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Abstract In this paper, we study a model in which partisan voting is rationalized by Knightian decision theory under uncertainty (Bewley 2002). When uncertainty is large, some voters become hard-core supporters of their current party due to status quo bias. We characterize equilibria of the model that are robust to the electorate size. In these equilibria, voting is also sincere. With costly information acquisition, partisan behaviors arise naturally from the status quo biases in large elections. In the selected informative voting equilibrium, swing voters rationally mix between two alternatives: either they acquire information and vote informatively (“pure independent”) or they do not acquire information and vote to cancel the partisans’votes (“leaner”). Keywords: Knightian uncertainty, partisan voting, strategic voting, information acquisition, incomplete preferences. I would like to thank Luca Rigotti, Sourav Bhattacharya, Tymo…y Mylovanov, and Jack Stecher for their guidance and support. This paper has greatly bene…ted from comments and suggestions from Vijay Krishna, Bruno Sultanum, Roee Teper, seminar participants at the Carnegie Mellon University, participants of the 1st Prospects in Economic Research Conference at the Pennsylvania State University, the 24th International Conference on Game Theory at the State University of New York at Stony Brook, and the Fall 2013 Midwest Economic Theory and International Trade Meetings at the University of Michigan. Needless to say, all remaining errors are my own. y University of Sydney, [email protected]



1



1



Introduction



Partisanship is undoubtedly one of the most important components of mass political behavior in the United States. As Beck (1997) puts it, “For millions of Americans, the party label is the chief cue for their decisions about candidates or issues.” The importance of partisan voting has declined nationally, however, “partisan loyalties had at least as much impact on voting behavior at the presidential level in the 1980s as in the 1950s, and even more in the 1990s than in the 1980s.”(Bartels 2000)1 According to the Gallup poll, the latest estimate2 of party a¢ liation in U.S. is Republican 31%, Democrats 31%, and independent 37%. The estimates become Republican 43% and Democrat 48% after including leaners, voters who identify themselves as independents but admit that they lean toward one party or another.3 After Trump taking over the White House, there is worry that “the U.S. is as politically divided as it was going into the Civil War.” 4 Voters use partisan information to structure their voting decisions, even in nonpartisan contests. “In fact, nearly every theory of voting in the American politics literature includes party identi…cation as a critical-if not the only-factor explaining vote choice”(Scha¤ner and Streb 2002). One natural question is: Is partisan voting rational? According to “the Michigan model,” partisan loyalties are formed early in life, remain perfectly stable throughout adulthood, and serve as the unmoved movers of more speci…c political attitudes and behavior. Following the decline of partisan politics in 1960s and 1970s, political scientists move on to provide theoretical foundation for a rational voter, rather than just a rationalizing voter 1



An update on Bartels’study has con…rmed that the level of partisan voting in U.S. presidential elections remains quite high (Weinschenk 2013). 2 http://www.gallup.com/poll/15370/party-a¢ liation.aspx (February 1-5, 2017). 3 As one comment on the Washington Post puts it: ‘People may consistently vote for Republicans, but they would rather call themselves “independents.”There’s an appeal to being an outsider and to outsider politics that’s re‡ected in how people see themselves. But when the general election rolls around, those Republican-leaning independents will very likely vote for the Republican.’ 4



http://thehill.com/media/315239-abcs-dowd-us-as-divided-as-it-was-in-civil-war-era
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(Wattenberg 1996). They describe party identi…cation as “a running tally of retrospective evaluations of party promises and performance.”(Fiorina 1981) Such an explanation is also consistent with the observation that voters tend to use the party label as a voting clue. Despite being a major theme in the voting theory for decades in political science, economists pay much less attention to partisan voting. In some voting models, partisans are simply assumed to stick to some parties (i.e., Feddersen and Pesendorfer 1996; Palfrey and Rosenthal 1983; Myatt 2007). Partisan motives are thus an unmodeled component in these models. In other models, there is no fundamental di¤erence between swing voters and party supporters in terms of rational voting (i.e., Feddersen and Pesendorfer 1999; Aragones and Palfrey 2002; Gul and Pesendorfer 2009; Krishna and Morgan 2011). Some voters vote according to their information, and others do not. Swing voters and partisan voters are classi…ed by their responsiveness to information and a voter’s responsiveness to information depends on his preference intensity. In this paper, we consider an alternative rationalization for partisan voting that is in line with “the Michigan model,”and discuss its implications in voting decision and information acquisition. Facing uncertainty, a Knightian decision maker’s behavior is a¤ected by his status quo. Voters who have a particular party as their status quo behave di¤erently from those who do not. The status quo bias has a larger impact under greater uncertainty. When the status quo bias is strong enough, partisan voters become hard-core supporters who are loyal to their own party regardless of any useful information. When the status quo bias is not strong enough, partisan voters may overcome the status quo bias and vote against their own party. The model in this paper is built on Myerson’s large Poisson game in a common value setting similar to Krishna and Morgan (2012). In such games, the size of the electorate is random. Myerson (1998 & 2000) shows the equivalence of qualitative predictions between Poisson voting model and standard voting model with a …xed electorate. 3



In our model, voters are assumed to be Knightian decision makers with multiple priors. With multiple priors, two alternatives may be incomparable. If a voter treats a party as his status quo, he will stick to his own party when he is not able to compare two alternatives. Thus, in our model, partisans are voters with a particular status quo and swing voters are voters without a status quo. We characterize four types of voting equilibrium: 1) fully informative voting equilibrium, in which all voters vote responsively to their signals, 2) uninformative voting equilibrium, in which no voter votes responsively to his signal, 3) full partisan voting equilibrium, in which only swing voters vote responsively to their signals, and 4) partial partisan voting equilibrium, in which only one type of the partisan voters votes responsively to their signals. We focus on equilibria that are robust to electorate size, which we call limit voting equilibria. In addition, these equilibrium strategies are intuitively appealing as they are always sincere. When a full partisan voting equilibrium exists, there also exists a continuum of equilibria due to the indecisiveness of the swing voters under Knightian uncertainty. We further introduce an equilibrium re…nement using the concept of justi…ability, which requires the equilibrium strategy to be justi…able by at least one prior. This eliminates “counter-informative” use of information in full partisan voting equilibrium. Finally, we study how voters acquire costly information under Knightian uncertainty. When costly information acquisition is introduced into a large election, there exists an equilibrium in which the swing voters acquire some information with positive probability when the number of swing voters is more than the di¤erence between the numbers of partisans of the two parties. In the selected informative voting equilibrium, swing voters rationally mix between two alternatives: either they acquire information and vote informatively or they do not acquire information and vote to balance the partisans’votes.



4



1.1



Related Literature



This paper belongs to the common value voting literature. In expected utility settings, it is shown that strategic voting may exclude sincere voting, but information is still aggregated in large elections, except under unanimity rule (Austen-Smith and Banks 1996; Feddersen and Pesendorfer 1998; McLennan 1998; Myerson 1998). In this paper, we show that sincere voting and partisan behaviors can occur under Knightian uncertainty. Some papers in the literature consider abstention and endogenous participation (Feddersen and Pesendorfer 1996 & 1999; Krishna and Morgan 2012). In order to focus on the di¤erence in voting behaviors between partisans and swing voters, we do not allow abstention in this paper. The extension of the main model in this paper in Section 6 to include costly information acquisition is related to the literature on the Condorcet Jury Theorem with information acquisition. Martinelli (2006) shows that information aggregation is possible under costly information acquisition even though individual voters’ level of information acquisition diminishes as the electorate size increases. There is a strand of the literature that studies the implications of uncertainty in voting, but it mainly employs the maxmin expected utility with multiple priors.5 The current paper, to the best of my knowledge, is the …rst attempt to study the implication of Bewley’s (2002) Knightian decision making model in a voting game. Ghirardato and Katz (2006) discuss the possibility of a maxmin voter choosing abstention to “hedge” ambiguity, but it is done in a setup without strategic interactions among the voters. Ellis (2016) shows that ambiguity aversion prevents information aggregation, because maxmin voters have a strict preference for randomization. Our model also introduces a set of prior to model ambiguity, but our voters are not endowed with a strict preference for randomization as in the maxmin counterpart 5



There are also papers that look at the implications of uncertainty in a candidate’s choice of position in an election. Berliant and Konishi (2005) provides an example of policy convergence under uncertainty. Bade (2011) studies multidimensional electoral competition with uncertainty-averse parties. Both papers consider maxmin players.
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of our model. Rather, in our model, partisan voters have a strong tendency to adhere to their status quo choices. This suggests that the modelling choice of how ambiguity a¤ects behaviors in voting models has important consequences. In Section 2, we brie‡y introduce Knightian decision theory and Bewley’s inertia assumption, and argue that party identity is a natural candidate for status quo. In Section 3, the model is presented. In Section 4, we introduce the notion of limit voting equilibrium and study it in our model. Section 5 discusses a selection criterion for limit voting equilibria based on the idea of justi…able preferences. Section 6 presents an extension with costly information acquisition. Section 7 concludes. Most proofs are relegated to the Appendix.
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Incomplete Preferences and Status Quo



Under uncertainty, completeness is not necessarily a reasonable axiom for individual decision problems. Bewley (1987, 1989 & 2002) develops Knightian decision theory, which relaxes the axiom of completeness. Under the completeness axiom, individual decision maker is able to rank any pair of alternatives. If preference is not complete, some alternatives are incomparable. Bewley (2002) axiomatizes a model allowing for incompleteness with subjective probabilities. Consider a …nite state space N , the set of all probability distributions over N; M (N ) := N X N N f 2 R : i 0 8i = 1; :::N; i = 1g, and two random monetary payo¤s, x; y 2 X ,



where X



i=1



R is …nite. Bewley characterizes incomplete preference relations represented by a



unique nonempty, closed, convex set of probability distributions



and a continuous, strictly



increasing, concave function u : X ! R, unique up to a positive a¢ ne transformation, such that x



y



if and only if



N X



i u(xi )



i=1



If the set of probabilities



>



N X i=1



i u(yi )



f or all



2



:



(1)



is a singleton, (1) is equivalent to an expected utility rep6



resentation, so the ordering is complete. If



is not a singleton, comparisons between two



alternatives are done “one probability distribution at a time.”A strict preference is obtained only when one alternative is “strictly preferred”to the other unanimously according to any 2



.



In some situations, a Knightian decision maker cannot make up his mind. Bewley’s inertia assumption helps to settle some choice problems among incomparable alternatives. If there is a status quo, a Knightian decision maker always chooses the status quo as long as no other alternative is strictly preferred to it according to every probability distribution. For instance, consider two alternatives x and y, x is preferred to y for some y is preferred to x for some other



0



2



2



, and



. Knightian decision rule concludes that x and y



are incomparable. A decision maker without any status quo will choose either x or y, or randomize. A decision maker with x (y) as status quo will always choose x (y). When x and y are comparable to each other, these three types of decision makers will make the same choice.



2.1



Party Identity as Status Quo



One di¢ culty in applying Bewley’s inertia assumption is “identifying a plausible candidate for the role of status quo” (Lopomo, Rigotti and Shannon 2014). In the case of partisan voting, we …nd party identity, an “a¤ective orientation” as Campbell, Converse, Miller and Stokes (1960) put it in their classic T he American V oter, a natural candidate for the status quo. For all possible priors, party supporters compare two parties. They stick to their own parties as long as it is preferred for some priors. Therefore, to motivate a party supporter to vote against his own party, the incentives must be strong enough. Swing voters can be considered as voters without a party identity. As long as two parties are incomparable in the Knightian sense, a swing voter can cast a vote in any manner and still be rational. If complete preference ordering is assumed, such behaviors can never occur. 7



3



The Model



Two party candidates, A and B, compete in an election decided by majority voting. In the event of a tie, the winning candidate is chosen by a fair coin toss. There are two states of nature,



and . Voters have a compact set of prior probabilities p; p , where p 2



1 ;1 2



and p 2 (0; p).6 Each p 2 p; p is a prior probability that the true state of nature is



.



Candidate A is the better choice in state , and candidate B is the better choice in state . In state , the payo¤ of any voter is 1 if candidate A is elected and



1 if B is elected. In



state , things reverse. The size of the electorate is a random variable that follows the Poisson distribution with mean n.7 The probability that there are m voters is e



n nm . m!



After the electorate size is



drawn, voters’party identities are determined randomly.8 There are three types of voters: one type of partisan voters, labeled A or partisans of A, takes party candidate A as their status quo choice; another type of partisan voters, labeled B or partisans of B, takes party candidate B as their status quo; swing voters, labeled S, have no party candidate as their status quo choice. A voter’s type is A and B with probability



A



and



independent of the state. Otherwise, he is a swing voter, with probability +



A



B



+



S



= 1: For each type i voter,



i



B,



respectively,



S.



Therefore,



> 0: Therefore, the sizes of partisans of A,



partisans of B and swing voters follow the Poisson distributions with mean nA , nB , and nS , 1 Since our model is symmetric, the assumption that p > 21 is without loss of generality. If p 2 , then 1 1 p > 1 p 2 , the results of our analysis apply if we simply switch the roles of two party candidates, A and B. 7 Assuming that the size of the electorate follows a Poisson distribution imposes an additional condition for the existence of uninformative voting equilibrium that is absent in voting models with a …xed electorate size n. This allows us to make shaper equilibrium predictions and exclude uninformative voting equilibrium whenever fully informative voting equilibrium or full partisan limit voting equilibrium exists. The results are otherwise qualitatively similar if the electorate size is …xed. 8 In this paper, we do not consider the case in which the composition of the voters depends on the state of nature. However, for a …xed n, the equilibrium described in this paper survives small departure to the model as long as the orderings under the most extreme priors remain unchanged. This also means that equilibria are more robust to changes in parameters under a larger set of priors. 6



8



respectively, given by nA =



A n;



nB =



B n;



nS =



S n:



Before casting a vote, every voter receives a private signal regarding the true state of nature. Conditional on the true state, signals are independent. The signal takes one of two values, a or b. The probability of receiving each signal is 1 < P [a j ] = P [b j ] = q < 1: 2



(2)



That is, we assume that signal is informative but inconclusive. We will relax this assumption and allow q =



1 2



when we allow costly information acquisition in Section 6. The posterior



beliefs about the states after receiving the signals for each p 2 p; p are pq pq + (1 p)(1 (1 p)q qp ( j b) = (1 p)q + p(1



qp ( j a) =



3.1



q) q)



> p; and >1



p:



Pivotal Voting



An elementary event is a singleton set consisting of a pair of vote totals (k; l), where k is the number of votes for party candidate A and l the votes for party candidate B. An event is an union of elementary events. An event is pivotal if a single vote can a¤ect the …nal outcome of the election. There are two types of elementary events where one vote can have an e¤ect on the …nal outcome: 1) there is a tie, or 2) party candidate A has one vote less or more than party candidate B. Let T = f(k; k) : k a tie, and let T



1



= f(k



B, and let T+1 = f(k; k



1; k) : k 1) : k



0g denote the event that there is



1g denote the event that A has one vote less than



1g denote the event that A has one vote more than B.



The event pivA (pivotal if vote for A) is de…ned by pivA := T [ T 1 . The event pivB is 9



de…ned similarly. Let



A



and



B



denote the expected number of votes for A and B in state



, respectively. Abstention is not allowed, so



A



+



B



= n.



A



and



B



are de…ned similarly



for the corresponding expected votes in state . Suppose the expected size of the electorate is n, consider the event that there are k votes in favor of party candidate A and l votes in favor of party candidate B. The probability of such event in state



is n



Pr[f(k; l)g j ] = e The probability of a tie in state



k A



l B



:



k! l!



is



Pr[T j ] = e



n



1 X k=0



k B



k A



k! k!



;



while the probability that A has one vote less than B in state



Pr[T



1



j ]=e



n



1 X k=1



k 1 A



(k



k B



1)! k!



;



and the probability that B has one vote less than A in state



Pr[T+1 j ] = e The corresponding probabilities in state



n



1 X k=1



k A



k 1 B



k! (k



1)!



is



is



:



are obtained by substituting



Pr[pivA j ] = Pr[T j ] + Pr[T



1



for . In state ,



j ];



Pr[pivB j ] = Pr[T j ] + Pr[T+1 j ]: The probability of a tie could be approximated using modi…ed Bessel functions when n is



10



large,9



Pr[T j ]



p e n I0 (2



A B)



=e



n



q



e2



p



A B



p 2



2



A B



e =q



p 2



A



p



p 2



2 B



:



(3)



A B



Moreover, when n is large,



Pr[T



m



j ]



m 2



A



Pr[T j ]:



B



(4)



These approximations are useful when we study the large population properties. Since



Pr[pivA j ] so Pr[pivA j



"



Pr[T j ] 1 +



A B



] is approximately the product of Pr[T j



1 2



#



;



] and a function independent of



population size.



3.2



Voting Under Knightian Uncertainty



With multiple priors, voters are Knightian. If one party is strictly preferred to the other, all voters vote for the dominant party. If two parties are incomparable, partisans stick to their own parties, and the voting behavior of swing voters is not determined. Let u(i) denote the payo¤ for voting for candidate i. Following Bewley (2002), the strict preference relation is characterized by A 9



B ,



8p 2 [p; p]; Ep [u(A)] > Ep [u(B)];



For details, see Myerson (2000) and Krishna and Morgan (2012).
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where [p; p] is the set of priors.10 Notice that the function u is an endogenous object that depends on the equilibrium voting pro…le. If A is strictly preferred to B, we say that A dominates B. De…nition 1 (Dominance) Given a signal s, party candidate i dominates party candidate j if and only if Ep [u(i)js] > Ep [u(j)js]; 8p 2 [p; p]: Next, we de…ne maximal and optimal voting choices in terms of dominance in an environment with uncertainty. Then, a voting equilibrium under uncertainty is de…ned in terms of maximal and optimal voting choices. De…nition 2 (Maximal and Optimal Choices)
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Given a signal s, party candidate i is



an optimal choice if and only if party candidate i dominates party candidate j 6= i. Party candidate i is a maximal choice if and only if party candidate i is not dominated by party candidate j 6= i. Given a signal s, A is optimal if Ep [u(A)js] is strictly larger than Ep [u(B)js] for all p 2 [p; p]; A is maximal if Ep [u(A)js] is at least as large as Ep [u(B)js] for some p 2 [p; p]. Clearly, an optimal choice is maximal. The converse, however, may not hold. Let ((



A a;



A b );



(



S a;



S B b ); ( a ;



B b ))



be a voting pro…le, where



i s



is the probability of voting



for party candidate A for a type i voter with signal s. 10



This de…nition follows Bewley (2002). An alternative de…nition is A



B ,



8p 2 [p; p]; Ep [u(A)] Ep [u(B)]; 9p 2 [p; p]; Ep [u(A)] > Ep [u(B)]:



Using this alternative de…nition in our setting will only alter the voters’behaviors in the “boundary” cases in which a voter is indi¤erent between the two alternative under the most extreme prior, but strictly prefers one under all the other priors. Evidently, this would not qualitatively a¤ect our main results. 11 The terminologies here follow Lopomo, Rigotti and Shannon (2014).
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De…nition 3 (Voting Equilibrium under Uncertainty) A voting pro…le (( (



B a;



B b ))



A a;



A b );



(



S a;



is a voting equilibrium under uncertainty if and only if



i) partisan voters vote for their own parties exclusively if it is a maximal choice, and ii) if there is an optimal choice, all voters vote for it exclusively. In equilibrium, partisans vote against their own parties only when the opponent is strictly preferred for every p 2 [p; p]. Otherwise, they always vote for their own party candidate. By de…nition, they never mix. This is a restriction on the partisan voter’s behavior imposed by the existence of a status quo. When there is an optimal choice, the model has a clear prediction on the swing voters’voting behavior. However, when there is no optimal choice, no prediction is made on how swing voters vote.



3.3



Equilibrium Characterization



In a voting equilibrium under uncertainty, party candidate i is a maximal voting choice given signal s if and only if



9p 2 [p; p]; s.t.



Ep [u (i) j s]



Ep [u (j) j s] ; i 6= j



and party candidate i is an optimal voting choice given signal s if and only if



8p 2 [p; p]; s.t.



Ep [u (i) j s] > Ep [u (j) j s] ; i 6= j:



Table 1 summarizes the voting behaviors of partisans and swing voters that are consistent with our de…nition of voting equilibrium under uncertainty (De…nition 3). In a voting equilibrium under uncertainty, a rational voter, no matter a partisan or not, compares the expected utility of voting for two candidates for every p 2 [p; p]. Given signal s, the di¤erence between the expected utility of voting for party candidate A and B for a 13



S b );



8p 2 [p; p]; 9p 2 [p; p]; 9p 2 [p; p]; 8p 2 [p; p];



P artisan of A A



Ep [u(A)js] > Ep [u(B)js] Ep [u(A)js] Ep [u(B)js]; and Ep [u(A)js] Ep [u(B)js] Ep [u(A)js] < Ep [u(B)js]



Swing voter A not determined B



A B



P artisan of B A B B



Table 1: Voting behaviors of partisans of A, partisans of B and swing voters particular p 2 [p; p] is Ep [u (A) j s]



Ep [u (B) j s]



= qp ( j s) (Pr[pivA j ] + Pr[pivB j ]) where Pr[pivA j



] + Pr[pivB j



qp ( j s) (Pr[pivA j ] + Pr[pivB j ]) (5)



] is the increase in expected utility by voting for party



candidate A instead of B when the true state is , while Pr[pivA j ] + Pr[pivB j ] is the decrease in expected utility when the true state is . We have, Lemma 1 All voting equilibria under uncertainty satisfy the following three properties: i) no mixing in partisans’strategies: 8i 2 fA; Bg ; 8s 2 fa; bg ; ii) monotonicity across voters’strategies: 8s 2 fa; bg ;



A s



S s



iii) monotonicity of partisans’strategies: 8i 2 fA; Bg ;



i a



i b.



i s



2 f0; 1g; B s ;



Properties i) and ii) simply state the observations reported in Table 1. Property iii) follows from the fact that the signals are informative, i.e., qp ( j a) > qp ( j b). By (5), this implies that party candidate A (B) is more likely to be an optimal voting choice given signal a (b). Thus, if a partisan of B (A) votes for party candidate A (B) after receiving signal b (a), he must vote for A after receiving signal a (b). Our …rst proposition follows immediately from Lemma 1. It states that there are only four possible types of voting equilibrium, as illustrated in Table 2. 14



2.1: Fully informative voting A S B a A A A b B B B 2.3: Full partisan voting A S B S B a A a S b A B b



2.2: Uninformative voting A S B A a A A A or a B b A A A b B 2.4: Partial partisan voting A S B A a A A A or a A S b B b A B b



S B B



B B B



S



B B B



S a



B



Table 2: Four types of voting equilibria Proposition 1 All voting equilibria under uncertainty are one of the following four types: 1) fully informative voting equilibrium, i:e:; 8i 2 fA; S; Bg ; ( ia ; 2) uninformative voting equilibrium, i:e:; 8i 2 fA; S; Bg ; ( ia ; fA; S; Bg, ( ia ;



i b)



i b)



= (1; 0) ;



i b)



= (1; 1) or 8i 2



= (0; 0) ;



3) full partisan voting equilibrium, i:e:;



A a;



A b



;(



S a;



S b );



B a;



B b



= (1; 1) ; (



S a;



S b ); (0; 0)



;



4) partial partisan voting equilibrium, i:e:; (( ((



A a;



A a;



A S b ); ( a ;



A S b ); ( a ; S B b ); ( a ;



S B b ); ( a ; B b ))



B b ))



= (1; 1) ; 1;



= (1; 0) ;



S a;0



S b



; (1; 0) or



; (0; 0) :



To prove Proposition 1, we simply list all the possible combinations of maximal/optimal choices given signals and apply Lemma 1. In Table 2, the rows correspond to the signals received, and the columns correspond to the voters’party identities. For instance, the entry in the …rst row and …rst column of Table 2.1 can be read as “in a fully informative voting equilibrium, given signal a, partisans of A vote for party candidate A.” In a fully informative voting equilibrium, votes represent the realized signals. In an uninformative voting equilibrium, neither information nor preference is revealed by the votes. Besides these two extreme cases, in a partisan voting equilibrium, both preference and infor15



mation …nd their way to express themselves. In a full partisan voting equilibrium, partisans vote along with their loyalty, while swing voters are responsive to information. In a partial partisan voting equilibrium, partisans of one party stick to their status quo, while swing voters and partisans of the other party respond to their signals. To further characterize the equilibria, denote



qp ( qp (



j a) j a)



and



qp ( qp (



j b) j b)



by Qap , and Qbp , respec-



tively. We have Qap =



(1



p)(1 pq



q)



and Qbp =



(1 p)q : p(1 q)



Qsp is the ratio of the posterior probabilities of the two states given signal s and prior p, or signal ratio in short. We also de…ne the ratio of the pivotal probabilities in the two states, , or pivotal ratio in short, by



=



Pr[pivA j ] + Pr[pivB j ] : Pr[pivA j ] + Pr[pivB j ]



By comparing these two ratios,



and Qsp , voters can decide their votes based on the



information derived from the scenario of being pivotal for the …nal outcome of the election and the information derived from their private signals. If it is more likely to be pivotal in one state than the other, it is wise to vote for the corresponding party candidate, since not much damage can be done even if the choice is incorrect. Notice that Qap and Qbp are decreasing in p: As a result, party candidate A is maximal (optimal) given signal s if and only if



Qps (



is maximal (optimal) given signal s if and only if



> Qsp ). Similarly, party candidate B Qsp (



< Qsp ). This observation



greatly simpli…es equilibrium characterization: we only need to check the inequalities for the boundary beliefs, p and p, instead of the entire set of priors [p; p].
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3.3.1



Fully informative voting equilibrium



In a fully informative voting equilibrium, all voters vote according to their private signals. All voters vote for party candidate A (B) if signal a (b) is received. Such an equilibrium is possible if party candidate A is an optimal choice given signal a, while party candidate B is an optimal choice given signal b, as illustrated in Table 2.1. In this equilibrium,



(



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



= ((1; 0) ; (1; 0) ; (1; 0)) :



Since the voting behavior is deterministic given signals, the expected number of votes in each state only depends on the signal precision q and the electorate size n:



A



= qn =



B;



B



Given the expected number of votes in state



= (1



q)n =



A:



and , the pivotal ratio always equals one by



Lemma 7 in the Appendix. Since party candidate A is an optimal choice given signal a, he is strictly preferred to party candidate B for p:



= 1 > Qap =



1



p (1 pq



q)



,q>1



p:



On the other hand, party candidate B is an optimal choice given signal b, therefore, it is strictly preferred to party candidate A for p:



= 1 < Qbp =



(1 p) q , q > p: p (1 q)



The following proposition summarizes the necessary and su¢ cient condition for the existence of a fully informative voting equilibrium under uncertainty. 17



Proposition 2 (Fully Informative Voting Equilibrium) A fully informative voting equilibrium exists if and only if q > max(1



(6)



p; p):



To support a fully informative voting equilibrium, the signals have to be precise enough to overcome the uncertainty in the prior belief. If q is lower than p, signal b is not able to persuade partisans of A to vote against their own party. If q is lower than 1



p, no signal



can induce a vote for party candidate A from partisans of B. On the other hand, if (6) is satis…ed, given signal a, voters are reasonably sure that the true state is . Same for signal b. When the prior is a singleton, i.e., p = p > 21 , the condition (6) is simply q > p. It corresponds to the condition required to support a fully informative voting equilibrium in an environment without uncertainty.12 3.3.2



Uninformative Voting Equilibrium



Uninformative equilibria, in which all voters vote for one party regardless of their own signal, are also possible. In voting games with a …xed electorate size, an uninformative equilibrium may arise because the probability of being pivotal is zero. However, in voting games with unknown electorate size, the probability of being pivotal is always positive. In the equilibrium where all voters always vote for party candidate A, we have



(



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



= ((1; 1) ; (1; 1) ; (1; 1)) ;



and in the equilibrium where all voters always vote for party candidate B, we have



(



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



12



= ((0; 0) ; (0; 0) ; (0; 0)) :



Strictly speaking, in a standard expected utility model, the condition required is q p. However, due to the inertia assumption we used, the case q = p could not support a sincere voting equilibrium.
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With an unknown electorate size, there is always a positive probability that there are less than three voters. When there are three or more voters, a single voter can never be pivotal in the equilibrium where all voters vote for one party under majority rule. When there are only two voters, a voter can cast a vote to cancel the vote cast by the other. When there is only one voter, the election result is determined solely by his vote.13 Again, we …nd that the pivotal ratio



is exactly one by Lemma 7 in the Appendix. This is because the voting



pro…le is independent of the state,



A



=



A.



Suppose party candidate A is the optimal choice given both signals, party candidate A is preferred to party candidate B for p given both signals a and b, we must have



> Qap and



> Qbp :



Proposition 3 immediately follows. Proposition 3 (Uninformative Voting Equilibrium. A) An uninformative voting equilibrium with every voter voting for party candidate A exists if and only if 1 


< p:



(7)



To make partisans of B vote against their own party regardless of their signals, we need a biased prior belief and noisy signals such that q < p. In that case, a favorable signal alone does not constitute a reason to vote against the population, as there is no information provided by pivotal events. Similarly, the necessary and su¢ cient condition for the existence of an uninformative voting equilibrium, in which every voter votes for party candidate B, is p < 1



q. But since



q > 12 , it contradicts our assumption that p > 12 : Therefore, such an equilibrium does not exist under our assumptions. 13



If there is no voter, which is still possible, there is no voting problem.
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Proposition 4 (Uninformative Voting Equilibrium. B) An uninformative voting equilibrium with every voter voting for party candidate B does not exist. 3.3.3



Full Partisan Voting Equilibrium



In a full partisan voting equilibrium, partisans of A always vote for party candidate A, and partisans of B always vote for party candidate B. Partisans do not agree on their choices only when no party candidate is an optimal choice. In that case, swing voters are free to use any strategy as both party candidates are maximal choices. Swing voters might or might not respond to their signals. To support a full partisan voting equilibrium, it is necessary that upon receiving a signal, either a or b, neither party candidate is strictly preferred to the other. In a full partisan voting equilibrium, the partisans’voting strategies are …xed, therefore,



(



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



= (1; 1) ; (



S a;



S b ); (0; 0)



:



To support a full partisan voting equilibrium, party candidate A needs to be weakly preferred to party candidate B for some p and party candidate B weakly preferred to party candidate A for some p, given both signals. Therefore, given signal b, party candidate A is weakly preferred to party candidate B for p. Also, given signal a, party candidate B is weakly preferred to party candidate A for p. We must have



Qpb



Qap :



(8)



At this stage, we do not know what condition is required to guarantee that the pivotal ratio



falls into this interval. Condition (8) merely says that



is bounded above and below



by some positive constants. Moreover, the bounds are uniquely de…ned by the triple p; p; q .
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The interval



h



Qbp ; Qap



i



is nonempty if and only if



1



p 1 p



2



q



(9)



:



p



q



1 p



The left-hand side of (9) is strictly increasing in q while the right-hand side is strictly increasing in p and strictly decreasing in p. Intuitively, as information precision grows, larger uncertainty is required to sustain full partisan voting in equilibrium. Our next proposition provides a su¢ cient condition for the existence of a full partisan voting equilibrium. Proposition 5 (Full Partisan Voting Equilibrium) A full partisan voting equilibrium exists if q



min p; 1



p .



(10)



In proving Proposition 5, we identify a particular set of full partisan voting equilibria, namely, full partisan voting pro…les satisfying



S a



=



S b



or



S S a+ b



= 1+



B



A S



. In Section 4.2,



we will prove that these are the only full partisan limit voting equilibria in large elections. We also defer the discussion on the properties of these strategy pro…les to Section 4.2. 3.3.4



Partial Partisan Voting Equilibrium



The last type of equilibrium is the partial partisan voting equilibrium, where only one type of the partisans vote for their party regardless of their signals, see Table 2.4. To support such an equilibrium, it is necessary that one party candidate is optimal when its corresponding signal is received, and is maximal but not optimal when the other signal is received. As a result, swing voters vote according to the signal upon receiving one of the two signals, but are free to use any strategy upon receiving the other one. In a partial partisan voting equilibrium, in which partisans of A are not responsive to their signals, party candidate A is optimal given signal a, while both party candidate A and 21



B are maximal given signal b. Thus, the equilibrium voting pro…le is given by



(



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



= (1; 1) ; 1;



S b



; (1; 0) :



In equilibrium, party candidate A dominates B given signal a, and both party candidates are maximal choices given signal b. Therefore, party candidate A is strictly preferred to party candidate B for p given signal a, and is weakly preferred to party candidate B for p given signal b; party candidate B is weakly preferred to party candidate A for p given signal b. The required conditions are



> Qap ; and Qbp



Qbp :



(11)



Similarly, in a partial partisan voting equilibrium, in which partisans of B are not responsive to their signals, we must have



Qpa



Qap ; and



< Qbp :



(12)



The equilibrium conditions look similar to those for a full partisan equilibrium. Given any triple of p; p; q , there are only two possible orderings of the Q’s: Qap < Qap



Qpb < Qbp



or Qap < Qpb < Qap < Qbp . Figure 1 illustrates the requirements for the partisan voting equilibrium in these two cases.



Figure 1: Supports of partisan voting equilibrium
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In Figure 1, the grey segments on the left represent the values of



that support a



partial partisan equilibrium favoring party candidate B, while the grey segments on the right represent the values of



that support a partial partisan equilibrium favoring party



candidate A.



4



Large Elections



In the previous section, we list all the possible forms of equilibria that can arise in the voting game under uncertainty. In the cases of fully informative voting equilibrium and uninformative voting equilibrium, we are able to obtain necessary and su¢ cient conditions for existence. The speci…cations of fully informative and uninformative voting equilibria also pin down the equilibrium voting pro…les. In the case of full partisan voting equilibrium, we obtain a set of voting pro…les that would constitute a full partisan voting equilibrium if condition (10) is met. Condition (10) is, therefore, only su¢ cient. Moreover, we do not have much idea about what conditions are required for a partial partisan voting equilibrium to exist. The di¢ culty to derive analytical results for these voting equilibria is that the pivotal ratio



is endogenously determined by the equilibrium voting pro…le.



Moreover, Knightian uncertainty presents an additional di¢ culty in a complete analysis of equilibria. Unlike voters in expected utility models, whose equilibrium strategies are determined by the optimal action under a single prior, the swing voters in our model are free to vote for anyone when the candidates are maximal choices. This indeterminacy could lead to a set of equilibria. The approach in this paper is to limit the equilibrium analysis to a type of equilibrium for large electorate, which we call limit voting equilibrium. A limit voting equilibrium is a voting equilibrium for large electorate with the property that the voting pro…le is independent of the expected number of voters n. A limit voting equilibrium is thus robust to perturbation of the parameter n. Therefore, it can be viewed as a selection
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of equilibria for large electorate. The notion of limit voting equilibrium is also related to the notion of sincere voting studied in Austen-Smith and Banks (1996). In Proposition 6, we show that any limit voting equilibrium must be sincere. By studying the large population property of the pivotal ratio



of limit voting equilibria,



we show that, for each triple (p; p; q), at most one of the four types of voting equilibrium exists as a limit voting equilibrium. Thus, based on our selection criterion, we are able to make unique prediction of the type of the limit voting equilibrium in large electorate in some cases. In other cases, the selection criterion does not produce any prediction since a limit voting equilibrium does not exist.



4.1



Limit Voting Equilibrium



To begin with, we de…ne the concept of limit voting equilibrium. A voting pro…le is a limit voting equilibrium if it is an equilibrium for electorate sizes that are su¢ ciently large. De…nition 4 (Limit Voting Equilibrium) A voting pro…le (



A a;



S A b ); ( a ;



B S b ); ( a ;



B b )



is a limit voting equilibrium under uncertainty if and only if there exists an integer N such that whenever the expected number of voters n exceeds N , (



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



con-



stitutes a voting equilibrium under uncertainty. The following lemma shows that the pivotal ratio



of a limit voting equilibrium is always



one. Lemma 2 In any limit voting equilibrium, either



A



=



A



or



A



=



B.



(13)



Moreover, = 1: 24



(14)



This result characterizes the vote shares in all limit voting equilibria. Moreover, all limit voting equilibria are voting equilibria for all electorate size n. This is because conditions (13) and (14) depend on the voting pro…le but not the electorate size n. If (13) and (14) hold for a particular n, it also holds for all n. One of the properties of limit voting equilibrium is that voting must be sincere, which we de…ne below. De…nition 5 (Sincere Voting) A voting pro…le (



A a;



S A b ); ( a ;



B S b ); ( a ;



B b )



is sincere if



and only if each voter votes as if he were the only decision maker. When a single voter decides the election outcome, the pivotal ratio always pivotal. By Lemma 2,



equals 1 as he is



= 1 in any limit voting equilibrium. Thus, the problems



faced by the voters in the two cases are identical. We have, Proposition 6 Any limit voting equilibrium is sincere. Lemma 3 follows immediately from Lemma 2 and conditions (11) and (12). Lemma 3 A partial partisan limit voting equilibrium favoring party candidate A exists only if p



q



p and 1



p < q;



and a partial partisan limit voting equilibrium favoring party candidate B exists only if



p


1



p.



Since any limit voting equilibrium is also a voting equilibrium for some electorate size, Propositions 2 to 5 still apply. With Lemma 3, we can now illustrate these necessary conditions graphically in the p; p space. In Figures 2 to 4, the x-axis presents values of p while the y-axis presents values of p. The area above the 45-degree line represents the set
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Figure 2: (p; p; q) and the potential types of limit voting equilibrium:



1 2






p



Figure 3: (p; p; q) and the potential types of limit voting equilibrium: p 



1 2






p
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p



Figure 4: (p; p; q) and the potential types of limit voting equilibrium: p 



1 2






1



p



of p; p such that p > p. The shaded area in each …gure represents the set of p; p under consideration. Figure 2 shows the potential limit voting equilibria when



1 2



p < p. In this case, the



voters hold a set of prior beliefs that favors party candidate A. When the signals are precise enough, i.e., q > p, there exists a fully informative limit voting equilibrium. When the signals are imprecise enough, i.e., q < p, there exists an uninformative voting equilibrium in which voters vote for party candidate A unanimously. When the signal precision is moderate, i.e., p



q



p, a limit voting equilibrium, if exists, is partial partisan favoring party candidate



A. Figure 3 shows the potential limit voting equilibria when p < the voters hold a balanced set of prior beliefs, i.e., p 



1 2



1 2






p < p. In this case,



< p. But the set of priors slightly



favors party candidate A, i.e., p + p > 1. Similar to the previous case, when signal quality is high enough, q > p, there exists a fully informative limit voting equilibrium. When the signals are noisy enough, i.e., q



1



p, there exists a full partisan limit voting equilibrium,



as the private signals are not strong enough to persuade partisans to vote against their own
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parties. With moderate signal precision, i.e., 1



p


p, a limit voting equilibrium, if



exists, is partial partisan favoring party candidate A. Figure 4 shows the potential limit voting equilibria when p



1 2






1



p. This case



di¤ers from the situation in Figure 3 only when signal precision is moderate, i.e., p < q p. In this case, a partial partisan limit voting equilibrium favors party candidate B,



1



instead of party candidate A, may exist. To summarize, we have shown that given a triple (p; p; q), at most one type of the limit voting equilibria may exist. 1. When the signal precision q is high enough, a fully informative limit voting equilibrium exists by Proposition 2. 2. When the signal precision q is moderate, Lemma 3 implies that limit voting equilibrium, if exists, is partial partisan. In the next section, we will check the equilibrium condition and show that partial partisan limit voting equilibrium does not exist. Therefore, the selection criterion of limit voting equilibrium fails to produce a prediction in this case. 3. When the signal precision q is low, a limit voting equilibrium, if exists, is either uninformative or full partisan. If q < p, the existence of uninformative voting equilibrium is guaranteed by Proposition 3. Notice, however, that this does not rule out the existence of informative equilibrium that is not a limit voting equilibrium. If q



min p; 1



p ,



limit voting equilibrium, if exists, must be full partisan. Unlike partial partisan limit voting equilibrium, we will show in the next section that full partisan limit voting equilibrium does exist.



4.2



Equilibrium Strategies



In this section, we study partisan voting pro…les that satisfy condition (13). By doing so, we are able to characterize the entire set of voting pro…les that supports a full partisan limit 28



voting equilibrium. On the other hand, it turns out that no voting pro…le could support a partial partisan limit voting equilibrium. 4.2.1



Full partisan voting equilibrium



In a full partisan voting equilibrium,



(



A a;



A S b ); ( a ;



S B b ); ( a ;



B b )



= (1; 1) ; (



S a;



S a



+ (1



q)



S b



S a)



+ (1



q)(1



S b ); (0; 0)



:



In state ; A



B



= nA + nS q



= nB + nS q(1



; S b)



;



S b)



:



while in state , A



B



= nA + nS (1



= nB + nS (1



q)(1



q)



S a S a)



+q



+ q(1



By imposing condition (13) on the vote shares in state large set of voting pro…les that satis…es



S b



;



and , we …nd that there is a



= 1. Some of the voting pro…les are uninformative.



Such equilibrium always exists as long as condition (10) is satis…ed. There are also equilibria that are informative and require a relatively balanced partisan voter population, i.e.,



B



A S



2



( 1; 1). Proposition 7 A full partisan limit voting equilibrium exists if and only if



q



min p; 1
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p .



(15)



Moreover, the set of all full partisan limit voting equilibria is



(1; 1) ; (



S a;



S b ); (0; 0)



:



S a



S b



=



or



S a



+



S b



=1+



B



A



(16)



:



S



In a full partisan limit voting equilibrium, two possible scenarios may occur. In one S a



scenario,



=



S b,



swing voters may mix or not, but they do not respond to their private



signals even though the signals contain valuable information. As a result, information is not aggregated in such equilibrium. It is an uninformative full partisan voting equilibrium, and it di¤ers from an uninformative voting equilibrium by having partisans stick to their own parties. In such equilibrium, partisans express their preferences, while swing voters express their indecisiveness. It happens when there is no useful information revealed by pivotal events, and the private signal is not precise enough to help a voter reach a decision out of a balanced prior belief. In the other scenario, S a



=



S b



=



1 2



1+



B



A S



S a



+



S b



: When



= 1+ S a



>



B



A S



S b,



, swing voters vote responsively, except when



voting is informative. The necessary condition



for the existence of an informative full partisan limit voting equilibrium is



B



A S



2 [ 1; 1].



Swing voters mix their votes to the extent that it enables others to vote informatively after counter-balancing impact of partisan votes. The terms 1 and



B



A S



on the right-hand



side represent the pivotal and vote-balancing considerations, respectively. When



B



=



A,



the balancing component disappears. It also suggests that the di¤erence between the two partisan populations cannot be too large relative to the population size of the swing voters, otherwise swing voters would not be able to counter-balance the impact of the over-populated party supporters. When voting is informative, indecisiveness remains, but it constitutes an overall informative decision. To summarize, we do not have a sharp prediction on how a swing voter would vote in a full partisan limit voting equilibrium. The equilibrium requirements impose little restrictions
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on the relation between



S a



and



S b.



Knightian decision making introduces the ‡exibility into



our voting model. In Section 5, we discuss a way of selecting these equilibria based on the idea of justi…able preferences. 4.2.2



Partial partisan voting equilibrium



In a partial partisan voting equilibrium favoring party candidate A,



(



A a;



S A b ); ( a ;



S B b ); ( a ;



B b )



= (1; 1) ; 1;



S b



; (1; 0) :



In state ; A



= nA + nS q + (1



B



= nB (1



q)



q) + nS (1



S b



+ nB q;



q)(1



S b );



while in state , A



= nA + nS (1 B



q) + q



S b



= nB q + nS q(1



+ nB (1



q) ;



S b ):



The expressions for the vote shares in a partial partisan voting equilibrium favoring party candidate B are similar. Checking condition (13) shows that no feasible voting pro…le can support a partial partisan limit voting equilibrium. This is our next proposition. Proposition 8 There does not exist a partial partisan limit voting equilibrium.
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4.3



Information Aggregation



In this section, we study the information aggregation of limit voting equilibria. In state , it is optimal to elect party candidate A, so the probability of an incorrect decision is 1 X 1 Pr [B winsj ] = Pr [T j ] + Pr [T 2 m=1







1 X



mj



Pr [T



m=0



where T



m



= f(k



m; k) : k



mj



]



];



mg is the event that B wins by exactly m votes. Using the



approximation formulas (3) and (4), we have 1 X



Pr [T



m=0



mj



e



]



e



=



p q



p



q



p



4 p 4



if



B







A.



A



A



p



2 B



m=0



A B



p



1 X



s



B A



!m



2 B



A B



1



1 q



;



(17)



B A



We study when the sum (17) would tend to zero as the expected number of



voters n goes to in…nity in the next proposition. Proposition 9 If q > max(p; 1



p), the probability that the right candidate is elected in



each state goes to one as the expected number of voters n goes to in…nity in all limit voting equilibria. If q



min p; 1



p and j



A



Bj







S,



there exists a limit voting equilibrium



in which the probability that the right candidate is elected in each state goes to one as the expected number of voters n goes to in…nity. It is straightforward to show that the sum in (17) tends to zero under the stated conditions. If q



min p; 1



p , by Proposition 7, there are only two types of full partisan limit



voting equilibria. In the …rst type of equilibria, 32



S a



=



S b,



voting is not informative. Thus,



no information is aggregated. If the condition j limit voting equilibrium satisfying



S a



+



S b



Bj



A



= 1+



B



A S







S



and



is also satis…ed, there exists a S a



>



S b.



In such equilibrium,



the probability that the right candidate is elected in each state goes to one. On the other hand, if the condition j



Bj



A







S



is violated, say,



A



>



S



B,



+



the partisans of A



would be too numerous for information to aggregate in large elections. Even if all the swing voters vote for party candidate B in state , party candidate A is still expected to win. To summarize, in our model, when the signal precision is high enough, by Proposition 2, the only limit voting equilibrium is fully informative, information aggregation is guaranteed. However, when the signal is only moderately precise, by Proposition 8, limit voting equilibrium ceases to exist. The most interesting case is when the signal is very imprecise. In this case, information aggregation depends on the value of p and the composition of partisans and swing voters. If p



1 , 2



the limit voting equilibrium is full partisan, there are always



equilibria that do not aggregate information properly. But if j



A



Bj







S



is also satis…ed,



there also exists an equilibrium that aggregates information properly. If p > 12 , the limit voting equilibrium is uninformative, information does not aggregate.



5



Justi…able Voting Equilibrium



In Section 4.2.1, we have identi…ed the necessary and su¢ cient condition for the existence of a full partisan limit voting equilibrium. There is, however, always a continuum of such equilibria whenever one exists. The multiplicity arises from the incompleteness of swing voters’preference as the two party candidates may be incomparable. One way to “resolve” such indeterminacy is to consider the completion of the swing voters’Knightian preference to Knightian-justi…able preference (Lehrer and Teper 2011). Given a utility function u and a multiple–prior



that represent an incomplete Knightian preference , consider the justi…able
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extension



0



, where



x



0



y,



9p 2



; Ep [u(x)]



Ep [u(y)]:



It is clear that the extension agrees with the original preference whenever there is an optimal choice. Such an extension puts additional restrictions on the voters’equilibrium strategies when both party candidates are maximal choices. Rather than introducing such an extension formally to the model, we take a shortcut to view justi…ability as an equilibrium selection criterion. We call the selected equilibrium justi…able voting equilibrium under uncertainty. De…nition 6 (Justi…able Voting Equilibrium under Uncertainty) A voting equilibrium under uncertainty



A a;



A b



;



S a;



S b



;



B a;



B b



is justi…able if and only if for each



type of the voters i 2 fA; B; Sg, there exists a pi 2 [p; p], such that ( ia ;



i b)



maximizes voter



i’s expected utility under pi . Notice that the justi…ability requirement on the partisans’strategies is always satis…ed by any voting equilibrium under uncertainty. Since the ratios Qap and Qbp are strictly decreasing in p, the equilibrium strategies of partisans of A and B are justi…ed by p and p, respectively. The justi…ability requirement, however, does impose restrictions upon swing voters’behavior. Since, for all p 2 [p; p], Qap > Qbp , the swing voters’ equilibrium voting strategy must be monotone in the signal under justi…ability. Moreover, the swing voters cannot mix given both signals. If the swing voters mix given one signal, he must vote for the favored party candidate for sure given the other signal. Thus, we have Lemma 4 In a justi…able voting equilibrium under uncertainty, we must have



S b



S a
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and either S a



S b



= 1 or



= 0.



Applying Lemma 4 to the set of full partisan limit voting equilibria identi…ed in Proposition 7, we …nd that, in a justi…able full partisan limit voting equilibrium, the swing voters either always vote for one candidate or vote according to the most informative responsive equilibrium in Proposition 7. Our next proposition shows that these are indeed justi…able voting equilibrium strategies. Proposition 10 Suppose q



p . If j



min p; 1



A



Bj



S,



the set of justi…able full



partisan limit voting equilibria is given by



f((1; 1) ; (1; 1); (0; 0)) ; ((1; 1) ; (0; 0); (0; 0))g : If j



A



Bj







S,



(18)



the set of justi…able full partisan limit voting equilibria is given by those



in (18) and



(1; 1) ; (1



min 0;



B



A



; max 0;



S



B



A



); (0; 0) .



(19)



S



In the equilibria given by (18), the swing voters “choose” to become a partisan by justifying his choice with an extreme prior. In the responsive justi…able equilibrium given by (19), the swing voters vote for the underdog for sure after receiving a favorable signal but mix when the opposite signal is received. This strategy is justi…ed by a prior belief that makes him indi¤erent between two choices upon receiving one signal and strictly prefer to vote for the underdog upon receiving the other signal. Notice that this equilibrium is the most informative among those identi…ed in Proposition 7.
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6



Costly Information



In the previous sections, we have assumed that information is exogenous and can be quite accurate in some cases. Contrary to this assumption, the American voting literature often criticizes the citizens’ability to make well-informed voting decisions (Campbell et al. 1960; Converse 1964). Many citizens do not acquire information about down-ballot contests until days or hours before they go to the polls. Other voters never obtain such information (Scha¤ner and Streb 2002). One important feature of partisan voting is that voters use candidate cues as cognitive shortcuts to estimate the views of the candidates, and the most reliable and “cheapest”cue available to voters is a candidate’s party a¢ liation (Downs 1957; Squire and Smith 1988; McDermott 1997). Rahn (1993) …nds that behind the voters’lack of willingness to acquire information is also the preference to use party label for the heuristic, theory-driven mode of information processing rather than policy attributes for the “e¤ortful” data-driven mode of processing. We suggest that this trade-o¤ can be studied by introducing costly information acquisition in our model. Data-driven mode of information processing is costly and voters choose rationally to avoid it. In this setting, we show that partisan behaviors arise naturally from the status quo biases in large elections. Consistent with Rahn’s (1993) …nding in her experimental study, partisans do not acquire information and use only the party label as a voting cue. When partisan population is balanced, there is an informative voting equilibrium with “robust”voting pro…le and justi…able strategies, in which the swing voters rationally mix between two alternatives: either they acquire information and vote informatively or they do not acquire information and vote to cancel the partisans’ votes.14 However, the swing voters only acquire a vanishing amount of information in large 14



Although empirical studies suggest that “pure independents” are “the most ignorant of all Americans,” (Campbell et al. 1960; Keith et al. 1992) one should distinguish among the independents, the no-preference nonpartisans and the apoliticals. For instance, Craig (1985) discusses how the coding practice used by the standard seven-point party identi…cation measure fails to distinguish between attitudes toward the parties and attitudes toward independence. Moreover, there is a self-perceiving problem associated with describing oneself as an “independent,”and there is also evidence that citizens would like to appear more engaged than they actually are. (Neuman 1986; Silver et al. 1986) As a result, standard measures of “pure independents”
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elections. We assume that the voters have a balanced set of prior, i.e., p 



1 2



< p. The voting game



is the same as in the previous sections, except that voters are endowed with no information. Before signals are revealed, a voter individually decides how much to pay to improve his signal precision. If he decides not to pay, a random noise is generated. The cost of information is a twice di¤erentiable, increasing and strictly convex function of information precision. That is, for all q 2 [ 12 ; 1), c0 (q)



0, c00 (q) > 0. Moreover, it satis…es the Inada conditions 1 2



c



= c0



1 2



= 0 and lim c0 (q) = 1: q!1



That is, a vanishing amount of information has a vanishing cost, i.e., c0



1 2



= 0,15 and



nobody can a¤ord perfect knowledge, i.e., c0 (1) = 1. A pure strategy in this model is a triple (q;



a;



b)



2 S, where q 2



1 ;1 2



speci…es an information acquisition level,



speci…es which party candidate to vote after receiving signal a, and



b



a



2 f1; 0g



2 f1; 0g speci…es which



party candidate to vote after receiving signal b. A mixed strategy for voter i 2 fA; S; Bg is a probability distribution



i



over the set of pure strategies. We also call q the information



acquisition strategy and the pair ( a ;



b)



the voting strategy. Thus, a pure strategy consists



of an information acquisition strategy and a voting strategy. may not be able to exclude all apolitical voters. We suggest that the behaviors of ignorant apolitical voters can be partially accounted by introducing voters with lower preference intensity, but it is beyond the scope of the current paper. 15 Notice that q = 12 corresponds to the zero information acquisition level, as the signal is completely uninformative when q = 12 .
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For any p 2 p; p , the expected bene…t of a pure strategy s = (q;



vp (s) = p(a; q)



8 > 



a



(q( j a) Pr[pivA j ]



a;



b)



is



q( j a) Pr[pivA j ])



9 > =



> : +(1 ; q( j a) Pr[pivB j ]) > a ) (q( j a) Pr[pivB j ] 8 9 > > < = q( j b) Pr[pivA j ]) b (q( j b) Pr[pivA j ] +p(b; q) ; > > : +(1 ; ) (q( j b) Pr[piv j ] q( j b) Pr[piv j ]) B B b



where p(a; q) and p(b; q) are the probabilities of acquiring signals a and b, given signal precision q, respectively. Given the cost of signal c (q), the expected payo¤ of a pure strategy s = (q;



a;



b)



given p 2 p; p is given by Vp (s) = vp (s)



c(q):



Next, we de…ne the concepts of optimal and maximal strategies. Then, we use these concepts to de…ne an equilibrium in this voting game with endogenous information acquisition. Let



=



S.



De…nition 7 (Dominance) Let ;



0



2



,



dominates



0



if and only if Vp ( ) > Vp ( 0 )



for all p 2 p; p . As in the previous sections, if



0



dominates



,



is strictly better than



0



under all priors.



The concepts of optimal and maximal strategies are de…ned accordingly. De…nition 8 (Maximal and Optimal Strategies) only if it dominates not dominated by any



0



for all 0



0



2



n f g.



2



2



is an optimal strategy if and



is a maximal strategy if and only if it is



2 .



Facing information acquisition decision, voters are also under uncertainty. In such an environment, uncertainty never goes away, but it may shrink or exaggerate. We de…ne the 38



following equilibrium concept with costly information under uncertainty. We assume that status quo choice of the partisan voters is to vote for their own party candidate and not acquire any information. We have, De…nition 9 (Voting Equilibrium with Costly Information under Uncertainty) A strategy pro…le (



A;



B;



S)



forms a voting equilibrium with costly information under uncer-



tainty if and only if i) partisan voters vote for their own party exclusively and acquire no information if it is a maximal strategy, ii) if there is an optimal strategy, all voters use it exclusively, and iii) 8i 2 fA; B; Sg ;



i



is a maximal strategy.



A justi…able voting equilibrium can be de…ned in a way analogous to De…nition 6. De…nition 10 (Justi…able Voting Equilibrium with Costly Information) A voting equilibrium with costly information under uncertainty (



A;



B;



S)



is justi…able if and only if



for each type of the voters i 2 fA; B; Sg, there exists a pi 2 [p; p], such that



i



maximizes



voter i’s expected utility under pi . Our …rst observation for this game is that when information cost is out of one’s own pocket, a voter pays for it only if he knows he is going to use it. Every piece of information that is acquired is to be used properly. That is, Lemma 5 (Fully Informative Voting with Positive Information Acquisition) In any voting equilibrium with costly information under uncertainty, for any pure strategy (q; played in equilibrium with positive probability, if q > 12 , then,



a



= 1 and



39



b



= 0:



a;



b)



Lemma 5 depends on neither the electorate size, the party identity of the voter nor the equilibrium voting pro…le. However, it does not require the voters to acquire a positive amount of information. It may be maximal for some voters to acquire no information at all. Indeed, when a voter does not acquire any information, his signal does not contain any information and can only be used as a randomization device. Our second observation is that the voters’levels of information acquisition must tend to zero as the electorate size increases. The intuition is straightforward. In a large election, the probability of being pivotal must tend to zero. Thus, a voter, whether a swing voter or not, could not …nd it bene…cial to acquire a signi…cant amount of information. Lemma 6 (Vanishing Information Acquisition) In any sequence of voting equilibria with costly information under uncertainty, for all i 2 fA; B; Sg, for any pure strategy (q;



a;



b)



played in equilibrium with positive probability, 1 lim q = : n!1 2



By Lemma 6, the only equilibrium information acquisition strategy that is robust to electorate size is no information acquisition. Thus, requiring the equilibrium information acquisition strategy to be robust to electorate size may impose too much restriction on the possible forms of equilibrium. Therefore, to extend the notion of limit voting equilibrium to this environment, we only require condition (13) to be satis…ed. We de…ne, De…nition 11 (Balanced Voting) A strategy pro…le (



A;



B;



S)



for an electorate size n



is balanced if and only if it satis…es condition (13). The concept of a balanced voting equilibrium with costly information is closely related to the notion of a limit voting equilibrium with exogenous information. We have shown in Lemma 2 that any limit voting equilibrium with exogenous information must be balanced. 40



In fact, any sequence of voting equilibria must satisfy (13) asymptotically, but balanced voting requires (13) to be satis…ed exactly. A balanced voting equilibrium is balanced in the sense that a voter’s pivotal probabilities are identical across the two states. The concept of balanced voting is also closely related to sincere voting. An application of Lemma 7 in the Appendix shows that a balanced voting equilibrium must be sincere. This is because when the pivotal ratio



equals to one, “pivotal” consideration disappears, voters vote as if they



alone decide the outcome of the election. The next proposition is the main result of this section. It states that when the electorate size is large enough, any voting equilibrium that is both balanced and justi…able must be full partisan. Moreover, there are always two that are uninformative. If the partisan population is balanced, i.e., j



Bj



A



S,







there is an additional equilibrium that is balanced, justi…able,



and yet informative. Proposition 11 (Full Partisan Voting Equilibrium with Costly Information) Suppose p



1 2



< p, when the electorate size n is large enough,



1. If j



Bj



A



S,



1 ; 1; 1 ; 2 2. If j



Bj



A







S,



the set of balanced and justi…able voting equilibria is given by 1 ; 1; 1 ; 2



A



(b) If B



=



1 ; 1; 1 2







, and



A,



B A,



S



1 ; 1; 1 ; 2



;



1 ; 0; 0 ; 2



1 ; 0; 0 2



(20)



:



the set of balanced and justi…able voting equilibria is given by those



in (20) and equilibrium ( (a)



1 ; 0; 0 2



S



=



= B;



A;



B



B;



= A;



S)



that satis…es



1 ; 0; 0 2 1 ; 1; 1 2



1 ; 0; 0 2



; ; (1



; (1



A ) ; (q



B ) ; (q
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; 1; 0) , where



; 1; 0) , where



B



=



=



A A



B S



B



A S



.



. If



(c) q solves



2e



n



1 X k=0



k A



k B



k! k!



+e



n



1 X k=1



k 1 A



(k



k B



1)! k!



+e



n



1 X k=1



k A



k 1 B



k! (k



Notice that R.H.S. of (21) is a continuous increasing function with c0



1)! 1 2



= c0 (q) :



(21)



= 0 and c0 (1) =



1 and the L.H.S. of (21) is a continuous and bounded positive function. Thus, (21) must have at least one solution whenever j



7



A



Bj







S.



Conclusion



In this paper, we study a common value Knightian voting model. The status quo choices of Knightian decision theory provide an alternative rationalization of partisan behaviors. In our model with costly information acquisition, a voter with a status quo party choice rationally “ignores” information in large elections and becomes “partisan,” which is consistent with Rahn’s (1993) experimental observation that voters intend to use party label as stereotype to form expectations and avoid data-driven mode of information processing. Moreover, a voter without a status quo may also behave like a partisan. In our model, voters without a status quo party choice may justify their partisan behavior by an extreme prior, which is consistent with the observation of Keith et al. (1992) that “leaners”behave almost identical to the partisans. However, voters without a status quo can also contribute to the overall informativeness of the election by actively acquiring information and voting informatively. The prerequisite of such behavior is that the number of partisans of one party does not overwhelm the other’s, so that the swing voters may reasonably hope to change the outcome of the election.
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Appendix



Proof of Lemma 1. i) follows immediately from the de…nition of voting equilibrium under B s



uncertainty. To show ii), consider s 2 fa; bg, if choice given signal s, we must have



A s



=



an optimal choice given signal s, we have



S s



= 1, party candidate A is an optimal



= 1. Similarly, if



S s



B s



=



A s



= 0, party candidate B is A s;



= 0. Finally, if



B s



= (1; 0), both



party candidates are maximal choices. Therefore, swing voters are free to use any strategy S s



2 [0; 1]. In all cases, we have



A s



S s



B s .



To show iii), suppose partisan A (B) votes



for party candidate A after receiving signal b. (If partisan A (B) votes for party candidate B after receiving signal b, his strategy is trivially monotone in the signal.) Notice that party Qsp (



candidate A is maximal (optimal) given signal s if and only if



> Qsp ). Since



Qbp > Qap (Qbp > Qap ), if partisan A (B) votes for party candidate A after receiving signal b, he must vote for party candidate A after receiving signal a. Proof of Proposition 1. Proof in text.



Lemma 7 Regardless of the expected number of voters n, if condition (13) is satis…ed,



= 1.



Proof of Lemma 7.



If



A



=



A,



Pr[T j ] = Pr[T j ], Pr[T



1



j ] = Pr[T



Pr[T+1 j ] = Pr[T+1 j ]. So =



2 Pr[T j ] + Pr[T 2 Pr[T j ] + Pr[T



1 1
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j ] + Pr[T+1 j ] = 1: j ] + Pr[T+1 j ]



1



j ], and



If



A



=



B,



then, 1 X



Pr[T j ] =



e



k A



n



k B



k! k!



k=0



=



1 X



e



k=0



= Pr[T j ];



k B



k A



n



k! k!



Moreover,



Pr[T



1



j ] = e



n



1 X k=1



k 1 A



(k



k B



=e



1)! k!



n



1 X k=1



= Pr[T+1 j ];



k 1 B



(k



k A



1)! k!



and



Pr[T+1 j ] = e



n



1 X k=1



= Pr[T



1



k A



k 1 B



k! (k



1)!



=e



n



1 X k=1



j ]:



k B



k! (k



k 1 A



1)!



Therefore, = 1:



Proof of Proposition 2. Consider a fully informative voting pro…le ((1; 0) ; (1; 0) ; (1; 0)), we have



A



=



B



= qn. By Lemma 7,



q > max 1



= 1. Thus,



p; p , Qap 



< Qbp :



Therefore, a fully informative voting equilibrium exists if and only if q > max 1



p; p .



Proof of Proposition 3. Consider an uninformative voting pro…le with every voter voting for party candidate A, ((1; 1) ; (1; 1) ; (1; 1)), we have 49



A



=



A



= n. By Lemma 7,



= 1.



Thus, q) = q ,



p > max(q; 1



> Qap &



> Qbp



Since q > 21 , an uninformative voting equilibrium with every voter voting for party candidate A exists if and only if q < p. Proof of Proposition 4. Proof in text. Consider a full partisan voting pro…le (1; 1) ; (



Proof of Proposition 5. satisfying



S a



=



S b



or



S a



S b



+



=1+



B



A S



, notice that



S a



() nA + nS q



S a



+ (1



S b ); (0; 0)



S a;



q)



S b



()



=



S b



= nA + nS (1



A



=



q)



S a



+q



S b



A



Moreover, S a



() nA + nS q



S a



+ (1



q)



S b



+



=1+



B



= nB + nS (1



() By Lemma 7,



S b



A



=



A S



q)(1



S a)



S b)



+ q(1



B



= 1. It constitutes a full partisan voting equilibrium if and only if (1 p)q p(1 q)



1



(1



q)



p)(1 pq



,q



min p; 1



(22)



p :



Proof of Lemma 2. Given any voting equilibrium under uncertainty, by Proposition 1, it is one of the four types. If it is a fully informative voting equilibrium, we have By Lemma 7,



= 1. If it is an uninformative voting equilibrium, we have 50



A



A



=



= qn = A



B.



= n. By



Lemma 7,



= 1.



Next, suppose the limit voting equilibrium is a partisan voting equilibrium, let A



n



2 [0; 1] and ! A =



A



n



A



=



2 [0; 1] denote the expected vote share of candidate A in states



and , respectively. Note that



A



and ! A do not depend on the expected population size n.



Using the Bessel function approximation, we have Pr[T j ] [2 + Pr[T j ] [2 + e =



=



e



n q e2



p



2 2 2



e2n



= g(n;



B 1 2



A B



+



B



+



p



A (1



A B



[2 +



A B



p



A)



A ; ! A )f



(



1 2



A B 1 2



A B



1 2



B



[2 +



1 2



A



A B



p



A n pe p 2 2



p



1 2



A



A B



! A (1 ! A )



+



] ] A



1 2



B



+



A



1 2



B



(1 ! A (1



] ] 1 4



A)



A



[2 +



!A)



[2 +



g(n;



A; !A)



p



2n



= e



A (1



A)



p



g(n;



A; !A)



A



!A 1 !A



! A (1 ! A )



and A; !A) =



1



1 2



+



1 2



A



1



A 1 2



!A 1 !A



+



] ]



A; !A) :



where



f(



1 2



A



(1 ! A (1



1 4



A)



A



!A)



[2 + [2 +



A



1



1 2



A



!A 1 !A



1 2



+ +



;



A



1



1 2



A



!A 1 !A



1 2



] : ]



is a function of the expected population size n, and vote shares of party candidate



A in two states, precision q. f (



A



and ! A .



A; !A)



A



and ! A depend only on the voting pro…le (



is a function of



A



a; S



b) S



and signal



and ! A . In a partisan voting equilibrium, there is at



least a type of the partisans who will always vote for their party candidate when they receive a signal favoring their party candidate. Since q 2



1 ;1 2



Given a particular partisan voting pro…le, f (



is a positive constant uniquely de…ned.



A; !A)
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, this implies that



A; !A



2 (0; 1).



Next, g(n;



increases exponentially in n, if



A; !A)



erwise, it decreases exponentially in n. Therefore, 8 > > 1 if > > < lim g(n; A ; ! A ) = 1 if n!1 > > > > : 0 if



p



A



(1



p



A)



! A (1



A



(1



A)



> ! A (1



!A)



A



(1



A)



= ! A (1



!A) :



A



(1



A)



< ! A (1



!A)



! A ). Oth-



By conditions (8), (11), and (12), there are positive and …nite upper and lower bounds for . Therefore, in any limit voting equilibrium, we must have implies g(n;



A; !A)



A



(1



A)



= ! A (1



! A ), which



= 1. This also implies



A



= ! A or



A



=1



!A;



which is equivalent to A



=



A



We can now use Lemma 7 to conclude that



or



A



=



B:



equals one exactly.



Proof of Proposition 6. Proof in text. Proof of Lemma 3. By Lemma 2, in any limit voting equilibrium,



= 1. By condition



(11), a partial partisan limit voting equilibrium favoring party candidate A exists only if (1



p)(1 pq



q)



< 1 and



(1 p)q p(1 q)



1



which is equivalent to 1



p < q and p
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q



p.



(1 p)q ; p(1 q)



Moreover, by (12), a partial partisan limit voting equilibrium favoring party candidate B exists only if (1



p)(1 pq



q)



(1



1



p)(1 pq



q)



and 1 



(1 p)q ; p(1 q)



which is equivalent to 1



p



q



p and p < q:



1



Notice that, by assumptions, q > 12 , p > 12 , so the condition that 1



p



q is not required.



Proof of Proposition 7. By Lemma 2, in any limit voting equilibrium,



q



Qap ,



p , Qbp



min p; 1



full partisan limit voting equilibrium can only occur when q Lemma 2, in any limit voting equilibrium, either partisan voting pro…le (1; 1) ; (



S a;



S b ); (0; 0)



S a



+ (1



q)



=



A



min p; 1 or



A



=



B.



S a



+q



p . Moreover, by Consider the full



, we have



A



() nA + nS q



A



= 1. Since



S b



()



=



A



= nA + nS (1



S a



=



S b



A



=



B



q)



S b



and



() nA + nS q ()



S a



+ (1



q)



S b S a



= nB + nS (1 +



S b



=1+



B



q)(1 A



S



S a)



+ q(1



:



Thus, the set of all full partisan limit voting equilibria is given by (16).
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S b)



Proof of Proposition 8. Suppose there exists a partial partisan limit voting equilibrium favoring party candidate A, by Lemma 2, we only need to consider two cases. If



A



=



A;



then nA + nS [q + (1



q) b ] + nB q = nA + nS [(1 nS [1



Since nS ; nB > 0,



b



b]



q) + q b ] + nB (1



q)



+ nB = 0:



< 1, we have reached a contradiction. If



nA + nS



A



=n



A,



then



= 0:



b



Again we have reached a contradiction. Therefore, there does exist a partial partisan voting pro…le favoring party candidate A to support



= 1.



Proof of Proposition 9. There are two cases. 1. q > max(p; 1 p p A



2. q



B



min(p; 1



p): In this case, the limit voting equilibrium is fully informative, thus, q q p p p p p B = 1q q, = n q (1 q) , q (1 q). A B = n A



p) and j



S a



equilibrium that satis…es



=



Bj



A



p



p



A



n q



S b



>



q B



S:







p



B



+



and



In this case, there is a full partisan limit voting a



+



b



=1+



B



A S



, so



B



+ S



S



[(1



[(1



q)(1
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S) a



q)(1 S b)



S b )]



+ q(1



+ q(1



S )] a



Moreover, p



and



= n



A B



s



B



q



q



=



A



s



B



+



S



[(1



q)(1



S) a



+ q(1



S b )]



B



+



S



[(1



q)(1



S b)



+ q(1



S )] a



+ B + B



[(1 S [(1 S



S b) S) a



q)(1 q)(1



S )] a : S b )]



+ q(1 + q(1



In both cases, the exponential term in (17) dominates. As a result, Pr [B winsj ] ! 0. A similar argument shows that Pr [A winsj ] ! 0. Proof of Lemma 4. Suppose the swing voters’strategy (



S a;



pS 2 p; p . Notice that for all p 2 p; p , Qbp > Qap . Thus, if S a



QbpS > QapS implies that



S b) S b



is justi…ed by the prior QbpS ,



2 (0; 1], then



= 1.



Proof of Proposition 10. Consider the set of full partisan limit voting equilibria identi…ed in (16), suppose S a



Suppose then S a



S b



+



=



=1



B S



A



B S



S a



S b,



=



S b



= 1+



A



. Since S a



. Since



the requirements in Lemma 4 imply that



B



A S



S b



S a



, by Lemma 4, either



2 [0; 1], we must have



2 [0; 1], we must have



A



B S



B



= 1 or A



S



S b



S a



=



S b



2 f0; 1g.



= 0. Suppose



2 [0; 1]. Suppose



S b



S a



= 1,



= 0, then



2 [0; 1]. Thus, the equilibria identi…ed



in Proposition 10 are the only possible forms of justi…able full partisan limit voting equilibria. Next, we proceed to show that the equilibria identi…ed in Proposition 10 are indeed justi…able. Suppose S a



=



S b



=



and



S b



=



S b



= 0, the swing voters’strategy can be justi…ed by p = p. If



= 1, the swing voters’ strategy can be justi…ed by p = p. Suppose



B



A S



S b



S a



, the swing voters’strategy can be justi…ed by p = q. Suppose



= 0, the swing voters’strategy can be justi…ed by p = 1



Proof of Lemma 5.
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q.



S a



S a



=1



= 1 and A



B S



It is easy to see that, for all p 2 p; p , for any q > 12 , we have 1 Vp ( ; 1; 1) 2



1 Vp (q; 1; 1) = Vp ( ; 0; 0) 2



Vp (q; 0; 0) = c (q) > 0:



This is because, with the dominated strategies, (q; 1; 1) and (q; 0; 0), the information cost c (q) is always paid, but the information is never utilized. It is thus better to not acquire the information in the …rst place. Similarly, for all p 2 p; p , for any q > 12 , we have 1 Vp ( ; 0; 1) Vp (q; 0; 1) 2 1 = q (p (Pr[pivA j ] + Pr[pivB j ]) + (1 2



p) (Pr[pivA j ] + Pr[pivB j ])) + c (q) :



Thus, for any q > 12 , the pure strategies (q; 1; 1), (q; 0; 0), and (q; 0; 1) are not maximal and the only pure strategy with q >



1 2



that is not ruled out is (q; 1; 0).



Lemma 8 (Vanishing Marginal Bene…t of Information) In any sequence of voting equilibria with costly information under uncertainty, the derivative



@vp (s) @q



converges uniformly to



zero as n tends to in…nity. Proof of Lemma 8. To prove the lemma, we prove the stronger result that all the pivotal probabilities, Pr[pivA j ], Pr[pivB j ], Pr[pivA j ], and Pr[pivB j ], converge uniformly to zero as n ! 1. The result follows because @vp (q; a ; @q = (



a



b)



b ) fp (Pr[pivA



j ] + Pr[pivB j ]) + (1



p) (Pr[pivA j ] + Pr[pivB j ])g :



Consider the pivotal probability



Pr[pivA j ] = e



n



1 X (n k=0



k A)



k!



k A ))



(n (1 k!



+e



n



1 X (n k=1
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(k



k 1 A)



1)!



k A ))



(n (1 k!



;



(23)



where



A



2 [0; 1]. Let ~nA be the maximizer of (23) given n. All the terms in the …rst



summation are maximized at at



A



=



k 1 . 2k 1



A



=



1 2



and each term in the second summation is maximized



Since all the terms are strictly concave, for each n, ~nA 2 0; 12 . Moreover, as n



increases, the latter terms in the second summation receive more “weights,”so ~nA is strictly p increasing in n. Thus, limn!1 ~nA = 21 and limn!1 A B = 1, so by the approximation



formulas (3) and (4),



e



Pr[pivA j ] Since limn!1



A



p q



4



A



p



p



2 B



A



[1 +



1 2



]:



B



A B



> 0, the …rst term tends to zero as n increases while the second term in



the square bracket is bounded. Hence, along the sequence f~nA gn 1 , lim Pr[pivA j ] = 0:



n!1



By de…nition, the sequence f~nA gn probability Pr[pivA j



1



maximizes (23) for each n. The convergence of the



] to zero for the sequence f~nA gn



1



implies the convergence of the



probability Pr[pivA j ] to zero for all other sequences. Similarly, we can show that



lim Pr[pivB j ] = lim Pr[pivA j ] = lim Pr[pivB j ] = 0:



n!1



Proof of Lemma 6.



n!1



n!1



To prove the lemma, we …rst identify the set of pure maximal



strategies in a given equilibrium for a given n. Then we show that the q-projection of this set converges to the set



1 2



as n ! 1. From Lemma 5, we know that a pure maximal



strategy must be of the form (q; 1; 0) if q > 0. Given that voting is fully informative, the
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maximizer q 2



1 ;1 2



for each p 2 p; p is pinned down by the …rst–order condition



c0 (q ) = p (Pr[pivA j ] + Pr[pivB j ]) + (1



p) (Pr[pivA j ] + Pr[pivB j ]) :



Note that the optimal q as a function of p satis…es 8 > > >0 > > < q 0 (p) = 0 > > > > : 


if



>1



if



=1



if






Thus, the image of the mapping q : p; p ! R is given by min q



p ; q (p) ; max q



:



p ; q (p)



Because the function Vp ( ; 1; 0) is strictly concave, any pure strategy of the form (q; 1; 0) with q 2 [ 21 ; minfq



p ; q (p)g) is dominated by the strategy min q



Similarly, any pure strategy of the form (q; 1; 0) with q 2 max q inated by the strategy max q converges uniformly to



1 2



p ; q (p) ; 1; 0 .



p ; q (p) ; 1 is dom-



p ; q (p) ; 1; 0 . By Lemma 8, for all p 2 p; p , q (p)



as n ! 1. Therefore, for any sequence of pure strategies played



in equilibrium with positive probability, q converges uniformly to



1 2



as n ! 1.



Proof of Proposition 11. The proof consists of two parts. In the …rst part, we show that, for n large enough, the strategy pro…les identi…ed in Proposition 11 are balanced and justi…able equilibria. In the second part, we show that, for n large enough, any balanced and justi…able voting equilibrium must be one of the equilibria identi…ed in Proposition 11. 1. We consider balancedness and justi…ability separately.
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(a) Balancedness: Consider the strategy pro…le (( 21 ; 1; 1); ( 12 ; 1; 1); ( 21 ; 0; 0)), we have



A



= nA + nS =



A:



Similarly, consider the strategy pro…le (( 21 ; 1; 1); ( 12 ; 0; 0); ( 12 ; 0; 0)), we have



A



= nA =



A:



Suppose the swing voters use the strategies ( 12 ; 1; 1) and (q ; 1; 0) with probabilities A



and 1



A,



respectively, then



A



= nA + nS [



A



+ (1



= nB + nS [(1 =



A) q



A) q



]



]



B:



Similarly, suppose the swing voters use the strategies ( 21 ; 0; 0) and (q ; 1; 0) with probabilities



B



and 1



B,



A



respectively, then



= nA + nS [(1 = nB + nS [ =



B



B) q



+ (1



] B) q



]



B:



Thus, all the identi…ed strategy pro…les are balanced. (b) Justi…ability: Given that the strategy pro…le is balanced, by Lemma 7,
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= 1.



Thus, we have, for all p 2 p; p , @vp (q; 1; 0) @q = p (Pr[pivA j ] + Pr[pivB j ]) + (1 = Pr[pivA j ] + Pr[pivB j ] 1 1 k k X X A B n n = 2e +e k! k! (k k=0 k=1



k 1 A



p) (Pr[pivA j ] + Pr[pivB j ]) k B



1)! k!



+e



n



1 X k=1



k A



k 1 B



k! (k



1)!



:



By (21) and Lemma 8, there exists N such that for all n > N , min p; 1



1 2



< q 



p . Fix n > N and consider the di¤erence between the payo¤s of



the strategies ( 12 ; 1; 1) and (q ; 1; 0). Given that 1 Vp ( ; 1; 1) 2



Vp (q ; 1; 0) = (p



= 1, we have



q ) (Pr[pivA j ] + Pr[pivB j ]) + c (q ) ; (24)



which is positive if p = p. Moreover, as



= 1, when p =



1 , 2



the symmetry



between the two states implies that 1 1 V 1 ( ; 1; 1) = V 1 ( ; 1; 0) < V 1 (q ; 1; 0) . 2 2 2 2 2 Thus, (24) is negative if p =



1 . 2



Since the di¤erence (24) is continuous and



strictly increasing in p, for each n > N , there is a unique pnA 2



1 ;p 2



such that



VpnA ( 12 ; 1; 1) = VpnA (q ; 1; 0) and for each p 2 (pnA ; p], Vp ( 12 ; 1; 1) > Vp (q ; 1; 0). Moreover, since pnA > 21 , for each p 2 [pnA ; p], 1 1 1 1 Vp ( ; 1; 1) > Vp ( ; 1; 0) = Vp ( ; 0; 1) > Vp ( ; 0; 0). 2 2 2 2 Using the same proof as in Lemma 5, we can show that all other pure strategies are dominated by the strategy (q ; 1; 0). Thus, the pure strategy ( 21 ; 1; 1) is justi…ed by 60



any prior p 2 [pnA ; p] and mixed strategy between ( 12 ; 1; 1) and (q ; 1; 0) is justi…ed by the prior pnA . Similarly, there exists a pnB 2 p; 12 such that the pure strategy ( 12 ; 0; 0) is justi…ed by any prior p 2 p; pnB and mixed strategy between ( 21 ; 0; 0) and (q ; 1; 0) is justi…ed by the prior pnB . Finally, since the partisans stay with the status quo, justi…ability implies that the strategy pro…les are indeed voting equilibria. 2. Consider any sequence of balanced and justi…able voting equilibria f( n A;



we would like to show that for n large enough, ( identi…ed in Proposition 11. Since ( Lemma 7,



n A;



n B;



n S)



n B;



n S)



n A;



n B;



n S )gn 1 ,



must be one of the equilibria



is a balanced voting equilibrium, by



= 1. Moreover, Lemma 6 establishes that there exists N such that for all



n > N , any pure strategy played with positive probability in equilibrium must have q < min p; 1



p . Fix such N .



(a) We would like to show that the partisans must not acquire any information and must vote for their party candidates. Suppose partisans A play a pure strategy with q >



1 2



with positive probability. By Lemma 5, the strategy must be of the



form (q; 1; 0). However, q < p means that 1 > Qbp =



(1 p)q , p(1 q)



we have



1 Vp (q; 1; 0) < Vp (q; 1; 1) < Vp ( ; 1; 1): 2 The last inequality follows from Vp



1 ; 1; 1 2



Vp (q; 1; 1) = c (q) > 0. Thus, the



strategy (q; 1; 0) is not optimal. As a result, partisans A cannot use any pure strategy with q > 21 . Moreover, p > q = Vp



1 ; 0; 0 2



< Vp



1 ; 0; 1 2 61



1 2



implies that 1 > Qbp , so



= Vp



1 ; 1; 0 2



< Vp



1 ; 1; 1 : 2



Thus, partisans of A must use the pure strategy partisans of B must use the pure strategy



1 ; 1; 1 2



1 ; 0; 0 2



in equilibrium. Similarly,



in equilibrium.



(b) Next, we would like to show that the swing voters can only use the strategies identi…ed in Proposition 11. Suppose the swing voters use a pure strategy with q >



1 2



with positive probability in equilibrium, as



= 1 in a balanced voting



equilibrium, we have @vp (q; 1; 0) @q = p (Pr[pivA j ] + Pr[pivB j ]) + (1



p) (Pr[pivA j ] + Pr[pivB j ])



= Pr[pivA j ] + Pr[pivB j ]; which is independent of the prior p. Thus, given the voting strategy (1; 0), the information acquisition level q



that solves



Pr[pivA j ] + Pr[pivB j ] = c0 (q) , maximizes the expected payo¤ under all p 2 p; p . Thus, any strategy (q; 1; 0) with q 6= q



is dominated by (q ; 1; 0) and cannot be used with positive probabil-



ity in equilibrium. Notice, however, that q



depends on the equilibrium strategy



pro…le and is not determined at this point. However, in the following steps, we will show that the equilibrium strategy pro…le must be given by those in 2. of Proposition 11, forcing q



=q .



Next, since Vp ( 12 ; 0; 1) = Vp ( 21 ; 1; 0) and ( 12 ; 1; 0) is dominated by (q ; 1; 0), ( 21 ; 0; 1) is also dominated. At this point, we have shown that the swing voters can only mix between (q ; 1; 0), ( 21 ; 1; 1), and ( 12 ; 0; 0). Next, we want to show that the swing voters cannot mix 62



between ( 12 ; 1; 1) and ( 12 ; 0; 0). Suppose the mixed strategy is justi…ed by the prior pS 2 p; p , then the optimality of the strategies given pS implies that QapS = QbpS = 1, so pS = 21 . But then 1 1 1 V 1 ( ; 1; 1) = V 1 ( ; 0; 0) = V 1 ( ; 1; 0) < V 1 (q ; 1; 0): 2 2 2 2 2 2 2 Thus, mixing between ( 12 ; 1; 1) and ( 12 ; 0; 0) cannot be justi…ed. Next, suppose the swing voters mix between ( 12 ; 1; 1) and (q ; 1; 0) with probabilities A



=



and 1 A



or



, respectively. A balanced voting equilibrium requires that either A



=



B.



Thus, suppose



A



A



() nA + nS [ + (1



=



then



A



) q ] = nA + nS [ + (1



()



q



which is impossible since q



A,



=



=1



> 12 . Suppose



A



A



=



=



B,



then



B



) q ] = nB + nS [(1



()



=



A



q )]



q ;



() nA + nS [ + (1



which is the probability



) (1



B



A S



)q ]



:



identi…ed in 2. of Proposition 11.



Finally, suppose the swing voters mix between ( 12 ; 0; 0) and (q ; 1; 0) with probabilities



and 1



, respectively. A balanced voting equilibrium requires that
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either



A



=



A



or



A



=



B.



Suppose



A



A



() nA + nS (1



)q



()



q



which is impossible since q



A



=1



> 12 . Suppose



() nA + nS [(1



) (1



=



A



=



=



B,



then



B



A



B S



:



identi…ed in 2. of Proposition 11.
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q )



q



) q ] = nB + nS [ + (1



() B



=



then



= nA + nS (1



A



which is the probability



A,



=



)q ]
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