. Moreover, as and are constant, all the intermediate good …rms charge the government and the competitive …rm constant prices, that is pgt = pg and pft = pf . The price indexes are then also constant: Ptg = pg and Ptf = pf . 2.4.2



No price discrimination



In the second case, the intermediate good …rm is unable to discriminate between the two kinds of customers for juridical or practical reasons. It needs to choose only one price, so that pt now replaces pgt and pft . Using the equations of the competitive …rms’and the government’s demands (respectively given by Eqs. [4] and [3] where pt is substituted for pgt and pft ), the overall demand (vt = it + gt ) each intermediate …rm faces can be expressed as: v (pt ; :) =



pt Ptf



!



qtf N Ptf



+



pt Ptg



qtg : N Ptg



(9)



v is a function of pt and of the variables Ptf , Ptg , qtf and qtg which are taken as given. The price elasticity of the intermediate good …rm’s demand schedule is thus given by (in absolute value): @vt pt 1 = ( it + gt ) : t = @pt vt vt Denoting the shares of the competitive …rm and of the government in the intermediate good …rm’s overall i demand, respectively, by it it =vt and gt = gt =vt , and noting that gt = 1 t , this price elasticity can also be written as the weighted average of the price elasticities of the private and public demands (respectively and ): i i 1 (10) t = t+ t : The price elasticity of the intermediate good …rm’s demand is therefore a function of the shares of the public and private demands in its overall demand. This elasticity is constant over time and equal to if = = , that is if the government’s and the …nal good …rms’demands have the same elasticity. The program of the intermediate good …rm is: max vt



t



= p (vt ; :) vt



vt ;



where p (vt ; :) denotes the inverse of the demand function (9). The solution is given by: p (vt ; t) =



( t) ;



(11)



where ( t ) = t = ( t 1) is the optimal markup of the …rm. Note that t has to be greater than one in order for ( t ) to be positive. As it 2 [0; 1], Eq. (10) tells us that < 1 and < 1 cannot hold simultaneously. For simplicity, we will assume that > 1 and > 1, as in the price-discrimination case.
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Existence and unicity of the balanced growth path.



The behavior of the intermediate good …rm (that is discrimatory or non-discriminatory) only in‡uences the setting of the monopoly price. The dynamics of the economy are then described at equilibrium by the following system:
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intermediate good prices 8 < pf = 1 and pg = : pf = p g = p = t t t



t



t



1



with discrimination



1



with



=



t



i t



+



1



i t



i t



and



=



it vt



(12) without discrimination



equality between the marginal product of capital and its rental rate h i 8 1 > with discrimination < r = p1f Ak 1 (N g) h i > : r = 1 Ak 1 (N g)1 + pp_ without discrimination p



(13)



equality between the wage rate and the marginal product of labor (which does not depend on the way the intermediate good price is set) 1



w = (1



) Ak (N g)



(14)



market-clearing condition for goods v =i+g y



(15)



= c + N v , Ak (N g)1



= c + N (i + g)



balanced government ‡ow budget w + ra = pg N g



(16)



k_ =



(17)



capital accumulation equation (i) = N i



household’s optimal growth rate of consumption and transversality condition, given by Eqs. (1) and (2), with the value of the household’s net assets per capita de…ned as at = pft kt . Combining all these relationships enables us to rewrite the dynamics of the economy in a more tractable way. De…ning u = N i=k, z = N g=k and x = c=k, we get: 8 8 > > < pf = g > with discrimination > 1 and p = 1 > > f g u+ z > > without discrimination > > : pt = pt = pt = ( 1)u+( 1)z > > > 8 > > > 1 > 1 > > > 1 > ( 1) ( 1) > x_ 1 < > u with discrimination = (1 ) A > x > > h i < > > ) p 1 Az 1 + z u without discrimination > xx_ = 1 (1 (18) : > > 8 > > > > > 1 > > > > 1 < > > z= A with discrimination > > > > p_ > z > > > without discrimination > > : p = 1 p Az > > > > : Az 1 = x + u + z in all cases 8



3.1



Equilibrium with price discrimination



When the intermediate good …rms are able to price discriminate between the government and the …nal good …rms, the monopoly prices are …xed. With pgt constant over time (and equal to 1 ), the government 1



‡ow budget constraint tells us that the ratio zt is constant too and is given by



1



A



6



. This result,



f



together with the optimality condition for the competitive …rm (6) and the constancy of p , implies that the gross interest rate is constant: r=



(



1)



A1=



(



1)



(1



)= (1



)=



> 0:



With a constant marginal product of capital, the Euler equation (1) implies a constant consumption growth rate over time: " # (1 )= 1 ( 1) 1= ( 1) c_ (1 )= = = (1 ) A : (19) c We show in Appendix A that the stock of physical capital grows at the same rate as per capita consumption and that the model has no transitional dynamics: the economy instantaneously jumps onto its balanced growth path. We assume henceforth that (1 )r > , which ensures a positive growth rate: 1



(1



)



1



1



>



1



A



1



1



:



This condition de…nes a range of tax rates for which the growth rate is positive. Note that this rate converges towards Barro’s when ! 1 and ! 17 . With in…nite elasticities of substitution for the private and public demand of intermediate goods, this sector behaves as under perfect competition and all the hypotheses of the model are then identical to Barro’s.



3.2



Equilibrium with no price discrimination



p; u, z and x are constant on the balanced growth path. Their values are denoted by, respectively, p, u, z and x, and are determined by the steady state of the dynamic system (18). Setting B = 1 , we get: u



=



1



( Bz



);



(20)



x = Az 1 Az



= p



=



u z; u+ z ; ( 1) u + ( 1) z Az :



(21)



Substituting for u in the third equation, we …nd that the following condition (expressed in terms of z only) has to hold for a steady state to exist: Z (z) = Az



[(



( B + 1) B + (



6 Since 7 It



)z 1)] z



(



1)



= 0:



y = Az 1 k, the constancy of z implies that g and y grow at the same rate as k: is easy to check that 1 lim = (1 ) A1= (1 )= !1; !1



9



(22)



Three cases have to be distinguished, depending on whether the public price elasticity of demand for intermediate goods is equal to the private price elasticity of demand for intermediate goods ( = ), larger than it ( > ), or smaller than it ( < ). 3.2.1



The price elasticities are identical



In this simple case, the monopoly price no longer depends on the government’s and the competitive …rms’ respective shares in the overall demand faced by the intermediate good …rm. This price is now …xed and equal to = ( 1) if we set = = 8 . Eq. (22) can be solved very easily. We obtain: 1



z=



1



A



:



The balanced growth path is unique and is characterized by the following rate of growth9 : " # 1 1 1 1 1 = (1 ) A :



(23)



Note that the dynamics of the model here are very close to the dynamics obtained with third-degree price discrimination. The weighted price elasticity is equal to the common price elasticity of the government and the competitive …rms, and the intermediate good price is constant. From an analytical point of view, the result is similar to what would be obtained if the intermediate …rms discriminated between two types of customers having the same price elasticity. It is easy to verify that the rate of growth de…ned above (Eq. [23]) corresponds to the rate obtained with price discrimination (Eq. [19]) and where = = : Therefore all the qualitative results on the properties of the balanced growth path with price discrimination also apply to the case of a balanced growth path without price discrimination but with identical price elasticities. In particular, all variables grow from their initial position at the constant rate (no transitional dynamics). When the price elasticities are di¤erent, the dynamics are richer and the analysis is more complex.



3.2.2



The price elasticities are di¤erent



In this case, we cannot …nd any explicit analytical solution for z. However the problem of the existence and unicity of the steady state can be studied by analyzing the form of Z for any z 2 [0; +1[. First note that: lim



z !+1



Z (z) =



B + 1) B + (



(



< 0;



1)



It means that Z has a horizontal asymptote as z goes to in…nity. Then, note that Z is not de…ned for z= ¯ (



( 1) 1) B + (



1)



> 0;



which implies that Z has a vertical asymptote at this point. We are only interested in the values of z for which u (the steady-state rate of growth) is positive. And we know that u = (1= ) [(1 )( = )z ] is positive if and only if z is larger than zmin = = ( B), which is itself larger than z. Therefore we can restrict our study to the open interval ]zmin ; +1[ ]z; +1[. ¯ ¯ 8 This



result is obtained straightforwardly by substituting



9 Here



again some restrictions can be de…ned in order for the steady-state rate of growth to be positive ( A



1



> 1) and for the transversality condition to hold ((1



for



) (1



10



and



)



1



in Eq. (11). 1



1



A



1



< ).



B



>



Let us now consider the right-hand term in the function Z. Its denominator is necessarily positive since z >z. Its numerator is negative for z < z with z = = ( B + ) and positive otherwise. Note ¯ …nally that z >z (z < z) when > ( > ). We can now calculate the limits of Z in the neighborhood ¯ ¯ of z, which gives: ¯ cst + if



cst



lim



z !z + ¯



Z (z) = lim + z !z ¯



z}|{ A z



The derivative of Z is: Z 0 (z) =



Az



>



and cst



if



>



z }| { ( B + )z 1) B + ( 1)] z ( {z



[( |



1)



0+



1



+



( f[(



1) B + (



= }



1 if +1 if



) 1)] z



When > , Z 0 is strictly negative for any positive value of z. But when is ambiguous.



(



1) g



6 >



z solution - z



z zmin



Z(1)



Figure 1: Solution for



11



>



2:



> , Z is decreasing on



Z(z)



z ¯



:



> , the sign of this derivative



The public price elasticity is larger than the private’s one When ]z; +1[. Its graph is pictured in …gure 1. ¯



0



> >



The point at which Z crosses the horizontal axis corresponds to the unique balanced growth path of the economy, provided that the rate of growth is positive there. Which is the case, as we saw, only if this point lies to the right of zmin . This only occurs if Z (zmin ) is positive, that is if: A



B



>



1



:



Otherwise there is no long run growth path characterized by a positive rate of growth. That condition is exactly the same as what was found previously when = and is also the same as the condition ensuring a positive growth rate under perfect competition (as ! 1). Hence we will assume in the rest of the paper that this recurrent hypothesis always holds. Note that the price elasticity of the …nal-good sector does not appear in this su¢ cient condition for a positive growth rate. Given these standard conditions, we are certain of the existence and the unicity of a balanced growth rate. We show in the appendix that the steady state of the dynamic system is stable (saddle-path) for a range of (large) values of . Then, unlike Barro’s model and the case with discrimination, this case can exhibit transitional dynamics. The public price elasticity is smaller than the private’s one Let us now consider the case where > . The sign of Z 0 is then indeterminate. Note however that Z 0 can be rewritten as: Z 0 (z) =



1



Az



f[(



1) B + (



f[(



1)] z



1) B + (



2



(



1)] z



1) g +



(



)



2



(



1) g



:



(24)



Its sign only depends on the numerator’s sign. Letting N Z 0 (z) denote this numerator, we can rewrite it as: 2 ( 1) N Z 0 (z) = Az 1 [( 1) B + ( 1)] + ( ): z The derivative of this function is N Z 00 (z) =



(1



)



Az



[(



1) B + ( Az



1



1)] 2 [(



(



2



1) z



1) B + (



1)]



1) B + ( 1) (1 1)] z ( 1)



)] z



(



1) z



(



1) :



It is easy to show that N Z 00 is positive if (1 + ) (
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As the numerator of this expression is necessarily positive for any positive value of z, N Z 00 is therefore negative if and only if ( 1) = z: z> ( 1) B + ( 1) ¯ Consequently N Z 0 is decreasing for any z larger than z. Moreover we have ¯ lim N Z 0 (z) = ( )>0 z !z ¯
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Figure 2: graph of N Z 0 for



>



The graph of N Z 0 is then pictured in …gure 2. It appears that on the interval ]z; +1[, N Z 0 is …rst ¯ positive, zero at z = z0 and …nally negative. Since Z 0 has the same sign as N Z 0 , it is also …rst positive, zero at z = z0 and …nally negative. Then, for z >z and > , Z is …rst upward sloping, reaches a ¯ maximum at z0 and becomes downward sloping beyond. Hence there may exist zero, one or two values for z larger than z and such that Z (z) = 0, as is clear from …gure 3. Note that, if Z (z0 ) is strictly ¯ positive, then there are necessarily two potential solution points. In order for these to be solutions, they must lie to the right of zmin .



As the hypothesis A B > 1 implies Z (zmin ) > 0, the …rst steady state is characterized by a negative rate of growth and the second one by a positive rate of growth. Of course, we are only interested in the properties of this second steady state. In particular, we show in the appendix that, when > , this steady state may be a saddle point for low values of .
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Figure 3: Solutions for



4 4.1



>



The optimal size of the government Discrimination



We have seen that the presence of a productive public input prevents the marginal product of private capital from decreasing to zero and thus allows a positive self-sustained long-term growth, given by Eq. (19). Moreover, since acts as a explanatory variable of , any choice made by the government regarding the tax rate has an impact on the rate of growth. The government’s intervention exerts two opposite e¤ects on . The …rst is the negative e¤ect of taxation on the aftertax marginal product of private capital and is described by the term (1 ). It weakens the household’s incentive to save and therefore impedes capital accumulation and growth. The second is the positive e¤ect of public services on this marginal product and is described by the term (1 )= . At low values of the tax rate, the former is dominated by the second and any increase of the tax rate brings about an increase in the growth rate. However, as rises, the adverse e¤ect of taxation becomes greater. The growth rate reaches a maximum at a value of denoted by . Beyond this value, the negative impact of taxation dominates and the growth rate declines with . More precisely, we have: d d
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1 T0



The graph of the relation between and is thus bell-shaped. Our conclusion is therefore the same as Barro’s: there is an optimal level for the government size (that is a tax rate which maximizes growth). This result is not surprising because the mechanisms are similar in both models. What may seem surprising is that both optimal tax rates are identical as the model now includes imperfect competition on the market for intermediate goods. Actually this result follows from the fact that the determination of the optimal government size is based on the comparison between the marginal social cost and the marginal social product of the public input. These two variables (respectively given by, in terms of the …nal good, pg = = ( 1) and dy=d (g) = (1 ) y= (N g) = (1 )[ =( 1)] = = pg (1 ) = ) are modi…ed in the same way by the presence of imperfect competition. Therefore the condition =1 , which corresponds to the equality between them, is not altered. However the introduction of an additional distortion in this model with discrimination has an impact on the level of the growth rate. When and have …nite values, the prices of the intermediate goods bought by the government and the competitive …rm are larger than the marginal cost of production (which is equal to one). In both cases this distortion weakens the marginal product of private capital and thus the incentive to invest. The growth rate is therefore reduced relative to Barro’s at each value of the tax rate10 . Any reduction of this distortion (by increasing one of these two elasticities or even both) necessarily has a positive impact on the growth rate. Hence, the graph of the growth rate against the tax rate is ‡atter than Barro’s, and any increase of or brings this graph closer to Barro’s, as illustrated in …gure 4. When the intermediate good …rms are able to price-discriminate between public and private demands, any improvement of the government e¢ ciency (i.e. any increase of towards its optimal value ) raises the balanced growth rate but does not a¤ect the optimal size of the government.
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=1 Figure 4: Barro-La¤er curve with discrimination



1 0 As the two elasticities tend to in…nity, the growth rate approaches Barro’s. The prices of the intermediate goods paid by the government and the private …rm tend to 1, that is towards the marginal cost of production of these goods. The intermediate good sector loses its market power and behaves as a competitive sector.
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4.2



No discrimination



In the particular case where = , we have just seen that the optimal size of the government is the same as in the perfect competition case. When 6= , the analysis is more complex. Nevertheless some useful information can be drawn from the study of interest rate variations induced by tax rate variations. The long-term growth rate is given by: =



1



[(1



)r
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To determine the optimal tax rate, let us take its derivative with respect to r = (1



)



dr d



We know that the long-term interest rate r corresponds to r = A z 1 subsituting in the last equation, we obtain: r = (1



) (1



)



and set it to zero. We get:



r dz zd



=p. Deriving this expression and



r dp pd



From the long-term relation between z and p (Eq. [21]), we infer: dz z = d



1



dp pd



After substitution of this expression, the condition for an optimal tax 2 (4) (2) }| { z }| { z 6 (1) )r 1 dp ) r 1 (1 6 (1 r = (1 )6 pd 4



(25) rate can be written as: 3 (3) z }| { r dp 7 7 7 pd 5



(26)



This equation reveals that any increase of the tax rate has four e¤ects on the marginal return on private capital, and hence on growth. These four e¤ects cancel each other out as the tax rate is at its optimal level. Among these e¤ects, two were already present in Barro’s model. The …rst (1) is the direct e¤ect of a tax increase on the net rate of return to households’saving and is given by r on the left-hand side of the above equation. It weakens the household’s incentive to save and hence impedes capital accumulation and growth. The second (2) is the positive e¤ect of the tax increase on the marginal product of private capital (hence on the gross rate of return to capital) that results from the …nancing of additional public infrastructures. This productivity e¤ect of the public input is described by the …rst term in the bracketed expression on the right-hand side of the equation. However the presence of a monopolistic intermediate goods sector whose production is partly bought by the government is the cause of two new taxation-induced e¤ects. Both e¤ects work through the intermediate goods price p. First let us recall that the price elasticity of the overall demand for intermediate goods, , is the weighted average of the price elasticities of private and public demands, with the weights given by the shares of their demands in the overall demand (Eq. [10]). Therefore, when the government modi…es its size (hence its share of the overall intermediate good demand), it modi…es at the same time the price elasticity of the overall demand (unless public and private price elasticities are the same), and that of course modi…es the equilibrium price p set by the monopolistic …rms. How does this price variation a¤ect the growth rate and the optimal tax rate? First, any variation of p necessarily changes the marginal return on capital (recall that r = A z 1 =p). This e¤ect is described by the last term (3) in the bracketed expression on the right-hand side of the 16



above equation, and favorably a¤ects the marginal return on capital, hence growth, each time that a tax increase lowers the intermediate goods price ( ddp < 0): Second, any variation of p has an e¤ect on the governments’s budget constraint and thus on the …nal amount of intermediate goods, hence of public infrastructure, which is …nanced by means of a tax increase. This e¤ect is described by the second term (4) in the bracketed expression on the right-hand side of the equation. As revealed by Eq.(25), it enhances or weakens the productivity e¤ect of the public input that is already present in Barro’s model. It enhances the productivity e¤ect and raises the marginal product of private capital and the growth rate only if the tax rate increase leads to a decline of the intermediate goods cost (that is if ddp < 0), because the government can thus buy a larger amount of intermediate goods (and then provide more public input) for a given tax increase. Both new e¤ects work in the same way and crucially depend on the reaction of the intermediate goods price to a tax variation. The optimal size of government thus hinges on the direction and the extent of this reaction, as seen in the following equation (obtained after rearrangement of Eq. [26]): = (1



p=



)



1



(27)



p=



where p= = p ddp is the elasticity of the intermediate goods price with respect to the tax rate. If this elasticity is zero, then increasing tax has no e¤ect on the price of intermediate goods. Neither of these two new e¤ects is present and the optimal size of government is the same as in Barro: =1 . If this elasticity is negative, then increasing tax lowers the price of intermediate goods and thus creates two new marginal bene…ts in addition to the productivity-e¤ect bene…t which is already present in Barro’s model. Therefore the size of the government should be expanded beyond Barro’s optimal level: >1 . If this elasticity is positive11 , then increasing tax raises the price of intermediate goods and creates two new marginal costs in addition to the usual cost on the net return on private capital. The size of the government should hence be reduced below Barro’s optimal level: 
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that in this case, it is less than one at the optimal tax rate. From the long-run relationship (21), we have: dz . Since z = ( u + )= (1 ) (Eq. (20)) and du = 0 at , we have: ddz = (1 Bz )2 > 0. We infer that z d d
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Let us look at the point of optimal tax ( a a = 0). The previous expression can then be simpli…ed: d d



= =



(



) dz ( + z) d 2



Combining the latter with Eqs. (25) and (28) yields: p p=



=



= p



1



2



( ) ( )2 pz ( +z)2 2 ( ) ( )2 pz ( +z)2



(29)



Hence, for positive rates of growth and at the point of optimal tax, the sign of this elasticity depends uniquely on the gap between the elasticity of the public demand and the elasticity of the private demand, that is . When < , the elasticity p= is positive because, for given, any rise in tax increases the weight of the government, hence of , in the aggregate price elasticity of the intermediate goods demand. This elasticity is then reduced, leading the monopolistic …rms to raise their equilibrium price. According to Eq. (27), the optimal government size is thus smaller than Barro’s:  , the elasticity p= can be positive or negative. But if it is positive, it is necessarily above one, which contradicts the restriction on the values of p= (see footnote 11). Only a negative elasticity given, any tax raising increases the weight of p= is then compatible with this case. Intuitively, for the government, hence the weight of the public elasticity . As the latter is larger than the private elasticity , the aggregate price elasticity rises and the monopolistic …rms react by lowering the equilibrium price. According to Eq. (27), the optimal government size is thus larger than Barro’s: >1 . Another result can be obtained from Eq. (22) which describes the long-run situation of the economy. As the price elasticity of the public demand goes to in…nity, this equation is reduced to z = ( A) . After substitution of this expression for z into Eq. (20), the long-run growth rate becomes = u = (1= ) [ B ( A) ], which is precisely the perfcect competition growth rate. Accordingly, the optimal size of the government tends towards its competitive level 1 as goes to in…nity. Lastly, note that Eq. (27) also corresponds to the government’s productive-e¢ ciency rule, which is de…ned as the situation where the cost induced by a tax increase exactly o¤sets the gain provided by this tax increase. The cost (in terms of public good) equals the additional amount of public expenditure that is …nanced by this tax increase, that is dN g=d . The gain comes from the additional amount of …nal good the competitive …rms can now produce thanks to the public input increase, that is d (y=p) =d (in terms of public input). By di¤erentiating the government’s budget constraint (pN g = y), we get: dN g y dy = + d p pd



y dp : p2 d



Then productive e¢ ciency imposes: dN g d (y=p) y dy = , + d d p pd



y dp 1 dy = 2 p d pd



Rearranging and using N g = y=p, y = (1
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dy d 18



y dp pd
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y dp ; p2 d



By combining the competitive …rm’s production function with the government’s budget constraint, we show that: 1 y=A



1



p



k;



from which we get: dy [ ; p ( )] dy [ ; p ( )] dy [ ; p ( )] dp 1 = + = d d dp d



y



y dp pd



:



Plugging this result into the productive-e¢ ciency condition, we …nd the condition d =d = 0 as de…ned by Eq. (27). For illustrative purpose, we represent several Barro-La¤er curves in …gure 5, using Barro (1990)’s numerical values for the parameters12 . eta=4.33
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Figure 5: Numerical Barro-La¤er curves for



phi=60



= 4:33



These simulations con…rm the foregoing analysis: when



< ; the optimal government size is always smaller than 1



when



= ; the optimal government size is equal to 1



when



> ; the optimal government size is always larger than 1



1 2 Barro



=1



chose = 0:02, = 0:25. We take



A=0.113 0:75 ,



= 25%;



= 25%; = 25%.



= 1, = 0:75 and which lead to a balanced growth rate equal to 2% for = = 4:33 as a benchmark value, which gives a markup of 30%.
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The optimal size thus increases with the price elasticity of the public demand and exceeds its competitive market level. However, once exceeds some critical value (say )13 , the optimal size decreases and tends asymptotically towards 1 as goes towards in…nity. The relation between and becomes decreasing. In order to highlight these results, …gure 6 represents the optimal level of the tax rate for di¤erent values of the public-demand price elasticity and for three values of the private-demand price elasticity .
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Figure 6: The optimal government size as a function of



and



Recall that the government is not e¢ cient in the sense that, because lobbying, corruption, political clientelism, of bureaucracy in decision-making... it does not use its cost-minimizing demand function, whose price elasticity is . The price elasticity of its e¤ective demand function, , is then lower than which is a pure technological parameter (see sub-section 2.2). Any increase of towards is thus interpreted as giving rise to an improvement of the public management. Therefore, for any given smaller than , the critical value of (phieta in …gure 6), and on the interval ]0; [ for any larger than , …gures 5 and 6 clearly show that, all other things being equal, the optimal government size increases with the degree of e¢ ciency in public management. As the government becomes more e¢ cient, the top of the Barro-La¤er curve moves towards the North-East, and not towards the North-West as is usually asserted. The non-monotonic relationship between and can be easily interpreted using the foregoing results. We have seen that any tax increase raises the intermediate goods price ( p= > 0) when the public-demand price elasticity is smaller than the private one, that is < . It thus gives rise to two additional marginal costs as compared to Barro. That is why the tax increase is more expensive than in his model and why the optimal government size turns out to be smaller ( < 1 ). But as the public-demand price elasticity increases and gets closer to the private-demand price elasticity (that is decreases), the intermediate goods price becomes less sensitive to tax variations ( p= is positive but 1 3 This



critical value of



depends on the value of



as is shown by …gure 6. That is the reason for the superscript.
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reduces; see Eq. [29] and …gure 7). That weakens the two additional marginal costs, hence the overall marginal cost induced by any rise in tax. The optimal government size can thus increase.
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Figure 7: The non-monotonic relationship between



and



When reaches , the intermediate goods price is no longer in‡uenced by tax variations and the two additional marginal costs cancel each other out. Only the usual marginal cost on households’saving is left and therefore the optimal government size is at its competitive market level ( = 1 ). When the public-demand price elasticity becomes larger than the private one, that is > , any tax increase cheapens the intermediate goods ( p= < 0). Instead of two marginal costs, we now have two marginal gains in addition to Barro’s productivity gain. Any tax increase is thus more bene…cial and the optimal government size expands ( > 1 ). Hence, as long as > , the optimal size of the 21



government is always larger than its competitive level. But while this size begins to grow with respect to , it then falls and …nally tends towards its competitive level as goes to in…nity. That non-monotonic relationship between and results from two opposite mechanisms. First, rises with respect to the public-demand price elasticity because any increase of raises the aggregate price elasticity and thus strengthens the impact a tax variation has on the intermediate goods price p (in other words, p= < 0 and p= increases with respect to ; see Eq. [29] and …gure 7). The marginal gains are therefore larger and larger. But at the same time, the market power of the intermediate goods …rms declines as goes up, which on the contrary weakens the impact any tax variation has on p. That second mechanism predominates from some value of and …nally lowers the absolute value of the elasticity p= . More precisely, we have just seen that, as soon as is larger than , any rise in tax tends to increase the weight of the government, hence of , in the aggregate price elasticity . The latter goes up and the monopolistic …rms react by lowering their equilibrium price. But this reaction depends on the degree of market power they possess. As long as (hence ) is not too high (that is, their market power is su¢ ciently large), the monopolistic …rms are able to react strongly to any variation in , particularly as caused by . Therefore, for a given , any tax increase gives rise to a large decrease of p, which is all the larger as is high: p= is increasing (see …gure 7). But as rises, the market power of the monopolistic …rms deteriorates and their reactions to the rises of are less and less strong. On the one hand, any rise in continues, as before, to increase the impact a tax variation has on and therefore accentuates the diminution of p. But on the other hand, it reduces the …rms’ability to set prices, which limits the price cuts they make. This second e¤ect will …nally predominate and the price cuts induced by any tax increase will be smaller and smaller: p= is decreasing (see …gure 7). At the turning point, the importance of the two additional marginal bene…ts, hence of the tax overall marginal bene…t, declines, which lowers the optimal government size. Thus the latter converges towards (1 ) as goes to in…nity, that is as the intermediate goods sector tends to a competitive market structure. 0,017 0,015



growth rate



0,013 0,011 0,009 0,007 0,005 0,003 0,001 2



4



6



8



10



12



14



16



18



phi eta=3.33



eta=4.33



eta=5.33



Figure 8: The growth rate at the optimal tax rate for di¤erent values of
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However, a non-monotonic relationship between and does not imply a non-monotonic relationship between and : Since it alleviates a distortion, any increase of leads to a larger growth rate at the optimal tax rate , as illustrated in …gure 8.
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Conclusion



By choosing an imperfect competition structure, we have brought into evidence a new mechanism in the determination of optimal government size. This new mechanism is an addition to those described by Barro (cost of taxation and impact of the public input on the marginal product of accumulable factors). Any tax variation has repercussions on the government’s demand for intermediate goods produced by monopolistic …rms. As long as these …rms are unable to price discriminate between their public and private customers, the aggregate price elasticity they face is modi…ed, along with their markups and prices. Since the intermediate goods are used to produce the investment good, any change in their price has an impact on the net rate of return on capital and thus on incentives to accumulate. Hence, in addition to the traditional static procompetitive e¤ect, there is now a dynamic e¤ect. This price change also modi…es the sum of marginal costs and bene…ts of a tax variation, and consequently a¤ects its optimal level. The government’s price elasticity plays a key part in our model since it is an essential determinant of the intermediate goods …rms’markups. More precisely, the optimal size of the government increases with this elasticity. This optimal size even goes beyond its competitive level as soon as the sensitivity of the government to intermediate goods prices is su¢ ciently high. Therefore, and contrary to the widespread idea that a better management of the public sector should lead to a reduction of the optimal government size, we have shown that an increased e¢ ciency in the public management (re‡ected in our model by a rise in the government’s demand elasticity) can result in an increased optimal size of the government, displacing the summit of the Barro-La¤er curve towards the North-East.
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Identity of the growth rates in the case of discrimination



Let A2 = (1 ) r = (1 ) A1 ( 1) = with A1 ing ct = c0 e t into the intertemporal utility function Z 1 e(1 ) t U = c10 e t 1 0 =



t



c10 !1 1



lim



e[(1 ) (1 )



(1



= A1= [( leads to: e 1



1) = ]



)=



(1



)=



> 0: Substitut-



t



dt



]t



1 )



(1



1 (1



)



:



In order for this expression to converge, (1 ) = [A2 (1 ) ] = has to be necessarily negative, or alternatively we must have A2 (1 ) < , an assumption we will make later. As the equation of capital accumulation is given by k_ = N i, the …nal good market equilibrium is y = c + k_ + N g. Substituting y, g, and c into that equation, we show that it can also be written as: k_ + A3 k =
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As pg > 1, 0 < solution is:



< 1 and A1 > 0, A3 is negative. This di¤erential equation can easily be solved. The kt = e
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< 0, the right-hand side of that expression tends towards zero. Concerning the left-hand + + A3
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it is necessary that the expression inside the brackets is zero, or that c0 = ( + A3 ) k0 > 0. The equation describing the stock of capital owned by the economy at time t can thus be written as: kt =
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t
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which implies that the growth rate of the private capital stock is identical to the growth rate of consumption. Therefore, there are no transitional dynamics and all variables in real terms grow at the same constant rate from the beginning. 25
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Dynamic properties in case of no discrimination



The system (18) describing the evolution of the economy can be reduced to a system of two dynamic equations with two unknowns (p and x). The last relation enables us to write that u = Az 1 x z, which, after substitution into the equation of price, leads to: p=
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This equation de…nes z as an implicit function of x and p (denoted by z (x; p)) so that: ( @z = @p
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1) x + ( Az 1 ) z Az 1



@z = @x x



)z



2



:



(32)



:



(33)



The numerator of @z=@p is necessarily positive while the sign of its denominator is not determinate: it depends on the value of relative to the value of , and on the value of x relative to Az 1 . In the same way, the numerator of @z=@x is positive while the sign of the denominator depends on the value of x relative to Az 1 . Finally, after the substitution of u, the dynamic system can be written as function of x and p only: 8 n o z(x;p) < p_ = p A [z (x; p)] n o i h 1 1 1 : x_ = x 1 (1 ) + z(x;p) A [z (x; p)] + x + z (x; p) p A [z (x; p)] with



1



p=



A [z (x; p)] (



x+(



1



1) A [z (x; p)]



(



) z (x; p)



1) x + (



) z (x; p)



:



At the steady state, the growth rates p=p _ and x=x _ are zero. Therefore: 8 < p = A [z (x; p)] n o 1 1 z(x;p) 1 : 1 (1 ) A [z (x; p)] + A [z (x; p)] + x + z (x; p) = 0 p



In the neighborhood of the steady state, we have: dp_ dp



= =



1+ 1



A [z (x; p)]



z (x; p)



zh



+ p



@z z (x; p) + p = J1;1 ; @p



We used the fact that p = A [z (x; p)] dp_ dx



1



@z @p



=0



}| A [z (x; p)]



i{ 1 @z



@p



. We also have:



=



A [z (x; p)]



=



@z p = J1;2 : @x



1



z @z z (x; p) h + p @x
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=0



}| A [z (x; p)]



i{ 1 @z



@x



(34)



and (still in the neighborhood of the steady state): ( 1 (1 )( 1) A [z (x; p)] dx_ = x dp p x (1 =



(2



)p



@z @p



(



1) A [z (x; p)] p2



1 @z z (x; p) + @p



)



@z @z +x @p @p



) A [z (x; p)]



xB p



@z @p



(



x (1



1) z (x; p)



) @z @z p +x = J2;1 ; @p @p



and dx_ dx



= x = x



(1 B



)



(2



(



1) (1 ) @z 1 @z A [z (x; p)] + p @x @x @z x (1 ) @z @z ) p +x+x = J2;2 : @x @x @x



(1



@z @z +x+x @x @x



) xA [z (x; p)]



The Jacobian derivative matrix at the steady state is thus: J1;1 J2;1



J (x; p) = Its determinant is given by det @z @z xp @x @p



J1;1 J2;2 =



J = J1;1 J2;2



B (2



)



+ and J1;2 J2;1 =



@z @z xp @x @p



(1



;



J1;2 J2;1 , with



)



p+1



1 @z xz (x; p) @x B (2



J1;2 J2;2



)



B (2



(1



)



)



(1



)



(



p+1



p+1 +



@z 1 xp + xz (x; p) @p



1) B @z xz (x; p) : @x



We infer: det



J



= =



xz (x; p) xz (x; p)



@z @x @z 1+ @x 1+



B



(1



)



B



(1



)



p+1 + p+1 +



p @z z (x; p) @p A [z (x; p)]



1



@z @p



:



1



We used the fact that p=z (x; p) = A [z (x; p)] . For positive values of x, the sign of the determinant is thus identical to the sign of the expression into brackets, henceforth denoted by E. Substituting Eqs. (32) and (33) for @z=@p and @z=@x, we get: ( E =1+ (



i h ) z (x; p) B (1 ) p + 1 n o 1 ) x A [z (x; p)] A [z (x; p)]



+



1



n (



1



1) A [z (x; p)] ( 1) x + ( n o 1 ) x A [z (x; p)]



(
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o2 ) z (x; p)



:



Using the equations (34) describing the steady state, we show that: 1



x



A [z (x; p)]



=



B



z (x; p)



(1



) A [z (x; p)]



+1



and (



1



1) A [z (x; p)]



(



1) x + (



z (x; p) [(



) z (x; p) =



1) B + (



1)]



(



1)



;



E can thus be expressed as: ( E=1 (



) z (x; p) n ) z (x; p)



n



B



B



(1



) A [z (x; p)]



(1



) A [z (x; p)]



2



fz (x; p) [( 1) B + ( 1)] ( n o B ) z (x; p) (1 ) A [z (x; p)] + 1



(



or as: ( E



1



)



A [z (x; p)] n ) z (x; p)



= 2



(



= 2



1



A [z (x; p)]



(



) z (x; p)



n



o +1 o +1



B



h



(



1) B + ( (1



) A [z (x; p)]



N Z 0 (z)



B



(1



1)



) A [z (x; p)]



o +1



(



o +1



1) z(x;p)



2



1) g



;



i2



:



The sign of the numerator has been studied in section 3. Whatever the value of relative to , N Z 0 (z) is negative. The sign of the denominator depends on the value of the parameters. All we can do is to …nd a su¢ cient condition to have a negative determinant when > . The denominator is namely (within the term 2 ( )): X (z) =



(1



B



1



) A [z (x; p)]



+ 1 z (x; p) +



:



The derivative of this function is: X 0 (z) =



B



2



(1



) Az



+1



:



Its value is zero at z = zX , given by: zX =



"



2



(1 B



) A +1



#1



:



It is positive as z > zX and negative otherwise. Hence, X is decreasing on the interval [0; zX ], reaches a minimum at zX and becomes increasing on [zX ; +1[. Let us note that X (0) = = < 0 and that: lim



z !+1



X (z) = +1:



Hence, X is …rst negative and becomes positive for a value of z strictly larger than zX . 28



Recall that we are only interested in the values of z for which u is positive, that is z > zmin . And we know that: h i1 1 X (zmin ) = (1 )A > 0 () zmin > [(1 ) A] : B B Therefore, as X is a strictly increasing function, we are ensured that X (z) is positive for any z > zmin



as soon as zmin > [(1



) A]



1



,



>



[(1



)A]



+ [(1



1



)A]



1



: This condition is all the more easily ful…lled as



is



high. Assume that this condition is met. Thus, as > , the denominator of E is positive while its numerator is always negative, as we have seen before. The sign of the determinant of the Jacobian derivative matrix is thus determinate: it is negative, which implies that the unique steady state of the economy is a saddle point (since characterized by two real eigenvalues with opposite signs). As < , this condition, with a reverse sign for the inequality,







[(1 + [(1



)A]



1



)A]



1



is now a necessary, but no longer



su¢ cient, condition for the denominator to be positive. In the …gures (9) and (10), we have represented the value of the determinant in function of the tax rates for which the balanced growth is positive. We used Barro’s numerical values for the parameters. In the …rst …gure (…g. 9), the price elasticity of the public demand is larger than the price elasticity of the private demand, with = 4:33 and = 5:33. The positive values of the determinant are the result of two positive eigenvalues (the steady state is unstable) and not the result of two negative eigenvalues (in which case the steady state would have been stable). We …nd the result obtained previously, when we presented the su¢ cient condition, namely that the steady state is unstable for low values of and is saddle stable for higher values of :
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Figure 9: Determinant value as a function of the tax rate ( > )
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In …gure (10), we can see that this result is reversed as values of the tax rate and negative for smaller values.



< : The determinant is positive for high
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Figure 10: Determinant value as a function of the tax rate ( < )
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