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MARKOV DFT MODELS OF NON-STATIONARY GROUND MOTION Hjörtur Thráinsson, Steven R. Winterstein, and Anne S. Kiremidjian Dept. of Civil and Environmental Eng., Stanford University, Stanford, CA 94305-4020 [email protected], [email protected], [email protected] Abstract A new model is proposed to represent and simulate non-stationary earthquake ground motion. A Markovian phase angle model is applied to the discrete Fourier transform (DFT) to describe the non-stationarity. The Markov DFT (MDFT) model is developed from the well-established theory of narrow-band stationary Gaussian processes interchanging the roles of frequency and time. The MDFT model affords a convenient two-parameter description of the non-stationarity of earthquake ground motion. The model is found to accurately follow the observed behavior of a large California ground motion database.



Introduction In recent years, the utilization of time histories of earthquake ground motion has grown considerably in the field of earthquake engineering. Ground motion time histories are, for example, used in the design and analysis of civil structures. Time histories are also used to correlate ground motion characteristics to structural and non-structural damage. It is very unlikely, however, that ground motion recordings will be available for all sites and conditions of interest. Hence, there is a need for efficient methods to simulate (and interpolate) earthquake ground motion. Several models exist in the literature for the numerical simulation of earthquake ground motion. The simulation models can be classified into two main categories: geophysical models and stochastic process models. Geophysical models can depend on many uncertain or unknown parameters, which are often earthquake-specific (Reiter, 1990). Therefore, geophysical ground motion models may not be well suited for predicting the ground motion at any location due to future events. Stochastic ground motion models are most often either based on auto-regressive moving average (ARMA) processes, or the spectral representation method (e.g., Shinozuka and Deodatis, 1988). To fully account for the non-stationarity of earthquake ground motion using ARMA models may require a cumbersome and complex procedure (Westermo, 1992). Earthquake ground motion models based on spectral representations have several drawbacks. For example, they require predefined modulation functions, in order to account for non-stationarity w.r.t. intensity and frequency content. Moreover, the phases are usually taken as uniformly distributed and mutually independent. This characterization of the phase angles is questionable. As shown by Kubo (1987), for example, the phase angles of the ground motion affect the structural response. It is therefore important to accurately reproduce the characteristics of the phase angles of recorded ground motions in simulated ground motions. This paper presents a new model for the simulation of horizontal earthquake ground motion, in which the phase angle differences between adjacent frequency components are generated conditionally from the previous Fourier amplitude. This model is hence referred to as the Markov Discrete Fourier Transform (MDFT) model.
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Theoretical Background In common spectral representations, the phase angles are assumed to be mutually independent, as well as independent of all Fourier amplitudes. In addition, the phase angles are typically assumed uniformly distributed over [-π, π]. For a stationary Gaussian process, it can be shown that these are valid assumptions. However, as shown in Figure 1, this is not the case for a typical nonstationary ground motion record. Even though the phase angles themselves appear to be uniformly distributed, the phase differences are not. The mean phase difference is independent of the amplitude, but the dispersion around the mean decreases with the amplitude. Several researchers have attempted to fit statistical distributions to the phase differences. Ohsaki (1979) uses a “normal or normal-like” distribution, after introducing a shift to account for asymmetry in the phase difference domain. Kanda et al. (1983) simulate accelerograms using uniform distributions for the phase differences in different frequency bands. Naraoka and Watanabe (1987) simulate accelerograms from a lognormal distribution of phase differences. In this paper, a frequency-time domain analogy, first proposed by Nigam (1982), is built upon, yielding a simulation method for non-stationary processes with narrow time content. Stationary Processes with Narrow Frequency Content: Markov Models in Time The critical analogy for the non-stationary ground motion model lies with narrow-band, stationary Gaussian processes. It is common to consider the trajectory of such a process, x(t ) , and its Hilbert transform xˆ (t ) , in a phase-plane plot. Formally, this can be seen as a plot of a complex process X (t ) , whose real and imaginary parts describe x(t ) and xˆ (t ) , respectively: X (t ) = x(t ) + ixˆ (t )



(1)



If x(t ) is narrow-band, trajectories of X (t ) evolve in a quasi-circular manner ( X (t ) is exactly circular if x(t ) is sinusoidal). The amplitude, A(t ) , and phase, Θ (t ) , associated with (1) are: A(t ) = X (t ) = x 2 (t ) + xˆ 2 (t ) ; Θ (t ) = tan −1



xˆ (t ) Im( X (t )) = tan −1 x(t ) Re(X (t ))



(2)



For narrow-band processes, A(t ) represents a slowly varying envelope of x(t ) , and the rate of phase change, Θ ′ = dΘ dt , reflects a slowly varying, instantaneous frequency. For Gaussian processes, the four quantities [x, xˆ , x′, xˆ ′] are jointly normally distributed, and hence the joint density f (a,θ , a ′,θ ′) can be shown to be of the following form (e.g., Sveshnikov, 1968): f (a,θ , a′,θ ′) = f (a ) f (θ ′ a ) f (a ′,θ )



(3)



The first two terms on the right hand side of (3) are most relevant for the purposes of this paper, and take on the following specific forms: f (a ) =
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(4)
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f (θ ′ a ) =



1 2π σ θ ′|a



2   1  θ ′ − µ    exp − ; − ∞ 


(5)



Equation (4) yields the standard Rayleigh amplitude distribution. More notably, (5) predicts the rate of phase change, conditional on the amplitude level, to have a normal distribution with mean and standard deviation E[θ ′ a ] = µ =



σ θ ′| a =



m1 m0



(6)



2 mm m m − (m1 m0 ) µ∆ ; ∆2 = 0 2 2 − 1 = 2 0 a σx m1 (m1 m0 )2



in terms of the moments mn = ∫



ω >0



(7)



ω n S x (ω )dω of the spectral density S x (ω ) of x(t ) , and



σ x2 = m0 , the variance of the process. This phase change distribution involves only two parameters, µ and ∆ , which respectively describe the centroid of S x (ω ) and its bandwidth. In particular, (6) predicts the mean phase change to be independent of the amplitude, while (7) implies that the standard deviation of the phase change is inversely proportional to the amplitude. This agrees well qualitatively with the observed distributions of phase change of seismic DFT, as shown in Figure 1(c). This motivates the analogy of this model to consider non-stationary processes, in which the roles of time and frequency are interchanged. Non-Stationary Processes with Narrow Time Content: Markov Models in Frequency If x(t ) is a Gaussian process, whether stationary or non-stationary, its discrete Fourier transform X (ω ) will also be Gaussian. As X (ω ) is already a complex-valued process, the associated amplitude, A , and phase, Θ , can immediately be defined as in (2): A(ω ) = X (ω ) ; Θ (ω ) = tan −1



Im(X (ω )) Re( X (ω ))



(8)



The resulting probability densities, f (a ) and f (θ ′ a ) , are given by Equations (4) through (7); the



only difference is that the moments mn now apply to the squared, non-stationary process, x 2 (t ) : mn = ∫



t >0



t n xw2 (t )dt



(9)



(The use of the subscript w will be discussed below.) The parameters µ and ∆ now represent a centroidal location and a unitless coefficient of variation, respectively, of the time-varying intensity of the non-stationary process. When simulating non-stationary ground motion time histories, it is assumed that the numerical values of µ and ∆ are available; e.g., from one or more recorded time histories. The original model assumed constant power in time (stationary). Hence, the modified model will directly generate time histories with constant power over all frequencies (non-stationary white noise). This result is denoted as the whitened process, xw (t ) , to distinguish it from the physical, non-
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white time history x(t ) . Given µ and ∆ , the DFT of xw (t ) is generated by: (i) independently generating standard Rayleigh amplitudes (Equation (4) with σ x = 1 ) at all frequencies; and (ii) generating the phase θ k +1 at frequency k + 1 as θ k + θ ′dω , in which θ k is the preceding (known) phase, dω is the frequency sampling interval, and θ ′ is drawn from the conditional normal distribution defined in (5)-(7). This generates X w (ω ) , the DFT of the non-stationary whitened process. This DFT may then be rescaled to match the expected Fourier amplitude spectrum, X (ω ) , of the actual non-stationary process, and the resulting non-white time history x(t ) is finally recovered by the inverse DFT operation.



Simulated Time Histories A comprehensive validation of the MDFT model, along with extensive quantitative goodness of fit tests, can be found in Thráinsson et al. (2000). Statistics of one MDFT simulation, based on a record from the Loma Prieta earthquake, is shown in Figure 2. Note the qualitative similarity between the statistics of the recording (Figure 1) and the simulation (Figure 2). In Figure 3, the simulated and recorded time histories show similar agreement. The simulated ground motion is obtained by inverting the simulated DFT after rescaling the amplitude spectrum to the actual, recorded Fourier amplitude spectrum. Figure 4 displays linear elastic acceleration response spectra for the same record. The dashed lines represent the response spectra of ten simulations, while the solid, thick line is the response spectrum of the target (recorded) accelerogram. Figure 5 shows summary statistics of spectral acceleration from ground motion simulations for the 1994 Northridge, California earthquake for 45 ground motion recording stations operated under the California Strong Motion Instrumentation Program (CSMIP) by the California Division of Mines and Geology. The mean and the mean plus and minus one standard deviation from ten simulations are plotted versus the recorded ground motion level. The spectral accelerations correspond to a natural period of 0, 0.3, 1.0 and 2.0 seconds. The non-zero periods are chosen because they are often taken as representative of the fundamental periods for low-rise, mid-rise, and high-rise steel frame structures. From Figure 5 it can be concluded that the simulated ground motion is statistically consistent with the recorded time histories across the various stations. (For example, 68% of all outcomes will lie within one standard deviation of the mean for a Gaussian distribution.) The recorded quantity is never more than two standard deviations away from the corresponding mean from ten simulations. Discussion and Conclusions Ground motion time histories that are simulated using the two-parameter MDFT model presented in this paper are found to capture well the pertinent characteristics of recorded time histories. The MDFT model does not depend on a particular Fourier amplitude model; the user can employ any amplitude model - even a target power spectral density or a target response spectrum. In addition, the MDFT model can be used to generate “equivalent” ground motion time histories from a target accelerogram. A database of uniformly processed California records has been used to develop prediction formulas for the model parameters (Thráinsson et al., 2000). The input for the prediction formulas is the moment magnitude of the earthquake, the source-to-site distance, and
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the NEHRP site classification. These relations can be used to estimate seismic hazard and risk over a (coarse) grid, and various methods have been investigated to interpolate these over finer spatial meshes (Thráinsson et al., 2000).



Figure 1. Observed phase angles and phase differences for the east-west component of the Santa Cruz record from the 1989 Loma Prieta, California earthquake. (a) Histogram of phase angles; (b) histogram of phase differences; (c) phase differences vs. amplitude.



Figure 2. Statistics, as in Figure 1, for a simulated record based on the same Santa Cruz record as in Figure 1.



Figure 3. Recorded and simulated accelerograms; same Santa Cruz record.
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Figure 5. Spectral acceleration statistics from ten simulations vs. recorded spectral accelerations at 45 CSMIP stations during the 1994 Northridge, California earthquake. Acknowledgements This research was supported by the John A. Blume Earthquake Engineering Center, the National Science Foundation Grant CMS-5926102 and the Stanford University UPS Foundation Grant. References Kanda, J., R. Iwasaki, Y. Ohsaki, T. Masao, Y. Kitada, and K. Sakata (1983), “Generation of Simulated Earthquake Ground Motions Considering Target Response Spectra of Various Damping Ratios,” Trans. of the 7th Inter. Conf. on Struct. Mech. in Reactor Tech., Vol. K(a), 71-79. Kubo, T. (1987), “The Importance of Phase Properties in Generation of Synthetic Earthquake Strong Motions,” Trans. of the 9th Inter. Conf. on Struct. Mech. in Reactor Tech., Vol. K-1, 49-54. Naraoka, K. and T. Watanabe (1987), “Generation of Nonstationary Earthquake Ground Motions using Phase Characteristics,” Trans. of the 9th Inter. Conf. on Struct. Mech. in Reactor Tech., Vol. K-1, 37-42. Nigam, N.C. (1982), “Phase Properties of a Class of Random Processes,” Earthquake Engineering and Structural Dynamics, 10, 711–717. Ohsaki, Y. (1979), “On the Significance of Phase Content in Earthquake Ground Motions,” Earthquake Engineering and Structural Dynamics, 7, 427–439. Reiter, L. (1990), Earthquake Hazard Analysis – Issues and Insight, Columbia Univ. Press, New York, NY. Shinozuka, M., and G. Deodatis (1988), “Stochastic Process Models for Earthquake Ground Motion,” Probabilistic Engineering Mechanics, 3, 114-123. Sveshnikov, A.A. (1968), Problems in Probability Theory, Mathematical Statistics and Theory of Random Functions, translated by R.A. Silverman, Dover, New York, NY. Thráinsson, H., A.S. Kiremidjian, and S.R. Winterstein (2000), “Modeling of Earthquake Ground Motion in the Frequency Domain,” John A. Blume Earthquake Engineering Center Report No. 134, Dept. of Civil and Environmental Engineering, Stanford University, Stanford, CA. Westermo, B. (1992), “The Synthesis of Strong Ground Motion Accelerograms from Existing Records,” Earthquake Engineering and Structural Dynamics, 21, 743-756.
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