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Abstract The paper clarifies the effect of patience on the equilibrium shares in repeated bargaining situations analyzed by Muthoo [Bargaining Theory with Applications, Cambridge University Press, 1999, Chapter 10]. The difference in results arises due to erroneous use of approximations of players’ discount factors in the vicinity of unity, while taking limits or deriving comparative statics. Comparative statics can be facilitated by approximations, but only in cases when the need for the facilitation does not arise. Derivation of limits cannot be facilitated by approximations, except in special cases.



JEL Classification: C65, C78 Keywords: repeated bargaining, patience, discounting, comparative statics, approximations



∗



I would like to thank Miroslav Zelen´ y for bringing the Tietze Extension Theorem to my attention. This work was supported by the Czech Science Foundation [grant number 14-27902P]. All remaining errors are my own.



1



Introduction



In a series of contributions to bargaining theory, Muthoo (1995, 1999) analyzes a repeated version of the Rubinstein (1982) alternating-offer bilateral bargaining model. Muthoo (1999, Chapter 10) shows that the model admits unique SPE (Proposition 10.1), provides the limits of the players’ equilibrium shares as the time between bargaining rounds vanishes (Corollary 10.2) and shows that these shares may vary in a counterintuitive way; equilibrium share of a player might decrease with her patience (Corollary 10.3). Given that Muthoo (1999) is considered a ‘bargaining textbook’, with over a thousand citations and recommended by other book-length texts on bargaining (Napel, 2002), and given that the counterintuitive effect of patience has been extensively discussed by related work (Eberwein, 2001; Knabe, 2009) as well as highlighted in the review of the book (Rosenkranz and Schmitz, 2002), we wish to point out that the counterintuitive effect of patience is an artifact of incorrect proof of Corollary 10.3. More specifically, we prove that in the repeated bargaining model of Muthoo (1999, Chapter 10) players’ equilibrium shares, in the limit as the time interval between bargaining rounds vanishes, increase with their patience. Namely, our Proposition 1 provides correct version of Corollary 10.3. The reason proof of Corollary 10.3 fails is of independent interest. Within the model, bargaining situations are separated by τ > 0 units of time and each player i ∈ {1, 2} has discount rate ri > 0 that determines the discount factor applied between (repeated) bargaining situations, exp (−ri τ ). Corollary 10.3, which assumes that ri τ is close to zero, derives comparative statics on ri by first approximating exp (−ri τ ) by 1 − ri τ and then by taking a derivative with respect to ri . Our Proposition 2 shows that this approach to comparative statics, assisted by approximations, is valid under certain conditions. However, we argue that when these conditions hold, the comparative statics exercise is straightforward and can be conducted even without the approximations. That is, comparative statics can be facilitated by approximations exactly when the need for facilitation does not arise. We further show that Corollary 10.2, proven with the help of similar approximations prior to taking the limit, is correct. In light of our Example 1, which shows that facilitating derivation of limits by approximations can produce arbitrarily incorrect results, this is coincidental.
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Repeated bargaining model



We provide a condensed exposition of the repeated bargaining model studied in Muthoo (1999, Chapter 10). Two players A and B bargain over division of an infinite number of pies, each of size one. For each n ∈ N≥1 , bargaining over pie n follows the standard Rubinstein (1982) alternating-offer bargaining protocol with bargaining rounds separated by ∆ > 0 units of time. For each n ∈ N≥2 , bargaining over pie n does not start until bargaining over pie n − 1 concludes and bargaining over consecutive pies is separated by τ > 0 units of time. Player A makes the very first offer and players alternate in proposal-making both within and between pies. For any i ∈ {A, B}, player i discounts time at rate ri > 0, thus her between-rounds discount factor is δi = exp (−ri ∆) and her between-pies discount factor is αi = exp (−ri τ ). Proposition 10.1 shows that the repeated bargaining model admits unique SPE with immediate agreement over the partition of every pie. Moreover, when ∆ < τ , the equilibrium share player i ∈ {A, B} proposes to herself and hence receives is x∗i =



(1 − δi αi )(1 − δ−i )(1 + α−i ) . (1 − δi αi )(1 − δ−i α−i ) − (δi − αi )(δ−i − α−i )



(1)



Corollary 10.2 shows that, ∀i ∈ {A, B}, lim x∗i = zi∗ =



∆→0



where φi =



(1+αi )(1−α−i ) (1−αi )(1+α−i ) .



r−i r−i + ri φi



(2)



Note that, ∀i ∈ {A, B}, φi > 0 since αi =



exp (−ri τ ) ∈ (0, 1) as ri τ > 0. Moreover, Corollary 10.2 shows that the equilibrium payoff of player i ∈ {A, B} in any subgame in which i proposes first is Vi∗ =



zi∗ 1−αi .



The following proposition mirrors and corrects Corollary



10.3. The underlined parts are opposite to those in Corollary 10.3.1 Proposition 1. For any i ∈ {A, B}, ri > 0, r−i > 0 and τ > 0, 1. zi∗ is strictly decreasing in ri and strictly increasing in r−i , ∗ , 2. if ri > r−i , then zi∗ < z−i



3. Vi∗ is strictly decreasing in ri and strictly increasing in r−i , 1



Corollary 10.3 assumes ‘small’ rA τ > 0 and rB τ > 0 as well as rA 6= rB . We require neither small ri τ nor rA 6= rB , but our correction applies only when these conditions hold.
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∗ , 4. if ri > r−i , then Vi∗ < V−i



5. sign of



∂ ∗ ∂τ zi



coincides with the sign of r−i − ri ,



6. limτ →0 zi∗ = 12 . Proof. To prove the proposition we work with two basic hyperbolic trigonometric functions, sinh and cosh, where, ∀x ∈ R, sinh (x) = and cosh (x) =



exp (x)−exp (−x) 2



exp (x)+exp (−x) . 2



Lemma 1. Given x > 0, 1. sinh (0) = 0, sinh (x) > 0 and sinh0 (x) = cosh (x), 2. cosh (0) = 1, cosh (x) > 1 and cosh0 (x) = sinh (x), 3. (a) cosh2 (x) − sinh2 (x) = 1, (b) cosh (x) sinh (x) =



sinh (2x) , 2



(c) sinh (x) > x, and (d) sinh (x) < x cosh (x). Proof. Part 1, sinh (0) = 0 and sinh0 = cosh, follow from definitions of sinh and cosh. sinh (x) > 0 ∀x > 0 follows since exp (x) >



1 exp (x)



∀x > 0.



0



Part 2, cosh (0) = 1 and cosh = sinh, follow from definitions of sinh and cosh. cosh (x) > 1 ∀x > 0 is equivalent to exp (x) + exp (−x) − 2 = (exp ( x2 ) − exp (− x2 ))2 > 0 ∀x > 0 and hence holds. Parts 3a and 3b follow from definitions of sinh and cosh. Part 3c follows since sinh (0) = 0 and sinh0 (x) = cosh (x) > 1 ∀x > 0. Part 3d follows since sinh (0) = 0 = 0 · cosh (0) and sinh0 (x) = cosh (x) < cosh (x) + x sinh (x) = ∂ ∂x x cosh (x)



∀x > 0.



Lemma 2. For any i ∈ {A, B}, ri > 0, r−i > 0 and τ > 0, φi =



τ cosh ( r2i τ ) sinh ( r−i 2 ) τ . sinh ( r2i τ ) cosh ( r−i 2 )



Therefore 1.



∂φi ∂ri



2.



∂φi ∂τ



∂φi τ = −φi sinhτ(ri τ ) , ∂r = φi sinh (r , and −i −i τ )   ri −i = φi sinhr(r − sinh (ri τ ) has the same sign as ri − r−i . −i τ )
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(3)



Proof. Fix i ∈ {A, B}, ri > 0, r−i > 0 and τ > 0. For any j ∈ {A, B}, we have



1+αj 1−αj



r τ



=



j 1+exp (−rj τ ) exp ( 2 ) rj τ 1−exp (−rj τ ) exp ( )



=



2



rj τ 2 rj τ exp ( 2



exp (



rj τ 2 r τ )−exp (− j2



)+exp (−



) )



=



follows by substitution into the original expression for φi .



rj τ ) 2 rj τ sinh ( 2 )



cosh (



and (3)



Derivation of the derivatives in parts 1 and 2 is standard, using Lemma 1 parts 3a and 3b. Sign of the derivative in part 2 follows since sinh (x)−x cosh (x) sinh2 (x)



∂ x ∂x sinh (x)



=



< 0 ∀x > 0, where the inequality follows by Lemma 1 part



3d. Fix i ∈ {A, B}, ri > 0, r−i > 0 and τ > 0. To see part 1, we have −r−i φi ∂φi i i φi 1 + φrii ∂φ and ∂r∂−i zi∗ = (r−ir+r 1 − rφ−ii ∂r . It = (r−i 2 ∂ri +ri φi )2 −i i φi )



∂ ∗ ∂ri zi



thus suffices to prove that in each expression the term in the brackets is strictly positive. Substituting the derivatives from Lemma 2 part 1 we have ri ∂φi φi ∂ri



=1−



ri τ sinh (ri τ )



r−i ∂φi φi ∂r−i



=1−



r−i τ sinh (r−i τ )



1+ 1−



>0 (4) >0



where the inequalities follow by Lemma 1 part 3c. Part 2 follows directly from part 1. ∗ ∂zi∗ 1 zi∗ ∂αi ∂ ∂ zi ∗ ∂ri Vi = ∂ri 1−αi = ∂ri 1−αi + (1−αi )2 ∂ri < 0, ∂z ∗ i where the inequality follows by ∂rii < 0 shown in part 1 and by ∂α ∂ri = ∗ ∗ zi ∂zi ∂ exp (−ri τ ) 1 = −τ αi < 0. Similarly, ∂r∂−i Vi∗ = ∂r∂−i 1−α = ∂r−i ∂ri 1−αi > 0, i ∗ ∂zi where the inequality follows by ∂r−i > 0 shown in part 1. Part 4 follows



To see part 3, we have



directly from part 3. −ri r−i ∂φi i . Since ∂φ ∂τ has the same (r−i +ri φi )2 ∂τ ∂ ∗ sign as ri − r−i by Lemma 2 part 2, ∂τ zi has the same sign as r−i − ri . To see part 6, using L’Hopital’s rule, we have limτ →0 φi = rr−i and hence i r−i 1 ∗ = 2. limτ →0 zi = r r−i +ri r−i



To see part 5, we have



∂ ∗ ∂τ zi



=



i
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Comparative statics via approximations



The proof of Corollary 10.3 proceeds by first approximating αi = exp (−ri τ ) by 1 − ri τ and then by taking a derivative with respect to ri . The following proposition shows that this approach leads to a correct result under some conditions. Proposition 2. Let x ¯ ∈ R be a value of parameter x and Bx¯ = (¯ x −, x ¯ +). Let y, z : Bx¯ → R be strictly decreasing differentiable functions and By¯ = 4



(y(¯ x +), y(¯ x −)). Let f : Bx¯ ×By¯ → R be a differentiable function with each partial derivative of constant sign s1 , s2 ∈ {−1, 0, 1} on Bx¯ × By¯. Suppose z approximates y in the sense that there exists an open neighbourhood of x ¯, Bx¯0 ⊆ Bx¯ , such that, ∀x ∈ Bx¯0 , z(x) ∈ By¯. Then 1. sgn







∂ x, y(¯ x)) ∂x f (¯







= sgn







∂ x, z(¯ x)) ∂x f (¯







unless s1 = s2 ∈ {−1, 1},



2. if s1 = s2 ∈ {−1, 1}, there exists z such that sgn  ∂ f (¯ x, z(¯ x)) .2 sgn ∂x







∂ x, y(¯ x)) ∂x f (¯







6=



Proof. Denote partial derivatives of f with respect to the first and the second variable by f1 and f2 respectively. Then ∂ x, y(¯ x)) ∂x f (¯ ∂ x, z(¯ x)) ∂x f (¯



= f1 (¯ x, y(¯ x)) + f2 (¯ x, y(¯ x))y 0 (¯ x)



(5)



= f1 (¯ x, z(¯ x)) + f2 (¯ x, z(¯ x))z 0 (¯ x)



where, ∀d ∈ {1, 2}, fd (¯ x, y(¯ x)) and fd (¯ x, z(¯ x)) have the same sign sd , y 0 (¯ x) < 0 and z 0 (¯ x) < 0. Both derivatives



∂ x, y(¯ x)) ∂x f (¯



and



∂ x, z(¯ x)) ∂x f (¯



i) have sign



s1 if s2 = 0, ii) have sign −s2 if s1 = 0, and iii) have sign s1 if s1 = −s2 ∈ {1, −1}, proving part 1. To see part 2, consider z such that z(¯ x) = y(¯ x). Then fd (¯ x, y(¯ x)) = fd (¯ x, z(¯ x)) ∀d ∈ {1, 2}. By choosing z such that |z 0 (¯ x)| is sufficiently small, the sign of



∂ x, z(¯ x)) ∂x f (¯



becomes s1 . By choosing z such that |z 0 (¯ x)| is ∂ x, z(¯ x)) becomes −s2 = −s1 . ∂x f (¯ ∂ the sign of ∂x f (¯ x, z(¯ x)) is zero.



sufficiently large, the sign of there exists



z 0 (¯ x)



such that



Therefore,



In Proposition 2, parameter x enters expression f (x, y(x)) directly as well as through function y. The comparative statics effect of x on f (x, y(x)) around some value x ¯ can be derived by first approximating y by z, but only in cases in which the original comparative statics exercise is straightforward. That is, either when one of the partial derivatives in f1 (¯ x, y(¯ x)) + f2



(¯ x, y(¯ x))y 0 (¯ x)



opposite signs, so that



∂ x, y(¯ x)) ∂x f (¯



=



is zero or when the partial derivatives have



∂ x, y(¯ x)) ∂x f (¯



is the sum of two terms with identical



signs. In the difficult cases when the partial derivatives have identical signs and hence the sign of



∂ x, y(¯ x)) ∂x f (¯



tudes of f1 (¯ x, y(¯ x)) and f2



depends on the comparison of magni-



(¯ x, y(¯ x))y 0 (¯ x),



approximating y by z can provide



an incorrect result. 2



Proposition 2 continues to hold for strictly increasing y and z after replacing, in both parts, s1 = s2 ∈ {−1, 1} by s1 = −s2 ∈ {−1, 1}.
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To see that the sign of by 1 − ri τ , write



zi∗



=



∂ ∗ ∂ri zi



changes after approximating exp (−ri τ ) r−i



1−α



1+exp (−r τ )



r−i + 1+α−i ri 1−exp (−ri τ ) −i



where y(ri ) =



as f (ri , y) =



r−i 1−α



r−i + 1+α−i ri y



,



−i



i



1+exp (−ri τ ) 1−exp (−ri τ ) .



1−α−i where cy = r−i 1+α −i







Then f1 (ri , y) = cy (−y) and f2 (ri , y) = cy (−ri ), −2 −i r−i + 1−α r y > 0, so that the partial derivatives i 1+α−i



have identical signs and hence



∂ ∗ ∂ri zi



cannot be derived by approximating y.



  −c In fact, ∂r∂ i f (ri , y(ri )) = −cy [y(ri ) + ri y 0 (ri )] = (1−αyi )2 1 − αi2 − 2ri τ αi , where 1 − αi2 − 2ri τ αi > 0.3 Approximating exp (−ri τ ) by 1 − ri τ amounts ∂ 0 iτ to using z(ri ) = 2−r ri τ , so that ∂ri f (ri , z(ri )) = −cz [z(ri ) + ri z (ri )] =   −cz −(ri τ )2 , where −(ri τ )2 < 0. A similar argument can be used for (ri τ )2 the effect of r−i on zi∗ .
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Taking limits with approximations



Muthoo (1999, Chapter 10) approximates δi = exp (−ri ∆) by 1−ri ∆ for i ∈ {A, B} also when proving Corollary 10.2, which shows that lim∆→0 x∗i = zi∗ . Instead of working with ∆ → 0 and (δi , δ−i ) = (exp (−ri ∆), exp (−r−i ∆)), fix i ∈ {A, B} and let us work with δi → 1 and hence with δ−i (δi ) = 0 (δ ) = r−i δ−i (δi ) with δ → 1 limit equal to log (δi ) . Note that δ−i exp rr−i i i ri δi i r−i ri .



Using L’Hopital’s rule to derive limδi →1 x∗i , using δ−i (δi ) for δ−i , lim x∗i = lim



δi →1



δi →1



1 1 −i (δi )



1 + φi δ 0



= zi∗ .



(6)



In addition to showing that Corollary 10.2 is correct, the expression shows a (δ ) of δ (δ ) with δ a0 (1) = δ 0 (1) would deliver that any approximation δ−i i −i i −i −i a (δ ) = 1− r−i (1−δ ). the same limit. In fact, the approximation used gives δ−i i i ri



Following example shows that Corollary 10.2 is correct, despite approximating path by which (δi , δ−i ) approaches (1, 1), since the derivation of the limit admits the use of L’Hopital’s rule. Namely, neither continuity a0 (1) = δ 0 (1), which implies that (δ , δ (δ )) of x∗i in (δi , δ−i ), nor δ−i i −i −i −i a (δ )) approach (1, 1) ‘from the same angle’, guarantees that and (δi , δ−i −i



approaching (1, 1) via different paths will give identical limits. 3 The inequality can be proven by rewriting the expression as 1 − αi2 + 2αi log (αi ). The latter expression tends to unity and zero as αi → 0 and αi → 1 respectively and its derivative 2(1 − αi + log (αi )) < 0.
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Example 1. Consider a continuous f : (0, 1)2 → R. Let y, z : (0, 1) → (0, 1) be continuous with y 0 , z 0 > 0 and limx→1 y(x) = limx→1 z(x) = 1. Suppose y(x) < z(x) ∀x ∈ (0, 1). Then limx→1 f (x, y(x)) and limx→1 f (x, z(x)) need not be equal. Proof. Denote two sets U = {(x, y) ∈ (0, 1)2 |y ≥ z(x)} L = {(x, y) ∈ (0, 1)2 |y ≤ y(x)}



(7)



and note that U and L are closed in (0, 1)2 since the complement of U ∪ L in (0, 1)2 , {(x, y) ∈ (0, 1)2 |y ∈ (y(x), z(x))}, is open in (0, 1)2 . Construct f such that f (x, y) = 1 for any (x, y) ∈ U and f (x, y) = 0 for any (x, y) ∈ L. By the Tietze Extension Theorem (Aliprantis and Border, 2006, Theorem 2.47), there exists a continuous extension of f to (0, 1)2 . Call it f . By construction, limx→1 f (x, y(x)) = 0 while limx→1 f (x, z(x)) = 1.
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