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Qualitative comparisons Eric Fimbel Department of Electrical Engineering École de Technologie Supérieure Abstract.- Qualitative computational models are useful for the early study of biological and physical systems, whenever the experimental evidence is insufficient to elaborate quantitative models. When a scientific domain becomes mature, qualitative models may be replaced by their quantitative counterparts, whose predictions are more precise. However, qualitative computational models use specific tools and formalisms, which complicates their translation into quantitative models. This article introduces a family of qualitative comparisons (e.g., ≈, 
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I. INTRODUCTION I.1 Qualitative simulation A qualitative model is a coarse description of a system in terms of properties and relationships that are 1) generic and 2) easy to observe. For instance, the property for a variable to be positive and decreasing applies to a broad range of situations and can be observed without precise, quantitative measurement. This kind of approach is of special interest for the initial stages of the study of natural systems, when there is not enough experimental evidence to determine quantitative equations and laws. When a scientific domain is « mature » (Smolen et al., 2000), accurate quantitative models can be elaborated because both the knowledge and the experimental data is abundant and consistent. These models should replace their qualitative counterparts, whose predictions are less precise. Qualitative computer models originate in frameworks such as qualitative physics (de Kleer, Brown, 1984) and qualitative process theory (Forbus, 1984). These seminal works gave way to general tools such as QSIM (Kuipers, 1986) or QPE (Forbus, 1990). It is worth noting that the mathematical biology community has been using qualitative modeling for years. Because of the switch-like properties of gene expression and enzymatic activity, biological control systems can be modelled by means of logical descriptions (Glass, Kaufmann, 1973, Glass, 1975a, Thomas, d’Ari, 1990, Thomas, 1995). or piecewise linear differential equations (Glass, 1975, Glass, Pasternack, 1978) in order to predict qualitative properties of their possible dynamics. Qualitative models generally are accurate, in the sense that they do not contain precise but wrong information about the system. In fact, they trade accuracy for uncertainty, which can take two forms: parametric indeterminism (i.e., the exact values of the parameters such as the coefficients of the equations remain unknown) or functional indeterminism (i.e., the relationships between variables are unknown to the extend that they cannot be represented as a family of functions) (Kay, 1998). Because of this uncertainty, some of the predictions of a qualitative model are spurious, which means that 1) they do not occur in the real world, and 2) they would not be considered as possible with a more precise model. However, the usual mathematical formalisms used in computer modeling and simulation do not support uncertainty; therefore, qualitative models have to be written in ad-hoc languages, which may be unfamiliar to the scientists and the engineers. This is the case in systems such as QPE (Forbus 1990) QSIM (Kuipers 1986) and the derived systems. Even if these languages are simple, defining a model in a non-familiar formalism may be a demanding task, and transforming the model into a quantitative model may require a complete rewriting. These practical facts may prevent the use of qualitative techniques in some cases where they are potentially useful.
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I.2 Qualitative comparisons We propose here to incorporate qualitative comparators (e.g., ≈,  y) and not (x >> y) and not (x ≈ y). This can also be expressed directly as (x |, =, >, || }, the two additional symbols -∞ and +∞, and the logical connectors and (∧), or (∨) not (¬) in order to express comparisons. This set is not minimal, but it allows writing concise formulae and it does not introduce too many unfamiliar notations. The foregoing qualitative algebra is founded on Non Standard Analysis (NSA). NSA provides a simple way of representing infinitesimals under the form of hyper-real numbers (Robinson 1974). Around each real number, there are infinitely close hyperreals that can be observed through an "infinite microscope" (Keisler 1994). A comparison such as (x << y) means that x and y represent parameters at incommensurable order of magnitude (e.g., the cellular and the molecular levels), and that they cannot be numerically defined in the same model. In a similar manner, (x ≈ y) means that the difference between x and y is incommensurable with x and y. It should be noticed that purely numerical models can only represent relatively close orders of magnitude, because as soon as a and b are numerically defined, (a << b) is false (because the difference between two real numbers is always finite); for the same reason, (a ≈ b) is true only if a and b have the same numerical value. The foregoing remarks show that qualitative comparators are not informative for numerical values; consequently, they may be replaced by the usual comparators {=, , ≠} whenever the parameters of a model are numerically defined (or bounded).
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Qualitative comparisons allow introducing some uncertainty in a model without using explicit qualitative values or variables. In particular, they can be used to define qualitative functions, which are generic functions that are only defined by their qualitative properties. For instance, a qualitative step function s+(x) is defined by the constraint: if x is negative, s+(x) is finite negative; if x is positive or null, s+(x) is finite positive (of course, this constraint can be expressed by means of the foregoing comparators and logical connectors). Qualitative functions represent a high level of functional indeterminism, and they are used when functional relationships cannot even be represented as parametric functions (e.g., f(x) = px, where p is a parameter). I.3 Qualitative algebra and qualitative comparison evaluation Because of the equivalence between comparators and qualitative values, the evaluation of a set of comparisons can be done by means of operations such as sums, products, unions and intersections of qualitative values. For instance, (x < y) and (y < z) implies (x < z), and this result can be obtained directly in the qualitative algebra, because negative + negative = negative. In general terms, it can be proven that (x q y) and (y q' z) implies (x q+q' z), which is very general and covers all the possible combinations of comparators ( < , =,  y). These formulae are logically equivalent, but the computational cost of the evaluation of a set C of constraints will be greatly reduced if C is written in a concise manner. Qualitative comparisons have an important property that allows a concise expression: all the comparisons between two expressions can be subsumed into a single one. For instance, (x < y) or (x > y) can be subsumed into (x q* y), where q* is the qualitative value (strictly) negative or (strictly) positive. This leads to a two-fold method for the evaluation of the comparisons of a set C of constraints: 1) subsume the formulae of C into a set Q of qualitative comparisons; 2) perform qualitative calculations on Q. This method can be used to detect inconsistencies in the constraints, or to give the truth-value of any comparison between constants, numerical expressions and variables appearing in the constraints. This process can be executed in polynomial time. The corresponding naive algorithm is presented in this paper. The first application of the foregoing method is qualitative modeling and simulation. However, it could be used as an extension for numerical constraints evaluation systems or for arithmetic and logic inference engines, because it is simple to implement, and its computational complexity is low. It can save time whenever many variables remain numerically undetermined. In the following, the qualitative algebra is briefly presented in section II. Qualitative comparisons and qualitative functions are presented in section III. A naive algorithm for comparison evaluation is presented in section IV.



II. QUALITATIVE ALGEBRA



5



In this section, the qualitative algebra is briefly described. The detail of the definitions and the proofs of the different results can be found in (Fimbel 2002). Numerical values. The numerical values are hyper-real numbers, *R, i.e., the real numbers, augmented with infinitesimals and infinite numbers. It is worth noting that infinitesimal, real and infinite numbers are incommensurable, which means that they cannot be compared precisely because their orders of magnitude are too distant. In the following, we will consider sets of possible values instead of exact values. PNv = P(*R). The usual arithmetic operations (i.e., +, -, *, /) are defined on the sets of values. For instance, E1+E2 = {x+y | x, y ∈ E1xE2 }. Qualitative properties (q-properties). Any set of hyper-real numbers can be described by means of 9 predefined qualitative properties. The set of qualitative properties, Qp, is defined in Table 1. Table 1. Qualitative properties. X stands for any set of hyper-real numbers. q-property symbol description definition infinite negative -∞ X = {-∞} q0 -unbounded negative ∀ a ∈ R ∀ x ∈X, x < a q1 finite negative ∃ a,b ∈ R2,∀ x∈X, a < x < b < 0 q2 0infinitesimal negative ∀ a ∈ R-,∀ x ∈X, a< x < 0 q3 0 null X = {0} q4 0+ infinitesimal positive ∀ a ∈ R+,∀ x ∈X,0 < x < a q5 + finite positive ∃ a,b ∈ R2,∀ x∈X, 0 < a < x < b q6 ++ unbounded positive ∀ a ∈ R ∀ x ∈X, x > a q7 infinite positive +∞ X = {+∞} q8



Qualitative values (q-values). The qualitative values are defined as set of qproperties, Qv= P(Qp). As there are 9 q-properties, there are 29 = 512 q-values. The elementary q-values correspond to the singletons, the complex (or uncertain) q-values contain several elements, and the universal q-value "?" is the union of all the properties of Qp. Qualitative descriptions (q-descriptions). The q-description of a set X is a q-value defined as the set of the q-properties that some subset of X verifies. For instance, the qdescription of X=[0,1], is {0, 0+, +} because X contains zero, some infinitesimals and some finite positive numbers. It is worth noting that if X is the set of possible values of some variable v, the more complex the q-description of X, the higher the uncertainty on v. When the q-description is the universal q-value, nothing is known about v. Operations on q-values. The algebraic operations, i.e., the sum (+), the product (*) the pseudo-opposite (-) and the pseudo-inverse (/) are first defined on the q-properties by means of tables (see Tables 2 and 3).Then, they are extended to the q-values by means of a distributivity rule. For instance, qv1+qv2 is defined as ∪ { (qi1+qi2) | qi1 ∈ qv1, qi2 ∈ qv2}. Table 2. Definition of sum and pseudo-opposite on the q-properties. qi...qj represents the set of the q-properties qk, k in [i,j].
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↓X Y→



-∞



--



-



0-



0



0+



+



++



+∞



X



-∞ -00 0+ + ++ +∞



-∞ -∞ -∞ -∞ -∞ -∞ -∞ -∞ -∞...+∞



-∞ --------...++ +∞



-∞ --...+ ++ +∞



-∞ -000-...0+ + ++ +∞



-∞ -00 0+ + ++ +∞



-∞ -0-...0+ 0+ 0+ + ++ +∞



-∞ --...+ + + + + ++ +∞



-∞ --...++ ++ ++ ++ ++ ++ ++ +∞



-∞...+∞ +∞ +∞ +∞ +∞ +∞ +∞ +∞ +∞



-∞ -00 0+ + ++ +∞



- X +∞ ++ + 0+ 0 0--∞



Table 3. Definition of product and pseudo-inverse on the q-properties. "qi...qj" represents the set of the q-properties qk, k in [i,j]. "qi,qj" represents the set of q-properties "{qi,qj}". ↓X Y→



-∞



--



-



0-



0



0+



+



++



+∞



X



/ X



-∞ -00 0+ + ++ +∞



+∞ +∞ +∞ +∞ -∞..+∞ -∞ -∞ -∞ -∞



+∞ ++ ++ 0+...++ 0 --...0---∞



+∞ ++ + 0+ 0 0--∞



+∞ 0+...++ 0+ 0+ 0 00--...0-∞



-∞...+∞ 0 0 0 0 0 0 0 -∞...+∞



-∞ --...0000 0+ 0+ 0+...++ +∞



-∞ -00 0+ + ++ +∞



-∞ ----...00 0+...++ ++ ++ +∞



-∞ -∞ -∞ -∞ -∞...+∞ +∞ +∞ +∞ +∞



-∞ -00 0+ + ++ +∞



0 0--∞,+∞ ++ + 0+ 0



Remark. The neutral elements of the sum and the product are respectively {0} and {+}. However, these operations can introduce some uncertainty (e.g., {0-}+{0+}={0-,0,0+}); consequently, the pseudo-opposite and the pseudo-inverse only verify the weak properties: {0} ∈ q-q and {+} ∈ q/q. Correspondence between qualitative and numerical operations. In the case of exact numerical values, the q-descriptions are always the elementary q-values: -, 0, +. Consequently, the correspondence between qualitative and numerical operations is straightforward, and the following properties hold (x and y are hyper-reals) : q d ( x + y ) = qd ( x ) + q d ( y ) q d ( x - y ) = qd ( x ) - q d ( y ) q d ( x * y ) = qd ( x ) * q d ( y ) if y ≠ 0, qd ( x / y ) = qd ( x ) / qd ( y )



(1)



In the general case of sets of numerical values, the q-descriptions are generally uncertain q-values, and the correspondence is weaker. However, the following properties hold (X and Y are now sets of hyper-reals): qd (- X) = - qd(X) qd (X + Y) ⊆ qd(X) + qd(Y) qd (X - Y) ⊆ qd(X) - qd(Y) qd (X * Y) ⊆ qd(X) * qd(Y) qd (X / Y) ⊆ qd(X) / qd(Y)



(2)



III. QUALITATIVE COMPARISONS AND QUALITATIVE FUNCTIONS
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The qualitative components of a model, namely qualitative comparisons and functions, are now defined. This section is organized as follows: • A model is defined as a set of constraints (and equations) on numerical expressions whose value may be unknown. The constraints define a set of possible values for the expressions. This point of view, although limited, is sufficient here. • The qualitative comparisons (q-comparisons) are defined. For instance, (x q y) means that: the q-description of x-y belongs to q. Each q-value can be used as a comparator. • The usual comparators (e.g., =, = 12) and (x < 24)) . For simplicity, the variables and parameters are considered as specific cases of numerical expressions, and the equations are considered as specific cases of constraints. Numerical expressions. NE= {e1..en} is the set of the numerical expressions (including all their sub-expressions) that appear in a model. Remark. The detail of the expressions is not important here. They may contain algebraic operations (+, -, *, / ), numerical functions (e.g., abs(), exp(), log(), ...) , etc. Remark. The variables, derivatives, parameters and physical constants are all particular cases of numerical expressions. Values and possible values of the expressions. Every expression ei of NE has a unique numerical value nv(ei) ∈ Nv, and a set of possible values pnv(ei) ∈ PNv. The sets of possible values are defined by some initial hypothesis on the values of the variables and parameters, and by the constraints of the model. They characterize a state of knowledge on the system. As we limit ourselves to accurate models, the possible values of an expression are supposed to contain always its exact value:



∀ ei ∈ NE, nv(ei) ∈ pnv(ei).



(3)



Complementary definition. The value of an expression ei is known when pnv(ei) = {nv(ei)}. Otherwise, it is unknown.
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Remark. An unknown expression ei may correspond to different level of uncertainty, e.g., pnv(ei) may be finite, discrete, continuous, etc. Remark. As each expression ei has a unique numerical value, the q-description of nv(ei) is an elementary q-value. Example. In dynamic models, the time is represented by a variable t, and the expressions of the form x(t) are generally unknown. As soon as the time is fixed, e.g. t=1, these expressions are known. Constraints. Each constraint is a (true) logical formula containing numerical expressions. C = {c1..ck} is the set of the constraints of a model. Remark. The syntax of the constraints is not important here. They may contain logical connectors (¬, ∧, ∨, ⊃, etc.), comparisons (=, =, etc. )... Remark. Equations are particular cases of constraints. The foregoing framework describes any kind of model. In the following, qualitative models will be defined. III.2 Qualitative comparisons Any q-value is equivalent to a comparison operator. For instance, (x {++} y) means that: the q-description of X-Y is unbounded positive. In general terms, any q-value q can be used as a comparison operator: (x q y) means that: the q-description of x-y is an element of q. Qualitative comparisons (or q-comparisons). They are predicates of the form (X q Y) where X, Y are sets of numerical values and q is a q-value: Qc = { ( X q Y ) | X,Y ∈ PNv 2, q ∈ Qv } The truth value of a qualitative comparison is defined as follows: ( X q Y ) ⇔ ∀ x,y ∈ X,Y, qd( x - y ) ∈ q



(4)



Remark. The universal q-value gives corresponds to an absence of information, and the empty q-value corresponds to an inconsistency :



∀ X,Y ∈ PNv2, ( X ? Y ) ∀ X,Y ∈ PNv2, ¬ ( X ∅ Y )



(5)



Complementary definition. Qualitative comparisons are easily extended to the numerical expressions EN of a model by considering (ei q Y) and (X q ej) as short notations for, respectively, (pnv(ei) q Y) and (X q pnv(ej )). Remark that the constraints refer to the set of possible values of the expressions instead of their value itself. Qualitative model. When the constraints of a model contain q-comparisons, the model is said to be qualitative.
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III.3 Comparators The usual comparison are specific cases of q-comparisons. For instance, (x = y) can be rewritten as: the q-description of x-y is null, (x < y) as: the q-description of x-y is (an element of) negative, etc. The set of usual comparators is slightly extended with familiar notations such as >, and two new notations that describe finite differences: ||. This will allow the rewriting of any q-comparison in a usual notation. Comparators. Cc = { ≈, =, ≠, , =, >, || }. Each comparison operator is equivalent to a q-value, given in Table 4. Table 4. Q-values corresponding to the comparison operators. comparator



≈ = ≠ < > = << >> ||



q-value {0-, 0, 0+} {0} { -∞, -- , - , 0-, 0+, + , ++, +∞ } { -∞, -- , - , 0- } { 0+, + , ++, +∞ } {-∞, -- , - , 0- , 0 } {0, 0+, + , ++, +∞ } {-∞, -- } {++, +∞ } {-} {+}



Remark. Any q-comparison can be rewritten as a formula using the comparison operators, the symbols -∞ and +∞, conjunctions, disjunctions and negations. For instance, ( x {0-} y ) is equivalent to (x| y ) • (x {0-} y) ⇔ ( x || y ) ∧ (x ≈ y) From the definition of the sum, it comes: • ( x {-∞} y ) ⇔ ( x = -∞ ) ∨ ( y = +∞ ), ( x {+∞} y ) ⇔ ( x = +∞ ) ∨ ( y = -∞ ) From Table 4 and the previous results, it comes: • ( x {--} y) ⇔ (x << y) ∧ ¬ ( x = -∞ ) ∧ ¬( y = +∞ ), • ( x {++} y) ⇔ (x >> y) ∧ ¬ ( x = +∞ ) ∧ ¬( y = -∞ ) For any uncertain q-value q , ( x q y ) ⇔ (x qi0 y) ∨ .. (x qik y) where the qik are the elementary q-values contained in q. III.4 Qualitative functions Qualitative comparisons can be used to define qualitative functions. For instance, dx/dt = f(x)*x, where f(x) is negative and bounded. These functions are a particular case of generic numerical functions. They are especially useful when some functional dependency exists, but when there is not enough experimental evidence to express it as a parametric function (e.g., f(x) = px, where p is a parameter).
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Generic functions. The generic numerical functions are total functions from Nv into Nv. These functions verify the following general property:



∀ x1, x2 ∈ Nv2 , x1 = x2 ⇒ fi(x1) = fi(x2)



(6)



Possible values of a generic function. Every function fi of GF is associated to a set function from Nv into PNv called pfi. This function is called the possible values of fi. pfi characterizes what is known about fi. As we limit ourselves to accurate models, the possible values of a function are supposed to contain always its exact value:



∀ x ∈ Nv , fi (x) ∈ pfi(x)



(7)



Complementary definition. fi(x) is known if pfi(x) = { fi(x) } otherwise it is unknown. Example. fi is a generic function that extends f(x) = 1/x as follows: pfi(0)={-∞,+∞}, fi(∞)=fi(+∞)=0, , fi(x)=1/x elsewhere. fi(0) is either -∞ or +∞ but we do not know which of them.



Qualitative functions. They are generic numerical functions such that the qdescription of their possible values is defined from the q-description of their arguments:



∀ x1, x2 ∈ Nv2 , qd (x1) = qd (x2) ⇒ qd(pfi(x1)) = qd(pfi(x2))



(8)



Remark. The previous definition can be extended easily to n-ary functions such as fi(x1..xn). Property. Qualitative functions can be defined in a model by means of explicit constraints on the elementary q-values. More precisely, if fi is defined by means of the following type of constraints, it will be proven that fi is a qualitative function: ( x q1 0 ) ⊃ ( pfi(x) q'i 0 ) ... ( x qf 0 ) ⊃ ( pfi(x) q'f 0 )



(9)



where q’1..q’f are elementary q-values, q1..qf are a partition of Qv. Scheme of proof. Suppose that fi verifies (9). let x1, x2 be two numerical values such that qd(x1) = qd(x2). As the qi are a partition of Qv, there exist some qi such that qd(x1) = qd(x2) ∈qi, hence ( fi (x1) q’i 0 ) and ( fi (x2) q’i 0), i.e., ∀ y1 ∈ pfi(x1), qd ( y1 - 0) ∈ q’i and ∀ y2 ∈ pfi(x2), qd ( y2 - 0) ∈ q’i As q’i is an elementary q-value, qd ( fi (x1) ) = qd( fi (x2) ) = q'i, hence, fi verifies property (8).
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Example. A step function s+(x) can be defined by means of the following constraints: (x < 0) ⊃ (s+(x) |= 0) ⊃ (s+(x) |>| 0) where s+(x) is a short notation for the possible values pvs+(x). Qualitative model. When the expressions of a model contain generic functions or qualitative functions, the model is said to be qualitative. III.5 Subsumption of qualitative comparisons A logical combination of q-comparisons between two given values can be subsumed into a single equivalent q-comparison. For instance, (x=y) can be subsumed into (x {0} y). As the subsumption may decrease the number of q-comparisons, it can reduce the computational cost of constraint evaluation. Subsumption of conjunction. The conjunction of comparisons is equivalent to the intersection of the corresponding q-values:



∀ q1, q2 ∈ Qv2, (x q1 y) ∧ (x q2 y) ⇔ (x q1 ∩ q2 y)



(10)



Scheme of proof. From the definition (4) it comes: ( x q1 y ) ∧ ( x q2 y ) ⇔ qd ( x - y ) ∈ q1 ∧ qd ( x - y ) ∈ q2 ⇔ qd ( x - y ) ∈ q1 ∩ q2 ⇔ ( x q1 ∩ q2 y ) Subsumption of disjunction. The disjunction of comparisons is equivalent to the union of the corresponding q-values:



∀ q1, q2 ∈ Qv2, (x q1 y) ∨ (x q2 y) ⇔ (x q1 ∪ q2 y) Scheme of proof. From the definition (4) it comes: ( x q1 y ) ∨ ( x q2 y ) ⇔ qd ( x - y ) ∈ q1 ∨ qd ( x - y ) ∈ q2 ⇔ qd ( x - y ) ∈ q1 ∪ q2 ⇔ ( x q1 ∪ q2 y )
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(11)



Subsumption of negation. The negation of a comparison is equivalent to the complementation of the corresponding q-value:



∀ q ∈ Qv, ¬ (x q y) ⇔ (x ~ q y)



(12)



Scheme of proof. From the definition (4) it comes: ¬(xqy)⇔ ¬ qd ( x - y ) ∈ q ⇔ qd ( x - y ) ∈ ~ q ⇔ (x ~ q y ) Subsumption of logical formulae. A consequence of the foregoing results is that any logical formula F composed of comparisons between the same expressions x and y can be subsumed into an equivalent q-comparison (x q* y). More generally, as any set of formulae {F1..Fk} is equivalent to a conjunction F1∧..Fk, it can be subsumed in this way. Inconsistencies. if a formula F is subsumed into an empty comparison, namely ( x ∅ y), it means that F was inconsistent. For instance (xy) is inconsistent. Useless formulae. if a formula F is subsumed into a universal comparison (x?y), it means that F is useless. For instance (x=y) is useless. III.6 Inference on the qualitative comparisons A set of q-comparisons between different values can be combined to produce new qcomparisons, by means of two inference rules: the reciprocity rule and the composition rule. They cover any particular situation encountered in the evaluation of usual comparisons. Reciprocity rule. This rule covers the case of symmetrical comparison operators such as = and ≠, as well as the antisymmetrical comparison operators, such as < and >.



∀ q ∈ Qv, (x q y ) ⇒ ( y - q x )



(13)



Scheme of proof. From the definition (4) it comes: (xqy)⇔ qd ( x - y ) ∈ q ⇒ qd ( - ( x - y ) ) ∈ - q ⇒ qd ( y - x ) ∈ - q ⇔ ( y -q x ) Composition rule. This rule covers the case of transitive composition of comparisons such as (x < y < z), as well as heterogeneous comparison such as ( x < y = z):



∀ x, y, z ∈ Nv3 (x c1 y), ( y c2 z) ⇔ (x c3 z)
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Relationship between composition and sum. It can be proven that:



∀ q1,q2 ∈ Qv2, (x q1 y) ∧ (y q2 z) ⇒ (x q1+q2 z)



(14)



Scheme of proof. From the definition (4) it comes: (x q1 y) ∧ (y q2 z) ⇔ qd ( x - y ) ∈ q1 ∧ qd ( y - z ) ∈ q2 ⇒ qd ( x-y + y-z ) ∈ q1 + q2 ⇒ qd ( x - z ) ∈ q1 + q2 ⇒ ( x q1 + q2 z ) IV AN ALGORITHM FOR THE EVALUATION OF QUALITATIVE COMPARISONS We present here a naive algorithm that evaluates qualitative comparisons. The content of this section is organized as follows: 1. The entry of the algorithm is a set F of logical formulae, containing a set QC of q-comparisons, and a set EN of numerical expressions. The truth values of the formulae and the q-comparisons, and the numerical values of the expressions are partially defined, e.g., some of them may be unknown. 2. The result is a matrix Q[ei, ej] containing the q-values of the subsumed qcomparisons between ei and ej. Two short algorithms are presented, to extract from Q the q-description of an expression and the truth value of any qcomparison (ei q ej). 3. The algorithm is presented. Briefly stated, it subsumes the q-comparisons between all the expressions, and it fills Q with these subsumed comparisons. Then, it applies the inference rules on Q until the process saturates. 4. The complexity of the algorithm is given. In spite of being far from optimal, this naive algorithm is polynomial in both time and memory with the number n of expressions. A simple way of reducing the time complexity is suggested. 5. The limitations of the algorithm are briefly discussed. A naive constraint evaluation system using the algorithm in complement with numerical and logical evaluation is presented. IV.1 Entry of the algorithm



The algorithm starts from: 1) a set F of logical formulae (the constraints and the equations of a model) whose truth values are partially known and that contains 2) a set EN={e1..en} of numerical expressions, whose numerical values are real numbers, but may also be unknown, and 3) a set QC={c1..ck} of qcomparisons whose truth values may be unknown. An example of data is shown in Table 5.
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Table 5. An example of initial data for the algorithm. formulae F y=x+1 (x > 0) ∧ ¬ ( x > π)



q-comparisons QC y=x+1 x>0 x> π



initial value



numerical expressions E



initial value



True True False



0 π 1 x y x+1



0 3.14.. 1 ? ? ?



Remark. Any variable, derivative, constant and parameter of the model appear in EN, and so do all the subexpressions of a given expression. Remark. The first element of E is supposed to be the numerical constant zero. Remark. If an interval of values is known for some expression, i.e., X in [1,2], it must be represented explicitly as constraints: ( X >= 1 ) ∧ ( X 


0



1



π



x



y



x+1



{0} {+} {+}



{-} {0} {+} ? ? ?



{-} {-} {0}



{-∞, --, -, 0-} ? {0, 0+,+,++,+∞} {0} ? ?



? ? ? ? {0} {0}



? ? ? ? {0} {0}



{0+,+,++,+∞} ? ?



{-∞, --, -, 0-,0} ? ?



Complementary results. From the matrix Q, it is possible to determine 1) the truth value of any q-comparison between two numerical expressions of NE, and 2) the qualitative description of any expression of NE. The corresponding algorithms are presented in Table 7. Table 7. Algorithms giving complementary results from the matrix Q. getTruthValueOfAQDescription ( ei, q, ej ) : boolean newQ = Q [ ei, ej ] if newQ ⊆ q return true else if q ⊆ ~ newQ return false else return unknown getQDescriptionOfANumericalExpression ( ei ) : q-value return Q [ ei , e1 ] // e1 is the numerical constant zero.
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IV.3 Algorithm The algorithm works as follows: 1) it fills the diagonal of the matrix Q with {0} (because ei = ei) and the rest with "?" (universal q-value); 2) it subsumes the qcomparisons between any pair of numerical expressions of EN; 3) it subsumes the qcomparisons contained in the constraints; 4) it applies the reciprocity rule and the composition rule until nothing changes. The algorithm is presented in Table 8. Table 8. The algorithm and its subfunctions evaluationofQComparisons for all numerical expressions ei, ej of NE, if i = j Q[ei, ej] = {0} else Q[ei, ej] = "?" insertQComparisonsBetweenDefinedNumericalExpressions insertQComparisonsFromInitialComparisons inferenceOnQComparisons insertQComparisonsBetweenDefinedNumericalExpressions for all numerical expressions ei, ej of NE if value ( ei )  undefined if value ( ei ) < value ( ej ) addQComparison ( ei, {-}, ej ) if value ( ei ) = value ( ej ) addQComparison ( ei, {0}, ej ) if value ( ei ) > value ( ej ) addQComparison ( ei, {+}, ej ) insertQComparisonsFromInitialComparisons for all q-comparison ( ei q ej ) of QC if value ( ei q ej ) = true, addQComparison ( ei, q, ej ) if value ( ei q ej ) = false, addQComparison ( ei, ~q, ej ) inferenceOnQComparisons repeat localOldChanges = changes for all numerical expressions ei, ej, ek of NE // composition rule qij = Q [ ei, ej ], qjk = Q [ ej, ek ] addQComparison ( ei, qij + qjk , ek) for all numerical expressions ei, ej of NE // reciprocity rule qij = Q [ ei, ej ] addQComparison ( ej, -qij , ei ) until changes = localOldChanges addQComparison ( ei, q, ej ) q = Q [ ei, ej ] ∩ q // conjunction rule if q = ∅, terminates with an inconsistency if Q [ ei, ej ]  undefined and value ( ej )  value ( ej ) terminates with an inconsistency // checks the inequalities if {0} ∉ q and value ( ei ) = value ( ej ) and value ( ei ) 


IV.3 Computational complexity Memory complexity. The memory used by the algorithm is in Θ(n2), where n is the number of numerical expressions. This is the size of the resulting matrix Q.
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Time complexity. The execution time of the algorithm is in O(n5), where n is the number of numerical expressions. Scheme of proof. Notice that the execution time of the algorithm has the same order as the execution time of the triple loop on the expressions ei, ej, ek of E in inferenceOnQComparisons. Each execution of the loop requires k*n3 steps, and it is repeated an unknown number of times, say T. At each time T, except the last one, some q-value Q [ ei, ej ] is modified, and this modification removes at least one element from the q-value. As there are 9 elementary q-values, any Q [ ei, ej ] can only be modified 9 times before becoming an empty q-value. Hence, T  1) from (x > 0). This kind of inference can be done by inference rules such as: if (x1 q1 y1) and (x2 q2 y2) then (x1 + x2 q1 + q2 y1+ y2). Second limit of the algorithm: logical expressions. The algorithm has to be used with an evaluator for logical expressions, because it does not perform inference on logical connectors. For instance if ( x < y ) ∨ ( x > 1 ) is true, and (x < y) is false, (x > 1) will be true. A complete algorithm for constraint evaluation. This naive algorithm performs numerical evaluation and logical evaluation. The details of the corresponding functions are not presented here. Any of the functions can bring changes to the q-comparisons, the values of the numerical expressions or the truth values of the logical expressions. The algorithm is repeated until nothing changes. As the changes are monotonic, its convergence is granted. The algorithm is presented in Table 9.
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Table 9. A scheme for a complete constraint evaluation system. constraintEvaluation for all numerical expressions ei, ej of NE, if i = j Q[ei, ej] = {0} else Q[ei, ej] = "?" changes = 0 repeat oldChanges = changes insertQComparisonsBetweenDefinedNumericalExpressions insertQComparisonsFromInitialComparisons inferenceOnQComparisons getNumericalValuesOfExpressionsFromIqualitiesInQ evaluationOfNumericalExpressions getTruthValuesOfQConstraintsFromQ evaluationOfLogicalExpressions until oldChanges = changes



VI. CONCLUDING REMARKS The use of qualitative comparators such as << or ≈ in addition to classical comparators allows writing qualitative models within a familiar mathematical notation. These comparators are widely used in science, but generally in a rather informal way. By giving a formal basis to these comparators, namely a qualitative algebra using Non Standard Analysis concepts, we provide a simple method for comparison evaluation, based upon subsumption of comparisons and calculus on qualitative values. This method is originally intended for qualitative modeling and simulation, and in this context, it allows writing qualitative and quantitative models in a homogeneous formalism. Besides, it could be useful in other cases, such as numerical constraints evaluation, or arithmetic and logic inference systems. REFERENCES de Kleer, J., Brown, S. (1984) "A Qualitative Physics Based on Confluences". Artificial Intelligence 24 pp.7-83. Fimbel, E. (2002). “An algebra for qualitative modeling”, Technical report RT020205, Electrical Engineering Department, École de Technologie Supérieure de Montréal. Forbus, K.D. (1984) "Qualitative Process Theory". Artificial Intelligence 24 pp.85-168. Forbus, K.D. (1990) "The Qualitative Process Engine". In Weld, D.S., de Kleer, J. Readings in Qualitative Reasoning about Physical Systems, Morgan Kaufman, San Mateo, CA, pp.220-235. Glass, L., Kauffman, S. (1973) "The logical analysis of continuous non-linear biochemical control networks". J. Theo. Biol. 39 pp. 103-129. Glass, L. (1975) "Combinatorial and Topological Methods in Nonlinear Chemical Kinetics". J.Chem. Phys. 63 pp.1325-1335. Glass, L., Pasternack, J.S. (1978) "Prediction of limit cycles in mathematical models of biological oscillations". Bulletin of mathematical biology 40 pp.27-44. Kay, H. (1998) "SQSIM: a simulator for imprecise ODE models". Computers and Chemical Engineering 23(1) pp.27-46. Keisler, H.J. (1994) "The hyppereal line". In Real Numbers, Generalizations of the Reals, and Theories of Continua, ed. by P. Erlich, Kluwer Academic Publishers, pp. 207-237. Kuipers, B.J. (1986) "Qualitative Simulation". Artificial Intelligence 29 pp.289-338
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