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PRICING CONTINUOUSLY SAMPLED ASIAN OPTIONS WITH PERTURBATION METHOD JIN E. ZHANG



This article explores the price of continuously sampled Asian options. For geometric Asian options, we present pricing formulas for both backwardstarting and forward-starting cases. For arithmetic Asian options, we demonstrate that the governing partial differential equation (PDE) cannot be transformed into a heat equation with constant coefﬁcients; therefore, these options do not have a closed-form solution of the Black–Scholes type, that is, the solution is not given in terms of the cumulative normal distribution function. We then solve the PDE with a perturbation method and obtain an analytical solution in a series form. Numerical results show that as compared with Zhang’s (2001) highly accurate numerical results, the series converges very quickly and gives a good approximate value that is more accurate than any other approximate method in the literature, at
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least for the options tested in this article. Graphical results determine that the solution converges globally very quickly especially near the origin, which is the area in which most of the traded Asian options fall. © 2003 Wiley Periodicals, Inc. Jrl Fut Mark 23:535–560, 2003



INTRODUCTION Options based on average asset values, ﬁrst studied by Ingersoll (1987), have been very popular in the ﬁnancial industry because they are often cheaper than the vanilla ones and less sensitive to price manipulations. Asian options are often embedded into more complex products like multi-asset options, such as rainbow options and various other correlation products. They are usually called Asian options because these options were originally traded in the Asian market, particularly in Tokyo. Most of the traded Asian options are discretely sampled, but the daily sampled case can be approximated by the continuously sampled case. Pricing discretely sampled Asian options with a volatile smile is of considerable interest to practitioners. Benhamou and Duguet (2003) deal with the problem by solving a partial differential equation (PDE) with a ﬁnite difference method. A review of different numerical methods can be found in the introduction of Zhang (2001). In this article, we focus on analytical methods to price continuously sampled Asian options within a Black–Scholes framework of geometric Brownian motion with a constant volatility. Even for the simple model, the pricing of arithmetic Asian options is still a challenging task. The difﬁculty comes from the fact that we do not know how to describe analytically the distribution of the sum/integral of the lognormals. In an effort to come up with an approximate formula, researchers have tried to solve the problem through different mathematical applications, including applied statistics, applied probability, and mathematical analysis. When taking the applied statistics approach, researchers seek to approximate the distribution of the sum of the lognormals by ﬁtting different frequency curves. Turnbull and Wakeman (1991) and Levy (1992) ﬁt the average rate to a lognormal by matching their ﬁrst two moments. Milevsky and Posner (1998) ﬁt the average rate to a reciprocal gamma distribution by matching their ﬁrst two moments. Posner and Milevsky (1998) ﬁt the average rate to a shifted lognormal by matching the ﬁrst three moments and to a shifted arcsinh-normal by matching the ﬁrst four moments. All of these moment-matching methods produce very nice closed-form approximate formulas for the price of Asian options, but they are all unable to provide an effective way to estimate the error of the approximations.



Pricing Asian Options



With the applied probability approach, researchers try to derive lower/upper bounds for the price of Asian options. Curran (1994) obtains a lower bound by conditioning on the geometric mean price. Rogers and Shi (1995) obtain a lower bound and upper bound by computing the expectation on the basis of a zero-mean Gaussian variable. With intuition and simple optimization, Thompson (2000) derives an upper bound that is more accurate than Rogers and Shi’s (1995) and a lower bound that is easier to compute while giving the same value as Rogers and Shi’s (1995). He also shows that the continuous limit of Curran’s (1994) lower bound is a good approximation of Rogers and Shi’s (1995) lower bound. The difference between the upper bound, and the lower bound can be used to estimate the error of the bound method, but a systematic way of improving the accuracy of the method is difﬁcult to ﬁnd. Following the mathematical analysis approach, Ju (2002) obtains an approximate formula for the characteristic function of the average rate. With the Taylor expansion, he expands the ratio of the characteristic function of the average to that of the approximating lognormal random variable around zero volatility. His Asian option pricing formula including terms up to s6 is accurate. The accuracy of his formula can be improved further by including more terms in the Taylor expansion. The Edgeworth expansion method used by Turnbull and Wakeman (1991) and Levy and Turnbull (1992) has been demonstrated by Ju (2002) to give completely unreliable results. Ju (2002) suggests that the Edgeworth expansion does not apply when it is used to approximate the density of the arithmetic average of a lognormal process. To justify the error in these approximate formulas, one needs accurate numerical results to serve as a benchmark. Geman and Yor (1993) prove that the Asian option price has a neat analytical solution in terms of an inverse Laplace transformation of a confluent hypergeometric function. However, inverting the Laplace transformation is a difficult task [see, e.g., Fu, Madan, & Wang (1999)]. An accurate numerical value is difficult to obtain, especially for low values of s1T with this approach. Zhang (2001) proposes a semi-analytical method for pricing and hedging continuously sampled arithmetic average rate options. With the singularity removal technique, he obtains an approximate formula and a new PDE that governs the error. Because the new PDE has smooth coefficients and zero initial condition, it can be integrated quickly and highly accurately with a standard ﬁnite difference method. Zhang’s (2001) result has an accuracy of 107 for the options tested. This article studies the price of Asian options analytically along the line of Zhang (2001). We demonstrate that PDE cannot be transformed into a standard heat equation; therefore, it does not have a closed-form
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solution of the Black–Scholes type, that is, the solution is not given in terms of the cumulative normal distribution function. Then we try to ﬁnd a good approximate solution. On top of Zhang’s (2001) leading-order approximation, we solve PDE governing the error term and obtain a second-order approximation. The error of the second-order approximation is governed by a new PDE that can be solved similarly. The procedure can be carried on forever. We present the analytical results up to the fourth order and test the convergence and accuracy of the approximate formulas. The results indicate that the series converges very quickly and gives more accurate results than other formulas. GEOMETRIC ASIAN OPTIONS Asian options are separated into two types—geometric Asian options and arithmetic Asian options on the basis of the averaging method. A geometric Asian option is easy to price and hedge because a closed-form solution for its prices can be obtained. For completeness, we give a brief derivation of the price of geometric Asian options including both backward-starting and forward-starting cases. A general expression is provided by Angus (1999) for the price of a European-style geometric Asian contingent claim. We consider a call option contract that is written at time t  0. The owner of the contract has the right to claim the difference between the average rate, GVT, and a strike, K, at maturity, T, that is, the payoff of the Asian call option is CT  max(GVT  K, 0)



(1)



The average rate, GVt, is deﬁned by the geometric mean of the underlying asset price over a certain period of time, [T0, t]



I  冮 ln S t



GVt  eIt兾(tT0),



t



t



dt



(2)



T0



In the risk-neutral world, the underlying asset price, St, is assumed to be lognormal, that is 1



2



St  S0e(rq2s )ts Bt



(3)



where r is the riskfree rate, q is the continuous dividend, s is the volatility, and Bt is a standard Brownian motion. r, q, and s are assumed to be constant. Because the sum of normal random variables is normally distributed, the random variable, It, is normal and GVt is then lognormal.



Pricing Asian Options



Given the information up to time t, the problem is to solve for the Asian option price, Ct. Following the risk-neutral argument by Cox and Ross (1976), the price of the European-style Asian call option can be expressed as follows: Ct  er(Tt) Et[max(GVT  K, 0)]



(4)



where Et is the conditional expectation under a risk-neutral probability measure [see, e.g., Harrison & Kreps (1979) and Harrison & Pliska (1981)]. For the case of a backward-starting Asian option, t is between T0 and T, such that GVT  eIT兾(TT0)  e(It兰t lnSudu)兾(TT0)  e(It兰0 [ln St(rq2s )tsBt]dt)兾(TT0) It (T  t) 2 1  ar  q  s2 b  St(Tt)兾(TT0) exp c T  T0 2 2(T  T0 ) T
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(5)



0



We deﬁne a new random variable, XT  兰0TtBt dt. The mean and variance of XT, obtained by a simple calculation, are given by



Var [X ]  13 (T  t)



Et[XT]  0,



t



T



3



(6)



Substituting Equation 5 into Equation 4 and calculating the integration yield the following pricing formula for a backward-starting geometric average rate Asian call option: *



lnSKt  (r  12s*2 )(T  t) c d Ct (St, It, t)  S*N t s*1T  t *



 Ke



r(Tt)



lnSKt  (r  12s*2 )(T  t) Nc d s* 1T  t



(7)



where r(Tt) S* Et (GVT )  St(Tt)兾(TT0) exp c t  e



It  (m*  r)(T  t) d T  T0



(8)



s Tt s*  13 TT



(T  t) 2 Tt 1 1 ,  s2 m*  ar  q  s2 b 2 2(T  T0 ) 6 (T  T0 ) 2
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(9)
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Notice that the formula is a Black–Scholes type with star variables. The formula has been proved by Kemna and Vorst (1990) for the special case when t  T0  0. For the case of a forward-starting Asian option, the current time t is between 0 and T0, such that GVT  eIT兾(TT0)  eTT 1



T



0



兰T0 lnSudu



1 s 1  ST0 exp c ar  q  s2 b (T  T0 )  2 2 T  T0
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苲 ds d B s
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冮
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苲 ds d B s



(10)
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苲 where the two Brownian motions, Br and Bs, are independent. We deﬁne 苲 1 a new random variable, YT  BT0t  TT 兰 TT0 Bs ds. The mean and vari0 0 ance of YT, obtained by simple calculation, are given by



Var [Y ]  T



Et[YT]  0,



t



T



0



t



1 2 (T  T0 )  T  t  (T  T0 ) 3 3



(11)



Substituting Equation 10 into 4 and calculating the integration yields the same Black–Scholes-type pricing formula as Equation 7 for a forwardstarting geometric average rate Asian call option, but with new star variables r(Tt) S* Et (GVT )  Steq(T0t)  (m*r)(TT0) t  e



m* 



(12)
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0



(13)



The price of an average rate put option can be obtained with put-call parity as follows: Ct  Pt  er(Tt)Et[max(GVT  K, 0)  max(K  GVT, 0)] r(Tt)  er(Tt)[Et (GVT )  K]  S* t  Ke



(14)



ARITHMETIC ASIAN OPTIONS We now consider arithmetic Asian options with the average rate deﬁned by the arithmetic mean of the underlying asset price AVt 
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t
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t
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(15)
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The risk-neutral valuation formula Ct  er(Tt)Et[max(AVT  K, 0)]



(16)



is still true, but we are unable to glean a nice formula from the integration because of the unknown distribution of the running sum, It. Within the Black–Scholes (1973) and Merton (1973) framework, the price of a backward-starting arithmetic average rate call option, C(S, I, t), satisﬁes the following partial differential equation, ﬁrst derived by Ingersoll (1987):



T
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C(S, I, T)  max[I兾 (T  T0 )  K, 0]



(17) (18)



Introducing a new variable j that is deﬁned by j  (T  T0 )



K  Et (AVT )



(19)



Ste(rq)t



which is essentially a measurement of “moneyness.” The average rate Asian call option is in the money if j  0, out of the money if j  0, and at the money if j  0. Most traded options are around j  0, that is, near the money. With the calculation of Et(AVT) in Equation 64, we have a formula for j given by Equation 20. Applying the transformation j
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Seqt f(j, t) T  T0



(22)



to Equations 17 and 18 results in a linear diffusion equation with a variable coefﬁcient and an initial condition
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0



(23) (24)



where r  r  q. One may show that Equation 23 cannot be transformed into a heat equation with constant coefficients, which means
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that we do not have a Black–Scholes-type closed-form solution for the arithmetic Asian option price. A rigorous proof of this statement is available in the Appendix. Now the issue becomes searching for an approximate solution of Equations 23 and 24. Initially 0 2f(j, 0)  d(j) 0j2



(25)



where d(j) is Dirac’s delta function. Therefore, the diffusion effect only initially exists at j  0 and will be signiﬁcant near the region of small j. Therefore, we can drop j in the coefficient of Equation 23 and solve f0(j, t), which is an analytical approximation of f(j, t), from the following equations:
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By introducing a new time variable, h dh 



s2 (1  ert ) 2 dt 2r2



冮



h



t



0



s2 s2 rs 2 (1  e ) ds  (3  2rt  4ert  e2rt ) 2r2 4r3



(28)



the equations become a standard heat equation
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(29) (30)



The solution can be obtained by Green’s function approach f0 (j, h)  
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(31)



which is the leading-order approximation given by Zhang (2001). The exact value of f(j, t) is equal to the analytical approximation, f0(j, t), plus the correction term, g1(j, t), that is f(j, t)  f0 (j, t)  g1 (j, t)



(32)
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where f0(j, t), satisfying Equation 26, is given by Equation 31. Substituting Equation 32 into Equations 23 and 24 yields the governing equations for g1(j, t) 2 2 0 g1 0g1 0 2f0 1 1 2 2 1 rt 2  s c )j  j d  s2 c j  (1  ert ) d (1  e r r 0t 2 0j2 2 0j2
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(33) (34)



which is not integrable on the basis of the argument in the Appendix. Zhang (2001) solves the problem numerically and obtains accurate numerical results for Asian option prices. Now we try to the solve the problem analytically by a perturbation method. An introduction to perturbation methods can be found in a standard applied mathematics textbook [see, e.g., Holmes (1995)]. Applying the same technique as before, we split g1(j, t) into two parts g1 (j, t)  f1 (j, t)  g2 (j, t)



(35)



where the ﬁrst part, f1(j, t), satisﬁes following PDE: 2 2 0 f1 0f1 1 2 1 s2 e(j 兾4h) 2 rt  s c (1  e ) d  c (1  ert )j  j2 d r 0t 2 0j2 2 2 1ph r 2
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(36) (37)



Integrating PDE gives us a closed-form formula for f1(j, t) s2 e(j 兾4h) (a  a11j  a12j2 ) f1 (j, t)  2 21ph 10 2



(38)



where h  h(t; r, s) is given by Equation 28 and a1i  a1i (t; r, s), i  0, 1, 2, are given by the following:
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The integrations can be carried out, but the output is long. We choose to keep this integral form for simplicity.
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Subtracting Equations 36 and 37 from 33 and 34, respectively, gives us the governing equations for g2(j, t) 2 2 0 g2 0g2 0 2f1 1 1 2 2 1 2 rt rt 2  s c (1  e )j  j d 2  s c j  (1  e ) d r r 0t 2 0j2 2 0j



g2 (j, t  0)  0



(42) (43)



Once again we split g2(j, t) into f2(j, t) and g3(j, t), that is, g2 (j, t)  f2 (j, t)  g3 (j, t), with f2(j, t) satisfying 2 2 0f2 0 f2 0 2f1 1 2 2 1 2 1 rt rt 2  s c (1  e )j  j d 2  s c (1  e ) d r r 0t 2 0j2 2 0j
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Integrating Equation 44 yields a closed-form formula for f2(j, t) f2 (j, t)  a
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where h  h(t; r, s) is again given by Equation 28, a2i  a2i (t; r, s), i  0, 1, 2, . . . , 6, are integrations of linear combinations of a1i, given by the following: t
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All the integrations can be solved either manually or with Mathematica. Subtracting Equations 44 and 45 from 42 and 43, respectively, yields the governing equations for g3(j, t) 2 2 0 g3 0g3 0 2f2 1 1 2 2 1 2 rt rt 2  s c (1  e )j  j d 2  s c j  (1  e ) d r r 0t 2 0j2 2 0j
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and is given by s2 3 e(j 兾4h) (a  a31j  a32j2  a33j3  a34j4  a35j5 f3 (j, t)  a b 2 21ph 30  a36j6  a37j7  a38j8  a39j9  a310j10 ) (58) 2



where h  h(t; r, s) is again given by Equation 28, a3i  a3i (t; r, s), i  0, 1, 2, . . . , 10, are integrations of linear combinations of a2i. We include the formulas for a3i in the Appendix for brevity. g4(j, t) satisﬁes the following equations: 2 2 0 g4 0g4 0 2f3 1 1 2 2 1 rt 2  c )j  j d  s2 c j  (1  ert ) d s (1  e r r 0t 2 0j2 2 0j2
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The procedure can be carried on forever. We choose to stop at the level of f3(j, t) and go on to test the convergence and accuracy of the formula in the next section. Summarizing the results obtained so far, we have the following formula to price a backward-starting arithmetic average rate Asian call option: C(S, I, t)  
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where j is given by Equation 20; t  T  t is given by Equation 28; a1i, i  0, 1, 2 are given by Equations 39–41; a2i, i  0, 1, 2, . . . , 6 are
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given by Equations 47–53; a3i, i  0, 1, 2, . . . , 10 are given by Equations A2–A12; and g4(j, t) is governed by Equations 59 and 60. For the case of a forward-starting Asian option, the current time, t, is between 0 and T0. We know from Formula 61 that the Asian option price at T0 is C(ST0, 0, T0 ). By applying the risk-neutral valuation formula, we have the Asian option price at t Ct (St, t)  er(T0t)Et[C(ST0, 0, T0 )] r(T0t)
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where the function C(S, I, t) is given by Equation 61. Apparently, we have to leave it in this form because the integration cannot be simpliﬁed. The price of an arithmetic average rate put option can be obtained by the put-call parity Ct  Pt  er(Tt)Et[max(AVT  K, 0)  max(K  AVT, 0)]  er(Tt)Et (AVT )  Ker(Tt)
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where for a backward-starting Asian option, T0  t  T Et (AVT )  Et a  



1 T  T0



冮



T



Su dub 



T0



It 1  T  T0 T  T0



1 c T  T0



冮



t



T



Su du 



T0



冮 E (S ) du d t



u



t



T



冮 Se t



(rq)(ut)



du



t



St It  [e(rq)(Tt)  1] T  T0 (r  q)(T  T0 )



(64)



and for forward-starting Asian option, 0  t  T0  T Et (AVT )  
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(65)



Once we have the formula for the Asian option price, with symbolic computation with software like Mathematica, it is straightforward to compute the derivative functions of the Asian option price with respect to any model parameters to obtain formulas for Greek letters.
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The average rate Asian option is considered previously in the last section and here, but the methodology can also be used to examine average strike Asian option pricing. The results will be reported in a subsequent study. CONVERGENCE, ACCURACY, AND COMPARISON WITH OTHER METHODS We now test the convergence and accuracy of Formula 61 numerically. We use Zhang’s (2001) result as a benchmark. Because our analytical formulas involve some tedious integrations, we integrate all the coefﬁcients with Mathematica and obtain their analytical expressions ﬁrst. Once we have the analytical expressions assigned to all the coefﬁcients, computing the price of the Asian option takes less than 0.1 s. Table I shows the values of average rate call options at t  T0  0. The first column is the highly accurate numerical result of Zhang (2001). The other columns are the results of our approximate formulas including the leading-order term AA0 ( f0), the second-order term AA1 ( f0  f1), the third-order term AA2 ( f0  f1  f2), and the fourthorder term AA3 ( f0  f1  f2  f3). The root of mean-squared error (RMSE) of AA0 is 0.1588, of AA1 it is 0.0256, of AA2 it is 0.0006, and of AA3 it is 0.0001. The series converges very quickly. For example, the error reduces to 1兾43 from AA1 to AA2. Table II presents comparisons of several analytical approximations: AA2 and AA3 of this method, Ju’s (2002) Taylor expansion method (JTE), Posner and Milevsky’s (1998) method of ﬁtting the shifted lognormal by matching the ﬁrst three moments (PM-J3), Posner and Milevsky’s (1998) method of ﬁtting the shifted arcsinh-normal by matching the ﬁrst four moments (PM-J4), and Thompson’s (2000) continuous limit of Curran’s (1994) geometric conditioning method (CT-GC). The RMSE of AA2 is 0.00186, of AA3 it is 0.00129, of J-TE it is 0.00434, of PM-J3 it is 0.00561, of PM-J4 it is 0.00339, and of CT-GC it is 0.00268. Both AA2 and AA3 are more accurate than any other methods. For example, AA3 is two times more accurate than CT-GC, the best of the other methods. AA3 improves AA2 not as much as in Table I. This indicates that the series converges slower when there is a greater volatility. Also, the improvement of PM-J4 over PM-J3 is limited. Matching one extra moment does not bring much beneﬁt to the accuracy. We do not list the results of Turnbull and Wakeman’s (1991) and Levy’s (1992) lognormal ﬁtting method and Milevsky and Posner’s (1998) reciprocal gamma ﬁtting method because
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TABLE I



Values of Arithmetic Average Rate Call Options (S  100, t  0, q  0, T0  0, and T  1 year)—Convergence and Accuracy of These Approximate Formulae 



r



Exact



AA0



AA1



AA2



AA3



0.05



0.05



7.1777275 2.7161745 0.3372614



7.1794944 2.7278586 0.3257567



7.1775360 2.7164103 0.3375050



7.1777244 2.7161755 0.3372601



7.1777279 2.7161744 0.3372614



95 100 105



0.09



8.8088392 4.3082350 0.9583841



8.8091638 4.3173467 0.9561651



8.8087562 4.3082235 0.9586038



8.8088441 4.3082253 0.9583838



8.8088397 4.3082331 0.9583841



95 100 105



0.15



11.0940944 6.7943550 2.7444531



11.0941061 6.7962577 2.7559589



11.0940867 6.7941621 2.7446741



11.0940964 6.7943510 2.7444538



11.0940943 6.7943553 2.7444531



0.05



11.9510927 3.6413864 0.3312030



11.9666186 3.6725823 0.2855389



11.9494900 3.6433271 0.3322274



11.9509331 3.6414032 0.3312563



11.9510871 3.6413875 0.3311968



90 100 110



0.09



13.3851974 4.9151167 0.6302713



13.3935810 4.9597032 0.5840749



13.3836202 4.9170640 0.6321603



13.3851165 4.9151388 0.6302538



13.3852048 4.9151177 0.6302717



90 100 110



0.15



15.3987687 7.0277081 1.4136149



15.4015294 7.0707653 1.3901300



15.3977398 7.0285904 1.4154656



15.3988062 7.0276544 1.4136013



15.398786 7.0277022 1.4136161



0.05



12.5959916 5.7630881 1.9898945



12.7837762 5.8330441 1.8322859



12.6074074 5.7775369 2.0063539



12.5957894 5.7631987 1.9894855



12.5959304 5.7631187 1.9899382



90 100 110



0.09



13.8314996 6.7773481 2.5462209



14.0072426 6.8915575 2.4269417



13.8392484 6.7924248 2.5618816



13.8307782 6.7775756 2.5459150



13.8313482 6.7773833 2.5462598



90 100 110



0.15



15.6417575 8.4088330 3.5556100



15.7898376 8.5691493 3.5098191



15.6432167 8.4244110 3.5696460



15.6401370 8.4091957 3.5554997



15.6414533 8.4088744 3.5556415



0.05



13.9538233 7.9456288 4.0717942



14.3521525 8.0597141 3.8171441



14.0065135 7.9934666 4.1250012



13.9555691 7.9459286 4.0702869



13.9540973 7.9458549 4.0720881



90 100 110



0.09



14.9839595 8.8287588 4.6967089



15.3963998 9.0147076 4.5161603



15.0340946 8.8774259 4.7469949



14.9854235 8.8294164 4.6956764



14.9841522 8.8289978 4.6969698



90 100 110



0.15



16.5129113 10.2098305 5.7301225



16.9269304 10.4856671 5.6688151



16.5564362 10.2602646 5.7769066



16.5133090 10.2110681 5.7296982



16.5128376 10.2101058 5.7303567



0.1588454 0.4140191



0.0255715 0.0532070



0.0006372 0.0017458



0.0001332 0.0003042



K 95 100 105



90 100 110



90 100 110



90 100 110



RMSE MAE



0.10



0.20



0.30



Note. The “exact” value is obtained with Zhang’s (2001) method. AA0 represents the leading-order approximation (f0); AA1 represents the second-order approximation (f0  f1); AA2 represents the third-order approximation (f0  f1  f2); and AA3 represents the fourth-order approximation (f0  f1  f2  f3). RMSE is the root of the mean-squared errors. MAE is the maximum absolute error.
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TABLE II



Values of Arithmetic Average Rate Call Options (S  100, t  0, r  0.09, q  0, T0  0, and T  1 year)—Comparison Between a Few Other Analytical Approximations and These Approximate Formulae (, K) (0.05, 95) (0.05, 100) (0.05, 105) (0.1, 95) (0.1, 100) (0.1, 105) (0.2, 95) (0.2, 100) (0.2, 105) (0.3, 95) (0.3, 100) (0.3, 105) (0.4, 95) (0.4, 100) (0.4, 105) (0.5, 95) (0.5, 100) (0.5, 105) RMSE MAE



Exact



AA2



AA3



J-TE



PM-J3



PM-J4



CT-GC



8.8088392 4.3082350 0.9583841 8.9118509 4.9151167 2.0700634 9.9956567 6.7773481 4.2964626 11.6558858 8.8287588 6.5177905 13.5107083 10.9237708 8.7299362 15.4427163 13.0281555 10.9296247



8.80884 4.30823 0.95838 8.91171 4.91514 2.07006 9.99597 6.77758 4.29643 11.65747 8.82942 6.51763 13.51426 10.92507 8.72936 15.44890 13.03015 10.92800



8.80884 4.30823 0.95838 8.91184 4.91512 2.07006 9.99569 6.77738 4.29649 11.65618 8.82900 6.51802 13.51182 10.92474 8.73089 15.44587 13.03107 10.93253



8.80884 4.30824 0.95837 8.91190 4.91513 2.06996 9.99594 6.77692 4.29561 11.65565 8.82686 6.51494 13.50887 10.91903 8.72337 15.43806 13.01899 10.91731



8.80884 4.30822 0.95841 8.91175 4.91514 2.07025 9.99550 6.77819 4.29791 11.65663 8.83183 6.52237 13.51308 10.93043 8.73968 15.44623 13.03880 10.94583



8.80884 4.30823 0.95838 8.91186 4.91512 2.07006 9.99552 6.77720 4.29641 11.65500 8.82792 6.51726 13.50764 10.92085 8.72764 15.43448 13.02013 10.92260



8.80884 4.30823 0.95833 8.91183 4.91508 2.06993 9.99536 6.77700 4.29593 11.65475 8.82755 6.51635 13.50789 10.92090 8.72680 15.43707 13.02253 10.92375



0.00186 0.00618



0.00129 0.00315



0.00434 0.01231



0.00561 0.01621



0.00339 0.00824



0.00268 0.00587



Note. The “exact” value is obtained with Zhang’s (2001) method. AA2 represents the third-order approximation (f0  f1  f2), and AA3 represents the fourth-order approximation (f0  f1  f2  f3). J-TE represents Ju’s (2002) Taylor expansion method. PM-J3 represents Posner and Milevsky’s (1998) shifted lognormal ﬁtting method. PM-J4 represents Posner and Milevsky’s (1998) shifted arcsinh-normal fitting method. CT-GC represents Thompson’s (2000) continuous limits of Curran’s (1994) geometric conditioning method. RMSE is the root of the mean-squared errors. MAE is the maximum absolute error.



the errors of their methods are at least 15 times larger than the methods presented in this table [see, e.g., Ju (2002) and Zhang (2001) for details]. Table III presents the absolute error of the analytical approximations as compared with the exact values given by Zhang (2001) for the same parameters as in Table II. It shows that the error increases very quickly as the volatility increases for all the approximate methods, especially J-TE and PM-J3. For example, for s  0.5 and K  100, the absolute error of our AA2 is only 0.00199, but that of J-TE is 0.00917, of PM-J3 it is 0.01064, which are four and ﬁve times larger. We ﬁnally portray the errors of our analytical approximate solutions graphically. Figure 1 illustrates the corrections to the leading-order approximation, f0, including the exact correction, g1, and approximate corrections, f1, f1  f2, and f1  f2  f3. The correction as a function of j appears like an inverted N shape, which moves from 0 at j   to negative, comes back to zero, goes to positive, and ﬁnally reduces back to
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TABLE III



Absolute Error of Analytical Approximations as Compared with Zhang’s (2001) Exact Values for the Arithmetic Average Rate Call Options (S  100, t  0, r  0.09, q  0, T0  0, and T  1 year)—Comparison Between a Few Other Analytical Approximations and These Approximate Formulae (, K)



AA2



AA3



J-TE



PM-J3



PM-J4



CT-GC



(0.05, 95) (0.05, 100) (0.05, 105) (0.1, 95) (0.1, 100) (0.1, 105) (0.2, 95) (0.2, 100) (0.2, 105) (0.3, 95) (0.3, 100) (0.3, 105) (0.4, 95) (0.4, 100) (0.4, 105) (0.5, 95) (0.5, 100) (0.5, 105)



0.00000 0.00000 0.00000 0.00014 0.00002 0.00000 0.00031 0.00023 0.00003 0.00158 0.00066 0.00016 0.00355 0.00130 0.00058 0.00618 0.00199 0.00162



0.00000 0.00000 0.00000 0.00001 0.00000 0.00000 0.00003 0.00003 0.00003 0.00029 0.00024 0.00023 0.00111 0.00097 0.00095 0.00315 0.00291 0.00291



0.00000 0.00000 0.00001 0.00005 0.00001 0.00010 0.00028 0.00043 0.00085 0.00024 0.00190 0.00285 0.00184 0.00474 0.00657 0.00466 0.00917 0.01231



0.00000 0.00001 0.00003 0.00010 0.00002 0.00019 0.00016 0.00084 0.00145 0.00074 0.00307 0.00458 0.00237 0.00666 0.00974 0.00351 0.01064 0.01621



0.00000 0.00000 0.00000 0.00001 0.00000 0.00000 0.00014 0.00015 0.00005 0.00089 0.00084 0.00053 0.00307 0.00292 0.00230 0.00824 0.00803 0.00702



0.00000 0.00000 0.00005 0.00002 0.00004 0.00013 0.00030 0.00035 0.00053 0.00114 0.00121 0.00144 0.00282 0.00287 0.00314 0.00565 0.00563 0.00587



RMSE MAE



0.00186 0.00618



0.00129 0.00315



0.00434 0.01231



0.00561 0.01621



0.00339 0.00824



0.00268 0.00587



Note. AA2 represents the third-order approximation (f0  f1  f2), and AA3 represents the fourth-order approximation (f0  f1  f2  f3). J-TE represents Ju’s (2002) Taylor expansion method. PM-J3 represents Posner and Milevsky’s (1998) shifted lognormal ﬁtting method. PM-J4 represents Posner and Milevsky’s (1998) shifted arcsinh-normal ﬁtting method. CT-GC represents Thompson’s (2000) continuous limits of Curran’s (1994) geometric conditioning method. RMSE is the root of the mean-squared errors. MAE is the maximum absolute error.



zero at j  . Figure 2 shows the errors of the second-order approximation, g2  f1  g1; the third-order approximation, g3  f1  f2  g1; and the fourth-order approximation, g4  f1  f2  f3  g1. The solution converges globally very quickly, especially near j  0, which is the area in which most of the traded Asian options fall. CONCLUSIONS In option pricing theory, the case of an arithmetic Asian option with discrete/continuous sampling has not been satisfactorily solved by researchers over the last 10 years. Describing the distribution of the sum/integral of lognormals is challenging. This article solves the continuously sampled Asian option pricing problem with a PDE approach. We demonstrate that the governing PDE
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0.6 g1 f1 f1  f2 f1  f2  f3
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FIGURE 1



The corrections to the leading order approximation (t  0, T0  0, T  1, r  0.15, q  0, s  0.3). The vertical scale has been enlarged by 100 times. The solid line is the exact correction g1 obtained by Zhang’s (2001) method. The dashed lines are the second- ( f1), third- ( f1  f2) and fourth-order approximate formulas ( f1  f2  f3) of the present method.
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FIGURE 2
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The errors of the second- ( f1  g1), third- ( f1  f2  g1) and fourth-order approximate formulas ( f1  f2  f3  g1) of the present method (t  0, T0  0, T  1, r  0.15, q  0, s  0.3). The vertical scale has been enlarged by 100 times.
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cannot be transformed into a heat equation with constant coefﬁcients. It therefore does not have a closed-form solution of the Black–Scholes type, that is, the solution is not given in terms of the cumulative normal distribution function. We then solve PDE through a perturbation approach and obtain an analytical solution in a series form. In the series, the Asian option price is expanded on two variables—volatility, s, and moneyness, j—and has a very nice mathematical structure. One may notice that the expansion on j is relatively clean, but the expansion on s is not clean because the function h(t) and the coefﬁcients aij depend on s. Numerical results show that the series converges very quickly and gives a good approximation of the highly accurate numerical results of Zhang (2001). The result of our analytical formula is more accurate than other approximate methods that are used to price Asian options and are tested in this article. The coefficients of this formula can be integrated easily with Mathematica although they are long. Once the analytical expressions have been assigned to the coefﬁcients, computing the Asian option price is very quick. It takes less than 0.1 s for one price computation. The price of the average strike Asian option, which can be studied with this method, will be reported in a subsequent study. The case treated in this article is with the Black–Scholes framework and continuous sampling. A more practical case that may be of considerable interest to practitioners is a model with volatility smile and discrete sampling. However, even when simplifying the assumptions to the Black–Scholes model, Asian option pricing is still a challenging problem that this article addresses in detail. The extension of this method to discretely sampled Asian options is left for future research. APPENDIX The Black–Scholes-Type Closed-Form Solution of Linear Diffusion Equations In ﬁnance, we often encounter linear diffusion equations with variable coefﬁcients. One question frequently asked is when the equation has a closed-form solution. To answer this question, we have to restrict the scope of closed form. In this article, we are only interested in an easily computable closed-form solution, such as the Black–Scholes formula, in terms of the cumulative normal distribution function. It is known that the Black–Scholes equation 0C 1 0 2C 0C  s2S2 2  rS  rC  0 0t 2 0S 0S
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can be transformed into a standard heat equation 0 2f 0f 1  s2 2  0 0t 2 0x by the following transformation:



t  T  t,C(S, t)  Ke



S  Ke(r 2s )tx, 1



2



rt



f(x, t)



Also, the heat equation has Green’s function e[(xx0) 兾2s t] 2



G(x, x0, t) 



2



22ps2t Therefore, the solution to any initial value problem can be written as f(x, t) 



冮







e[(xx0) 兾2s t]



f(x0, 0)











e(y 兾2) dx0  f(x  s1t y, 0) dy 12p 22ps2t  2



2



冮



2



For some particular initial condition, such as for call option f(x,0)  max(ex  1, 0), the result of the integration can be represented in terms of the cumulative normal distribution function, that is, the Black– Scholes formula. However, the Black–Scholes formula with certain variable changes must satisfy the heat equation. Therefore, we have the following Lemma. Lemma 1: If a linear diffusion equation cannot be transformed into a standard heat equation, then it does not have a Black–Scholes-type closed-form solution. Now we present an important result of the linear diffusion equation. Lemma 2: A linear diffusion equation 0f 0 2f 1  s2 2  u(x, t)f  0 0t 2 0x



(A1)



can be transformed into a standard heat equation if and only if 0 3u 0 0x3 Proof: Assume the following variable changes j  j(x, t),



h  h(x, t),



f(x, t)  G(x, t)g(j, h)



Substituting these changes into the original equation for f(x, t) yields an equation for g(j, h). Comparing this equation for g(j, h) with the standard heat equation gives the required result for u(x, t).
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This procedure involves some algebra. An alternative proof with the help of Group theory can be found in Bluman and Kumei’s (1989) book. We are now ready to explore the linear diffusion equation resulting from the arithmetic Asian option problem, that is 2 2 0 f 0f 1 1  s2 c j  (1  e rt ) d 0 r 0t 2 0j2



and to see whether or not this equation can be transformed into a standard heat equation. With the transformation y  jert  1r (ert  1), the equation becomes 0f 0 2f 0f 1  (1  ry)  s2y2 2  0 0t 0y 2 0y which is very similar to the Black–Scholes equation, except now we have an extra 1 in the coefﬁcient of 0f兾0y, and the initial condition in Equation 24 becomes f(y, 0)  max(y, 0). An analytical solution for the left half-domain y 僆 (, 0] can be obtained. Now the major concern becomes solving PDE on the right half-domain [0, ). Assuming y  ex and f(y, t)  f(x, t), substituting these into the equation yields



b(x)  e



0f 0 2f 0f 1  s2 2  b(x)  0, 0t 2 0x 0x



x



r



1 2 s 2



By introducing a transformation for the dependent variable 兰



2



f(x, t)  e (1兾s )b(x)dx g(x, t) we then have a new linear diffusion equation for g(x, t) with a standard form like Equation 66 0g 0 2g 1  s2 2  u(x, t)g  0 0t 2 0x where u(x, t) 



1 2 1 1 1 2 2 1 x x b (x)  b (x)  ae  r  s b  e 2s2 2 2s2 2 2



It is obvious that 0 3u兾0x3  0. Therefore, we have the following result with Lemma 1 and Lemma 2. ❏ Theorem 1: The linear diffusion Equation 23 for an arithmetic Asian option cannot be transformed into a standard heat equation. It therefore does not have a Black–Scholes-type closed-form solution.
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Coefﬁcients of f3(J, T) a30 (t) 



冮



t



[2a20 (s)  4h(s)a22 (s)  24h2 (s)a24 (s)  240h3 (s)a26 (s)] ds



0







冮



1 h(t)



t



[5h(s)a20 (s)  3u(s)h(s)a21 (s)  34h2 (s)a22 (s)



0



 18u(s)h2 (s)a23 (s)348h3 (s)a24 (s)  180u(s)h3 (s)a25 (s) 1  4920h (s)a26 (s)] ds  2 h (t) 4



冮



t



[3h2 (s)a20 (s)  3u(s)h2 (s)a21 (s)



0



 60h3 (s)a22 (s)  48u(s)h3 (s)a23 (s)  1044h4 (s)a24 (s)  780u(s)h4 (s)a25 (s)  20,880h5 (s)a26 (s)] ds 



1 3 h (t)



t



冮



[30h4 (s)a22 (s)  30u(s)h4 (s)a23 (s)



0



 1140h5 (s)a24 (s)  1020u(s)h5 (s)a25 (s)  35,520h6 (s)a26 (s)] ds 



1 4 h (t)



t



冮



[420h6 (s)a24 (s)  420u(s)h6 (s)a25 (s)



0



 26,880h7 (s)a26 (s)] ds 



1 a31 (t)  h(t)



冮



1 5 h (t)



冮



t



[7560h8 (s)a26 (s)] ds



(A2)



0



t



[u(s)a20 (s)  6h(s)a21 (s)  2u(s)h(s)a22 (s)  36h2 (s)a23 (s)



0



 12u(s)h2 (s)a24 (s)  360h3 (s)a25 (s)  120u(s)h3 (s)a26 (s)] ds 



1 2 h (t)



冮



t



0



3 c  u(s)h(s)a20 (s)  21h2 (s)a21 (s)  15u(s)h2 (s)a22 (s) 2



 246h (s)a23 (s)162u(s)h3 (s)a24 (s)  3660h4 (s)a25 (s) 3



1  2340u(s)h (s)a26 (s) d ds  3 h (t) 4



冮



t



[15h3 (s)a21 (s)



0



 15u(s)h (s)a22 (s)  420h (s)a23 (s)  360u(s)h4 (s)a24 (s) 3



4



 10,020h5 (s)a25 (s)  8100u(s)h5 (s)a26 (s)] ds 1  4 h (t)



冮



t



0



[210h5 (s)a23 (s)  210u(s)h5 (s)a24 (s)
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 10,500h6 (s)a25 (s)  9660u(s)h6 (s)a26 (s)] ds 



a32 (t) 



t



冮 [3780h (s)a



1 5 h (t)



1 2 h (t)



冮



7



25 (s)



 3780u(s)h7 (s)a26 (s)] ds



(A3)



0



t



c



0



5 3 h(s)a20 (s)  u(s)h(s)a21 (s)  17h2 (s)a22 (s) 2 2



 9u(s)h2 (s)a23 (s)  174h3 (s)a24 (s)  90u(s)h3 (s)a25 (s)  2460h4 (s)a26 (s) d ds 



1 3 h (t)



冮



t



[3h2 (s)a20 (s)  3u(s)h2 (s)a21 (s)



0



 60h3 (s)a22 (s)  48u(s)h3 (s)a23 (s)1044h4 (s)a24 (s)  780u(s)h4 (s)a25 (s)  20,880h5 (s)a26 (s)] ds



冮



1  4 h (t)



t



[45h4 (s)a22 (s)  45u(s)h4 (s)a23 (s)  1710h5 (s)a24 (s)



0



 1530u(s)h5 (s)a25 (s)  53,280h6 (s)a26 (s)] ds



冮



1  5 h (t)



t



[840h6 (s)a24 (s)  840u(s)h6 (s)a25 (s)



0



 53,760h7 (s)a26 (s)] ds 



1 a33 (t)  3 h (t)



冮



t



0



1 6 h (t)



冮



t



[18,900h8 (s)a26 (s)] ds



(A4)



0



1 7 5 c u(s)h(s)a20 (s)  h2 (s)a21 (s)  u(s)h2 (s)a22 (s) 4 2 2



 41h3 (s)a23 (s)  27u(s)h3 (s)a24 (s)  610h4 (s)a25 (s)  390u(s)h4 (s)a26 (s) d ds 
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