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1. Problem 1. Energy, momentum, etc., of EM waves. 1.1. Statement 1. Calculate the energy density, energy flux, and momentum density of a plane monochromatic linearly polarized electromagnetic wave. 2. Calculate the values of these quantities averaged over a period. 3. Imagine that a plane monochromatic linearly polarized wave incident on a surface (let the angle between the wave vector and the normal to the surface be θ) is completely reflected. Find the pressure that the EM wave exerts on the surface. 4. To plug in some numbers, note that the intensity of sunlight hitting the Earth is about 1300W/m2 ( the intensity is the average power per unit area transported by the wave). If sunlight strikes a perfect absorber, what is the pressure exerted? What if it strikes a perfect reflector? What fraction of the atmospheric pressure does this amount to?
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1.2. Solution 1.2.1



Part 1. Energy and momentum density.



Because it doesn’t add too much complexity, I’m going to calculate these using the more general elliptically polarized wave solutions. Our vector potential (in the Coulomb gauge φ = 0, ∇ · A = 0) has the form A = Re βei(ωt−k·x) .



(1)



The elliptical polarization case only differs from the linear by allowing β to be complex, rather than purely real or purely imaginary. Observe that the Coulomb gauge condition ∇ · A implies β · k = 0,



(2)



a fact that will kill of terms in a number of places in the following manipulations. Also observe that for this to be a solution to the wave equation operator 1 ∂2 − ∆, c2 ∂t2 the frequency and wave vector must be related by the condition



(3)



ω = |k| = k. c For the time and spatial phase let’s write



(4)



θ = ωt − k · x.



(5)



In the Coulomb gauge, our electric and magnetic fields are 1 ∂A −iω iθ = Re βe c ∂t c B = ∇ × A = Re iβ × keiθ E=−



(6) (7)



Similar to §48 of the text [1], let’s split β into a phase and perpendicular vector components so that β = be−iα



(8)



b2 = | β |2 .



(9)



where b has a real square



This allows a split into two perpendicular real vectors b = b1 + ib2 , where b1 · b2 = 0 since b2 = b21 − b22 + 2b1 · b2 is real.
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(10)



Our electric and magnetic fields are now reduced to   −iω i(θ −α) be E = Re c   B = Re ib × kei(θ −α)



(11) (12)



or explicitly in terms of b1 and b2 ω (b1 sin(θ − α) + b2 cos(θ − α)) c B = (k × b1 ) sin(θ − α) + (k × b2 ) cos(θ − α) E=



(13) (14)



The special case of interest for this problem, since it only strictly asked for linear polarization, is where α = 0 and one of b1 or b2 is zero (i.e. β is strictly real or strictly imaginary). The case with η strictly real, as done in class, is ω b1 sin(θ − α) c B = (k × b1 ) sin(θ − α) E=



(15) (16)



Now lets calculate the energy density and Poynting vectors. We’ll need a few intermediate results. 1 (Re deiφ )2 = (deiφ + d∗ e−iφ )2 4 1 = (d2 e2iφ + (d∗ )2 e−2iφ + 2|d|2 ) 4  1 2 = |d| + Re(deiφ )2 , 2 and 1 (Re deiφ ) × (Re eeiφ ) = (deiφ + d∗ e−iφ ) × (eeiφ + e∗ e−iφ ) 4   1 = Re d × e∗ + (d × e)e2iφ . 2 Let’s use arrowed vectors for the phasor parts



~E = −iω bei(θ −α) c ~B = ib × kei(θ −α) ,



(17) (18)



where we can recover our vector quantities by taking real parts E = Re ~E, B = Re ~B. Our energy density in terms of these phasors is then



3



E=



1 1 ( E2 + B2 ) = 8π 16π



  ~ 2 ~ 2 2 2 ~ ~ B + Re ( E + B ) . E + 



(19)



This is 1 E= 16π







ω2 2 |b| + |b × k|2 − Re c2







  ω2 2 2 2i (θ −α) b + (b × k) e . c2



Note that ω 2 /c2 = k2 , and |b × k| = |b|2 k2 (since b · k = 0). Also (b × k)2 = b2 k2 , so we have



E=



 k2  2 |b| − Re b2 e2i(θ −α) . 8π



(20)



Now, for the Poynting vector. We have S=



  c c E×B = Re ~E × ~B∗ + ~E × ~B . 4π 8π



(21)



This is S=



  c Re −kb × (b∗ × k) + kb × (b × k)e2i(θ −α) 8π



Reducing the terms we get b × (b∗ × k) = −k|b|2 , and b × (b × k) = −kb2 , leaving S=



 ˆ 2 2 ckk |b| − Re b2 e2i(θ −α) = ckˆ E 8π



(22)



Now, the text in §47 defines the energy flux as the Poynting vector, and the momentum density as S/c2 , so we just divide 22 by c2 for the momentum density and we are done. For the linearly polarized case (all that was actually asked for, but less cool to calculate), where b is real, we have k2 b2 (1 − cos(2(ωt − k · x))) 8π Energy flux = S = ckˆ E kˆ 1 Momentum density = 2 S = E . c c Energy density = E =



1.2.2



(23) (24) (25)



Part 2. Averaged.



We want to average over one period, the time T such that ωT = 2π, so the average is ω hfi = 2π



Z 2π/ω



f dt.



0



It is clear that this will just kill off the sinusoidal terms, leaving
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(26)



k2 | b |2 8π Average Energy flux = hSi = ckˆ E 1 kˆ Average Momentum density = 2 hSi = E . c c Average Energy density = hE i =



1.2.3



(27) (28) (29)



Part 3. Pressure.



The magnitude of the momentum of light is related to its energy by



E c and can thus loosely identify the magnitude of the force as p=



(30)



E2 + B2 3 d x 8π Z S = d2 σ · . c



dp 1 ∂ = dt c ∂t



Z



With pressure as the force per area, we could identify S (31) c as the instantaneous (directed) pressure on a surface. What is that for linearly polarized light? We have from above for the linear polarized case (where |b|2 = b2 ) ˆ 2 b2 ckk (1 − cos(2(ωt − k · x))) 8π If we look at the magnitude of the average pressure from the radiation, we have 2 2 hSi = k b . c 8π S=



1.2.4



(32)



(33)



Part 4. Sunlight.



With atmospheric pressure at 101.3kPa, and the pressure from the light at 1300W/3x108 m/s, we have roughly 4x10− 5Pa of pressure from the sunlight being only ∼ 10− 10 of the total atmospheric pressure. Wow. Very tiny! Would it make any difference if the surface is a perfect absorber or a reflector? Consider a ball hitting a wall. If it manages to embed itself in the wall, the wall will have to move a bit to conserve momentum. However, if the ball bounces off twice the momentum has been transferred to the wall. The numbers above would be for perfect absorbtion, so double them for a perfect reflector.



5



2. Problem 2. Spherical EM waves. 2.1. Statement Suppose you are given:   ~E(r, θ, φ, t) = A sin θ cos(kr − ωt) − 1 sin(kr − ωt) φ ˆ (34) r kr ˆ is the unit vector in the φ-direction. This is a simple example of a where ω = k/c and φ spherical wave. 1. Show that ~E obeys all four Maxwell equations in vacuum and find the associated magnetic field. D E 2. Calculate the Poynting vector. Average ~S over a full cycle to get the intensity vector ~I ≡ ~S . Where does it point to? How does it depend on r? 3. Integrate the intensity vector flux through a spherical surface centered at the origin to find the total power radiated. 2.2. Solution 2.2.1



Part 1. Maxwell equation verification and magnetic field.



Our vacuum Maxwell equations to verify are



∇ · ~E = 0 (35) 1 ∂~E ∇ × ~B − =0 (36) c ∂t ∇ · ~B = 0 (37) 1 ∂~B = 0. (38) ∇ × ~E + c ∂t We’ll also need the spherical polar forms of the divergence and curl operators, as found in §1.4 of [2] 1 1 1 ∂r (r 2 vr ) + ∂θ (sin θvθ ) + ∂φ vφ r2 r sin θ rsin θ   1 1 1 1 ˆ ∇ × ~v = ∂φ vr − ∂r (rvφ ) θˆ + (∂r (rvθ ) − ∂θ vr ) φ ∂θ (sin θvφ ) − ∂φ vθ rˆ + r sin θ r sin θ r



∇ · ~v =



(39) (40)



We can start by verifying the divergence equation for the electric field. Observe that our electric field has only an Eφ component, so our divergence is    sin θ 1 1 ∂φ A cos(kr − ωt) − sin(kr − ωt) = 0. (41) ∇ · ~E = r sin θ r kr We have a zero divergence since the component Eφ has no φ dependence (whereas ~E itself does ˆ =φ ˆ (φ)). since the unit vector φ All of the rest of Maxwell’s equations require ~B so we’ll have to first calculate that before progressing further. 6



2.2.2



A aside on approaches attempted to find ~B



I tried two approaches without success to calculate ~B. First I hoped that I could just integrate ~ and then take the curl. Doing so gave me a result that had ∇ × ~B 6= 0. I hunted −~E to obtain A for an algebraic error that would account for this, but could not find one. The second approach that I tried, also without success, was to simply take the cross product rˆ × ~E. This worked in the monochromatic plane wave case where we had



~B = (~k × ~β) sin(ωt −~k · ~x ) ~E = ~β ~k sin(ωt −~k · ~x )



(42) (43)



since one can easily show that ~B = ~k × ~E. Again, I ended up with a result for ~B that did not have a zero divergence. 2.2.3



Finding ~B with a more systematic approach.



Following [3] §16.2, let’s try a phasor approach, assuming that all the solutions, whatever they are, have all the time dependence in a e−iωt term. Let’s write our fields as



~E = Re(Ee−iωt ) ~B = Re(Be−iωt ).



(44) (45)



Substitution back into Maxwell’s equations thus requires equality in the real parts of



∇·E = 0 ∇·B = 0 ω ∇ × B = −i E c ω ∇×E = i B c



(46) (47) (48) (49)



With k = ω/c we can now directly compute the magnetic field phasor i B = − ∇ × E. k The electric field of this problem can be put into phasor form by noting   sin θ i i ( kr − ωt ) i ( kr − ωt ) ~E = A ˆ Re e − e φ, r kr which allows for reading off the phasor part directly   sin θ i ˆ E=A 1− eikr φ. r kr
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(50)



(51)



(52)



Now we can compute the magnetic field phasor B. Since we have only a φ component in our field, the curl will have just rˆ and θˆ components. This is reasonable since we expect it to be perpendicular to E. 1 1 ˆ ∂θ (sin θvφ )rˆ − ∂r (rvφ )θ. r sin θ r Chugging through all the algebra we have ˆ) = ∇ × (vφ φ



(53)



ikB = ∇ × E  2A cos θ = 1− r2  2A cos θ = 1− r2



    i i A sin θ ∂ ikr ikr ˆ e rˆ − 1− e θ kr r ∂r kr    i 1 A sin θ i ikr ˆ e rˆ − ik + + 2 eikr θ, kr r r kr



so our magnetic phasor is 2A cos θ B= kr2







1 −i − kr







A sin θ e rˆ − r ikr







i 1 1− + 2 2 kr k r







eikr θˆ



Multiplying by e−iωt and taking real parts gives us the messy magnetic field expression   A 2 cos θ 1 ~B = sin(kr − ωt) − cos(kr − ωt) rˆ r kr kr   2 A sin θ k r2 + 1 ˆ − sin(kr − ωt) + cos(kr − ωt) θ. r kr kr



(54)



(55)



Since this was constructed directly from ∇ × ~E + 1c ∂~B/∂t = 0, this implicitly verifies one more of Maxwell’s equations, leaving only ∇ · ~B, and ∇ × ~B − 1c ∂~E/∂t = 0. Neither of these looks particularly fun to verify, however, we can take a small shortcut and use the phasors to verify without the explicit time dependence. From 54 we have for the divergence      2A cos θ ∂ 1 A2 cos θ i 1 ikr ∇·B = − i − e − 1 − + eikr kr2 ∂r kr r2 kr k2 r2       2A cos θ ikr 1 1 1 i 1 = e + ik −i − − 1− + 2 2 r2 k kr2 kr kr k r =0  Let’s also verify the last of Maxwell’s equations in phasor form. The time dependence is knocked out, and we want to see that taking the curl of the magnetic phasor returns us (scaled) the electric phasor. That is ω ∇ × B = −i E c With only r and θ components in the magnetic phasor we have



∇ × (vr rˆ + vθ θˆ ) = −



1 1 1 1 ˆ ∂φ vθ rˆ + ∂φ vr θˆ + (∂r (rvθ ) − ∂θ vr ) φ r sin θ r sin θ r 8



(56)



(57)



Immediately, we see that with no explicit φ dependence in the coordinates, we have no rˆ nor θˆ terms in the curl, which is good. Our curl is now just     1 i 2A sin θ 1 ikr ikr ˆ + A sin θ∂r 1 − e + −i − e φ kr k2 r2 kr2 kr       i 1 2 1 1 ˆ ∂r 1 − + 2 2 eikr + 2 −i − eikr φ = A sin θ r kr k r kr kr        i 1 i 2 2 1 ikr 1 ˆ (ik) 1 − + 2 2 + − 2 3 + 2 −i − = A sin θe φ r kr k r kr2 k r kr kr   1 4 ikr 1 ˆ ik + − 2 3 φ = A sin θe r r k r



1 ∇×B = r











What we expect is ∇ × B = −ikE which is



− ikE = A sin θe



ikr 1



r







1 −ik − r







ˆ φ



(58)



FIXME: Somewhere I must have made a sign error, because these aren’t matching! Have an extra 1/r3 term and the wrong sign on the 1/r term. 2.2.4



Part 2. Poynting and intensity.



Our Poynting vector is



~S = c ~E × ~B, (59) 4π which we could calculate from 34, and 55. However, that looks like it’s going to be a mess to multiply out. Let’s use instead the trick from §48 of the course text [1], and work with the complex quantities directly, noting that we have 1 (Re Eeiα ) × (Re Beiα ) = (Eeiα + E∗ e−iα ) × (Beiα + B∗ e−iα ) 4   1 = Re E × B∗ + (E × B)e2iα . 2 Now we can do the Poynting calculation using the simpler relations 52, 54. Let’s also write ˆ E = Aeikr Eφ φ ikr



B = Ae ( Br rˆ + Bθ θˆ ) where
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(60) (61)



  sin θ i Eφ = 1− r kr   2 cos θ 1 Br = − i+ kr2 kr   sin θ i 1 Bθ = − 1− + r kr k2 r2



(62) (63) (64)



So our Poynting vector is   2 ~S = A c Re Eφ φ ˆ × ( Br∗ rˆ + Bθ∗ θˆ ) + Eφ φ ˆ × ( Br rˆ + Bθ θˆ )e2i(kr−ωt) 2π ˆ φ ˆ } was rotated from {zˆ , xˆ , yˆ }, so we have Note that our unit vector basis {rˆ , θ, ˆ × rˆ = θˆ φ ˆ = rˆ θˆ × φ ˆ rˆ × θˆ = φ,



(65) (66) (67)



and plug this into our Poynting expression   2 ~S = A c Re Eφ Br∗ θˆ − Eφ Bθ∗ rˆ + ( Eφ Br θˆ − Eφ Bθ rˆ )e2i(kr−ωt) 2π Now we have to multiply out our terms. We have



Eφ Br∗



   sin θ 2 cos θ i 1 =− 1− −i + r kr2 kr kr   sin(2θ ) i =− −i − 2 2 , kr3 k r



Since this has no real part, there is no average contribution to ~S in the θˆ direction. What do we have for the time dependent part    sin θ 2 cos θ i 1 1 − i + r kr2 kr kr   sin(2θ ) 2 i =− i+ − 2 2 3 kr kr k r



Eφ Br = −



This is non zero, so we have a time dependent θˆ contribution that averages out. Moving on 10



− Eφ Bθ∗



sin2 θ = r2







i 1− kr







i 1 1+ + kr k2 r2   sin2 θ 2 i = 1 + − . r2 k2 r2 k3 r3







This is non-zero, so the steady state Poynting vector is in the outwards radial direction. The last piece is sin2 θ − Eφ Bθ = r2







i 1− kr







i 1 1− + 2 2 kr k r  2  2i i sin θ 1− − 3 3 . = 2 r kr k r







Assembling all the results we have   2 c sin2 θ A 2 ~S = 1 + 2 2 rˆ 2π r2 k r        2 A c 2 sin2 θ 2i sin(2θ ) i i 2i (kr −ωt) ˆ + i+ θ+ 1− rˆ e Re − − − 2π kr3 kr k2 r2 r2 kr k3 r3 We can read off the intensity directly  D E 2  2 ~I = ~S = A c sin θ 1 + 2 rˆ 2πr2 k2 r2 2.2.5



(68)



Part 3. Find the power.



Through a surface of radius r, integration of the intensity vector 68 is Z



  A2 c sin2 θ 2 1 + rˆ r2 sin θdθdφ 2πr2 k2 r2   Z π 2 2 = A c 1 + 2 2 rˆ sin3 θdθ k r 0 π   1 2 2 = A c 1 + 2 2 rˆ (cos(3θ ) − 9 cos θ ) . k r 12 0



r2 sin θdθdφ~I =



Z



Our average power through the surface is therefore   Z 4A2 c 2 2 ~ d σI = 1 + 2 2 rˆ . 3 k r
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(69)



3. Notes on grading of my solution. Problem 2 above was the graded portion. FIXME1: I lost a mark in the spot I expected, where I failed to verify one of the Maxwell equations. I’ll still need to figure out what got messed up there. What occured to me later, also mentioned in the grading of the solution was that Maxwell’s equations in the space-time domain could have been used to solve for ∂B/∂t instead of all the momentum space logic (which simplified some things, but probably complicated others). FIXME2: I lost a mark on 68 with a big X beside it. I’ll have to read the graded solution to see why. FIXME3: Lost a mark for the final average power result 69. Again, I’ll have to go back and figure out why. References [1] L.D. Landau and E.M. Lifshitz. The classical theory of fields. Butterworth-Heinemann, 1980. 1.2.1, 2.2.4 [2] D.J. Griffith. Introduction to Electrodynamics. Prentice-Hall, 1981. 2.2.1 [3] JD Jackson. Classical Electrodynamics Wiley. John Wiley and Sons, 2nd edition, 1975. 2.2.3
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Problem Set 4.






1.2.4 Part 4. Sunlight. With atmospheric pressure at 101.3kPa, and the pressure from the light at 1300W/3x108m/s, we have roughly 4x10âˆ’5Pa of pressure from the sunlight being only âˆ¼ 10âˆ’10 of the total atmo- spheric pressure. Wow. Very tiny! Would it make any difference if the surface is a perfect absorber or a reflector? 






 Download PDF 



















 215KB Sizes
 5 Downloads
 290 Views








 Report























Recommend Documents







[image: alt]





Problem Set 1: C 

Sep 17, 2010 - Simply email [email protected] to inquire; be sure to mention your full name, your ..... Now let's add those products' digits (i.e., not the products themselves) .... http://code.google.com/apis/chart/docs/gallery/bar_charts.html.














[image: alt]





Problem Set 5: Forensics 

on cloud.cs50.net as well as filling out a Web-â€�based form (the latter of which will be ..... If you feel like SFTPing that file to your desktop and double-â€� ..... There's nothing hidden in smiley.bmp, but feel free to test your program out on it














[image: alt]





Problem Set 0: Scratch 

Sep 10, 2010 - appropriateness of some discussion, contact the course's instructor. ... phone at 617-495-9000, in person in Science Center B-14, or via email ...














[image: alt]





Problem Set 1: C 

Sep 17, 2010 - on cloud.cs50.net as well as filling out a Web-â€�based form, which may take a ... virtual terminal room) or lifting material from a book, website, or.














[image: alt]





Problem Set 1: C 

Problem Set 1: C due by 7:00pm on Fri 9/17. Per the directions at this document's end, submitting this problem set involves submitting source code.














[image: alt]





Problem Set 6: Mispellings 

Oct 22, 2010 - summary: This is Problem Set 6's distribution code. Notice that the log is sorted, from top to bottom, in reverse chronological order. And notice that the earliest commit (i.e., changeset) is identified labeled with 0:13d2516423d8. Tha














[image: alt]





Problem Set 5: Forensics 

on cloud.cs50.net as well as filling out a Web-â€�based form (the latter of which will be available after lecture on Wed 10/20), which may ... As this output implies, most of your work for this problem set will be organized within two subdirectories.














[image: alt]





Problem Set 0: Scratch 

Sep 10, 2010 - phone at 617-495-9000, in person in Science Center B-14, or via email ... If you're running Windows (particularly a 64-bit version thereof) and ...














[image: alt]





Problem Set 1: C 

Sep 17, 2010 - Nor may you provide or make available solutions to problem sets to individuals who .... Simply email [email protected] to inquire; be sure to mention your full name, your ..... 21 http://www.nist.gov/dads/HTML/greedyalgo.html .... Anyhow, 














[image: alt]





Problem Set 6: Mispellings 

Oct 22, 2010 - -rw-r--r-- 1 jharvard students 990 Oct 22 18:59 dictionary.h. -rw-r--r-- 1 jharvard students 0 Oct 22 18:59 questions.txt. -r--r--r-- 1 jharvard students 5205 Oct 22 18:59 speller.c lrwxrwxrwx 1 jharvard students 32 Oct 22 18:59 texts 














[image: alt]





Problem Set 0: Scratch 

Sep 10, 2010 - appropriateness of some discussion, contact the course's instructor. ... phone at 617-â€�495-â€�9000, in person in Science Center B-â€�14, or via ...














[image: alt]





Problem Set 0: Scratch 

Sep 10, 2010 - form that may take a few minutes, so best not to wait until the very last ... you with an email address of the form [email protected], ...














[image: alt]





Problem Set 0: Scratch 

Sep 10, 2010 - dishonesty: you may not submit the same or similar work to this course that you have submitted or will submit to another. Nor may you provide or make available solutions to problem sets to individuals who .... a bit simpler than we exp














[image: alt]





Problem Set 0: Scratch 

Sep 10, 2010 - All work that you do toward fulfillment of this course's expectations .... For clues on a Mac, select About This Mac from your Apple menu and ...














[image: alt]





Problem Set 04 

also has the absolute advantage in the production of the good. E) cannot have an absolute advantage in the production of the good. Table 1. Tobacco. Sugar. Razil. 20. 40 ... Table 1 shows Razil's and Uba's production costs in terms of labor-hours per














[image: alt]





Problem Set 8: CS50 Shuttle 

Nov 12, 2010 - Then cd to ~/public_html/pset8/. (Remember how?) Then run ls. You should see the below. buildings.js math3d.js passengers.js service.js index.html passengers service.css shuttle.js. All of the work that you do for this problem set will
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Problem Set 3 

Oct 6, 2008 - Suppose the period-t utility function, ut, is ut = lnct + b(1 âˆ’ lt)1âˆ’Î³/(1 âˆ’ Î³), b > 0, ... What is the inter-temporal elasticity of substitution of leisure.
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Problem Set 0: Scratch - CS50 CDN 

Sep 10, 2010 - Academic Honesty. All work that you do toward fulfillment of this course's expectations must be your own unless collaboration is explicitly allowed in writing by the course's instructor. Collaboration in the completion of problem sets 
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Problem Set 0: Scratch - CS50 CDN 

Sep 10, 2010 - For clues on a Mac, select About This Mac from your Apple menu and ... other than a cat. iii. Your project must have at least three scripts total ...
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Problem Set 5: Forensics - CS50 CDN 

21 Actual credit for photos goes to ACM, Dan Armendariz, Eliza Grinnell, Harvard Crimson, Harvard Gazette, NVIDIA, SEAS, Titus. Zhang, et al. 22 This one's ...
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PHY356 Problem Set I. 

Observe above that with the introduction of an identity operation, such an .... was that if |x0ã€‰ is a position eigenstate in a continuous vector space, then one ...
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Problem Set #4 23rd May 2016 Modern X-ray Physics ... 

May 23, 2016 - Evaluate x-ray reflectivity from a thin double layer system grown on a substrate. The index of refraction of each is n1 = 1âˆ’Î´1 and n2 = 1âˆ’Î´2 respectively, and the thickness is t1, and t2. The index of refraction of the substrate 
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Mathematics Set I 4.pdf 

Candidates are required to write the section code and the question number. with every ... 1 A binary composition o in the set of real numbers R is defined as.
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