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Polarization and ineﬃcient information aggregation in electoral competition∗ Tomoya Tajika† July 11, 2018



We study a two-candidate electoral competition. In our model, each voter has single-peaked preferences for the consequences of policies, but voters receive only partial information about which policies cause their preferred consequences. If voters’ utility functions are convex, they prefer risk, which implies that a safe alternative may not be chosen even when this alternative results in the median voter’s preferred consequence with probability one. We provide a necessary and suﬃcient condition under which a risky policy that causes polarized consequences defeats the median voter’s preferred alternative in a strategic voting equilibrium. Even when the convexity of voters’ utility functions is weak, which means that policy polarization is socially undesirable, if voters are likely to receive insuﬃcient information, the chosen policy is still polarized. In that case, social welfare is minimized. However, proposals by suﬃciently well-informed candidates can eliminate the uncertainty of risky policies through a signaling eﬀect, which, in turn, eliminates the perverse consequences. Keyword: Convex utility function; information aggregation; policy polarization; signaling game; strategic voting JEL Classification: D72
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1. Introduction It is often the case that politicians run for oﬃce on a platform of (possibly extreme or polarized) reform. Sometimes, such platforms win elections, but, unfortunately, it is also often the case that, after the election, the chosen reform is revealed to be bad for the majority of voters. Some examples of this situation include Brexit and the 2016 US presidential election. An important question in voting theory, then, is why elections may result in bad policies. Classical studies have demonstrated the eﬃciency of electoral competitions. When voters have knowledge of the consequences of a given reform, the Hotelling–Downs framework predicts that the reform is chosen only if it is preferred to the status quo by the median voter. Even when voters have only partial information about a reform, if they share common preferences and independently receive consequence-relevant information, the well-known Condorcet jury theorem predicts that the majority makes a correct decision asymptotically. Unfortunately, in many cases, neither assumption is valid. Voters have only partial information about reforms, and they may have diﬀerent preferences regarding reforms regardless of the realized consequences.1 By allowing for such situations, this study clarifies the important characteristics of ineﬃcient information aggregation in electoral competitions. We study following simple model. Two politicians face three policies. One is the status quo, which is the median voter’s preferred policy. The other policies are two reforms at opposite extremes. The voters have single-peaked preferences over the consequences of these policies that diﬀer according to the voters’ policy types. Specifically, we assume that voters take one of three policy types. The first is that of the median voter, who prefers the status quo to the two reforms. The two other types are those of the two opposite extremes. One extreme type prefers one extreme consequence to the other, and other extreme type has the opposite preference. The consequences of these reforms are determined by an unknown state of the world (henceforth state). In one state, one reform brings one extreme consequence, but in the other state, it brings the other extreme consequence. The other reform brings the converse result. Voters receive a state-contingent signal with variable informativeness. In addition to these assumptions about the setting, we assume that each voter’s utility function is convex in the distance from his ideal consequence. As discussed in Osborne (1995) (and in Downs, 1957), voters may have convex utility functions. Extremists are highly sensitive to whether a policy is their ideal policy but are less sensitive to whether it is their second or third preferred policy. Indeed, several experimental studies provide some evidence that voters have convex utility functions.2 Although in the standard Hotelling–Downs electoral competition model, the curvature of the utility function does not matter, some studies emphasize the relation between the curvature of the utility function and policy polarization. In particular, Kamada and Kojima (2014) study a probabilistic voting model showing that when voters’ utility functions are suﬃciently convex, the median voter’s preferred policy is never chosen and, instead, candidates choose polarized policies. They also show that such extreme policies maximize social welfare. 1 Some empirical studies suggest that voters are poorly informed.



See, for example, Converse (2000) as a survey. for example, Kendall, Nannicini and Trebbi (2015). Chen, Michaeli and Spiro (2017) also discuss the convex utility functions of judges over decisions in courts. They show that assuming a convex utility function over ideological issues is compatible with empirical facts regarding the US courts of appeals.
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We show that a similar situation arises in our framework. To understand the importance of convexity for polarization, suppose that one candidate holds up the status quo and the other holds up a reform. When voters receive scarce information, voting for the reform is a risky lottery for extreme voters, whereas voting for the status quo is a safe lottery. Note that under convex utility functions, voters prefer risk. Then, both types of extreme voters vote for the reform, and, therefore, the status quo may lose. We show that this result is valid under a strategic voting equilibrium, and we also provide a necessary and suﬃcient condition for the existence of this equilibrium. This condition is more likely to be satisfied when voters are more likely to receive scarce information or when utility functions are suﬃciently convex. Thus, given that the median voter’s preferred policy may lose, the median voter theorem collapses in electoral competitions. We show that this result holds when the candidates do not receive informative signals. We also examine the social welfare attained in electoral competitions. When convexity is suﬃciently weak, polarized reforms minimize social welfare. Even in that case, when the probability that voters receive scarce information is suﬃciently high, the polarized reforms are chosen. That is, in certain situations, electoral competition can minimize social welfare. Our result is in contrast to that obtained by Kamada and Kojima (2014) and the classical studies of electoral competitions under majority voting that result in eﬃciency in terms of social welfare.34 The above discussion depends on the assumption that the candidates receive no information about the state. Many studies examine whether the information held by candidates can improve voters’ welfare.5 In our model, it would be reasonable to assume that if the candidates receive a suﬃciently informative signal, and if this signal is revealed to the voters, then the situation approaches that of complete information, and, in turn, the median voter theorem is valid. This conjecture is true. We show that if each candidate receives a suﬃciently informative signal, no equilibrium exists in which candidates choose a reform. In other words, an extreme (and welfare-minimizing) reform is due to insuﬃciently informed candidates. This result contributes to the literature by showing that, in our framework, providing suﬃciently precise information to the candidates improves social welfare. However, when utility functions are suﬃciently convex, the extreme policies maximize social welfare,6 so providing suﬃciently precise information to the candidates reduces social welfare. The remainder of this paper proceeds as follows. The next section describes the relationship of our study to the previous literature. Section 3 describes the model, and section 4 derives the voting equilibrium. Section 5 provides details on the electoral competition, and section 6 discusses some extensions to our model. Section 7 concludes.
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examples of classical studies, see Coughlin and Nitzan (1981); Ledyard (1984). extreme reforms maximize social welfare, and, in that case, electoral competition achieves eﬃciency in terms of social welfare. 5 These studies are discussed in the next subsection. 6 See also footnote 4.
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2. Relationship to the literature This study relates to the theory of strategic voting and information aggregation, as described, for example, in Austen-Smith and Banks (1996), Feddersen and Pesendorfer (1996, 1997), and Duggan and Martinelli (2001). In these studies, a central question is whether (super)majority rule aggregates voters’ information correctly. As a yardstick for information aggregation, many studies examine whether voting rules satisfy full information equivalence (Feddersen and Pesendorfer, 1997), which means that the voting rule asymptotically achieves the same result as that under complete information. Although many authors assume that voters have common preferences, a few studies consider the case of heterogeneous preferences. In particular, Kim and Fey (2007) extend the well-known model of Feddersen and Pesendorfer (1996) of the swing voters’ curse7 to the case of adversarial preferences. Under such preferences, as we assume, a group of voters prefers one alternative to the other in one state, but the converse is true in the other state. The other group of voters has the opposite preferences. In this model, voters suﬀer from the swing voters’ curse, and majority voting fails to achieve full information equivalence. Bhattacharya (2013a,b) consider more general preferences and provide a suﬃcient condition for majority voting to achieve full information equivalence. Bhattacharya (2013a) shows that this condition is rarely satisfied. Ali, Mihm and Siga (2017) also study similar questions and show that if voters’ preferences are negatively correlated and if the ratio of completely uninformed voters is suﬃciently large, information aggregation fails. Unlike the above studies, we apply this voting model to an electoral competition and show how the candidates’ information aﬀects information aggregation. Related to this point, the above studies note the relation to the precision of the signals received by voters. Kim and Fey (2007) show that if voters receive suﬃciently precise signals, information aggregation failure is less likely. In Ali, Mihm and Siga (2017)’s model, information aggregation failure is more likely when the probability that voters receive uninformative signals is higher. In contrast to our model, they assume that the voters who benefit from an alternative are always uninformed and, thus, they always vote for a specific alternative. In our model, voters’ preferences for the alternative and their information types are independent of each other. Moreover, each voter is necessarily (partially) informed. Note also that, in our model, the precision of signals received by voters does not necessarily negatively aﬀect the likelihood of failure in eﬃcient information aggregation. Although extreme policies are likely to be chosen when voters are likely to receive scarce information, whether an extreme policy maximizes social welfare is determined by the convexity of the utility function. Many other approaches have been used to study how a voting rule fails to aggregate information (see, for example, Razin, 2003; Martinelli, 2006; Mandler, 2012; Acharya, 2016; Ellis, 2016; Tajika, 2018). Our study contributes to this literature on the failure of majority voting to aggregate information by proposing another explanation. This study also relates to the literature on policy polarization. Many studies try to explain why candidates choose polarized policies. Among these studies, Kamada and Kojima (2014) is the most similar to ours, as their results also follow from the assumption of convex utility functions. However, unlike our study, their study considers a probabilistic model in which 7 Feddersen



and Pesendorfer (1996) show that uninformed voters would abstain even if voting is costless. They call this phenomenon the “swing voters’ curse.”
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polarization maximizes welfare. Further, Kamada and Kojima’s polarization result requires a polarized distribution of voters’ preferences. In contrast, our result holds for some centralized distributions. Lastly, note that our study also relates to electoral competition with informed candidates and partially informed or uninformed voters. Heidhues and Lagerlöf (2003), who study electoral competition by oﬃce-motivated candidates,8 examine the case of partially informed candidates and show the diﬃculty of information revelation. Gratton (2014) study the case in which a candidate reveals information with some probability and show that full revelation is always an equilibrium. More related to the literature on strategic voting, Prato and Wolton (2017) consider the case in which each candidate becomes partisan with some probability. They show that partially informed and oﬃce-motivated candidates can mistakenly propose bad policies for voters, and, as a result, only bad policies are proposed by both candidates with some probability. The above studies diﬀer from our study in that voters have homogeneous preferences and candidates are oﬃce-motivated. Kartik, Squintani and Tinn (2015) study the case of voters with spatial preferences given a one-dimensional policy space and a continuum of voters. However, in contrast to our model, they assume that the voting result is determined by the behavior of the median voter. In contrast to the above approaches, Gul and Pesendorfer (2009) assume that voters lack knowledge of the candidates’ platforms and that a policy-motivated candidate can choose a bad policy for the voters. In their framework, a bad policy is chosen with some probability that is less than one. In contrast to their model, in our model, the bad policy is chosen with probability one. Thus, the information aggregation failure is more severe.



3. Model Consider two candidates, R, D, and an odd number of voters, m = 2n + 1. Each candidate’s utility function will be defined later. Let X = {−1, 0, 1} be the set of policies. The policy x = 0 is interpreted as the status quo, and the others are reforms at the opposite extremes. Candidate i ∈ {R, D} chooses her platform xi ∈ X before the election and implements xi if elected. Each voter votes for one of these two candidates, and abstention is not allowed. Voters have preferences for the consequence of the implemented policy, c ∈ {−1, 0, 1}. The consequence is determined by the implemented policy, denoted by x, and the state, which is the unknown parameter ω ∈ Ω = {−1, 1}. Let c = ωx be the consequence of the implemented policy. Preferences for the consequences diﬀer by randomly drawn voter type t ∈ T = {−1, 0, 1}. We assume that Pr(t = 1) = Pr(t = −1) = k ∈ (0, 1/2), so Pr(t = 0) = 1 − 2k. The term k reflects the degree of decentralization of the voter distribution. The type represents a voter’s ideal consequence. Each voter’s utility function is defined as u(c : t) = −L(|c − t|).9 We assume that L is strictly increasing, and we normalize L so that L(0) = 0. We call L the loss function. If the utility function is convex in the distance from the voter’s ideal consequence (i.e., if the 8 For



studies of elections with partisan candidates, see, for instance, Schultz (1996); Martinelli (2001). (2006) and Kim and Fey (2007) assume similar preferences.
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loss function is concave), it follows that L(1) − L(0) > L(2) − L(1). For notational simplicity, let y = L(1)−L(0) L(2)−L(1) > 1. We refer to the term y as the degree of convexity. Voters share a common prior about the state, Pr(ω = 1) = q ∈ (0, 1). In addition, we assume that each voter receives a signal contingent on the realized state. Formally, voter i independently receives a signal σi ∈ {−1, 1}. As usual, we call the probability that voter i receives the correct signal, σi = ω, the signal precision. The signal precision, θi = Pr(σi = ω), is independently drawn from a cumulative distribution function F whose density has full support on (1/2, 1). The timing of events is as follows. Stage 1. Candidate i ∈ {R, D} chooses a platform xi ∈ X. Stage 2. Before the election, each voter is informed of the chosen policies {x R, xD }, his type t ∈ T, the signal σ ∈ {−1, 1}, and the signal precision θ ∈ (1/2, 1). After receiving this information, each voter simultaneously decides which candidate to vote for. Stage 3. The elected candidate j implements her committed platform x j . In the voting stage (Stage 2), we apply a type-symmetric Bayesian Nash equilibrium (BNE) for undominated strategies as the solution concept. We also focus on an equilibrium such that each voter treats each candidate symmetrically. Assumption 1 (Symmetric treatment). If a voter is indiﬀerent to the candidates’ platforms, he votes for each of the two candidates with the same probability. As the solution concept for this overall game, we apply the perfect BNE (PBNE). Under this solution concept, each candidate maximizes her expected utility under the supposition that each voter’s behavior follows a BNE in the voting stage. Each voter infers information and updates his belief according to Bayes’ rule. As a benchmark for information aggregation, we employ full information equivalence (Feddersen and Pesendorfer, 1997), which means that, as n → ∞, the probability that the voting rule achieves the same result under the known state converges to 1. When the state is known, our model is reduced to a Hotelling–Downs model. Therefore, in each state, the status quo is the Condorcet winner, and, thus, the status quo is chosen in any equilibrium. The following section examines the cases in which the result diﬀers from that in the case in which the state is known.



4. Voting equilibrium 4.1. Equilibrium For the analysis of electoral competitions, this section considers the BNE of the voting stage. Note that when both candidates propose reforms, each candidate wins with probability 1/2 in each BNE. Lemma 1. Suppose that x R , 0 and xD , 0. Then, each candidate wins with probability 1/2 in each BNE.



6



□



Proof. See Appendix A.1.



Now, we consider the remaining cases. Without loss of generality, let x R = −1 and xD = 0 throughout the rest of this section. Note that for type t = 0 voters, voting for candidate D is the strictly dominant strategy. We now derive the best responses for the other voter types. Lemma 2. Consider a voter with (t, σ) ∈ T × {−1, 1}. Let z R be the number of other voters Pr(z R =n|ω=−1) who vote for candidate R, and let γ = 1−q q Pr(z R =n|ω=1) ∈ R+ . Then, the voter’s best response is described as follows: 1. If (t, σ) = (1, 1), he votes for R if θ 



γy 1+γ y ,



and he votes for D if θ >



and he votes for D if θ 



2. If (t, σ) = (1, −1), he votes for R if θ >



1 1+γ y ,



3. If (t, σ) = (−1, 1), he votes for R if θ >



γ/y 1+γ/y ,



4. If (t, σ) = (−1, −1), he votes for R if θ 



γy 1+γ y . 1 1+γ y



and he votes for D if θ 



1 1+γ/y ,



.



γ/y 1+γ/y .



and he votes for D if θ >



1 1+γ/y .



Then, for a given γ, we can calculate the probability with which a given voter votes for candidate R in state ω, which is denoted by v R,ω (γ), as follows. [∫ v R,1 (γ) = k | [∫ v R,−1 (γ) = k



∫ 1 1+γy



(1 − θ)dF(θ) + {z



(t,σ)=(1,−1)



1 1+γy



θdF(θ) +



} | ∫



γy 1+γy



∫



γy 1+γy



θdF(θ) + {z } |



(t,σ)=(1,1)



]



∫



θdF(θ) , (1 − θ)dF(θ) + γ/y 1+γ/y {z } | {z }



(t,σ)=(−1,−1)



∫ (1 − θ)dF(θ) +



1 1+γ/y



1 1+γ/y



(t,σ)=(−1,1)



∫ θdF(θ) +



γ/y 1+γ/y



]



(1 − θ)dF(θ) .



Note that these probabilities are continuous in γ. These probabilities can be greater than 1/2 when y is large enough. In particular, as y → ∞, these probabilities converge to 2k. If k > 1/4, candidate R is more likely to win than his opponent is. We present more detailed conditions for a BNE. Note that, by the definition of γ, the equilibrium condition is [ ]n 1 − q Pr(z R = n | ω = −1) 1 − q v R,−1 (γ)(1 − v R,−1 (γ)) = . (1) γ = φ(γ) := q Pr(z R = n | ω = 1) q v R,1 (γ)(1 − v R,1 (γ)) Therefore, a fixed point of φ characterizes a BNE. Existence is guaranteed for the following reason. Note that supω,γ v R,ω (γ) < 1, and note that because the density of F has full support on (1/2, 1), inf ω,γ v R,ω (γ) > 0. Therefore, 0 < inf φ(γ) < sup φ(γ) < ∞. By the continuity of φ and the intermediate value theorem, φ has a fixed point. We show that there is a fixed point of φ in each neighborhood of 1 with a large electorate. y Proposition 1. Suppose that k(1 + F( 1+y )) > 1/2. Consider the voting stage by assuming that x R = −1 and xD = 0. Then, for each ε > 0, there exists an n¯ such that, for each n > n, ¯ there exists a BNE such that γ ∈ (1 − ε, 1 + ε). Therefore, there is a sequence of BNEs such that, as n → ∞, γ → 1.
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□



Proof. See Appendix A.1.



y Note that v R,ω (1) = k(1 + F( 1+y )). Proposition 1 implies that, as n → ∞, the equilibrium probability with which a given voter votes for R in state ω, denoted by v R,ω , converges y to k(1 + F( 1+y )) > 1/2. Thus, for a suﬃciently large n, candidate R, who holds up a reform, wins the election almost surely. This situation is diﬀerent from the known state case, and, thus, full information equivalence does not hold in this BNE. Note that the condition y )) > 1/2 can be satisfied even when k < 1/3. Note also that this case has a k(1 + F( 1+y centralized voter distribution. In some frameworks (e.g., that of Kamada and Kojima, 2014), the existence of policy polarization requires that the voter distribution not be centralized (i.e., k > 1/3). In our framework, however, policy polarization can occur even with a centralized distribution. y Under some assumptions, the inequality k(1 + F( 1+y )) > 1/2 is a necessary and suﬃcient condition for the existence of a polarized equilibrium. y Proposition 2. Suppose that F ′′ < 0 and k(1 + F( 1+y )) < 1/2. Then, for a suﬃciently large n, in each BNE, max{v R,1, v R,−1 } < 1/2.



□



Proof. See Appendix A.1.



y ) therefore determines whether the chosen policy is polarized or not. Note The value of F( 1+y y that if voters receive more precise information, the value of F( 1+y ) decreases. Indeed, if the b F( y ) ⩽ F( b y ). distribution F first-order stochastically dominates another distribution F, 1+y 1+y As an extreme example, if voters receive an almost uninformative signal (i.e., θ ≈ 1/2) almost y ) = 1. Thus, as voters become less informed, polarization is more likely to surely, then F( 1+y occur. This tendency can be restated in term of a public signal. For example, the prior q can be interpreted as a voter’s belief after receiving a public signal. If the prior becomes extreme, that is, q ≈ 0 or q ≈ 1, the public signal is considered to be suﬃciently precise. We then can make the following continuity conjecture: as the prior becomes extreme, this situation approaches the known state case, and, in turn, the outcome of the electoral competition also approaches the result of the known state case. This conjecture is proved below.



Proposition 3. Fix n. Then, there exist q and q such that, for each q > q and q < q, in each BNE, max{v R,1, v R,−1 } < 1/2. □



Proof. See Appendix A.1.



4.2. Welfare implications This subsection computes the social welfare attained by implementing policies and discusses the welfare implications of polarization. Although the status-quo policy causes the preferred consequence of the Condorcet winner in each state, it does not necessarily maximize social welfare due to the convexity of the utility functions. We check this hypothesis as follows. In
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• Welfare maximizing alternative k 3k−1
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reform
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1 • Chosen alternative status-quo



1



1 F −1 ( 2k −1) 1 1−F −1 ( 2k −1)



y reform



• Majority



y status-quo



1



Figure 1: Comparison of policies in each state (k ∈ (1/3, 1/2)) each state ω ∈ {−1, 1} and for each policy x ∈ {−1, 0, 1}, let W(x | ω) be the ex-ante expected social welfare of implementing policy x under state ω. These values are computed as W(0 | ω) = −2k L(1) for each ω ∈ Ω, W(−1 | ω) = W(1 | ω) = −k L(2) − (1 − 2k)L(1) for each ω ∈ Ω. By rearranging these equations, we have the following lemma. Lemma 3. In each state ω ∈ {−1, 1}, the reforms maximize social welfare if and only if k and k > 1/3. y > 3k−1 This lemma implies that as the degree of convexity, y, increases, the extreme reforms are both more likely to be chosen and more likely to maximize social welfare. However, when the degree of convexity y is weak, the extreme reforms minimize social welfare. Even when y is small and the reforms minimize social welfare, if voters are likely to receive suﬃciently scarce information, F(y/(1+ y)) can be large enough that the extreme reforms receive more votes than the status quo does. Thus, in an electoral competition, an oﬃce-motivated candidate would choose to hold up a reform. Figure 1 illustrates this principle. If y is in the yellow region of this figure, electoral competition by oﬃce-motivated candidates minimizes social welfare.



5. Electoral competition 5.1. Uninformed candidates This section discusses electoral competition between two candidates, R and D. We assume that candidate R’s (vNM) utility function is u R = I( candidate R wins ) − ξ L(|xω − 1|),
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for ξ ⩾ 0. Similarly, candidate D’s (vNM) utility function is u D = I( candidate D wins ) − ξ L(|xω + 1|). Here, I is the characteristic function,10 and x is the implemented policy. The first term represents oﬃce motivation, that is, the utility of being elected. The second term represents the candidate’s policy motivation. Candidate R’s ideal consequence is c = 1, and that of candidate D is c = −1. The term ξ ⩾ 0 is the weight placed on the policy motivation. If ξ = 0, the candidates are purely oﬃce-motivated. In this setting, the following result is a corollary of Lemma 1 and Proposition 1. Corollary 1. Suppose that k(1 + F(y/(1 + y))) > 1/2 and q , 1/2. Then, for a suﬃciently large n, there is a PBNE such that x R xD = −1. In this case, under a certain condition, social welfare is minimized with probability one.



5.2. Informed candidates The previous setting assumes that voters receive state-contingent signals but that candidates do not. In reality, however, candidates can acquire more information about policies and, hence, are better informed than voters. Voters may infer their information from the candidates’ choices, which may aﬀect voters’ equilibrium behaviors. To clarify this idea, this section extends our model to incorporate candidates’ information. We assume that candidates acquire information about the state before they choose their platforms. Formally, candidate i ∈ {R, D} receives a binary state-contingent signal σi ∈ {−1, 1} with precision βi ∈ (1/2, 1), that is, βi = Pr(σi = ω). Without loss of generality, we assume that βD ⩾ βR . Let xi (σi ) ∈ {−1, 0, 1} represent the strategy of candidate i receiving signal σi ∈ {−1, 1}. Even in this case, policy polarization can occur. Proposition 4. Suppose that k(1 + F(y/(1 + y))) > 1/2 and βD = βR = β ∈ (1/2, 1). Without loss of generality, we assume that q ⩾ 1/2. Then, for each ξ > 0, 1. If β < q, for suﬃciently large n, there exists a PBNE in which x R (−1) = x R (1) = 1 and xD (−1) = xD (1) = −1. 2. If β > q, for suﬃciently large n, there exists a PBNE in which x R (σ) = σ and xD (σ) = −σ for each σ ∈ {−1, 1}. □



Proof. See Appendix A.2.



As the above proposition describes, if candidates receive suﬃciently precise information, a polarized equilibrium is a separating equilibrium. In this case, voters can infer their received signals by observing the candidates’ choices. When the candidates’ signals are suﬃciently precise, the voters’ beliefs about the state become extreme (i.e., Pr(ω = 1 | candidates’ choices) ≈ 1 or 0). Then, as shown in Proposition 3, polarized reforms are defeated by the status quo. As a result, the median voter’s preferred alternative is chosen. 10 For



each event E, I(E) = 1 if E is true, and, otherwise, I(E) = 0.
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Theorem 1. Fix n. We assume that voters’ beliefs place a probability P(σi | xi ) ∈ {0, 1/2, 1} on each σi ∈ {−1, 1} and on each oﬀ-equilibrium path behavior xi ∈ X, i ∈ {R, D}. Then, we have the following properties. (1) If βR and βD are suﬃciently close to 1 and ξ > 0 is suﬃciently small, there exists a PBNE such that xi (σ) = 0 for each i ∈ {R, D} and σ ∈ {−1, 1}. (2) Let q = 1/2, and fix a suﬃciently large βR < 1. Then, if βD is suﬃciently close to 1 and ξ > 0 is suﬃciently small, in each PBNE in which candidates employ pure strategies, xi (σ) = 0 for each i ∈ {R, D} and σ ∈ {−1, 1}. □



Proof. See Appendix A.3.



Note that for each candidate, policy x = 0 is less desirable than the reforms are, as the candidates are also policy motivated and have convex utility functions over the consequences of the policies. Therefore, having suﬃciently precise information reduces the candidates’ utilities.



6. Extensions 6.1. Three-candidate election Although we assume that there are only two candidates, in reality, elections often include three or more candidates. If their committed platforms diﬀer from one another, then voters face three or more policies. In the strategic voting equilibrium, however, this extension does not impact the existence of a BNE in which a bad reform is chosen. To see this result, consider the entrance of another candidate, candidate L. Suppose that candidates choose diﬀerent platforms. Without loss of generality, assume that x R = −1, xD = 0, and x L = 1. In this case, there is a BNE in which no voter ever votes for candidate L if n > 0. Under the equilibrium strategy, as no voter ever votes for candidate L, voting for candidate L cannot change the situation, and votes for this candidate are wasted. Voters therefore have no incentive to vote for L, and this situation is reduced to the two-candidate model. Indeed, the following proposition holds.11 Proposition 5. Suppose that x R = −1, xD = 0, and x L = 1. Then, there exists a BNE in which no voter votes for candidate L. If k(1 + F(y/(1 + y))) > 1/2, as n goes to infinity, there is a sequence of BNEs in which candidate R’s winning probability converges to 1. □



Proof. See Appendix A.4.



6.2. Abstention In the basic model, we assume that no abstention is allowed. In voluntary voting models, there are two motivations for abstention. One motivation is exogenous voting costs (Downs, 1957; 11 The



plurality rule is used as the election rule in this case. In the case of a tie, each candidate who received the most votes is elected with equal probabilities.
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Riker and Ordeshook, 1968). In a model with exogenous costs (and benefits) of voting, when the number of voters approaches infinity, as the probability of being a pivotal voter goes to zero, a voter’s decision to cast a vote is determined only by the exogenous costs and benefits of voting. Therefore, as long as the distribution of the exogenous costs and benefits of voting is independent of the policy-type distribution, the election outcome does not change. The other motivation for abstention is known as the swing voters’ curse (Feddersen and Pesendorfer, 1996). Even without voting costs, poorly informed voters abstain so that wellinformed voters’ votes are more eﬀective. In our framework, however, there is also a BNE such that no one abstains even if abstention is allowed. Then, as in Proposition 1, we have a BNE in which a reform wins with suﬃciently high probability in each state. Proposition 6. Suppose that x R = −1, xD = 0, and abstention is allowed. Then, there exists a BNE in which no voter abstains from voting. If k(1 + F(y/(1 + y))) > 1/2, as n goes to infinity, there is a sequence of BNEs in which candidate R’s winning probability converges to 1. □



Proof. See Appendix A.5.



6.3. Correlation between precision and types In our basic model, the signal precision distribution is assumed to be independent of the type distribution. Many studies of strategic voting also assume that there is no correlation between voters’ preferences and the precision of their signals.12 However, in reality, as is (informally) discussed by Caplan (2007), signal precision may have a correlation with the type distribution. We extend our setting in this direction. Each voter with type t ∈ {−1, 1} draws θ from a continuous distribution function Ft whose density has full support on (1/2, 1). We assume that F−1 first-order stochastically dominates F1 . This assumption implies that type −1 voters are more likely to be well-informed. As the best response is shown in Lemma 2, the probability with which a given voter votes for candidate R in state ω is given by [∫ v R,1 (γ) = k |



∫ 1 1+γy



(1 − θ)dF1 (θ) + {z



} |



(t,σ)=(1,−1)



[∫ v R,−1 (γ) = k



∫ 1 1+γy



θdF1 (θ) +



γy 1+γy



∫



γy 1+γy



θdF1 (θ) + {z } |



(t,σ)=(1,1)



]



∫



(1 − θ)dF−1 (θ) + θdF−1 (θ) , γ/y {z } | 1+γ/y {z }



(t,σ)=(−1,−1)



∫ (1 − θ)dF1 (θ) +



1 1+γ/y



1 1+γ/y



(t,σ)=(−1,1)



(2) ]



∫ θdF−1 (θ) +



γ/y 1+γ/y



(1 − θ)dF−1 (θ) . (3)



It would be reasonable to assume that because a less informed voter is more likely to misjudge his best alternative, the alternative preferred by the more informed voter type (i.e., t = −1) would receive more votes than the other alternatives. Seemingly, this conjecture should be 12 As an exception,



Ali, Mihm and Siga (2017) consider a version of a model that allows for a correlation between policy preferences and information quality. They show that this correlation amplifies the failure of information aggregation.
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valid even without convexity. However, it does not necessarily hold. We first note that, without convexity, the status quo wins the election in each state. Proposition 7. Assume that y = 1. Then, for suﬃciently large n, in each BNE, max{v R,1, v R,−1 } < 1/2. □



Proof of Proposition 7. See Appendix A.6.



The intuition is straightforward. Suppose that the aforementioned conjecture is true. Since type −1 voters are more likely to be well-informed, type 1 voters realize that their preferred reform will not be chosen. Then, in turn, they also realize that the status quo is now their preferred alternative. By the symmetry of extreme voters, the status quo defeats the reform. However, with suﬃciently strong convexity, majority voting works in favor of the better informed voter type. Proposition 8. Assume that F−1 first-order stochastically dominates F1 and that the following inequality holds: ) ( )) ( ( y y + F−1 > 1. k 2 + F1 (4) 1+y 1+y Then, for suﬃciently large n, there exists a BNE such that v R,1 > 1/2 > v R,−1 . □



Proof. See Appendix A.7.



Note that type −1 voters prefer policy x R = −1 to xD = 0 in state 1 and have the converse preference in state −1. Proposition 8 implies that, in this situation, majority voting maximizes the utility of the better informed type of voters (i.e., t = −1).



7. Conclusion We study a model that allows for strategic voting and electoral competition. In our setting, the status quo, which always results in the median voter’s preferred consequence, is defeated by an extreme reform when the utility function is suﬃciently convex or when voters are likely to receive scarce information. Then, social welfare is minimized in an equilibrium of the electoral competition. This result is in sharp contrast to the findings of classical electoral competition studies, such as those of Coughlin and Nitzan (1981); Ledyard (1984), who show that electoral competition under majority voting maximizes social welfare. However, we do find that when candidates receive suﬃciently precise information, the perverse equilibrium vanishes, as the signaling eﬀect reveals candidates’ information and, in turn, the environment approaches that of complete information. This result suggests that wiser candidates improve social welfare even when maximizing social welfare is not their objective. We now describe some limitations of this study. First, we assume symmetry and discreteness in policies and voters’ types. Thus, it would be interesting to extend this study to investigate the eﬀect of convexity on the aggregation of information in more general settings. Furthermore,
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we investigate only a limited case of correlation between signal precision and the distribution of types. We assume that each voter knows which voter types are more likely to be well-informed. However, if voters have incomplete knowledge about voter information, full information equivalence may fail even without convexity. We leave these further analyses to future research.
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Appendix A. Proofs A.1. Proofs in section 4 Proof of Lemma 1. If xD = x R , then, by Assumption 1, each candidate wins with probability 1/2. Therefore, we consider the case in which xD , x R . Without loss of generality, we assume that x R = 1 and xD = −1. As type t = 0 voters are indiﬀerent to which candidate is elected, such voters vote for the Pr(zR =n|ω=−1) candidates with equal probabilities. Consider the other types. Let γ = 1−q q Pr(zR =n|ω=1) . Then, the best response of each voter with type (t, σ) ∈ {−1, 1}2 is as follows. 1. If (t, σ) = (1, 1), a voter votes for R if θ >



γ 1+γ .



2. If (t, σ) = (1, −1), he votes for R if θ 



1 1+γ .



3. If (t, σ) = (−1, 1), he votes for R if θ 



γ 1+γ .



4. If (t, σ) = (−1, −1), he votes for R if θ >



1 1+γ .



Let v R,ω (γ) be the probability with which a given voter votes for candidate R in state ω ∈ {−1, 1} Pr(zR =n|ω=−1) under γ = 1−q q Pr(zR =n|ω=1) . Then, [∫ v R,1 (γ) = k [∫ v R,−1 (γ) = k



∫ γ 1+γ



γ 1+γ



θdF(θ) +



1 1+γ



(1 − θ)dF(θ) +



∫ (1 − θ)dF(θ) +



∫



1 1+γ



∫ θdF(θ) +



γ 1+γ



γ 1+γ



]



∫ θdF(θ) +



1 1+γ



(1 − θ)dF(θ) +



(1 − θ)dF(θ) + ]



∫ 1 1+γ



θdF(θ) +



1 − 2k 2 1 − 2k . 2



From these equations, we obtain v R,1 (γ) = v R,1 (γ) = 1/2 for each γ. Then, γ = (1 − q)/q, which characterizes the BNEs. Given this result, we know that in each BNE, a given voter votes for each candidate with the same probability. Thus, each candidate wins with probability 1/2. □
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y Proof of Proposition 1. Note that if γ = 1, v R,1 (1) = v R,−1 (1) = k(1 + F( 1+y )) > 1/2. Note also that v R,1 (γ) is increasing in γ ∈ [1/y, y] and that v R,−1 (γ) is decreasing in γ ∈ [1/y, y]. Therefore, there exists a δ¯ > 0 such that for each δ < δ¯ and γ ∈ (1, 1 + δ), v R,1 (γ) > v R,−1 (γ) > 1/2 and each γ ∈ (1 −[ δ, 1), v R,−1 (γ) > ] v R,1 (γ) > 1/2. Then, for v



(γ)(1−v



(γ)) n



R,−1 R,−1 suﬃciently large n, if γ ∈ (1, 1+δ), φ(γ) = 1−q > 1+δ and if γ ∈ (1−δ, 1), q vR,1 (γ)(1−vR,1 (γ)) [ ]n vR,−1 (γ)(1−vR,−1 (γ)) φ(γ) = 1−q < 1 − δ. Then, by the intermediate value theorem, we can find q vR,1 (γ)(1−vR,1 (γ)) a fixed point of φ in (1 − δ, 1 + δ). Taking a suﬃciently small δ completes the proof. □



Proof of Proposition 2. We first prepare the following claim. Claim 1. Suppose that F ′′ < 0 and k(1 + F(y/(1 + y))) < 1/2. Then, for each γ ∈ R+ , v R,1 (γ) + v R,−1 (γ) < 1. Proof of Claim 1. As v R,1 (1) + v R,−1 (1) = 2k(1 + F(y/(1 + y))) < 1, it is suﬃcient to show that, for each γ ∈ R+ , v R,1 (γ) + v R,−1 (γ) ⩽ v R,1 (1) + v R,−1 (1). To show this result, we consider three cases. Case (1) γ ∈ [1/y, y]: In this case, (



(



) ( )) γy y v R,1 (γ) + v R,−1 (γ) = k 2 + F +F . 1 + γy y+γ By diﬀerentiating the above equation with respect to γ, we obtain ) ( ) ] [ ( y y y γy ′ ′ −F . k F 1 + γ y (1 + γ y)2 y + γ (y + γ)2 Note the following two facts. y γy > ⇐⇒ γ > 1 1 + γy y+γ y y < ⇐⇒ γ > 1. (1 + γ y)2 (y + γ)2 ∂[v



(γ)+v



Then, as F ′′ < 0, R,1 ∂γ R,−1 v R,−1 (γ) is maximized at γ = 1.



(γ)]



> 0 if and only if γ < 1. Therefore, v R,1 (γ) +



Case (2) γ > y: In this case, (



(



) ( )) γy γ v R,1 (γ) + v R,−1 (γ) = k 2 + F −F . 1 + γy y+γ By diﬀerentiating the above equation with respect to γ, we obtain [ ( ) ( ) ] γy y γ y ′ ′ k F −F . 1 + γ y (1 + γ y)2 y + γ (y + γ)2
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∂[vR,1 (γ)+vR,−1 (γ)] ∂γ



γy γ ′′ As 1+γ y > y+γ and F < 0, case (1), the proof is complete.



< 0. Since v R,1 (y) + v R,−1 (y) < 1 by



Case (3) γ < 1/y: In this case, (



(



) ( )) 1 1 v R,1 (γ) + v R,−1 (γ) = k 2 − F +F . 1 + γy 1 + γ/y By diﬀerentiating the above equation with respect to γ, ( ) ) ] [ ( 1 y y 1 ′ ′ −F . k F 1 + γ y (1 + γ y)2 1 + γ/y (y + γ)2 ∂[v



(γ)+vR,−1 (γ)] ∂γ



Then, we know that R,1 (1), the proof is complete.



> 0. Since v R,1 (1/y) + v R,−1 (1/y) < 1 by case □



Let v R,ω be the equilibrium probability with which a given voter votes for candidate R in state ω ∈ {−1, 1}. To complete the proof, suppose by contradiction that there is a BNE in which max{v R,1, v R,−1 } ⩾ 1/2 for suﬃciently large n. By Claim 1, min{v R,1, v R,−1 } < 1/2 in the BNE. Given this, without loss of generality, we assume that v R,1 ⩾ 1/2 > v R,−1 . Hence, by Claim 1, 1 − v R,−1 > v R,1 ⩾ 1/2 ⩾ 1 − v R,1 > v R,−1, which implies that (1 − v R,−1 )v R,−1 < (1 − v R,1 )v R,1 . By the equilibrium condition, [ ]n 1 − q v R,−1 (γ)(1 − v R,−1 (γ)) γ = φ(γ) = . q v R,1 (γ)(1 − v R,1 (γ)) Then, as n → ∞, φ(γ) → 0, and, thus, γ → 0 in the BNE. Since as γ → 0, v R,1 → k < 1/2, it contradicts the assumption that v R,1 ⩾ 1/2. □ Proof of Proposition 3. Note that as γ → 0, limγ→0 v R,1 (γ) = limγ→0 v R,−1 (γ) = k < 1/2. [ Note also that] for each γ ∈ R+ , v R,ω (γ) ∈ (a, a) for some a, a such that 0 < a < a < 1. Thus, vR (−1)(1−vR (−1)) vR (1)(1−vR (1))



n



∈ (b, b) such that 0 < b < b < ∞. Therefore, for each ε > 0, there exists q such that for each q < q, φ(γ) < ε for each γ. Then, each fixed point of φ is also less than ε. By the continuity of v R,ω (γ), for suﬃciently small δ > 0, maxω v R,ω < k + δ < 1/2. A similar argument is valid for the case of suﬃciently large q. □



A.2. Proof of Proposition 4 For the BNE when xi = 0 and x j , 0, i, j ∈ {R, D}, we consider a BNE such that γ → 1 as n → ∞. Existence is guaranteed by Proposition 1 for any common prior belief of voters such that Pr(ω = 1) ∈ (0, 1).
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Case (1) β < q. After receiving her signal, for each i ∈ {R, D}, candidate i’s posteriors to the event that ω = 1 are qβ > 1/2, qβ + (1 − q)(1 − β) q(1 − β) Pr(ω = 1 | σi = −1) = > 1/2. q(1 − β) + (1 − q)β Pr(ω = 1 | σi = 1) =



Now, we show that there is a PBNE in which x R (1) = x R (−1) = 1 and xD (1) = xD (−1) = −1. By Lemma 1, under the strategy profile, each candidate wins with probability 1/2. Since Pr(ω = 1 | σi ) > 1/2, candidate D has no incentive to deviate to xD = 1. Candidate R also has no incentive to deviate for the same reason. Now, consider a deviation to xi = 0. Note that, under the voters’ beliefs after observing the candidates’ choices (before receiving the voters’ signals), the posterior Pr(ω = 1 | x R, xD ) is a convex combination of Pr(ω = 1 | σi = 1) ∈ (0, 1) and Pr(ω = 1 | σi = −1) ∈ (0, 1), i ∈ {R, D}. For suﬃciently large n, by Proposition 1, the deviating candidate’s winning probability is less than 1/2. Therefore, neither candidate has an incentive to deviate to xi = 0, and the proof is complete. Case (2) β > q. After receiving her signal, candidate D’s posteriors to the event that ω = 1 are qβ > 1/2, qβ + (1 − q)(1 − β) q(1 − β) Pr(ω = 1 | σD = −1) = < 1/2. q(1 − β) + (1 − q)β Pr(ω = 1 | σD = 1) =



Now, we show that there is a PBNE in which x R (1) = 1, x R (−1) = 1, xD (1) = −1, and xD (−1) = 1. By Lemma 1, under the strategy profile, each candidate wins with probability 1/2 in each state. Let i ∈ {R, D}. Consider a deviation to xi = 0. As in case (1), we can prove that, for a suﬃciently large n, this deviation is unprofitable. The other deviation is also unprofitable, as the winning probability is the same, and the other policy is less desirable for candidate i. □



A.3. Proof of Theorem 1 (1) We show that there is a PBNE in which xi (σ) = 0 for each i ∈ {R, D} and σ ∈ {−1, 1}. For candidate D’s deviation, assume that a voter’s oﬀ-equilibrium path belief places probability 1 on σD = −xD if xD , 0. For candidate R’s deviation, we also assume that a voter’s oﬀ-equilibrium path belief places probability 1 on σR = x R if x R , 0. Consider candidate R’s deviation. Let q and q be the values that are obtained in Proposition 3. Then, by the assumption, under the voters’ belief after observing the candidates’ choices (before
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receiving the voters’ signals), for suﬃciently large βR , qβR >q qβR + (1 − q)(1 − βR ) q(1 − βR ) P(ω = 1 | x R = −1) = < q. q(1 − βR ) + (1 − q)βR



qR, P(ω = 1 | x R = 1) =



By Proposition 3, the above inequalities imply that candidate R’s winning probability is less than 1/2. Note that, in the original strategy profile, each candidate wins with probability 1/2. When ξ is suﬃciently small, this deviation is unprofitable. The same discussion applies to any deviation of candidate D. Therefore, it is a PBNE. (2) Let qi,σ be candidate i’s updated belief about the probability of ω = 1 after receiving signal σ. We fix βR so that qβR = βR > q, qβR + (1 − q)(1 − βR ) q(1 − βR ) := = 1 − βR < q. q(1 − βR ) + (1 − q)βR



qR,1 := qR,−1



(5) (6)



Then, by (1), there is a PBNE such that xi (σ) = 0 for each i ∈ {R, D} and σ ∈ {1, −1}. Step 1: There is no PBNE in which xD (1) , xD (−1). Consider the strategy xD (1) , xD (−1). Then, for each candidate D’s choice xD ∈ {xD (1), xD (−1)}, voters’ beliefs place probability 1 −1 (x ). Let P(σ | x ) be the probability that candidate R receives on the event that σD = xD D R R signal σR ∈ {1, −1} under the voters’ (possibly oﬀ-equilibrium-path) beliefs after observing candidate R’s choice x R . For a suﬃciently large βD , voters’ beliefs after observing the candidates’ choices (before receiving the voters’ signals) are calculated as qβD X1 > q, for each x R qβD X1 + (1 − q)(1 − βD )X−1 q(1 − βD )X1 Pr(ω = 1 | xD = xD (−1), x R ) = < q, for each x R q(1 − βD )X1 + (1 − q)βD X−1 X1 = βR P(σR = 1 | x R ) + (1 − βR )P(σR = −1 | x R ) ∈ (1 − βR, βR ) X−1 = (1 − βR )P(σR = 1 | x R ) + βR P(σR = −1 | x R ) ∈ (1 − βR, βR ). Pr(ω = 1 | xD = xD (1), x R ) =



The last two inequalities are followed from the fact that maxσ∈{−1,1} {P(σR = σ | x R )} > 0 and βR ∈ (0, 1). We consider the following cases. Case 1. xD (σ) , 0 for each σ ∈ {−1, 1}. In this case, by Proposition 3, if x R (σ) = 0, candidate R wins with some probability greater than 1/2. Otherwise, by Lemma 1, she wins with probability 1/2. If ξ > 0 is suﬃciently small, x R (σ) = 0 is her best response. Then, in turn, when ξ > 0 is suﬃciently small, for candidate D, xD (σ) = 0, σ ∈ {−1, 1} is also her best response. Case 2. xD (σ) = 0 for some σ ∈ {−1, 1}. Without loss of generality, we assume that
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xD (1) = 0. By assumption, xD (−1) , 0. In this case, if x R = 0, candidate R’s winning probability is P(σD = −1 | σR )w R + P(σD = 1 | σ)1/2, where w R > 1/2 by Proposition 3. However, if x R , 0, candidate R’s winning probability is P(σD = −1 | σR )1/2 + P(σD = 1 | σ)w R′ , where w R′ < 1/2. If ξ > 0 is suﬃciently small, x R (σ) = 0 is her best response. Then, in turn, when ξ > 0 is suﬃciently small, for candidate D, xD (σ) = 0, σ ∈ {−1, 1} is also her best response. Therefore, in each PBNE, candidate D does not choose a separating strategy. Step 2: There is no PBNE in which xD (1) = xD (−1) , 0. To show this result, consider a strategy in which xD (1) = xD (−1) , 0. Without loss of generality, we consider the case in which xD (1) = xD (−1) = 1. Suppose by contradiction that the following strategy profiles of the candidates are PBNE. Case (1) Candidate R takes a strategy such that x R (1) = x R (−1) , 0. Then, D’s winning probability is 1/2. By Lemma 1, candidate D’s deviation such that xD (1) = −1 gives D a winning probability of 1/2 for each BNE. Then, by her policy preferences, xD (1) = −1 is a profitable deviation for candidate D. Case (2) Candidate R takes a strategy such that x R (σ) = 0 for each σ. Let w R (ω) be R’s winning probability in state ω and recall that qi,σ is candidate i’s updated belief about the probability of ω = 1 after receiving signal σ. If x R = 0, candidate R’s expected utility is [qR,σ w R (1) + (1 − qR,σ )w R (−1)](1 − ξ L(1)) − (1 − qR,σ )(1 − w R (−1))ξ L(2). However, by deviating to x R (σ) = σ, candidate R’s expected utility becomes { 1 2 − (1 − qR,1 )ξ L(2) if σ = 1, 1 1 if σ = −1. 2 − 2 ξ L(2)
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Therefore, in each PBNE, [qR,1 w R (1) + (1 − qR,1 )w R (−1)](1 − ξ L(1)) − (1 − qR,1 )(1 − w R (−1))ξ L(2) 1 ⩾ − (1 − qR,1 )ξ L(2), (7) 2 [qR,−1 w R (1) + (1 − qR,−1 )w R (−1)](1 − ξ L(1)) − (1 − qR,−1 )(1 − w R (−1))ξ L(2) 1 1 ⩾ − ξ L(2). (8) 2 2 By adding (7) into (8), −1 + [(qR,1 + qR,−1 )w R (1) + (2 − qR,1 − qR,−1 )w R (−1)](1 − ξ L(1)) +[(1/2 − qR,1 ) − (2 − qR,1 − qR,−1 )(1 − w R (−1))]ξ L(2) ⩾ 0.



(9)



Consider candidate D’s incentive. Let u D (σ) be candidate D’s expected utility when she receives signal σD = σ. u D (σ) = [1 − qD,σ w R (1) − (1 − qD,σ )w R (−1)] − ξ[qD,σ (1 − w R (1))L(2) + (qD,σ w R (1) + (1 − qD,σ )w R (−1))L(1)] In each PBNE, it is necessary that min{u D (1), u D (−1)} ⩾ 1/2 − ξ L(1). Then, we obtain u D (1) + u D (−1) = 1 − (qD,−1 + qD,1 )w R (1)(1 + ξ L(1)) − (2 − qD,−1 − qD,1 )w R (−1)(1 + ξ L(1)) (10) + ξ[2L(1) − (1 − w R (1))L(2)] ⩾ 0. Adding (9) to (10) yields ξ(1 − w R (1) − w R (−1))[2L(1) − L(2)] ⩾ qR,1 − 1/2. Since (1 − w R (1) − w R (−1))[2L(1) − L(2)] is bounded and qR,1 > 1/2, for suﬃciently small ξ, the above inequality is violated. This result implies that there is a profitable deviation. Case (3) Candidate R takes a strategy such that x R (1) , x R (−1). Then, as βR is high so that (5) and (6) are satisfied, under the voters’ common belief after observing the candidates’ choices, qβR > q, qβR + (1 − q)(1 − βR ) q(1 − βR ) < q. P(ω = 1 | x R = x R (−1), xD ) = q(1 − βR ) + (1 − q)βR P(ω = 1 | x R = x R (1), xD ) =



Note that, for some σ ∈ {−1, 1}, x R (σ) ∈ {−1, 1}. Then, by Proposition 3 and Lemma 1, candidate D’s winning probability is less than or equal to 1/2.
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For each signal σ ∈ {−1, 1}, consider a deviation such that xD (σ) = 0. We consider the following three cases. a) Suppose that voters have oﬀ-equilibrium-path beliefs such that P(σD = 1 | xD = 0) = 1. Then, as shown in case (1), P(ω = 1 | x R, XD = 0) > q. Note that x R (σ) , 0 for some σ. Given this result and by Proposition 3 and Lemma 1, candidate D’s winning probability is higher than 1/2. This is a profitable deviation for candidate D. b) The case in which P(σD = 1 | xD = 0) = 0 is identical to the previous case. c) Suppose that voters have oﬀ-equilibrium path beliefs such that P(σD = 1 | xD = 0) = 1/2. Then, in each state, qβR = βR > q, qβR + (1 − q)(1 − βR ) q(1 − βR ) P(ω = 1 | x R = x R (−1)) = = 1 − βR < q. q(1 − βR ) + (1 − q)βR P(ω = 1 | x R = x R (1)) =



Given this result and by Proposition 3, candidate D’s winning probability is higher than 1/2. This is a profitable deviation for candidate D. Therefore, each case admits a profitable deviation and, hence, there is no PBNE in which xD (1) = xD (−1) , 0. Step 3. Completing the proof. By steps 1 and 2, as we focus on pure strategies, in each PBNE, xD (σD ) = 0 for each σD ∈ {−1, 1}. Now, consider candidate R’s behavior. Suppose that x R (σ) = 1 for each σ. Recall that w R (σ) is the probability with which candidate R wins. Then, we will prove that w R (1) = w R (−1) = 1/2. To show this result, suppose by a contradiction that w R (σ) , 1/2 for some σ. We consider the following cases. 1. w R (1) > 1/2. Then, as βD is large enough, if candidate D receives the signal σD = 1, under her belief, her winning probability is approximately 1 − w R (1) < 1/2. By deviating to xD (1) = −1, her winning probability becomes 1/2. As x = −1 is candidate D’s preferred policy, both her oﬃce and policy motivations improve. Therefore, this deviation is profitable, a contradiction. 2. w R (−1) > 1/2. This case is symmetric to the previous case. By the above discussion, we know that w R (σ) ⩽ 1/2 for each σ ∈ {−1, 1}, and, by assumption, min{w R (1), w R (−1)} < 1/2. Suppose that candidate R receives the signal σ. Then, under candidate R’s belief, her winning probability is qR,σ w R (1) + (1 − qR,σ )w R (−1) < 1/2. Then, by deviating to x R (1) = 0, the winning probability becomes 1/2. For a suﬃciently small ξ > 0, this deviation is profitable for candidate R, a contradiction. Then, we can conclude that w R (1) = w R (−1) = 1/2. In this case, candidate D also has an incentive to deviate so that xD (−1) = 1. In this case, although candidate D’s winning
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probability remains 1/2, her utility due to her policy motivation increases. Thus, there is no PBNE in which x R (σ) = 1. The case for x R (σ) = −1 for each σ is identical. Lastly, we consider the case for x R (1) , x R (−1). Then, since x R (σ) ∈ {−1, 1} for some σ ∈ {−1, 1}, as in case (3) in step 2, we can prove that R’s winning probability is less than 1/2. Then, by deviating so that x R (σ) = 0, R achieves a winning probability of 1/2, which is a profitable deviation if ξ > 0 is suﬃciently small. Therefore, in each PBNE, x R (σ) = 0 for each σ ∈ {−1, 1}. □



A.4. Proof of Proposition 5 First, note that a type 0 voter votes for candidate D. Consider the strategy profile such that no voter votes for candidate L. Now consider a type 1 voter. For notational simplicity, we let Pr(ω) = Pr(ω | σ, θ). Then, the expected utility of voting for candidate R is u1R = Pr(1)[−L(2)Pr(z R ⩾ n | ω = 1) − L(1)Pr(n > z R | ω = 1)] +Pr(−1)[−L(0)Pr(z R ⩾ n | ω = −1) − L(1)Pr(n > z R | ω = −1)]. Similarly, the expected utility of voting for D is u1D = Pr(1)[−L(2)Pr(z R ⩾ n + 1 | ω = 1) − L(1)Pr(n ⩾ z R | ω = 1)] +Pr(−1)[−L(0)Pr(z R ⩾ n + 1 | ω = −1) − L(1)Pr(n ⩾ z R | ω = −1). Finally, the expected utility of voting for L is u1L = Pr(1)[−L(2)Pr(z R ⩾ n + 1 | ω = 1) − L(1)Pr(n > z R | ω = 1) L(2) + L(1) − Pr(z R = n | ω = 1)] 2 +Pr(−1)[−L(0)Pr(z R ⩾ n + 1 | ω = −1) − L(1)Pr(n > z R | ω = −1) L(0) + L(1) − Pr(z R = n | ω = −1)]. 2 Note that the probability that candidate L wins is zero because at most one voter votes for L and the number of voters is larger than 5. Then, u1R − u1D = −Pr(1)(L(2) − L(1))Pr(z R = n | ω = 1) + Pr(−1)L(1)Pr(z R = n | ω = −1) 1 u1R − u1L = [Pr(1)(L(2) − L(1))Pr(z R = n | ω = 1) + Pr(−1)L(1)Pr(z R = n | ω = −1)] 2 1 u1L − u1D = [Pr(1)(L(2) − L(1))Pr(z R = n | ω = 1) + Pr(−1)L(1)Pr(z R = n | ω = −1)] . 2 If voting for candidate L is strictly optimal, u1R < u1L and u1L > u1D . However, these inequalities are incompatible, as u1R − u1L = u1L − u1D . Therefore, voting for candidate L is never (unique) optimal. For type −1 voters, the same argument is valid. In this case,
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the situation is reduced to the two-candidate case in which x R = −1 and xD = 0. Now, Proposition 1 is applicable. □



A.5. Proof of Proposition 6 First, note that a type 0 voter votes for candidate D. Consider the strategy profile such that no voter abstains. Now consider a type 1 voter. For notational simplicity, we let Pr(ω) = Pr(ω | σ, θ). Then, the expected utility of voting for candidate R is u1R = Pr(1)[−L(2)Pr(z R ⩾ n | ω = 1) − L(1)Pr(n > z R | ω = 1)] +Pr(−1)[−L(0)Pr(z R ⩾ n | ω = −1) − L(1)Pr(n > z R | ω = −1)]. Similarly, the expected utility of voting for D is u1D = Pr(1)[−L(2)Pr(z R ⩾ n + 1 | ω = 1) − L(1)Pr(n ⩾ z R | ω = 1)] +Pr(−1)[−L(0)Pr(z R ⩾ n + 1 | ω = −1) − L(1)Pr(n ⩾ z R | ω = −1). Finally, the expected utility of abstention is u1A = Pr(1)[−L(2)Pr(z R ⩾ n + 1 | ω = 1) − L(1)Pr(n > z R | ω = 1) L(2) + L(1) Pr(z R = n | ω = 1)] − 2 +Pr(−1)[−L(0)Pr(z R ⩾ n + 1 | ω = −1) − L(1)Pr(n > z R | ω = −1) L(0) + L(1) Pr(z R = n | ω = −1)]. − 2 Then, as in the proof of Proposition 5, we can show that abstention is never a strictly optimal choice. Therefore, the situation is reduced to the case with no abstention. Now, Proposition 1 is applicable. □



A.6. Proof of Proposition 7 Note that for each γ ∈ R+ , v R,1 (γ)+v R,−1 (γ) = 2k < 1. Therefore, in each BNE, v R,1 +v R,−1 < 1. This result implies that min{v R,1, v R,−1 } < 1/2. Suppose that v R,1 < 1/2 ⩽ v R,−1 in a BNE. Then, v R,1 < 1/2 ⩽ v R,−1 < 1 − v R,1 , and, hence, (1 − v R,−1 )v R,−1 > (1 − v R,1 )v R,1 . Recall that the equilibrium condition is [ ]n 1 − q v R,−1 (γ)(1 − v R,−1 (γ)) . γ = φ(γ) = q v R,1 (γ)(1 − v R,1 (γ)) As n → ∞, γ → 0. However, this expression implies that v R,−1 → k < 1/2 as n → ∞, which is a contradiction. Therefore, we conclude that v R,−1 < 1/2. Replacing v R,1 and v R,−1 , we can also show that v R,1 < 1/2 for suﬃciently large n. □
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A.7. Proof of Proposition 8 The proof follows three steps. Step 1. There exists a γ ∈ (1, ∞) such that v R,1 (γ) + v R,−1 (γ) = 1. Proof of Step 1. By (2) and (3), ( ( v R,1 (γ) + v R,−1 (γ) = k 2 − F1



) ( ) ( ) ( )) 1 γy 1 γ/y + F1 + F−1 − F−1 . 1 + γy 1 + γy 1 + γ/y 1 + γ/y ( )) ( ( ) y y > 1. However, as γ → ∞, When γ = 1, v R,1 (1) + v R,−1 (1) = k 2 + F1 1+y + F−1 1+y limγ→∞ v R,1 (γ) + v R,−1 (γ) → 2k < 1. Then, the intermediate value theorem implies that there is a γ > 1 such that v R,1 (γ) + v R,−1 (γ) = 1. □ Note that there is a γ ∗ ∈ {γ > 1 : v R,1 (γ) + v R,−1 (γ) = 1} such that there is a δ¯ > 0, and for ¯ each δ < δ, [v R,1 (γ ∗ + δ) + v R,−1 (γ ∗ + δ) − 1][v R,1 (γ ∗ − δ) + v R,−1 (γ ∗ − δ) − 1] < 0. Without loss of generality, we assume that v R,1 (γ ∗ + δ) + v R,−1 (γ ∗ + δ) > 1 > v R,1 (γ ∗ − δ) + v R,−1 (γ ∗ − δ). Step 2. For each γ > 1, v R,1 (γ) > v R,−1 (γ). Proof of Step 2. We note that v R,1 (γ) − v R,−1 (γ) = k ∫ +



∫



[∫ 1 1+γy 1 1+γ/y



(1 − 2θ)dF1 (θ) +



γy 1+γy



∫



(1 − 2θ)dF−1 (θ) +



γ/y 1+γ/y



(2θ − 1)dF1 (θ)



] (2θ − 1)dF−1 (θ) .



Now, we need to consider two cases. 1. y ⩾ γ > 1. [∫ v R,1 (γ) − v R,−1 (γ) = k y Since y+γ < positive.



γy 1+γ y



]



∫ y y+γ



(2θ − 1)dF−1 (θ) −



γy 1+γy



(2θ − 1)dF1 (θ) .



and F−1 first-order stochastically dominates F1 , the above equation is



2. γ > y > 1. [∫ v R,1 (γ) − v R,−1 (γ) = k



]



∫ γ y+γ



(2θ − 1)dF−1 (θ) −
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γy 1+γy



(2θ − 1)dF1 (θ)



γ γy Since y+γ < 1+γ y and F−1 first-order stochastically dominates F1 , the above equation is also positive.



□ Step 3. Complete the proof. Recall that the equilibrium condition is [ ]n 1 − q v R,−1 (γ)(1 − v R,−1 (γ)) . γ = φ(γ) = q v R,1 (γ)(1 − v R,1 (γ)) By Steps 1 and 2, as v R,1 (γ ∗ ) + v R,−1 (γ ∗ ) = 1 and v R,1 (γ ∗ ) > v R,−1 (γ ∗ ), v R,1 (γ ∗ ) > 1/2 > ¯ γ ∗ ), v R,−1 (γ ∗ ). Note that a(1−a) is single-peaked at a = 1/2. Note also that for each γ ∈ (γ ∗ − δ, v R,1 (γ) ∈ (1/2, 1 − v R,−1 (γ)). Then, we have v R,1 (γ)(1 − v R,1 (γ)) > v R,−1 (γ)(1 − v R,−1 (γ)). Thus, ¯ γ ∗ ), φ(γ) → 0. Therefore, γ ∗ − δ¯ − φ(γ ∗ − δ) ¯ > 0. as n → ∞, for each γ ∈ (γ ∗ − δ, ¯ the converse relation holds, and, thus, γ ∗ + δ¯ − φ(γ ∗ + δ) ¯ < 0. For each γ ∈ (γ ∗, γ ∗ + δ), ∗ ∗ ¯ γ + δ) ¯ such that γ = φ(γ). As By the intermediate value theorem, there is a γ ∈ (γ − δ, ¯δ → 0, we conclude that there is a BNE sequence in which γ → γ ∗ . Therefore, in this BNE, for suﬃciently large n, v R,1 > 1/2 > v R,−1 . □
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