









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













Polynomial n-ary quasigroups Simona Samardziska1 and Smile Markovski2 1



FON University, Faculty of Communication and IT, Skopje, Macedonia, [email protected] 2 University Ss Cyril and Methodius, Faculty of Sciences, Institute of Informatics, Skopje, Macedonia [email protected]



Abstract A polynomial quasigroup is said to be a quasigroup (Q, ∗) defined by a multivariate polynomial P (x, y) by x ∗ y = P (x, y) for each x, y ∈ Q. We give a generalization of the notion of polynomial quasigroups, for the case of n-ary quasigroups, and we characterize them exactly by providing necessary and sufficient conditions for their existence. Keywords: Permutation polynomial, n-ary quasigroup, polynomial quasigroup AMS subject classification (2000): 20N05,20N15
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Introduction



A polynomial P (x) = a0 + a1 x + · · · + ad xd in a finite ring R is said to be a permutation polynomial if P permutes the elements of R. We say that an n-ary quasigroup (Q, f ) is a polynomial n-ary quasigroup if there is a ring (Q, +, ·) and a polynomial P (x1 , x2 , . . . , xn ) ∈ Q[x1 , x2 , . . . , xn ] such that f (x1 , x2 , . . . , xn ) = P (x1 , x2 , . . . , xn ) for every x1 , x2 , . . . , xn ∈ Q. Note that for n = 1 we have a set Q endowed with a permutation f , and for n = 2 we have a usual binary quasigroup. In the sequel we consider only the case when the ring is R = Zpw , where p is prime and w is a positive integer. Rivest [1] considers polynomials over Z2w that define binary quasigroups of order 2w . He proves the following statement. 1



Theorem 1 (a) Let P (x) = a0 +a1 x+· · ·+ad xd be a polynomial with integral coefficients. Then P (x) is a permutation polynomial modulo 2w , w ≥ 2, if and only if a1 is odd, (a2 + a4 + a6 + . . . ) is even, and (a3 + a5 + a7 + . . . ) is even. P i j (b) A bivariate polynomial P (x, y) = i,j ai,j x y , represents a quasigroup operation in Z2w , w ≥ 2, if and only if the four univariate polynomials P (x, 0), P (x, 1), P (0, y) and P (1, y), are all permutation polynomials in Z2w .  The key result of this article, given in Section 2, is the generalization of the Rivest’s theorem, for polynomials of n variables over the ring Z2w . In Section 3 we give one more generalization, where we consider the ring Zpw for prime p.
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Polynomial n-ary quasigroups on Z2w



An n-ary quasigroup is a pair (Q, f ) of a nonempty set Q and an n-ary operation f with the property that for any given n elements a1 , . . . , ai−1 , ai+1 , . . . . . . , an+1 ∈ Q and any i = 1, 2, . . . , n, there is a uniquely determined element ai ∈ Q such that f (a1 , a2 , . . . , an ) = an+1 . Equivalently, (Q, f ) is an n-ary quasigroup if the unary operations fa1 ,...,ai−1 ,ai+1 ,...,an (x) = f (a1 , . . . , ai−1 , x, ai+1 , . . . , an ) are permutations of Q. Proposition 1 Given an n-ary quasigroup (Q, f ) and given any fixed elements ai1 , . . . , aik ∈ Q, the projection operation fai1 ,...,aik (x1 , . . . , xi1 −1 , xi1 +1 , . . . , xik −1 , xik +1 , . . . , xn ) = f (x1 , . . . , xi1 −1 , ai1 , xi1 +1 , . . . , xik −1 , aik , xik +1 , . . . , xn ) defines an (n − k)-ary quasigroup (Q, fai1 ,...,aik ), for each k = 1, 2, . . . , n − 1.  Now, let P (x1 , x2 , . . . , xn ) be a polynomial over the ring (Z2w , +, ·). We are interested, under what conditions P defines an n-ary quasigroup. We will need the following lemma: 2



Lemma 1 [1] Let P (x) = a0 + a1 x + · · · + ad xd be a polynomial with integral coefficients, and let n = 2m, where m is even. If P (x) is a permutation polynomial modulo m, then P (x) is a permutation polynomial modulo n if and only if (a3 + a5 + a7 + . . . ) is even.  We will prove the next: Theorem 2 Let P (x1 , x2 , . . . , xn ) be a polynomial over the ring (Z2w , +, ·). P (x1 , x2 , . . . , xn ) is a polynomial that defines an n-ary quasigroup, n ≥ 2, if and only if for every (a1 , . . . , an−1 ) ∈ {0, 1}n−1 each of the polynomials P1 (x1 ) = P (x1 , a1 , . . . , an−1 ), P2 (x2 ) = P (a1 , x2 , . . . , an−1 ), .. . Pn (xn ) = P (a1 , . . . , an−1 , xn ).



(1)



is a permutation polynomial. Proof The necessary condition comes as a direct consequence of Proposition 1. For the opposite direction, we will use induction on the number of variables n of the polynomial P . The first step, when n = 2, is given by Theorem 1(b). Let the theorem hold for n − 1. Let us assume that (1) are permutation polynomials, but P (x1 , x2 , . . . , xn ) does not define an n-ary quasigroup. This means that there exists c ∈ Z2w , such that some of the polynomials P (c, x2 , . . . , xn ), P (x1 , c, x3 , . . . , xn ), P (x1 , . . . , xn−1 , c) does not define a n − 1-ary quasigroup. Without loss of generality, we may assume that it is the polynomial P 0 (x1 , . . . , xn−1 ) = P (x1 , . . . , xn−1 , c). From the inductive hypothesis, some of the polynomials P (x1 , a1 , . . . , an−2 , c), P (a1 , x2 , . . . , an−2 , c), . . . , P (a1 , . . . , an−2 , xn−1 , c), where (a1 , . . . , an−2 ) ∈ {0, 1}n−2 , is not a permutation. Again, without loss of generality, this polynomial may be considered as the polynomial P (x, c). From the assumption , P (x, 0) and P (x, 1) are permutation polynomials modulo 2w , hence permutation polynomials modulo 2. Since c = 2c1 + b 3



where b ∈ {0, 1}, we have: X X P (x, c) = pi (x)ci = pi (x)bi = P (x, b) i



(mod2)



(2)



i



Therefore, P (x, c) is a permutation polynomial modulo 2. Also, P (x, c) can be rewritten as: XX P (x, c) = ( aij cj )xi i



(3)



j



From Lemma 1 this polynomial is permutation polynomial modulo 2w , if and only if X aij cj = 0 (mod2) (4) i≥3,i−odd



But, X i≥3,i−odd



aij cj =



X



aij bj = 0



(mod2)



(5)



i≥3,i−odd



since P (x, b) is permutation polynomial modulo 2w . It follows that P (x, c) is permutation polynomial modulo 2w , a contradiction with our assumption. Hence, the theorem is proven.  The next natural step is to see what do the conditions of Theorem 2 look like for the more general case of polynomials over the ring (Zpw , +, ·), p prime.
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Quasigroups and polynomials over the ring (Zpw , +, ·), p - prime



In chapter VIII of [2], Hardy and Wright, study the solutions of a congruence to a prime-power modulus. As a direct consequence of Theorem 123 (also noted in [3]), a polynomial P (x) in one variable permutes the elements of Zpw , if and only if it permutes the elements of Zp , and P 0 (i) 6= 0 (modp) for every integer i. In other words: Proposition 2 A polynomial P (x) = a0 + a1 x + · · · + ad xd with integral coefficients is a permutation polynomial modulo pw , p-prime,w ≥ 2 if and only if the following two conditions are true simultaneously: 4



1. P (x) is a permutation polynomial modulo p, i.e. ∀i, j ∈ {0, 1, . . . , p − 1} and i 6= j, P (j) − P (i) 6= 0 (modp) 2. ∀i ∈ {0, 1, . . . , p − 1} , P 0 (i) = a1 + 2ia2 + · · · + did−1 ad 6= 0 (modp) Remark 1 It is easy to establish, that the main theorem from [1], i.e. Theorem 1(a), is a direct consequence of Proposition 2. Next, we state and prove the equivalence of Theorem 1(b), for the ring Z . P i j Theorem 3 A bivariate polynomial P (x, y) = i,j ai,j x y , represents a w quasigroup modulo p , p-prime, w ≥ 2, if and only if the 2p univariate polynomials P (x, 0), P (x, 1), . . . , P (x, p − 1), P (0, y), P (1, y), . . . , P (p − 1, y), (6) pw



are all permutation polynomials modulo pw . Proof It is clear that ”the only if” part holds. Assume now that the polynomials (6) are permutation polynomials modulo pw , but P (x, y) is not a representation of a quasigroup. That means that there exists c ∈ Zpw , such that at least one of P (x, c) or P (c, y) is not a permutation polynomial. Without loss of generality, let that polynomial be Pc (x) = P (x, c). Since c = p c1 + b where b ∈ {0, 1, . . . p − 1}, we have: X X Pc (x) = P (x, c) = pi (x)ci = pi (x)bi = P (x, b) (modp) (7) i



i



hence, P (x, c) is a permutation polynomial modulo p. And since: XX X X Pc0 (x) = ( ( aij cj )xi )0 = i·( aij cj )xi−1 = i



=



X i



i·(



X j



j



aij bj )xi−1



i



j



XX =( ( aij bj )xi )0 = Pb0 (x) (modp) i



(8)



j



where Pb (x) = P (x, b), it follows that Pc0 (i) 6= 0 (modp), ∀i ∈ {0, 1, . . . , p − 1} . From Proposition 2, we conclude that Pc (x) = P (x, c) is a permutation polynomial modulo pw . Therefore, our assumption is wrong, and this proofs the ”if” part of the theorem.  5



Now we can state the conditions for a n-variate polynomial over the ring Z to be a representation of an n-ary quasigroup. (the proof is omitted due to the similarity of the proof of Theorem 2) pw



Theorem 4 Let P (x1 , x2 , . . . , xn ) be a polynomial over the ring (Zpw , +, ·), p- prime. P (x1 , x2 , . . . , xn ) is a polynomial that defines an n-ary quasigroup, n ≥ 2, if and only if for every (a1 , . . . , an−1 ) ∈ {0, 1, . . . , p − 1}n−1 each of the polynomials P1 (x1 ) = P (x1 , a1 , . . . , an−1 ), P2 (x2 ) = P (a1 , x2 , . . . , an−1 ), .. . Pn (xn ) = P (a1 , . . . , an−1 , xn ). (9) is a permutation polynomial over the ring (Zpw , +, ·).



References [1] Ronald L. Rivest , ”Permutation polynomials modulo 2w ”, Finite Fields and Their Applications 7, 287-292(2001) [2] G. H. Hardy and E. M. Wright, ”An Introduction to the Theory of Numbers”, Clarendon, Oxford, 4th ed., 1975 [3] G. Mullen and H. Stevens, ”Polynomial functions (mod m)”, Acta Math. Hungar. 44, (Nos. 3 - 4) (1984), 237-241.
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