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Abstract:



We study the implications of risk aversion on an optimal pro-



curement contract for a basic service and an add-on. Ex ante there is incomplete information about the add-on and agents are risk averse. We characterize the effect on contract design of the risk coming from this incomplete information.
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Introduction



In many circumstances, a contract must be awarded. It could be in the case of public utilities, Public-Private Partnerships (PPPs), delegated management in water, sanitation, energy, transport, etc. Often this kind of delegated management results in contracts lasting for several decades. However due to the long horizon of such a project, adjustments or add-ons to the service may be required. One could think of several types of adjustment to such a service. Consider for instance a contract for waste-water treatment. It is clear that each municipality needs to provide such a service. On deciding to out-source the service, they would need to write a procurement contract with a private firm or consortium. With time, new procedures for treating water may become available, or, due to unexpected population growth, the system may need to be enlarged. To be more specific, for obvious reasons the public authority needs to keep working with the same firm, but at the same time the public authority may judge it necessary to add something to the existing service. Furthermore, when considering projects of a certain size, the public authority may be compelled to work with relatively big firms who possess the necessary expertise in the area. One drawback of dealing with such firms is that they may not be very well diversified across sectors and may for that reason exhibit some degree of risk aversion. In this article, we study an optimal procurement contract for a basic service and an uncertain add-on. In our model, the add-on represents long-term contractible variables that may not be well specified at the time of contracting. By uncertain we mean that, ex ante, there is incomplete information about the add-on. We are particularly interested in the effect on contract design of the risk coming from this uncertainty about risk-averse firms’ returns. In this environment, the principal has two instruments: level of output and level of risk. We show that asymmetric information on costs (both for the basic service and the add-on) leads to imperfect insurance against the risky 2



second-period pay-off. Furthermore and as is usual under asymmetric information, outputs are distorted downward. However, because of risk-aversion the add-on is less distorted than under risk-neutrality. This is due to the fact that in our model agent’s are pessimistic about the realization of the good outcome and put less weight on this ex ante. Finally, whether there is competition or not, does not affect the range of types for which the principal want s to induce non-negative production levels. The existence of risk averse firms has been recorded by Kawasaki and McMillian (1987), Asanuma and Kikutani (1992) and Yun (1999) when analyzing the relationship between manufacturers and contractors in Japan and Korea. Furthermore, the existence of risk-averse firms in different auction settings has been documented both in experimental work (see Kagel (1995) for a survey) and econometrically (Athey and Levin (2001)). Despite this, much of the literature has focused on the case of risk-neutral agents and has chosen to abstract from the effects of having risk-averse bidders. This may partly be due to the complexity of the problems when risk aversion is taken into account. Salani´e (1990) illustrates this complexity in his study of an adverse selection problem where uncertainty is present at the time of contracting. He focuses on the case where an up-stream monopoly sells a good to risk averse down-stream monopolies (the risk-averse agents) and shows the difficulties that arise from the introduction of risk aversion into the environment. Laffont and Rochet (1998) further analyze the issue of risk-aversion in a principal-agent framework and show that risk-aversion implies greater distortions, lower informational rents and possibly some bunching. Our results differ from this in that risk-aversion actually reduces output distortions for reasons of risk-premium. This paper is also related to Maskin and Riley (1984) and Matthews (1984). Maskin and Riley (1984) characterize an auctioneer’s optimal scheme when buyers are risk averse and the auctioneer wants to sell an indivisible good. They show that when bidders are risk averse, the Revenue Equivalence Theorem (Vickrey (1961), Myerson (1981) and Riley and Samuelson (1981))
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fail to hold. Although we adopt the analysis of an optimal auction with risk-averse agents and some of their results go through in our environment (especially concerning risk sharing), we allow the level of the service provided through the auction to vary. Furthermore, we focus on the effect of risk aversion on the choice of service level rather than studying different auction formats and potential revenue equivalence. Continuing on the topic of risk aversion. Volij (2002) shows that when agents are risk-averse and have preferences that satisfy the rank-dependence axioms1 , even though as pointed out above, the Revenue Equivalence Theorem fails, a Payoff Equivalence holds and in the private i.i.d value framework, there is a large family of auctions among which bidders are indifferent. Rank-dependent models are among the most popular models for decision under risk that deviate from classical expected utility theory. Diecidue and Wakker (2001) provide good intuition and justification for the concepts and assumptions used in rank-dependent models. There is also empirical evidence justifying the use of rank-dependence. For instance, Birnbaum and McIntosh (1996) provide results that are consistent with rank-dependence theory. Bleichrodt and Pinto (2000) carry out a non-parametric estimation of provability weighting functions in rank-dependence theory and find significant evidence for an inverse S-shaped probability weighting function. The main contribution of our paper is to analyze situations where addons are not well-enough specified at the time of contracting and may put the firm’s returns at risk. One of the first papers to analyzing the effects of ex post risk on the behavior of risk-averse bidders was Es˝o and White (2004). They find that DARA bidders when faced with ex post risk, reduce their bids by more than the appropriate increase in risk premium. Because of this precautionary bidding, risk-averse buyers prefer bidding for risky objects in the first-price, second-price and English auctions with affiliated common values. We take a different approach and concentrate on the case where valuations/costs are independent. In the case of competing bidders, we do 1



Yaari (1987). Also referred to as dual theory.
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not assume a specific auction format, but focus on deriving the optimal scheme among all possible schemes. The paper proceeds as follows. In Section 2, we lay out the basic model and its assumptions. As a benchmark, in Section 3, we present the results of the model when ex post players have symmetric information. In other words, ex post, the principal and the agent both learn the information about the cost of providing the add-on. In Section 4 we present our main results when the above-mentioned information is asymmetric and examine the effect of risk on contract design. Section 5 extends the model to competing procurement providers. In Section 6 we offer a brief conclusion and discuss the implications of our results. All proofs are relegated to the Appendix.



2



Model



• Technology, information and preferences: We consider the following procurement context: A government agency (hereafter the principal) contracts with a private firm (the agent) for the provision of a public service (transportation, water, sanitation, waste disposal, etc.) on society’s behalf. Such a contract first stipulates the amount q of a basic service that is produced at constant marginal cost θ by the agent. The agent has private information on the random variable θ at the time of contracting. This continuous variable has cumulative distribution F (·) and an atomless and everywhere ¯ As is standard in the positive density f (θ) = F 0 (θ) on the support Θ = [θ, θ]. screening literature, we also assume that the monotone hazard rate property holds, i.e.



d F (θ) dθ f (θ)



> 0 for all θ ∈ Θ. In the presentation of the model below,



we have chosen to focus on the case of a single agent, leaving the analysis of more complex settings where the rights to contract are auctioned off among several potential contractors to Section 5 below. The basic level of service yields a gross surplus S(q) to the principal. We will assume that S(·) is increasing and concave (S 0 > 0, S 00 < 0) but not necessarily positive at all positive levels of q so that “shutting-down” the 5



least attractive contractor may be a valuable option. This assumption allows us to incorporate into the expression of the surplus function any common knowledge fixed-cost of production that would be directly paid through lump˜ − K where S(0) ˜ sum payments. One could write S(q) = S(q) = 0 and K ≥ 0 is a fixed-cost for setting up the basic service (like the cost of building the necessary infrastructure). Second, procurement contracts also specify some extra level of services x that is produced at constant marginal cost β. Again the agent will have private information on β although there is symmetric but incomplete information on β at the time of contracting. To simplify the modeling, we  assume that β is drawn from a discrete support distribution on β, β¯ with ∆β = β¯ − β > 0 and respective probabilities ν and 1 − ν (ν > 0). Note that first- and second-period costs are independently drawn so that nothing can be learned on second-period costs by observing first-period performances. The gross surplus that accrues to the principal from these extra services is V (·) which is increasing and concave (V 0 > 0, V 00 < 0) and satisfies the Inada conditions (V (0) = 0, V 0 (0) = +∞).2 The idea here is that the variable x captures long-term contractible variables associated with the services (specification of add-ons, incremental services for new segments of demand, further developments of a prototype in defense procurement). The basic idea of the model is that those extra services may not be well-enough specified at the time of contracting and may put the agent’s returns at risk. We shall be particularly interested in the impact of that risk on contract design. In the second part of this paper, we are also interested in the impact of risk on the bidding process among potential competitors. The principal’s payments to the agent are respectively denoted by t for the basic level of services and p for the add-on. Denoting by δ the discount factor (which can also be interpreted as an index of the length of the accounting 2 This latter condition ensures that “shutting-down” even the least attractive extra service is not a valuable option. This simplifies our modeling.
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period or importance of the add-on), the principal’s intertemporal payoff can be written as: V (q, x, t, p) = S(q) − t + δ(V (x) − p). In this paper we are particularly interested in the consequences on contract design of having uncertainty on the returns of extra-services. This requires moving away from the standard assumption of risk-neutrality for the agent which is used in procurement models and introducing some kind of risk-aversion. Risk-aversion is well known to be a major obstacle in mechanism design.3 In this paper we make some progress on the issue by using the rank-dependence theory introduced by Yaari (1987).4 Rank-dependence theory has the advantage that, even under risk-aversion, utility (or profit) is linear in pay-offs. In fact, under rank-dependence, maximization of a linear function of profits can go hand in hand with risk aversion. With this theory, risk-averse firms behave pessimistically and everything works as if they but less weight on good outcomes in their decision ¯ and the making. In this paper, outcome can only take two values (β and β) adequate rescaling of the probability of the various events required by the rank-dependence theory reduces to weighting the good outcome (low cost) by some weight α < 1. Higher α represents lower degrees of risk aversion. For instance, a very risk averse firm will but a very small weight on the good outcome in his decision. In what follows we will assume that the agent’s preferences satisfy the axioms of the rank-dependence theory and can be represented as described above. We model risk behavior by imposing further properties on α(U ): • Decreasing risk aversion. α(U ˙ ) ≥ 0. Higher levels of utility (or expected returns) make the agent less sensitive to risk (and his parameter 3



See Salani´e (1990), Laffont and Rochet (1998) for one-agent models and Maskin and Riley (1984), Matthews (1984) for the case of auctions. 4 See also Quiggin (1982). Another application of this theory can be found in Iossa and Martimort (2010). For experimental evidence in favor of weighting outcome probabilities, see Lattimore, Baker and Witte (1992), Tversky and Kahneman (1990), Hey and Orme (1994) and other papers mentioned in the Introduction.
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α increases). • Convex risk aversion. α ¨ (U ) ≤ 0. As levels of utility (or expected returns) increase, the agent becomes less sensitive to risk but decreasingly so. • Timing. The contracting game unfolds as follows: • First, the agent privately learns his cost parameter θ for the basic level of the service. n o ˆ q(θ); ˆ (p(θ, ˆ β), ˆ x(θ, ˆ β)) ˆ • Second, the principal offers the contract t(θ), where θˆ and βˆ are the agent’s announced first- and second-period costs. The agent accepts or rejects the offer. In the latter case the game ends with parties getting their reservation payoffs which are, without loss of generality, normalized to zero. • Third, if the agent accepts the offer, it announces its first-period report ˆ First-period output and payments are realized as requested by the θ. contract. • Fourth, the agent privately learns its second-period cost parameter ˆ Corresponding secondβ and announces its second period report β. period output and payments are implemented. Importantly, note that the principal commits to the above long-term contract. The justification is twofold. First, reputation-like arguments may force the principal to stick to his initial commitment. Second, this assumption allows us to find an upper bound on what long-term contracting can achieve in this environment. • Contracts and incentive compatibility. In full generality, a direct revelation mechanism (Myerson 1982, 1986) stipulates payments and output in each period as a function of the agent’s report on his own type at that
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date Such mechanisms are thus of the form n and thepast history of reports. o ˆ q(θ), ˆ p(θ, ˆ β), ˆ x(θ, ˆ β) ˆ t(θ), where θˆ ∈ Θ and βˆ ∈ β. ˆ β) ¯ = p(θ, ˆ β) ¯ − βx( ¯ θ, ˆ β) ¯ and For ease of presentation, we denote by u(θ, ˆ β) = p(θ, ˆ β) − βx(θ, ˆ β) the ex post returns on the second-period activity u(θ, when the agent has a high (respectively low) second-period cost and adopts a truthtelling strategy in the second period. Also, we relabel first period transfers so that average returns on the extra service are zero: ˆ β)) ˜ =0 E (u(θ, β˜



∀θˆ ∈ Θ.



(1)



Incentive compatibility in the second period requires: ˆ β) ≥ u(θ, ˆ β) ¯ + ∆βx(θ, ˆ β) ¯ ∀θˆ ∈ Θ.5 u(θ,



(2)



Incentive compatibility in the first period requires:  ˆ − θq(θ) ˆ + δ α(U (θ))νu(θ, ˆ β) + (1 − α(U (θ))ν)u(θ, ˆ β) ¯ . (3) U (θ) = max t(θ) ˆ θ∈Θ



Notice that the perceived utility using thecorrect weights for  the risk averse ˆ ¯ ˆ agent, can be rewritten as (1 − α(U (θ)))ν u(θ, β) − u(θ, β) where we have also used (1). Notice that using (2), it is immediate that this expression is negative. This means that since the agent is risk averse, this uncertain add-on gives him some negative utility which he needs to be compensated ˆ β) ¯ yields ˆ β) ≡ u(θ, ˆ β) − u(θ, for ex ante. Denote ∆u(θ,  ˆ − θq(θ) ˆ − δ 1 − α(U (θ) ν∆u(θ, ˆ β). U (θ) = max t(θ) ˆ θ∈Θ



(4)



ˆ β) ¯ ≥ u(θ, ˆ β)− The other second period incentive constraint in this two-type model u(θ, ˆ β) is automatically satisfied when (1) is binding. ∆βx(θ, 5
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3



Benchmark: Symmetric Ex Post Information



Suppose, as a benchmark, that the principal and the agent share ex post knowledge of the cost parameter β. However contracting takes place ex ante, i.e. before the realization of this cost. In this case, the second-period incentive compatibility constraint (2) is not required. For technical reason we shall impose the following assumptions. Assumption 1 For any θ in the relevant domain, we have: 1 − δν α(U ˙ (θ))∆u(θ, β) > 0



(5)



Coming back to the first-period incentive compatibility condition (3) that still remains, we immediately get: Lemma 1 • U (·) is convex and absolutely continuous in θ and thus almost everywhere differentiable in θ with at any differentiability point: U˙ (θ) =



−q(θ) 1 − δν α(U ˙ (θ))∆u(θ, β)



(6)



• Local second-order conditions for incentive compatibility can be written as:



∂ α(U ˙ (θ))q(θ)ν ∂θ ∆u(θ, β) q(θ) ˙ +δ ≤ 0. 1 − δν α(U ˙ (θ))∆u(θ, β)



(7)



• Local second-order conditions are sufficient for global optimality of the truthtelling strategy.



To better understand (6), consider first the case where ∆u(θ, β) ≡ 0, i.e., the second-period returns are not risky. Then, an agent with type θ can 10



pretend to be of type θ + dθ, produce the corresponding first-period output q(θ+dθ) at a lower marginal cost and get an additional rent ≈ dθq(θ) by doing so. When second-period returns are instead risky (i.e., ∆u(θ, β) > 0), the incentives to exaggerate costs are exacerbated. Indeed, when exaggerating his own cost, the agent also takes into account how the change in expected return he induces by doing so affects his risk behavior. Getting some extra rent from cost manipulation makes the agent richer and less sensitive to risk when α(U ˙ ) > 0. This indirect effects makes it even more attractive to exaggerate costs than when the agent is risk-neutral. Those extra incentives to exaggerate costs are captured by the numerator of (6). Given that α(U ˙ ) ≥ 0, the local second-order condition (7) holds when q(θ) is non-increasing in θ and when either ∆u(θ, β) is non-increasing in θ or when α(U ˙ ) is small enough. As usual these conditions are first neglected and then checked ex post for the optimal allocation rule that we will derive below. On top of these incentive compatibility conditions, any incentive feasible allocation must also satisfy the participation constraint U (θ) ≥ 0



∀θ ∈ Θ.



(8)



Denoting by [θ, θ∗ ] the set of active types, we are now ready to state the principal’s problem under ex post complete information as:  Z θ∗ ∗ (P ) : max f (θ) S(q(θ)) − θq(θ) − U (θ) ∗ {U (·),q(·),u(·),x(·),θ }



θ



   ˜ ˜ ˜ − δ 1 − α(U (θ)) ν∆u(θ, β) + δE V (x(θ, β)) − βx(θ, β) dθ β˜



subject to (6) and (8). The solution to this optimal contracting problem is characterized as follows. Proposition 1 Assume that ex post second-period costs are known by the two contracting parties. The optimal contract entails: 11



• Full insurance against risk on second-period costs ¯ = u(θ, β)(= 0); u(θ, β)



(9)



• A level of service for the second-period project which is always efficient, ¯ ∀ β ∈ {β, β}, V 0 (x∗ (β)) = β;



(10)



• A level of service for the first-period project which is given by the stan¯ dard Baron and Myerson (1982) formula, ∀ θ ∈ [θ, θ],  F (θ) S 0 q BM (θ) = θ + f (θ)



(11)



with q BM being monotonically decreasing; ¯ is defined as • A positive rent for all types θ ≤ θBM where θBM ∈ (θ, θ)    F (θBM ) BM BM BM BM BM S q (θ ) − θ + q (θ )+δE [V (x∗ (β)) − βx∗ (β)] = 0, BM f (θ ) β˜ (12) or θBM = θ¯ if no solution to (18) exists in Θ. When β is ex post common knowledge, the risk on second-period returns for the add-on can be fully insured ex ante and there is no reason to distort second-period output. In that case, the optimal contract is the same as if only the basic service for which the agent remains privately informed on its marginal cost was contracted upon. The standard Baron and Myerson (1982) solution is implemented. Efficient agents can produce the same output as less efficient ones at a lower marginal cost and get some non-negative information rents from doing so. Output is downward distorted below the first-best to reduce the agent’s information rent for all types except the most efficient provider. Finally, condition (18) determines the cut-off type above which the principal prefers to abstain from production. The virtual surplus associated with this cut-off type (also taking into account the discounted expected surplus 12



corresponding to the add-on) is equal to zero, or positive in case of full coverage. When β is common knowledge, the risk on second-period costs can be fully insured and there is complete dichotomy between first-period and secondperiod contracting. The next Section investigates the case of asymmetric information where this dichotomy fails to hold.
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Asymmetric Information Ex Post



Let us now consider the case where ex post the agent privately learns the cost of producing an add-on. Asymmetric information requires the creation of a ¯ and u(θ, β) to satisfy the second-period inwedge between the returns u(θ, β) centive compatibility constraint (2). Asymmetric information induces some risk on second-period returns which of course is endogenous because it depends on how much of the add-on is required by the principal. More secondperiod output increases that risk. In this section we are interested in understanding how much of that risk will be borne by the agent and how it affects its first-period incentives to manipulate costs. To start the discussion of this issue, let us come back to Lemma 1 which, of course, remains relevant under asymmetric information ex post. In particular, Equation (6) still characterizes how the agent’s information rent profile evolves. However, changes in the overall level of U (θ) make it more or less attractive to reduce second-period risk. With the assumptions on the curvature of α(U ) that we have made, increasing U (θ) increases the denominator of (6) and makes it more attractive to reduce second-period risk. Formally, under asymmetric information ex post, the principal’s problem



13



becomes: (P



AS



Z ):



max



{U (·),q(·),u(·),x(·),θ∗ }



θ∗



 f (θ) S(q(θ)) − θq(θ) − U (θ)



θ



   ˜ ˜ ˜ − δ 1 − α(U (θ)) ν∆u(θ, β) + δE V (x(θ, β)) − βx(θ, β) dθ. β˜



subject to (2), (6) and (8). The solution to this optimal contracting problem is characterized in the next proposition. Proposition 2 Assume that second-period costs are private information of the agent. The optimal contract entails: • Imperfect insurance against uncertainty on the second-period costs ¯ uSB (θ, β) > uSB (θ, β);



(13)



• A downward distortion of the level of service in the second period if costs at that date are high ¯ =β¯ + (1 − α) V 0 (xSB (β))



ν ∆β 1−ν



V 0 (xSB (β)) =β



(14) (15)



• A level of basic service which is greater than the Baron and Myerson (1982)’s outcome if α(·) is not too concave. q SB (θ ≥)q BM (θ), ∀θ ∈ Θ (with equality at θ¯ only);



(16)



¯ is defined as • A positive rent for all types θ ≤ θSB where θSB ∈ (θ, θ)    F (θSB ) BM SB BM SB SB S q (θ ) − θ + q (θ )+ (17) f (θSB )   ¯ δE V (xSB (β)) − βxSB (β) = δ(1 − α)ν∆βxSB (β), (18) β˜



or θSB = θ¯ if no solution to (18) exists in Θ. 14



• Provided that α(U ) is small enough, second-order conditions for incentive compatibility hold. Asymmetric information on second-period costs imposes some risk on second-period returns for incentive compatibility reasons. Since the agent is pessimistic about the second period and put less weight on the good outcome than a risk-neutral agent would have done, he needs to get a higher compensation for taking this risk. This is done through less distortions on ¯ < xSB (β) ¯ < x∗ (β). ¯ second-period output. In fact, xBM (β) What is more subtle is the impact of second-period risk on first-period incentives. Contract design depends indeed on fine details of the curvature of α(·). When α(·) is concave, but not too concave, first-period output distortions are weaker compared with the case of complete information ex post. To understand this modification, observe that when the infromation rent U (θ) increases, α(·) ˙ increases when α(·) is concave and the denominator on the right-hand side of (6) is (in absolute terms) greater. This implies that first-period output distortions are less attractive which itself increases U (θ) which again reinforces this effect. Finally, we immediately see that the cut-off type θSB ≤ θBM . This is because asymmetric information on the second-period cost requires the principal to give up additional rent to the firm in the second period in order to induce information revelation. It goes without saying that such rent is costly and therefore reduces the expected surplus to the principal. The principal is therefore more reluctant to induce positive production from high types. The additional rent plays the role of an extra fixed cost making it more attractive to shut down production if the agent is not so efficient. Intuitively, as we saw above, the second-period risky returns exacerbate incentives to exaggerate first-period costs. However, this effect is reduced by making the agent “richer” when α(·) is concave. This requires lower firstperiod output distortion. Interestingly, α(·) concave implies that first- and second-period output distortions, are somewhat substitutes in solving the 15



incentive problem. A special case: To get further insights and prepare some of the analysis in the sequel, let us assume that the second-period surplus is linear V (x) = V x ¯ We also assume that the second-period output takes values for some V ≥ β. ¯ = 1 is the efficient output at that date. The in {0, 1} so that x∗ (β) = x∗ (β) idea here is that the second-period project consists of a project of fixed-size to be added or not to the basic level of the service. To simplify further the ¯ =1 modeling, we also assume that ∆β small enough so that choosing xSB (β) will always be optimal even when there is asymmetric information on secondperiod costs. In this case, it is easy to check that the optimal output coincides with the Baron and Myerson (1982) solution, q SB (θ) = q BM (θ), for all θ ∈ [θ, θ∗ ]. The difference with the case of ex post symmetric information comes from the rent profile which now satisfies U



SB



Z



θ¯



(θ) =



q BM (x)dx + δα(U SB (θ))ν∆β.



θ∗



With this specification, we find that the cut-off θSB satisfies now    F (θSB ) SB SB SB SB ˜ = δα(U SB (θ))ν∆β. S q (θ ) − θ + q (θ) + V − E [β] ˜ f (θSB ) β We immediately deduce that θSB < θBM . Intuitively, even the least-efficient agent that is just indifferent between taking or not the contract must receive a positive risk-premium.This premium plays the role of an extra fixed cost making it more attractive to shut down production if the agent is not so efficient.
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Competing Agents



Let us now consider an auction environment where n agents compete for the right to serve the principal. These agents are symmetrical and have private 16



information on their first-period cost θi . These costs are independently and identically distributed on Θ according to the cumulative distribution F (·). Auctioning off the right to produce introduces another, endogenous, risk since a given agent only produces in the event that the principal finds his bid more attractive than those of all other agents. Our goal in this section is twofold. First, we want to understand how this endogenous risk modifies contracting when there is symmetric information ex post, especially in terms of first-period output distortions. Second, we want to understand the role that asymmetric information ex post plays on bidding strategies. For simplicity, we keep the assumption of linear second-period surplus and assume efficiency of the second-period output even under asymmetric information. This assumptions ensures that the second-period risk induced by asymmetric information at that date is purely exogenous. An auction mechanism allocates the right to produce among the agents whose first-period cost reports are the lowest, possibly using a reserve price to avoid contracting with producers that would be too inefficient. Because of symmetry, the probability of winning the auction for a given agent who ˆ = [1 − F (θ)] ˆ n−1 . A contract for delivannounces a marginal cost θˆ is G(θ) n o ˆ ˆ ˆ ¯ ˆ ering the services is still of the form t(θ), q(θ), u(θ, β), u(θ, β) where ˆ θ∈Θ



ˆ and q(θ) ˆ denote respectively the first-period payment and output for t(θ) the winning output is assumed to be  agent. Given that the second-period  ˆ β) ¯ = x(θ, ˆ β) = 1 for all θˆ ∈ Θ , the ex post payoffs are worth efficient x(θ, ˆ β) = −(1 − ν)∆β and u(θ, ˆ β) ¯ = ν∆β respectively and they have zero u(θ, mean, i.e. (1) holds, and, under asymmetric information on β satisfy incentive compatibility.6 6



In full generality, payments and outputs for the winning agent should depend on the whole array of announced costs and be of the form n o ¯ u(θˆi , θˆ−i , β) , stipulate a probability of winning ti (θˆi , θˆ−i ), qi (θˆi , θˆ−i ), u(θˆi , θˆ−i , β), Pn for agent i xi (θˆi , θˆ−i ) ∈ [0, 1] (with i=1 xi (θˆi , θˆ−i ≤ 1) and possibly payments for losing agents as well. However, the mechanisms we are using are consistent with real-world practices: No payments are ever made to losers even though such payment might have
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With these specifications of the auction format, it is straightforward to compute the utility of a given agent with type θ which announces being of type θˆ as: n o ˆ = G(θ) ˆ t(θ) ˆ − θq(θ) ˆ + δ(1 − α(U (θ, θ)))ν∆u( ˆ ˆ β) . Uˆ (θ, θ) θ, This expression makes clear that a given agent’s utility incorporates not only its expected profit from winning the auction but also a risk-premium. This risk-premium takes into account the payoff variance from winning but also the variance in second-period returns. Of course, this expression of the agent’s payoff takes different forms depending on whether there is symmetric information ex post or not. First-period incentive compatibility implies that: ˆ U (θ) = max Uˆ (θ, θ). ˆ θ∈Θ



5.1



Ex Post Symmetric Information



Clearly, there is again no reason to impose risk on second-period returns or ˆ β) ¯ = u(θ, ˆ β) = 0 for all θ ∈ Θ. Then, give up a rent to the agent. Thus u(θ, for a given θ, the agent’s expected payoff and incentive compatibility can be written as n o ˆ t(θ) ˆ − θq(θ) ˆ . U (θ) = max G(θ) ˆ θ∈Θ



The problem boils down to a relatively standard auction problem and the Envelope Theorem yields U˙ (θ) = −q(θ)G(θ).



(19)



Compared to the static case (or the case of risk-neutrality), the first-period incentive problem remains almost the same. some value in more general optimal auctions with risk-averse bidders (Maskin and Riley, 1984, Matthews, 1984).
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The procurer’s optimal contract must solve the following optimization problem (again neglecting second-order conditions for the agent’s problem which turn out to be satisfied by the optimal contract)  Z θ∗ A∗ (P ) : max n f (θ) G(θ)(S(q(θ)) − θq(θ)) − U (θ) {q(·),x(·),U (·),θ∗ } θ   ˜ ˜ ˜ + δG(θ)E V (x(β)) − βx(β) dθ. β˜



subject to (8) and (19). Proposition 3 Assume that there is no asymmetric information in the second period. The optimal auction procedure entails: • Production at the Baron and Myerson (1982) level in the first period and production at the optimal level in the second-period. • The cut-off type θA∗ is such that θA∗ = θBM .



(20)



The optimal contract involves full insurance in the second period and therefore the firms’ incentives are not affected by second-period outcome. Therefore any distortion will come from within-period incentive issues. With ex post symmetric information, the only incentive problem is to induce truthtelling in the first period. In the first-period we obtain the same distortion (and for the same reasons) as in the one-agent case.



5.2



Ex Post Asymmetric Information



ˆ β) − First, observe that for incentive compatibility we must now have u(θ, ˆ β) ¯ = ∆β so that u(θ,  ˆ = G(θ) ˆ t(θ) ˆ − θq(θ) ˆ − δν(1 − α(U (θ, θ)))∆β ˆ U (θ, θ) .
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Let us define, as before, the agent’s payoff when following a truthful ˆ the Envelope Theorem yields strategy as U (θ) = maxθ∈Θ Uˆ (θ, θ), ˆ U˙ (θ) =



−q(θ)G(θ) 1 − δν α(U ˙ (θ))∆βG(θ)



(21)



Comparing (19) and (21) it is clear that, when α(U ) ≥ 0, the rent derivative is lower with asymmetric information on second-period cost. The intuition is straightforward and builds on our findings in Section 3 and 4. When exaggerating his own costs a given agent takes into account the fact that, conditional on winning, the risk-premium that this agent should receive to participate decreases. These countervailing incentives reduce incentives to overstate costs. The buyer’s optimal contract must solve the following optimization problem (still neglecting second-order conditions):  Z θ∗  ASB (P ): max ∗ n f (θ) G(θ)(S(q(θ)) − θq(θ)) + δE V − β˜ {q(·),x(·),U (·),θ } β˜ θ  − U (θ) − δ(1 − α(U (θ)))ν∆βG(θ) dθ. subject to (8) and (21). We are now ready to compare the solutions to (P A∗ ), (P ASB ) and (P AS ). Proposition 4 Assume that α is small enough and second-order conditions for the agents’ incentive compatibility hold. • With competing agents, the one-agent result that asymmetric information decreases first-period output still hold. • Under asymmetric information ex post and if α()˙ is not too concave, competition decreases output.
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6



Conclusion



This articles contributes to the literature on auctions with risk averse bidders. We have studied an optimal procurement contract for a basic service and an uncertain add-on, where uncertain refers to the ex ante incomplete information about the add-on. Our interest lies in particular in analyzing the effect of the risk coming from this uncertainty about risk-averse agents’ returns. Using the rank-dependence theory put forward by Quiggin (1982) and completed by Yaari (1987) and, subsequently, by many other authors, we have shown that asymmetric information on costs (both for the basic service and the add-on) leads to imperfect insurance against the risky second-period pay-off. Furthermore and as is usual under asymmetric information, outputs are distorted downward. For the first-period outcome, the distortion will always be as in baron and Myerson (1982). However, because of risk-aversion, the add-on is less distorted than under risk-neutrality. This is due to the fact that in our model agent’s are pessimistic about the realization of the good outcome and put less weight on this ex ante. Finally, whether there is competition or not, does not affect the range of types for which the principal wants to induce non-negative production levels.



Appendix • Proof of Lemma 1: • Envelope Theorem. First, the Envelope Theorem (see for instance Milgrom and Segal, 2002) yields that U (θ) is absolutely continuous and thus almost everywhere differentiable. Moreover at any differentiability point, we get: U˙ (θ) =



−q(θ) . 1 − δν α(U ˙ (θ))∆u(θ, β)



(A.1)



• Local conditions for incentive compatibility. The local first-order con-
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dition for incentive compatibility can be written as: ∂ ˙ − θq(θ) t(θ) ˙ − δ(1 − α(U (θ)))ν ∆u(θ, β) = 0. ∂θ



(A.2)



We can show that the local second-order necessary condition become: q(θ) ˙ +δ



∂ ∆u(θ, β) α(U ˙ (θ))q(θ)ν ∂θ ≤ 0. 1 − δν α(U ˙ (θ))∆u(θ, β)



(A.3)



• Global incentive compatibility. For global incentive compatibility to hold we need to prove that  t(θ) − θq(θ) − δ 1 − α(U (θ, θ)) ν∆u(θ, β)  ˆ − θq(θ) ˆ − δ 1 − α(U (θ, θ)) ˆ ν∆u(θ, ˆ β) ≥ t(θ) ˆ ∈ Θ2 . for all (θ, θ)  ˆ = t(θ) ˆ − θq(θ) ˆ − δ 1 − α(U (θ)) ν∆u(θ, ˆ β), Using the definition U (θ, θ) ˆ we need to show that U (θ, θ) ≥ U (θ, θ). ˜ ∈ Θ2 , using A.2 yields For any (θ, θ) ˆ U (θ, θ) − U (θ, θ)  Z θ ∂∆u(x, β) ˙ dx. = t(x) − θq(x) ˙ − δ(1 − α(U (θ)))ν ∂θ θ˜ ˙ Define K(x, θ) = t(x) − θq(x) ˙ − δ(1 − α(U (θ)))ν ∂∆u(x,β) . Notice that ∂θ from the local first-order condition, K(θ, θ) = ˆ = U (θ, θ) − U (θ, θ)



Z θ˜



θ



Z



∂U (θ,θ) ∂ θˆ



= 0, so we get



x



K1 (y, θ)dydx θ



where K1 (x, θ) = t¨(x) − θ¨ q (x) − δ(1 − α(U (θ)))ν ∂ ∂ α(U ˙ (θ))q(θ)ν ∂θ ∆u(θ,β) δ 1−δν α(U ˙ (θ))∆u(θ,β)



2 u(x,β)



∂θ2



≤ 0.



And we can conclude that ˆ U (θ, θ) ≥ U (θ, θ) ˜ ∈ Θ2 (since “x”≤ θ in the second integral). for all (θ, θ) 22



= q(θ) +



• Proof of Proposition 1: First, observe that (6) implies that U (θ) is non-decreasing in θ, so that the participation constraint (8) is binding at θ∗ only. Let us write the Hamiltonian of the corresponding optimal contracting problem as  ¯ U, ∆u, λ) = f (θ)(S(q) − θq − U − δ 1 − α(U ) ν∆u H(θ, q, x(β), x(β),   q ˜ ˜ ˜ + δE V (x(β)) − βx(β) − λ , ˜ 1 − δν α(U ˙ )∆u β ¯ where ∆u = u(θ, β) − u(θ, β). Pontryagyn Principle (see Seierstad and Sydsaeter, 1987) yields immediately the following optimality conditions: • The costate variable evolves according to the following differential equation for ∂H λ(θ)q(θ)δ α ¨ (U )ν∆u ˙ λ(θ) =− = f (θ) (1 − δ α(U ˙ )ν∆u) − 2 ; ∂U 1 − δν α(U ˙ )∆u



(A.4)



with the transversality condition λ(θ) = 0;



(A.5)



• The optimality condition for the first-period output q(θ) S 0 (q(θ)) = θ +



λ(θ) ; f (θ) (1 − δν α(U ˙ )∆u)



(A.6)



¯ immediately yields • The optimality condition for ∆u = u(θ, β) − u(θ, β) ∆u = 0,



(A.7)



i.e., the full insurance condition (9) since:  λ(θ)q(θ)δν α(U ˙ (θ)) −f (θ)δ 1 − α(U (θ)) ν − 2 ≤ 0, 1 − δν α(U ˙ )∆u when λ(θ) ≥ 0 as it is checked below; 23



(A.8)



• The optimality conditions for x(θ, β) yields immediately the first-best outputs defined in (10). Observe that inserting ∆u = 0 into (A.4) and using λ(θ) = 0 yields immediately λ(θ) = F (θ). Inserting into (A.6) yields then the BaronMyerson output q BM (θ) given by (11). • Optimizing with respect to the cut-off yields θBM given by (18). • Finally, the agent’s rent can be expressed as Z θ∗ BM q BM (y)dy ≥ 0. U (θ) = θ



• Proof of Proposition 2: In the absence of the incentive constraint (2), we already know from Proposition 1 that there would be no ex post risk. This implies that (2) is necessarily everywhere binding. Hence, we get ¯ = ∆βx(θ, β). ¯ u(θ, β) − u(θ, β)



(A.9)



Let us write the Hamiltonian of the maximization problem simplified by using (A.9):   ¯ ¯ x(β), U ) = f (θ) S(q) − θq − U − δ 1 − α(U (θ)) ν∆βx(θ, β) H(θ, q, x(β),   λq ˜ − βx( ˜ β) ˜ + δE V (x(β)) − ¯ . 1 − δν α(U ˙ (θ))∆βx(θ, β) β˜ • Pontryagyn Principle leads to the following differential equation for the costate variable λ(θ)  ˙ ¯ λ(θ) = f (θ) 1 − δν α(U ˙ (θ))∆βx(θ, β) −



¯ λ(θ)q SB (θ)δν α ¨ (U SB (θ))∆βxSB (θ, β) , 2 ¯ 1 − δν α(U ˙ (θ))∆βx(θ, β)



(A.10)



with the transversality condition λ(θ) = 0. Define µ(θ) =



λ(θ) ¯ . 1−δν α(U ˙ (θ))∆βx(θ,β)
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(A.11)



Lemma 2 When α ¨ (·) ≤ 0 ≤ α(·) ˙ for all U , if α(·) is not too concave then µ(θ) ≤ F (θ). 0≥α ¨ (U (θ)) ≥



α(U ˙ (θ))x(U ˙ (θ)) ⇒ µ(θ) ≤ F (θ) ¯ 2q(θ)x(θ, β)



 ˙ ¯ > 0 Proof: Observe that λ(θ) = f (θ) 1 − δν α(U ˙ F B (θ))∆βx(θ, β) from Assumption 1. And so, for any θ in a right-neighborhood of ¯ the first value of θ, λ(θ) ≥ 0. Suppose that there exists θ1 ∈ (θ, θ] θ greater than θ and such that λ(θ1 ) = 0. At such point we have ˙ 1 ) = f (θ1 ) > 0 and thus λ(θ) < 0 on a left-neighborhood of θ1 . A λ(θ contradiction. Hence, λ(θ) > 0 for all θ above θ. µ˙ can be written as λ˙ λ µ(θ) ˙ = +  ¯ ¯ 2 1 − δν α(U ˙ (θ))∆βx(θ, β) 1 − δν α(U ˙ (θ))∆βx(θ, β)   ¯ −δν α ¨ (U SB (θ))q SB (θ)∆βx(θ, β) SB SB SB ¯ ¯ + α(U ˙ (θ))δν∆βx (θ, β))x˙ (θ, β)) ¯ 1 − δν α(U ˙ (θ))∆βx(θ, β) Using (A.10) and rearranging terms yield   ¯ − 2q(θ)¨ ¯ λ(θ)δ∆β α(U ˙ (θ))x(θ, ˙ β) α(U (θ))x(θ, β) µ(θ) ˙ =f (θ) +  ¯ 3 1 − δν α(U ˙ (θ))∆βx(θ, β) Since λ(·) ≥ 0, α(·) ˙ ≥ 0 and α ¨ (U (θ)) ≥



α(U ˙ (θ))x(U ˙ (θ)) , ¯ 2q(θ)x(θ,β)



¯ ≤ 0, if x˙ SB (θ, β)



we get µ(θ) ˙ ≤ f (θ) for all θ. Integrating and taking into account the boundary condition µ(θ) = 0 yields the result. • Optimizing with respect to first-period output leads to: S 0 (q SB (θ)) = θ +



µ(θ) . f (θ)



(A.12)



¯ ≤ 0. Then, (16) follows from Lemma 2 whenever x˙ SB (θ, β) • Optimizing with respect to second-period output leads immediately to xSB (θ, β) = x∗ (β) and  ¯ = β¯ + 1 − α(U SB (θ)) ν∆β + V 0 (xSB (θ, β))



λ(θ)q SB (θ)ν α(U ˙ SB (θ))∆β ¯  ≥ β. ¯ 2 f (θ) 1 − δν α(U ˙ (θ))∆βx(θ, β) (A.13)
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Hence, (15) follows. • Note that, when α(U ) is small enough, say α(U ) = aα0 (U ) with a small λ(θ) is close to F (θ). Then, first q˙SB (θ) ≤ 0 when  enough,  F (θ) d > 0 and second ∆u(θ, β) is close to zero so that the seconddθ f (θ) order condition (7) holds. • To complete the proof, we need to show that x(θ) ˙ ≤ 0. For α(U ) small enough, differentiating (A.13) and rearranging terms yield  00 V (x)dx =dθ − α(U ˙ (θ))ν∆β U˙ (θ) F˙ q(θ)ν α(U ˙ (θ))∆β (θ) ¯ f 1 − 2δν α(U ˙ (θ))∆βx(θ, β)  F ν∆β(q(θ)¨ α(U (θ)) + q(θ) ˙ α(U ˙ (θ))) + (θ) ¯ f 1 − 2δν α(U ˙ (θ))∆βx(θ, β) +



If the last term is not too negative, x(θ) ˙ ≤ 0. • Proof of Proposition 3: Consider the following Hamiltonian for (P A∗ ); H(q, U, λ) = f (θ) {G(θ)(S(q) − θq) − U − λqG(θ)} . Pontryagyn Principle yields the optimality conditions ˙ λ(θ) = f (θ)



(A.14)



λ(θ) = 0.



(A.15)



with the boundary conditions



Integration yields λ(θ) = F (θ). Optimization with respect to output leads to S 0 (q(θ)) = θ +



λ(θ) . f (θ)



Which is the characterization of the Byron-Myerson output level. 26



(A.16)



Turning now to the cut-off type θA∗ such that U A∗ (θA∗ ) = 0 above which there is production shut-down, we get F (θA∗ ) A∗ A∗ ˜ S(q (θ )) − θ q (θ ) + δE (V − β) = q (θ ) β f (θA∗ ) A∗



A∗



A∗ A∗



A∗



From this, we get ˜ = 0. S(q A∗ (θA∗ )) − S 0 (q A∗ (θA∗ ))q A∗ (θA∗ ) + δE (V − β) β˜



This is the same condition as in Proposition 1 and so the cut-offs are the same. • Proof of Proposition 4: Let us write the Hamiltonian for problem (P ASB ) as  ˜ −U H(q, U, λ) = f (θ) G(θ) (S(q) − θq) + E (V − β) ˜ β  λqG(θ) . − G(θ)δ(1 − α(U ))ν∆β − 1 − δν α(U ˙ )∆βG(θ) Pontryagyn Principle yields the optimality conditions: λ(θ)G2 (θ)q(θ)δν α ¨ (U )∆β ˙ λ(θ) = f (θ) (1 − δ α(U ˙ )ν∆βG(θ)) + , (1 − δνG(θ)α(U ˙ )∆β)2



(A.17)



with the boundary condition λ(θ) = 0.



(A.18)



By arguments similar to those made earlier, we can prove that λ(θ) ≥ 0 for all θ. Optimization with respect to output yields: S 0 (q(θ)) = θ + Consider µ(θ) =



λ(θ) . f (θ)(1 − δνG(θ)α(U ˙ )∆β)



λ(θ) . 1 − δνG(θ)α(U ˙ )∆β 27



(A.19)



Observe that ˙ λ(θ) 1 − δνG(θ)α(U ˙ )∆β   λ(θ)δν∆β α ¨ (U (θ))U˙ (θ)G(θ) + α(U ˙ (θ))g(θ) + (1 − δνG(θ)α(U ˙ )∆β)2



µ(θ) ˙ =



Using (A.18), (21), the fact that α is small enough and simplifying yields µ(θ) ˙ = f (θ)   λ(θ)δν∆β q(θ)G2 (θ)α(U ˙ (θ)) + q(θα ¨ (U (θ))G(θ) + g(θ)α(U ˙ (θ))(1 − δνG(θ)α(U ˙ )∆β) + , (1 − δνG(θ)α(U ˙ )∆β)3 where G(θ) = (1 − F (θ))n−1 and g(θ) = −(n − 1)f (θ)(1 − F (θ))n−2 ≤ 0 and where µ(θ) = 0.
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