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Quantified Derandomization of Linear Threshold Circuits Roei Tell, Weizmann Institute of Science STOC, June 2018



Overarching goal > Circuit lower bounds from circuit-analysis algorithms > program put forward by [Williams ‘10]



> Big achievement: NQP ⊄ ACC0 [Williams ‘10, MW’18] > Next natural frontier: TC0 > prominent problem, much attention



TC0 and LTF circuits > TC0: Constant-depth, poly size, MAJ gates > LTF circuits: Constant-depth, poly size, LTF gates > Linear threshold funcs generalize MAJ > Φ(x)=-1 iff ∑wixi > θ, for some w ∈ Rn, θ ∈ R > can be simulated in TC0 (with poly overhead)



> For fixed sizes/depths, LTF ckts might be stronger



The state of knowledge > for depth-d circuits



#wires poly(n)



1+exp(-d)



n 1



lower bounds ?



parity, generalized Andreev’s function [IPS’97, CSS’16]



better lower bounds are known for depths d=2 and d=3 (e.g., [RS’10], [KW’16])



The state of knowledge > for depth-d circuits



#wires



lower bounds



poly(n) 1+O(1/d)



n



1+exp(-d)



n 1



bounds against specific NC1-comp funcs can be “amplified” [AK’10] parity, generalized Andreev’s function [IPS’97, CSS’16]



better lower bounds are known for depths d=2 and d=3 (e.g., [RS’10], [KW’16])



Circuit-analysis algorithms for LTF circuits > Deterministic SAT algs for “structured subclasses” [IPS’13, Wil’14, AS’15, SSTT’16, Tam’16]



> PRGs for one linear threshold function (one “gate”) [DGJ+’10,RS’10,GOW+’10,KRS’12,MZ’13,Kan’11,Kan’14,KM’15,GKM’15]



> Non-trivial PRG for depth 2 circuits with ≈n1.99 wires [ST’18?]



The current work: Informal overview 1. New quantified (“weak”) derandomization of LTF circuits with depth d and n1+exp(-d) wires 2. Quantified derandomization of TC0 circuits with n1+O(1/d) wires would imply standard derand of all TC0 3. Relaxed requirements for TC0 lower bounds



The updated state of knowledge > for depth-d LTF circuits



#wires



lower bounds



derandomization



poly(n)



n1+O(1/d)



bounds against specific funcs can be “amplified” [AK’10]



n1+exp(-d)



parity, generalized Andreev’s function [IPS’97, CSS’16]



quantified derand. would yield standard derand. of all TC0 [T’18] quantified (“weak”) derandomization [T’18]



Quantified Derandomization of LTF Circuits with n1+exp(-d) Wires



Classical derandomization (CAPP) > the standard derandomization problem



Given a TC0 circuit C:{-1,1}n➝{-1,1}, deterministically distinguish between the cases: > C accepts all but at most 2n/3 of its inputs > C rejects all but at most 2n/3 of its inputs



Quantified derandomization > a relaxed derandomization problem [GW’14]



Given a TC0 circuit C:{-1,1}n➝{-1,1}, deterministically distinguish between the cases: > C accepts all but at most B(n) of its inputs > C rejects all but at most B(n) of its inputs ⇒ in the classical problem B(n)=2n/3; we think of B(n) = o( 2n )



Quantified derandomization of LTF circuits Thm 1: There exists a deterministic almost-polytime algorithm that gets an LTF circuit C:{-1,1}n➝{-1,1} with depth d and n1+exp(-d) wires, and distinguishes between: > C accepts all but B(n)=2^{n1-1/5d} of its inputs > C rejects all but B(n)=2^{n1-1/5d} of its inputs



1



algorithm is “whitebox” - needs an explicit description of input circuit C.



Quantified derandomization algorithm > high-level strategy (following [GW’14])



> Strategy: Given C:{-1,1}n → {-1,1}, find S⊆{-1,1}n s.t > |S| > 10 ⋅ B(n) ( ≈ 2^{n0.99} ) > C↾S is “simple” ≤ B(n) exceptional inputs



|S| > 10 ⋅ B(n) C↾S “simple”



{-1,1}n



{-1,1}n



Pseudorandom restriction algorithm > derandomized version of an algorithm of [CSS’16]



Prop 1.1: There exists a polytime algorithm that gets an LTF circuit C:{-1,1}n➝{-1,1} with depth d and n1+ε wires and a random seed of length Ŏ(logn), and whp outputs: > A subcube S with n1-δ(ε) live vars. > An LTF over {-1,1}log(|S|) that is 1/10-close to C↾S.



1 the algorithm is “whitebox” - crucially uses the explicit description of C 2 δ(ε)=ε⋅exp(d)



Pseudorandom restriction algorithm > high-level overview (following [CSS’16])



1. Iteratively reduce depth 2. For each layer, apply pseudorandom restriction (p ≈ n-0.01) > 1-n-.01 of gates become biased ⇒ replace by constants > fan-in of other n-.01 of gates decreases by ≈p ⇒ fix few add’l vars, and decrease their fan-in to one



3. Circuit approximated by circuit of smaller depth



Random restriction lemma for LTFs > random restrictions for a single LTF [CSS’16]



> Δconst(Φ) = dist of Φ from being a constant function > For any LTF Φ and p∈(0,1),



[Per’99]



E[ Δconst(Φ↾ρ) ]



≈ √p



> For any LTF Φ, p=n-Ω(1), t=p-Ω(1),



[CSS’16] 1



Pr[ Δconst(Φ↾ρ) > exp(-t2) ]



comparable to MAJ, which satisfies Pr[ Δconst(MAJ↾ρ) > exp(-t2) ] = O(t⋅√p)



= O((t⋅p)Ω(1))



Derandomized restriction lemma for LTFs > pseudorandom restrictions for a single LTF



> For any LTF Φ, p=n-Ω(1), sufficiently large t≥p-Ω(1),



[T’18]



Pr[ Δconst(Φ↾ρ) > exp(-t2) ] = Ŏ(t2⋅√p)



> Distribution sampled with Ŏ(log(n)) bits > choose live vars by a p-biased, pairwise independent dist. > (ind.) choose values for fixed vars by a PRG for LTFs [GKM’15]



A “Threshold” Phenomenon at n1+O(1/d) Wires



Quantified derandomization of LTF circuits Thm 2: If there exists an algorithm with runtime 2^{no(1)} for quantified derandomization of TC0 circuits with n1+30/d wires and B(n)=2^{n1-1/5d} exceptional inputs, then: > There exists a non-trivial algorithm for standard derandomization of all of TC0 (of poly size). > Consequently, NEXP ⊄ TC0. 1



the diff from Thm 1 is in the number of wires; also, the algorithm is allowed a much longer running time



Reduction to quantified derandomization > reduction of standard derandomization to quantified derandomization



Input



Output



C:{0,1}m➝{0,1}



C’:{0,1}n➝{0,1}



> depth d, poly(m) wires



> mild blow-up, n=poly(m)



> at most 2m/3 exceptional inputs



> depth d’, n1+30/d’ wires > preserves majority output > at most ≈ 2^{n.99} exc. inputs



Reduction to quantified derandomization > standard idea: error-reduction using a seeded extractor 1



MAJ



d



C x1



…



xm



C’



C y1(1) …



…



C ym(1)



C y1(r) … ym(r)



y1(2) … ym(2)



extractor/sampler



x1



…



d



xn



d’



Extractor in very sparse TC0 > non-standard challenge: construct extractor in sparse TC0



Prop 2.1: There exists an explicit seeded (k,ε)-extractor Ext:{0,1}n × {0,1}(1+2/d)⋅log(n) → {0,1}m with params: > min-entropy k≈n.99, output m≈n.01, error ε=1/m > the mapping x ↦ Ext(x)1 , …, Ext(x)2^{t} is computable by a TC0 circuit of depth 2d+1 with n1+3/d wires



Extractor in very sparse TC0 > high-level overview of construction



> Requires sparse “batch computation” on all seeds > number of output bits



= 2(1+2/d)⋅log(n) ⋅ m ≈ n1.01



> number of wires



= n1+3/d



≈ n1.02



> Idea: “Sparsify” Trevisan’s extractor [Tre’01] > naturally supports “batch computation” on all seeds



Sparsifying Trevisan’s Extractor MAJ



C



Two Bottlenecks



…



C



C



1. seed length (designs) > modified weak designs [RRV’02]



ECC(x)1 x1



… …



ECC(x)n’ xn



2. error-correcting code > ε-biased code in very sparse TC0



New Relaxed Requirements for TC0 Lower Bounds are they “within reach”?



Relaxed Reqs for TC0 Lower Bounds > informal statement



> all current lower bound proofs for LTF ckts with n1+exp(-d) wires are based on “algorithmic” restriction techniques



Thm 3: Lower bounds for TC0 with n1+30/d wires that are based on “algorithmic” restrictions techniques would imply that NEXP ⊄ TC0.



Relaxed Reqs for TC0 Lower Bounds To prove EXPNP ⊄ TC0, it suffices to solve the following: > Input:



TC0 circuit C:{-1,1}n➝{-1,1} of depth d with n1+30/d wires



> Output: Subset S⊆{-1,1}n s.t. |S|>10⋅2^{n1-1/5d} “Simple” function that approximates C↾S



… in NTIME[ 2^{n4^{-d}} ], and assuming EXPNP ⊆ TC0. 1



“simple” here means that Prx[C↾S(x)=1] can be estimated in time 2^{n4^{-d}}



2



need to avoid potential “natural proofs” barrier; see [MV’15]



Key Takeaways 1. First unconditional derandomization of sparse LTF ckts of any constant depth d ≥ 1 2. Derandomization of TC0 has threshold phenomenon at n1+O(1/d) wires (similar to lower bounds) 3. Relaxed requirements for TC0 lower bounds



Thank you! ⇒ derandomization of LTF circuits ⇒ “threshold” phenomenon at n1+O(1/d) wires ⇒ new & relaxed requirements for TC0 lower bounds
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