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Reexamination of the Axiomatic Bargaining Problem Marco Fiaccadori University of Chicago March 2007 Abstract This paper reexamines the axiomatic foundation of the bargaining problem as introduced by Nash (1950, 1953). I develop a formal theory of the relationship between the solution and the strategically relevant information in a bargaining situation. In particular, the solution is allowed to depend on variables not directly a¤ecting the set of feasible payo¤s. Two solutions are characterized by the axiomatic method. These solutions are generalizations of the classic solutions proposed by Nash (1950) and Kalai and Smorodinsky (1975).
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Introduction



This paper reexamines the formulation of the bargaining problem as set forth by Nash [7],[8]. More speci…cally, I extend the analysis of bargaining situations to an arbitrary structure of the strategically relevant information and advance two solutions characterized by the axiomatic method. Nash [7] proposes to represent a bargaining situation between two perfectly informed, rational and intelligent agents by two basic elements: a ”feasible set”, B R2 , and a ”disagreement point”, d 2 B. The interpretation usually given is that B represents the set of feasible von Neumann-Morgenstern utility levels resulting from some agreement and the point d represents the payo¤s expected by the two players if no agreement is reached. In [8] Nash extends his analysis by considering a more elaborate model in which he retains the feasible set B and replaces the disagreement point with a set, S = S1 S2 . This latter set is interpreted as the set of mixed strategies available to the two players in some underlying game. It is commonly understood that these mixed strategies are commitment actions which can be carried out independently and credibly by each player and have an associated payo¤, p (s), in the feasible set B. As Nash points out, ”the triadic representation, (S1 ; S2 ; B), leaves implicit the payo¤ functions p1 (s1 ; s2 ) and p2 (s1 ; s2 ) which must be given to determine a game.” (p. 136, [8]) In other words, a bargaining situation is now identi…ed by (B; S; p). In both formulations Nash de…nes a solution to a particular bargaining situation to be a point in the feasible set, B, interpreted as the agreement reached by the two agents. Then, a solution concept is a rule, f , which speci…es for an arbitrary bargaining situation with feasible set B a real number, or value, vi for each player so that the point (v1 ; v2 ) is in 1



B. Following the axiomatic method, Nash characterizes the function f by stating general properties that ”any reasonable solution” should possess. The relationship between the two formulations advanced by Nash suggests the consideration of models of bargaining based on two elements: a feasible set B and a state s. A state is interpreted as a complete description of all the variables, other than the feasible set, that are relevant in determining the solution. In other words, a state speci…es the information which the two agents consider relevant in the choice of a feasible point beyond their preferences over outcomes. In Nash’s model the strategically relevant variables underpinning a state are (S; p), i.e. the commitment actions of the two agents as described by a normal form game. Although Nash’s representations of bargaining situations are commonly assumed in most of the axiomatic bargaining literature, criticisms were raised early on against these models, noticeably by Luce and Rai¤a [6] and Schelling [12], among others. In general, bargaining situations appear to involve a richer set of strategically relevant variables than the ones considered by Nash. Many experimental studies, e.g. [10] and the references therein, supported the idea that determinants other than (B; S; p) should be considered in the analysis of bargaining. Following this critique,1 Binmore [1] proposes a reformulation of Nash’s axiomatic model in a bartering situation where the negotiated outcome explicitly depends on the shape of the Edgeworth box, as well as on B and d. Rubinstein’s [11] and Yildiz’s [13] alternatingo¤er games represent examples of nonaxiomatic analysis supporting the idea that bargaining situations may involve information beyond (B; S; p). In these models the outcome of bargaining is strategically dependent on a number of variables, including the timing of o¤ers, the two agents’ time preferences, and the terms of bargaining procedure. In particular, the disagreement point is not su¢ cient to determine the solution. However, the fact that Rubinstein’s result coincides with a certain asymmetric Nash solution (see, [1]) suggests an axiomatic foundation of the relationship between the solution and the strategically relevant information. This paper attempts to develop a formal theory of this relationship.
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Problem and Result



A two-person extended bargaining problem with perfect information is given by a feasible set, B R2 , and a state s 2 S, where S is a given set. The set B represents the von Neumann-Morgenstern utilities associated with some underlying set of outcomes (and their randomizations) available to the two agents. A state s is interpreted as a complete description of all the variables, other than the representations of the preferences over outcomes of the two agents, which are relevant in determining the solution. By construction a state speci…es the strategically relevant information to the players in a bargaining situation. Denote by B the family of all feasible sets which are nonempty, compact, and convex. In this paper, we shall consider the collection of bargaining problems consisting of all pairs (B; s) 2 B S. An extended bargaining solution on B S is a function f : B S ! R2 such that f is feasible, i.e. for every (B; s) 2 B S, there is a unique solution, f (B; s), which is a point in B. Thus, a solution speci…es the value expected by the two agents faced with a bargaining situation with feasible payo¤s B in a given state s. 1 ”Our basic contention is that where extra informational structure exists beyond that envisaged by Nash, this may well be relevant and the solution outcome will re‡ect this fact.” (p. 240, [1])
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For a set B 2 B, PB and W PB denote, respectively, the strict and the weak Pareto frontiers of B, i.e. PB := fx 2 B : y x ) y 2 = Bg, and W PB := fx 2 B : y > x ) y 2 = Bg.2 Let n (B) and u (B) be the minimum and maximum payo¤s each agent can achieve at a weakly Pareto optimal outcome, i.e. ni (B) := min fxi 2 R j x 2 W PB g and ui (B) := max fxi 2 R j x 2 W PB g, for i = 1; 2. We shall refer to n (B) and u (B) as the point of minimal expectations of B (or nadir point) and point of maximal expectations (or utopia or ideal point) of B, respectively.3 A mapping A : R2 ! R2 is a positive a¢ ne transformation (of R2 ) if, given ai > 0; bi 2 2 R for i = 1; 2, Ax := (a1 x1 + b1 ; a2 x2 + b2 ). Let A be the family of these transformations and denote, for X R2 and A 2 A, AX := x 2 R2 : 9y 2 X : Ay = x . The …rst characterization of a solution will make use of the following axioms. Axiom 1 (Independence of Positive A¢ ne Transformations) For every (B; s) 2 B S, and for every A 2 A, f (AB; s) = Af (B; s) Axiom 2 (Unanimity in Noncon‡ictual Situations) If B 2 B is such that u (B) 2 B, then f (B; s) = u (B) for all s 2 S. Axiom 3 (Objection or IIA) For every B; B 0 2 B, and for every s; s0 2 S, such that B 0 B, n (B) = n (B 0 ), and f (B; s) 2 B 0 , fi (B 0 ; s0 ) = fi (B; s) ) fi (B; s0 ) = fi (B 0 ; s) for i = 1; 2: Axiom 1 is a necessary requirement if the two agents have von Neumann-Morgenstern preferences, since their utilities are de…ned only up to an arbitrary choice of origin and scale. Axiom 2 states that the solution coincides with the ideal point whenever the latter is feasible. This axiom expresses the idea that when there is no substantial con‡ict between the two players’interests, full cooperation is expected in any state. Axiom 3 states that whenever a player i expects a value in a bargaining situation (B 0 ; s0 ) higher than in (B; s), where B 0 is contained in B, includes the payo¤ selected in (B; s) and shares the same minimal expectations with B, then player i should expect a value in (B; s0 ) higher than in (B 0 ; s). The axiom captures the intuition that the value f (B; s) should be defendable against objections of either player whenever the feasible set B is restricted so that the new feasible set B 0 contains the solution point of (B; s) and each agent i is still expecting to receive not less then ni (B). If in some state s0 player i achieves a higher value than fi (B; s) in B 0 then he must have an objection blocking f (B; s) in the new bargaining situation (B 0 ; s0 ). The axiom states that in state s0 player i can also use an objection to block f (B 0 ; s) when facing the feasible set is B.4 vector inequalities, I make use of the standard conventions =, , and >. should be remarked that this de…nition of point of minimal expectations is di¤erent from [9]. 4 Notice that, since any feasible point in B 0 is also in B, the existence of an objection to f (B; s) when the bargaining situation is (B 0 ; s0 ) must be explained by di¤erences in the states, not by di¤erences in the feasible sets. In fact, if the latter was true, then player i would have a valid objection to f (B; s) in the bargaining situation (B; s), contradicting i’s agreement to f (B; s). 2 For 3 It



3



Let N (B; p (s)) be the Nash solution ([2] and [4]) with disagreement point n (B) and asymmetry coe¢ cient p (s) 2 [0; 1], i.e. N (B; p (s)) :=



arg maxx2B (x1



u (B) if u (B) 2 B p(s) 1 n1 (B)) (x2 n2 (B))



p(s)



if u (B) 2 =B



The following theorem gives the …rst characterization of a solution. Theorem 1 f : B S ! R2 satis…es Axioms 1, 2, and 3 if and only if there exists a function p : S ! [0; 1] such that, for all (B; s) 2 B S, f (B; s) = N (B; p (s)) Proof. It is routine to prove that N (B; p (s)) satis…es Axioms 1, 2, and 3. I will prove that these three axioms imply the solution to be of the form N (B; p (s)). First, notice that for any s 2 S, the set Z := ch f(0; 1) ; (1; 0)g must have solution f (Z; s) = (p (s) ; 1 p (s)) := p (s), for some p (s) 2 [0; 1], by feasibility of f . Consider now an arbitrary problem (B; s) 2 B S. Axiom 2 implies that f (B; s) = u (B) = N (B; p (s)), whenever u (B) 2 B. If u (B) 2 = B it must be u (B) > n (B). Let x := N (B; p (s)), where p (s) is the …rst component of f (Z; s). This point is well de…ned by compactness and convexity of B. We want to prove that f (B; s) = x . p (s)) xx2 nn22 (B) De…ne the positive a¢ ne transformation A by A x := p (s) xx1 nn11 (B) (B) ; (1 (B) 1
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and let B 0 := A B. Notice that n (B 0 ) = 0, A x = p (s) 2 B 0 , and x1 + x2 5 1 for any x 2 B 0 . Then, construct a feasible set C such that PC = Z, B 0 C, and 0 2 C. I …rst show that f (C; s) = p (s). If f (C; s) = x 2 = PC , then there exists a point y 2 PC such that y x. Construct the feasible set R := ch f0; x; y; (0; y2 ) ; (y1 ; 0)g. Notice that R C, n R = 0 = n (C), u R = y 2 R and f (C; s) 2 R. By Axiom 2 f R; s = y. Axiom 3 implies f R; s 5 f (C; s), since if f R; s 65 f (C; s), there would exist an agent i with fi R; s > fi (C; s) implying fi R; s < fi (C; s), which is a contradiction. Thus, f (C; s) must be in the strict Pareto frontier of C. By construction, PC = Z, and Z C, n (Z) = 0 = n (C), and f (Z; s) 2 C. Then, again by Axiom 3, conclude that f (C; s) = f (Z; s) = p (s). I now use a similar argument to show that f (B 0 ; s) = p (s). Since B 0 C, n (B 0 ) = 0 0 0 = n (C), and f (C; s) 2 B , Axiom 3 implies that f (B ; s) 5 f (C; s) = p (s). Construct the set R := ch f0; f (B 0 ; s) ; p (s) ; (0; 1 p (s)) ; (p (s) ; 0)g and consider D := R \ B 0 . By construction, D B 0 , n (D) = 0 = n (C), u (D) = p (s) 2 D and f (B 0 ; s) 2 D. By Axiom 2 f (D; s) = p (s), and Axiom 3 implies f (D; s) 5 f (B 0 ; s). Since p (s) 2 PB 0 , it must be f (B 0 ; s) = p (s). Finally, since f (A B; s) = p (s) = A x , Axiom 1 implies that f (B; s) = x , which concludes the proof.



De…ne RB as the rectangle of minimal area containing the weak Pareto frontier, i.e. RB := x 2 R2 : n (B) 5 x 5 u (B) . Notice that RB contains every combination of payo¤s with a value between the minimal and maximal expectations for each agent. Let ZB be the segment connecting the two extremes of the weak Pareto frontier, i.e. RB := x 2 R2 : x =



(u1 (B) ; n2 (B)) + (1 4



) (n1 (B) ; u2 (B)) :



Together with Axioms 1 and 2, the second characterization will make use of the following postulates. Axiom 4 (Weak Pareto E¢ ciency) For every (B; s) 2 B



S, f (B; s) 2 W PB .



Axiom 5 (Restricted State Monotonicity) For every B; B 0 2 B, such that RB = RB 0 , and for every s; s0 2 S, fi (B 0 ; s0 ) = fi (B; s) = fi (B; s0 ) ) f



i



(B 0 ; s0 ) = f



i



(B; s)



for i = 1; 2: Axiom 6 (Decomposition) For all s 2 S, if B 2 B is such that B = ZB + (1 for some 2 [0; 1], f (B; s) = f ( ZB ; s) + f ((1 ) RB ; s)



) RB ,



Axiom 4 requires the solution to be weakly Pareto e¢ cient. Notice that this axiom does not imply Axiom 2. Axiom 5 states that whenever two feasible sets share the same points of minimal and maximal expectations, if there is a state s0 which, according to the solution, is less favorable than s for player i when facing a feasible set B, and yet the solution delivers a value to player i in state s0 when facing a feasible set B 0 higher than the one in the bargaining situation (B; s), then the other player should achieve in (B 0 ; s0 ) at least the same payo¤ he receives in (B; s). The interpretation of this axiom is that if an agent is better-o¤ in an unfavorable state then the other agent should not be worse-o¤. Axioms 6 is closely connected with the nature of bargaining, i.e. a situation ”involving two individuals whose interests are neither completely opposed nor completely coincident.” (p. 128, [8] This axiom states that whenever a feasible set can be decomposed (by a convex combination) into two sets, one of pure common interests, RB , and one of pure con‡ict, ZB , the solution should agree with this decomposition, i.e. the solution to (B; s) is the sum of the values in ( ZB ; s) and ((1 ) RB ; s). Di¤erently put, if the feasible set can be decomposed in a strictly competitive and a pure coordination games, ”the players …rst engage in a strictly competitive game of relative advantage, and after it is resolved they cooperate fully to increase their payo¤s as much as possible while preserving the relative advantage.” (p. 144-145, [6])5 Let KS (B; p (s)) be de…ned by ( u (B) if u (B) 2 B KS (B; p (s)) := 1 (B) x1 2 (B) x2 arg minx2B max p (s) u1u(B) p (s)) u2u(B) if u (B) 2 =B n1 (B) ; (1 n2 (B) Notice that KS (B; p (s)) can be interpreted as an asymmetric version of the KalaiSmorodinsky solution [5] with disagreement point n (B), where the asymmetry coe¢ cient is p (s) 2 [0; 1]. Theorem 2 f : B ! R2 satis…es Axioms 1, 2, 4, 5 and 6 if and only if there exists a function p : S ! [0; 1] such that, for all (B; s) 2 B S, f (B; s) = KS (B; p (s)) 5 Notice



that B, RB , and ZB share the same points of minimal and maximal expectations.
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Proof. It is routine to prove that KS (X; p (s)) satis…es the four axioms. I will prove that they are su¢ cient to characterize the solution KS (X; p (s)). As in the proof of Theorem 1, notice that for any s 2 S, the set Z := ch f(0; 1) ; (1; 0)g must have solution f (Z; s) = (p (s) ; 1 p (s)) := p (s), for some p (s) 2 [0; 1], by feasibility of f . For 2 [0; 1], de…ne the feasible set T := ch f(1 ; 0) ; (1; 0) ; (1; ) ; ( ; 1) ; (0; 1) ; (0; 1 By construction T = Z + (1 ) R, where R := x 2 R2 : 0 5 x 5 1 . Notice that u (R) 2 R and Z = PZ = W PZ so that, by Axioms 1, 2, 4 and 6, it must be f (T ; s) = f ( Z; s)+f ((1 ) R; s) = f (Z; s)+(1 ) f (R; s) = p (s)+(1 ) 1 = KS (T ; p (s)). Consider now an arbitrary problem (B; s) 2 B S. If u (B) 2 B, then, by Axiom 2, f (B; s) = u (B) = K (B; p (s)). If u (B) 2 = B, then u (B) > n (B). Let x ^ := KS (B; p (s)). This point is well de…ned by compactness and convexity of B. I shall prove that f (B; s) = x ^. x1 n1 (B) 2 n2 (B) ^ ^ De…ne the positive a¢ ne transformation A by Ax := u1 (B) n1 (B) ; u2x(B) n2 (B) and let 0 0 0 ^ ^ x = ^ p (s) + (1 ^ ) 1, for some B := AB. Notice that n (B ) = 0, u (B ) = 1, and A^ ^ 2 [0; 1]. n o ^x; (0; 1) . By construction, R T^ = R (T ^ ). Thus, Axiom 6 Let T^ := ch (1; 0) ; A^ implies that either f T^; s



< f (T ^ ; s) or f (T ^ ; s) 5 f T^; s . Then, by weak Pareto



^x. e¢ ciency, it must be f T^; s = f (T ^ ; s) = A^ A similar argument shows that f (B 0 ; s) = f T^ ; s . In fact, by construction, R T^ = R (B 0 ). Therefore, Axiom 6 implies that either f T^; s 5 f (B 0 ; s) or f (B 0 ; s) < f T^; s . Then, by Axiom 4, it must be f T^; s = f (B 0 ; s). ^x, and Axiom 1 implies f (B; s) = x Hence, f (B 0 ; s) = A^ ^, which concludes the proof.
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Further Discussion



The requirements in Axiom 3 that the relevant comparisons are only those between feasible sets sharing the same point of minimal expectations and in Axiom 5 that the feasible sets must have identical nadir and ideal points deserve some explanation. The value ni (B) corresponds to the lowest payo¤ that player i would attain by delegating the other of the …nal decision. If the solution delivered v, where for some player i vi is lower than ni (B), player i would have a valid objection against v by accepting i’s dictatorship.6 This observation leads to deduce that rational agents consider n (B) as the point of minimal expectations. Using a similar argument, the utopia point u (B) forms the two players’s maximal expectations. It might be tempting to conclude that in the current formulation n (B) is implictly assumed to be equivalent to the threat point in Nash’s original formulation. However, the two elements are conceptually di¤erent. Nash’s point of view is that ”In a bargaining situation one anticipation is especially distinguished; this is the anticipation of no cooperation 6 The validity of such objection comes from the observation that player a dictator, since he can achieve u i (B) = v i .
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i would certainly agree to become



)g.



between the two bargainers.” (p.157,[7]) This assumption is usually justi…ed by the following argument. When agents cannot expect to learn any new information during the bargaining process, the anticipation of no cooperation is the game-theoretical parameter incorporating the in…netly many degrees of freedom in ”real life”situations. It is commonly recognized, e.g., Harsanyi and Selten [3], that these threats can be interpreted as the lowest payo¤ each agent can secure for herself by committing to a certain action before entering the actual negotiation procedure. This view seems to suggest that the value of a threat is only in determining a payo¤ security for the bargainers. However, as argued by many authors since Schelling [12], the initial commitment action has a twofold strategic aspect: not only it gives a security payo¤ level to the agent but also allows for retaliation for a failure in the agreement process, an alternative which might be severely con‡icting with future incentives. These strategic considerations imply that cooperation and noncooperation are strongly interdependent and require simultaneous solution. In the current formulation the strategically relevant information is entailed in the speci…cation of a state. Gains and losses are computed using information only on B, i.e. gains are relative to the minimal expectations, losses are relative to the maximal expectations. By construction, di¤erences in relative gains and losses across bargaining situations must be explained by strategic relevant information. Consequently, Axiom 3 requires that feasible sets can be compared whenever the share the same origin identi…ed by the point of minimal expectations, while Axiom 5 states that feasible sets are comparable whenever they have the same scale of measure of relative gains and losses.
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