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Summary. We consider a Lucas asset-pricing model with heterogeneous agents, exogenous labor income, and a ﬁnite number of exogenous shocks. Although agents are inﬁnitely lived, endowments and dividends are time-invariant functions of the exogenous shock alone and are thus restricted to lie in a ﬁnite-dimensional space; genericity analysis can be conducted on sets of zero Lebesgue measure. When ﬁnancial markets are incomplete, that is, there are fewer ﬁnancial securities than shocks, we show that generically in individual endowments all competitive equilibria are Pareto inefﬁcient. Keywords and Phrases: Incomplete markets, Heterogeneous agents, Inefﬁcient equilibria. JEL Classiﬁcation Numbers: C63, D50, D52.



1 Introduction The Lucas asset-pricing model (Lucas, 1978) is one of the ﬁrst general equilibrium models with incomplete ﬁnancial markets and an inﬁnite time horizon. In order to keep the model tractable, it is often assumed that there is only a single agent. When there are several heterogeneous agents, equilibrium allocations are generally not Pareto efﬁcient and the welfare theorems cannot be used to justify a representative agent analysis. Under the assumption that all agents maximize 
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time-separable von-Neumann-Morgenstern utility with discount-factor β, Levine and Zame (2000) provide general conditions which ensure that agents’ welfares converge to the efﬁcient welfare levels as β converges to 1. However, it is clear that for all β < 1 equilibria will generally be Pareto inefﬁcient. While there are well known special cases where Pareto efﬁciency holds (e.g. identical CRRA-utility and spanned endowments), we show in this paper that generically in agents’ individual endowments equilibria are inefﬁcient. This result is well known for a ﬁnite-horizon incomplete markets model (see Magill and Quinzii, 1996b, for a proof of inefﬁciency in a two-period model) but previous literature on generic inefﬁciency of equilibria did not consider inﬁnitehorizon models because it is difﬁcult to apply standard tools from differential topology such as the Sard-Smale theorem to inﬁnite-dimensional problems. We consider economies where endowments and dividends are time-invariant functions of the shock alone and we assume that the shock can take only a ﬁnite number of different values. These assumptions imply that endowments and dividends are restricted to lie in a ﬁnite-dimensional space and even though equilibrium consumption and asset prices might vary across time we can show that for all Pareto efﬁcient equilibria, prices, portfolio-holdings and consumptions are restricted to lie in a ﬁnite-dimensional set as well. Any efﬁcient equilibrium can therefore be fully characterized by a ﬁnite system of equalities and Sard’s theorem can be applied. The set of allocations which can be implemented through trading in the available assets will depend on restrictions on asset trades or on debt. It is well known that restrictions are necessary in order to ensure existence. We show suboptimality under the assumption of an implicit debt constraint. 2 The generalized Lucas model We examine a Lucas asset pricing model with heterogeneous agents and incomplete markets. Time is indexed by t ∈ IN0 . A time-homogeneous Markov process of exogenous income shocks (yt )t∈IN0 is valued in a discrete set Y = {1, 2, . . . , S}. The Markov transition matrix is denoted by Π. A date-event σt is deﬁned as a history of shocks, i.e. σt = (y0 y1 . . . yt ) and we collect all date-events in a set Σ. For a date-event σ ∈ Σ we denote its predecessor by σ ∗ . There are a ﬁnite number of inﬁnitely lived types of agents indexed by h ∈ H = {1, 2, . . . , H}. In each date-event σ ∈ Σ there is a single perishable consumption good. Agent h’s individual endowment at σt is assumed to be a function eh : Y → IR++ depending on the current shock yt alone. In order to transfer wealth across time and states agents trade in securities. There are J ≤ S assets traded on ﬁnancial markets. Asset j’s dividend at node σ = (σ ∗ y) is assumed to depend on the shock y alone, dj : Y → IR+ for j = 1, ..., J. Without loss of generality and for ease of notation we assume that assets are either inﬁnitely-lived (long-lived) or one-period assets. At each dateevent, there are J l ≤ J long-lived assets, j ∈ J l = {1, . . . , J l }, and there are J s short-lived securities, j ∈ J s = {J l + 1, . . . , J}. We denote agent h’s portfolio at σ by l s θh (σ) = (θh1 (σ), . . . , θhJ (σ)) = (θhl (σ), θhs (σ)) ∈ IRJ +J ,
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where θhl (σ) ∈ IRJ (θhs (σ) ∈ RJ ) denotes agent h’s portfolio of long-lived (short-lived) assets at σ ∈ Σ. His initial endowment of the long-lived assets prior to hl time 0 is denoted by θ−1 . We assume that the agent has zero initial endowment of the short-lived assets and, in order to rule out speculative bubbles, that all inﬁnitely lived assets are in positive net supply (see Magill and Quinzii (1996a)). The aggregate H h endowment of the economy given shock y is given by ω(y) = h=1 (e (y) + hl l h h hl l θ−1 d (y)). Let ω (y) = e (y) + θ−1 d (y) denote the endowment of agent h ∈ H in state y. Agent h’s budget set is deﬁned as B h ((q(σ))σ∈Σ ) = { (ch (σ), θh (σ))σ∈Σ : For all σ = (σ ∗ y) ∈ Σ, y ∈ Y, ch (σ) = eh (σ) + θhs (σ ∗ )ds (y) +θhl (σ ∗ )(q l (σ) + dl (y)) − θh (σ)q(σ), supσ∈Σ |q(σ)θh (σ)| < ∞}. The deﬁnition of the budget constraint is standard. The implicit debt constraint which is sufﬁcient to rule out Ponzi schemes requires that supσ∈Σ |q(σ)θh (σ)| < ∞. See Magill and Quinzii (1996a) as well as Levine and Zame (2000) and the references therein for a discussion on this constraint and some alternative constraints. The exact form of the constraint will turn out to be crucial for our proof of generic inefﬁciency. Each agent h has state- and time-separable utilities h



U (c) = E



∞  t=0



 β t uhyt (ct )



.



We assume that the Bernoulli functions uhy (·) : IR++ → IR, y = 1, ..., S, are strictly monotone, C 2 , strictly concave, and that they possess the Inada property, that is, limx→0 uh y (x) = ∞. We also assume that the discount factor β ∈ (0, 1) is agent independent and that probabilities are homogeneous across agents. (These assumptions are completely standard - the fact that uhy is shock-dependent is a slight generalization of the standard von-Neumann-Morgenstern model.) With  1   1  e (1) · · · e1 (S) d (1) · · · d1 (S)  ..  , d =  .. ..  e =  ...  . .  .  eH (1) · · · eH (S)



dJ (1) · · · dJ (S)



being the matrices of individual endowments and security dividends, respectively, and u = (u1 , . . . , uH ) being the collection of Bernoulli functions, we summarize the primitives of the economy with ﬁnancial markets as E = (e, d, Π, β, u). We assume throughout the paper that the dividend matrix d has full rank J.
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Financial market equilibrium We deﬁne a ﬁnancial market equilibrium as follows. Deﬁnition 1 A ﬁnancial market equilibrium for an economy E is a process of q 1 (σ), . . . , q¯J (σ))} portfolio holdings {(θ¯1 (σ), . . . , θ¯H (σ))} and asset prices {(¯ for all σ ∈ Σ satisfying the following conditions: 1.



H 



θ¯h (σ) =



h=1



H 



h θ−1



for all σ ∈ Σ



h=1



2. For each agent h ∈ H, (¯ ch (σ), θ¯h (σ)) ∈ arg max U h (c) s.t. (ch (σ), θh (σ)) ∈ B h (¯ q (σ)) Magill and Quinzii (1996a) examine existence of inﬁnite-horizon incompletemarkets equilibria for economies with asset payoffs that change across time and states. That is, they don’t impose the Markovian structure on endowments and dividends that is present in our model. They show that equilibria exist for asset payoffs in a dense subset of the set of admissible payoffs, which in turn is a subset of l∞ . Their existence result (Magill and Quinzii, 1996a, Theorem 5.1) does not apply to our Markovian economy, because the set of payoffs in our model may not be part of the dense set for which equilibria exist. It is therefore also unclear whether generically (according to our, measure-theoretic notion) in individual endowments and dividends equilibria exist. The following ﬁrst-order conditions for agents’ optimality are necessary conditions for optimality, see Stokey and Lucas (1989, Section 9.5). For (σy) ∈ Σ with (σ ∗ z) ∈ Σ and for all h ∈ H,   h q j (σ)uh π(y|z)dj (y)uhy (ch (σy)) = 0 z (c (σ)) − β y∈Y



for all j ∈ J s h q j (σ)uh z (c (σ)) − β







(1)







π(y|z)(q j (σy) + dj (y))uyh (ch (σy)) = 0



y∈Y



for all j ∈ J l



(2)



3 Pareto efﬁciency We deﬁne efﬁciency as follows. Deﬁnition 2 An allocation (ch (σ))h∈H efﬁcient for E if there σ∈Σ is said to be Pareto



with ˜h (σ) = ω(σ) for all does not exist a different allocation (˜ ch (σ))h∈H σ∈Σ h∈H c c) ≥ U h (c) for all h ∈ H where the inequality holds strictly σ ∈ Σ such that U h (˜ for at least one h.
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3.1 Properties of efﬁcient equilibria In order to prove that generically in individual endowments equilibria will not be efﬁcient when markets are incomplete we need to establish that all efﬁcient equilibria are stationary in the sense that prices, consumptions, and portfolios are functions of the exogenous shock alone. As mentioned in the introduction, our proof relies crucially on a ﬁnite-dimensional version of Sard’s theorem which is only applicable if there are ﬁnitely many consumptions, prices, and portfolios. It is standard to establish that all efﬁcient consumption allocations are stationary; for completeness we state and prove this fact. Theorem 1 Given an efﬁcient allocation (ch (σ))h∈H σ∈Σ , the individual consumptions must be time-invariant functions of the shock alone, i.e. there exist c¯ : Y → IRH ++ such that for all σ = (σ ∗ y) ∈ Σ and all h ∈ H, ch (σ) = c¯h (y). This fact immediately implies that marginal utilities are collinear among agents. Proof. Denote the period 0 probability of event σt by π(σt ). Suppose that there is a consumption allocation where for two date-event nodes σt , σs with yt = ys we ¯ ¯ ¯ ∈ H. Then we could improve everybody’s have ch (σt ) = ch (σs ) for some agent h utility by redistributing consumption at these nodes as follows, let c˜h (σt ) =



β t π(σt )ch (σt ) + β s π(σs )ch (σs ) β t π(σt ) + β s π(σs )



c˜h (σs ) = c˜h (σt )



and



for all h ∈ H. This convex combination is clearly a feasible allocation and by strict ¯ will derive higher utility. So we have that concavity agent h ¯



¯



U h (˜ c) ≥ U h (c) ∀h ∈ H and U h (˜ c) > U h (c). ¯



¯



Therefore, ch (σt ) = ch (σs ) contradicts efﬁciency. Since any efﬁcient allocation must be solution of some planner’s problem marginal utilities must be collinear among agents. 2 When in equilibrium agents’ consumptions are time-invariant functions of the exogenous shock alone, then the stochastic Euler equations (1) and (2), together with the fact that there cannot be any bubbles in the price of the long-lived assets imply that the asset prices must be time-invariant functions of the shock as well. The absence of bubbles follows from the fact that long-lived assets are in unit net supply. The necessary ﬁrst-order conditions together with the fact that individual consumption is time invariant imply that state prices are summable1 . Since our assumptions on the utility functions guarantee that asset prices are uniformly bounded Proposition 6.2 from Magill and Quinzii (1996a) is applicable. This observation allows us to write q(y) and c(y) as functions of the shock y alone. Finally, the following lemma implies that in all equilibria with time-invariant consumption allocations and asset prices the portfolios are time invariant as well. 1 Agent h’s individual consumption is bounded because of its time invariance. Hence, the upper bound B = maxs∈Y u (cs ) does exist and is ﬁnite. Because the discount factor satisﬁes β < 1 it   t follows that ∞ σt ∈Σ β pr(σt ) · B is bounded, where pr(σt ) is the probability of reaching t=0 date-event σt . Thus, agent h’s state prices u (cs ) are summable.
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Surprisingly this fact is fairly difﬁcult to establish. We establish this fact in two steps. The following lemma states that the payoff of previous period’s portfolio must be time-invariant. We emphasize that the proof of the lemma does not require Pareto efﬁciency but holds for any equilibrium with time-invariant consumption allocations and asset prices. The proof does crucially use the implicit debt constraint. Without any constraints on trading strategy it is obviously feasible to implement any (in particular stationary) consumption allocation with dynamic trading in a single bond. The lemma is equivalent to stating that under the implicit debt constraint, the price of each agents’ portfolio is time invariant. This formulation is slightly more intuitive: Since at each time the portfolio must ﬁnance the present value of future excess consumption (i.e. consumption minus endowments) and since the future consumption and future endowments are time invariant, the present value must be time invariant2 . Lemma 1 In an equilibrium with time-invariant consumption allocations and asset prices the following holds. For all agents h ∈ H, all pairs of nodes σ, σ ˜ ∈ Σ and all shocks y ∈ Y , σ )ds (y) + θhl (˜ σ )(q l (y) + dl (y)) θhs (σ)ds (y) + θhl (σ)(q l (y) + dl (y)) = θhs (˜ Proof. We prove the lemma by contradiction. (To simplify the notation we drop the superscript h in this proof.) Suppose that there exist nodes σ, σ ˜ ∈ Σ and a shock y0 ∈ Y such that ∆ = (θs (σ) − θs (˜ σ ))ds (y0 ) + (θl (σ) − θl (˜ σ ))(q l (y0 ) + dl (y0 )) > 0. We now take the sum of the present value (valued at agents’ marginal utilities which are all collinear) of all wealth levels at all nodes which can occur T periods after (σy0 ) and compare them to the sum of the values of wealth at all nodes which can occur T periods after (˜ σ y0 ). Some algebra shows that the difference must be equal to β −T ∆, but since β < 1, this implies that there must be two nodes among these where the difference in wealth levels diverges to inﬁnity as T → ∞. Formally, for any sequence of shocks (yi )Ti=0 , let ρ = (y0 y1 ...yT −1 ) and let τ ((yi )Ti=0 ) =



uyT (c(yT )) s ((θ (σρ) − θs (˜ σ ρ))ds (yT ) + (θl (σρ) uy0 (c(y0 )) σ ρ))(q l (yT ) + dl (yT ))) . −θl (˜



Let ∆t =



 y1 ∈Y



π(y1 |y0 )



 y2 ∈Y



π(y2 |y1 ) . . .







π(yt |yt−1 )τ ((yi )Ti=0 )



yt ∈Y



Since consumption is time invariant, we must have that the difference θl (σ)(q(y) + d(y)) + θs (σ)d(y) − θ(σy)q(y) is a time-invariant function of y 2



We thank the referee for pointing out to us this interpretation of the lemma.
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alone and that in particular (θs (σ) − θs (˜ σ ))ds (y0 ) + (θl (σ) − θl (˜ σ ))(q l (y0 ) + dl (y0 )) = (θs (σy0 ) − θs (˜ σ y0 ))q s (y0 ) + (θl (σy0 ) − θl (˜ σ y0 ))q l (y0 ) Using the agents ﬁrst-order conditions (1) and (2) to substitute for q(y0 ), and repeating this process for t periods we obtain for all t = 1, . . ., ∆ = β t ∆t Since β < 1, ∆t → ∞ as t → ∞. But since ∆t is a convex combination of τ ((yi )ti=0 )-terms for all possible sequences of shocks ((yi )ti=1 ), there must be at least one path y1 , . . . , yT with ρT = y1 , . . . , yT −1 along which τ ((yi )Ti=0 ) → ∞ as T → ∞ As



uy (c(yT )) T uy0 (c(y0 ))



is bounded for all y0 , yT ∈ Y , this implies that along this path either θs (σρT )ds (yT ) + θl (σρT )(q l (yT ) + dl (yT )) → ∞



or



θs (˜ σ ρT )ds (yT ) + θl (˜ σ ρT )(q l (yT ) + dl (yT )) → −∞



Now the budget constraint and constant consumption property imply that the implicit debt constraint is violated since |q(yT )θ(σρT yT )| → ∞. 2 While we cannot rule out that there are redundant assets and that in a speciﬁc Pareto efﬁcient equilibrium agents rebalance their portfolios every period, the previous lemma does imply that whenever there is a Pareto efﬁcient equilibrium, there must also be a Pareto efﬁcient equilibrium where all portfolios are constant. Theorem 2 For every Pareto efﬁcient equilibrium, there exists another equilibrium with the same consumption allocation and asset prices, and with time- and stateinvariant portfolio allocations. Proof. We must prove that there exists a budget-feasible and market-clearing portσ ) for all pairs of nodes σ, σ ˜ ∈ Σ and all folio allocation satisfying θ¯h (σ) = θ¯h (˜ h ∈ H. Case (a). Suppose that the payoff matrix   1 q (1) + d1 (1) · · · q 1 (S) + d1 (S) .. ..     . .   Jl  q (1) + dJ l (1) · · · q J l (S) + dJ l (S)    P (q, d) =  l l  dJ +1 (1) ··· dJ +1 (S)     . .   .. .. dJ (1)



···



dJ (S)



has full rank J. In the proof of Lemma 1 we have shown that for any shock y ∈ Y ∆ = (θhs (σ) − θhs (˜ σ ))dhs (y) + (θhl (σ) − θhl (˜ σ ))(q hl (y) + dhl (y)) = 0
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for all pairs of nodes σ, σ ˜ ∈ Σ and all h ∈ H. For any pair of nodes σ, σ ˜ ∈ Σ this system of homogeneous equations with the J variables θh (σ) − θh (˜ σ ) and the σ ) = 0. J independent linear equations has only the trivial solution θh (σ) − θh (˜ In summary, in every Pareto efﬁcient equilibrium with a full-rank payoff matrix there is a unique budget-feasible and market-clearing portfolio allocation, and this allocation must be time and state invariant. Case (b). Suppose that the payoff matrix P (q, d) has rank J  < J. Since consumption is time invariant, it follows that k h (y) ≡ θhs (σ)ds (y) + θhl (σ)(q l (y) + dl (y)) − θh (σ)q(y)



is a time-invariant function with h∈H k h (y) = 0 because of market clearing on the spot market. Notice that k h (y) = θhs (σ)(ds (y) − q s (y)) + θhl (σ)dl (y). The matrix   ··· d1 (S) d1 (1) .. ..     . .   l l J J   d (1) · · · d (S) ˆ   P (q, d) ≡  J l +1 J l +1 J l +1 J l +1 (1) + d (1) · · · −q (S) + d (S)    −q   .. ..   . . −q J (1) + dJ (1)



···



−q J (S) + dJ (S)



has the same rank J  as P (q, d). W.l.o.g. we assume that the ﬁrst J  rows of Pˆ (q, d) are linearly independent. Then there exists a unique vector ϑh ∈ RJ with ϑhJ  +1 = . . . = ϑhJ = 0 satisfying k h (y) = ϑh Pˆ (q, d). Notice that ϑh is budget feasible and leads to the same Pareto consumption allocation. Moreover, 



efﬁcient h h k (y) = 0 implies that ϑ = 0, that is, market clearing on the h∈H h∈H asset markets. In summary, the agents can reach the Pareto efﬁcient consumption allocation with holding only J  securities and having time- and state-invariant portfolios of these J  securities. 2 Theorem 2 allows us to assume without loss of generality that rank P (q, d) = J and that θ¯h ≡ θ¯h (σ), since the portfolio allocation must be constant. If rank P (q, d) < J then we can drop J − J  of the assets with dependent payoffs to obtain an (J  × S) – payoff matrix P  with full row rank J  . 3.2 Generic inefﬁciency of incomplete market equilibria In this section we show the generic nonexistence of Pareto efﬁcient equilibria in incomplete markets. After showing in the previous section that Pareto efﬁciency implies time invariance of equilibrium, we can apply the well known genericity analysis (see Mas-Colell (1985) or Magill and Quinzii (1996b)) of ﬁnite-dimensional sets to necessary conditions for Pareto efﬁcient ﬁnancial market equilibria to show the nonexistence of such equilibria. The following lemma summarizes necessary conditions for a Pareto efﬁcient equilibrium in ﬁnancial markets. It combines necessary optimality conditions for
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one agent, budget constraints for all agents, equilibrium-deﬁning market-clearing equations, and necessary equations for Pareto efﬁciency. Lemma 2 The following system of equations are necessary conditions for an equilibrium with Pareto efﬁcient allocations.   1 π(y|z)dj (y)u1y (c1 (y)) = 0 q j (z)u1 z (c (z)) − β y∈Y



1 q j (z)u1 z (c (z)) − β



 y∈Y



for j ∈ J s , z ∈ Y



(3) 



π(y|z)(q j (y) + dj (y))u1y (c1 (y)) = 0 for j ∈ J l , z ∈ Y



(4)



ch (y) − eh (y) − θhs d(y) − θhl · (q l (y) + dl (y)) + θh q(y) = 0 for h ∈ H, y ∈ Y H 



θhj −



h=1 



H 



hj θ−1 = 0 for j ∈ J



(5) (6)



h=1 



u1y (c1 (y)) uhy (ch (y)) = 0 for h ≥ 2, y ≥ 2 −   u11 (c1 (1)) u1h (ch (1)) (7) Proof. In Pareto efﬁcient equilibria all variables are time invariant. In addition, portfolio variables are state invariant. Equations (3) and (4) are the stochastic Euler equations for agent 1. Equations (5) are the budget constraints for the agents’ utility maximization problems. Equations (6) are the market-clearing conditions that deﬁne an equilibrium. Finally, Theorem 1 shows that equations (7) are necessary for every Pareto efﬁcient allocation. 2 We state and prove our main result. Theorem 3 Suppose we have an economy E with π(y|y  ) > 0 for all y, y  ∈ S. Then equilibria are inefﬁcient for almost all individual endowments under any of the following conditions: 1. J < S − 1 2. J = S − 1 and J l ≥ 1 3. J = S − 1, J l = 0, and ds (y0 ) = 0. Proof. Denote the system of equations in Lemma 2 by F ((eh )h∈H , (ch )h∈H , (θh )h∈H , q) = 0. Equations (i) will be denoted by F(i) = 0. Every equilibrium with Pareto efﬁcient allocations must be a solution of this system of equations. We now show, however, that this system has no solutions for a full measure set of individual endowments. The proof makes use of a theorem about the solution set of a parametric system of equations, see Theorem 5 in the Appendix.   The system of equations F (eh )h∈H , (ch )h∈H , (θh )h∈H , q = 0 has the HS + HJ +JS endogenous unknowns ch , θh , and q j and JS +HS +J +(H −1)(S −1)
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equations. In addition the function F depends on the HS exogenous parameters eh , h ∈ H. We now prove that the Jacobian of F taken with respect to eh , ch , θ1 , and q j has full row rank JS + HS + J + (H − 1)(S − 1). The endowments eh only appear in the budget equations (5). The derivatives D(eh )h∈H F(5) with respect to eh (y), h ∈ H, y ∈ Y, have clearly full row rank HS. Thus, these equations are independent and also independent from all the other equations. A similar argument using the asset prices q j shows that the Euler equations of agent 1 are independent; when assets are short-lived the derivative of equations (j  y  ) with respect to q j (y) is non-zero if and only if j = j  and y = y  . When assets are long-lived, the matrix of partial derivatives Dqj F(4) holding one asset j ∈ J l ﬁxed, is given by      



1 (1 − βπ(1|1))u1 (c1 ) −βπ(2|1)u1 2 (c2 ) 1 (c1 ) (1 − βπ(2|2))u1 −βπ(1|2)u1 2 (c2 )



. . .



−βπ(1|S)u1 1 (c1 )



. . . ···



... ...



1 −βπ(S|1)uS (cS ) 1 −βπ(S|2)uS (cS )



..



. . .



.



     



1 −βπ(S − 1|S)u1 S−1 (cS−1 ) (1 − βπ(S|S))uS (cS )



This matrix has full rank S since we can divide every column s by u1 y (cy ) and obtain a strictly diagonally dominant matrix. Taking derivatives of the market-clearing conditions with respect to θ1 shows that these are independent, rank Dθ1 F(6) = J. Finally, taking derivatives in Equations (7) with respect to ch (y), h ≥ 2, y ≥ 2, yields a diagonal matrix with positive diagonal elements, so rank D(ch (y))h≥2,y≥2 F(7) = (H − 1)(S − 1). Thus, these equations are also independent and independent from all other equations. In summary, the Jacobian Deh ,ch ,θ1 ,qj F has submatrices with the following ranks. F(3) F(4) F(5) F(6) F(7)



eh ch θ1 (q j )j∈J l (q j )j∈J s 0 0 0 SJ s SJ s l 0 0 SJ 0 SJ l HS HS 0 0 J 0 0 J 0 (H − 1)(S − 1) 0 0 0 (H − 1)(S − 1) HS HS J SJ l SJ s



The variables above the matrix indicate the variables with respect to which derivatives have been taken in the column underneath. The numbers to the right and below the matrix indicate the number of rows and columns, respectively. The terms to the left indicate the equations. Missing entries are not needed for the proof. This matrix has full row rank JS + HS + J + (H − 1)(S − 1) which exceeds the number of endogenous variables by (H − 1)((S − 1) − J). The function F is deﬁned on an open set with eh ∈ RS++ and ch ∈ RS++ for all h ∈ H, θ1 ∈ RJ , and q j ∈ RS++ for all j ∈ J l ∪J s . Hence, F satisﬁes the the hypotheses of the theorem about parametric systems of equations, see the Appendix. We conclude that for all endowments in a set of full Lebesgue measure (for a deﬁnition see the Appendix) the solution set of the system (3)–(7) is empty proving the statement of the theorem under condition 1.
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In addition to the above equations, the following H − 1 equations must hold for h = 2, . . . , H : hl · (q l (y0 ) + dl (y0 )) F(8) (·) = θhs · ds (y0 ) + θhl · (q l (y0 ) + dl (y0 )) − θ−1 = 0. (8)



This equation follows because an agent’s budget constraint at time 0 can be written as follows: hl · (q l (y0 ) + dl (y0 )) − θh q(y0 ) ch (y0 ) = eh (y0 ) + θ−1



Similarly, an agent’s budget constraint at any time t > 0 in state y0 can be written as ch (y0 ) = eh (y0 ) + θhs · ds (y0 ) + θhl · (q l (y0 ) + dl (y0 )) − θh q(y0 ) Subtracting the second to last equation from the last equation yields equation (8). The derivatives D(θhl )h≥2 F(8) are an (H − 1) × ((H − 1)J l )-matrix with rank H − 1 since (q l (y0 ) + dl (y0 )) > 0. Hence, in the entire system of equations (3)-(8) the number of equations exceeds the number of endogenous variables by (H − 1)(S − J). The extended function F also satisﬁes the hypotheses of Theorem 5 implying that the system (3)-(8) has an empty solution set and so the theorem holds under condition 2. If there are no long-lived assets equation (8) reduces to F(9) (·) = θhs · ds (y0 ) = 0.



(9)



Now taking derivatives with respect to θhs for h = 2, . . . , H yields an (H − 1) × ((H − 1)J s )-matrix D(θhs )h≥2,y≥2 F(9) with rank H − 1 when ds (y0 ) = 0 and with rank 0 when ds (y0 ) = 0. Thus, the theorem also holds under condition 3. 2 It is straightforward to show that the set of endowments for which no efﬁcient equilibria exist is open (i.e. to complete the proof of genericity). The solutions to Equations (3)–(6) determine how q changes smoothly with endowments. A slight variation in all agent endowments can therefore not solve (5)–(7) if the original endowments did not solve them.



3.3 When do efﬁcient equilibria exist? Theorem 3 provides a set of sufﬁcient conditions for (generic) inefﬁciency of all equilibria. In this section we want to examine the question whether there are always efﬁcient equilibria when these conditions do not hold. If none of the conditions (1)– (3) in Theorem 3 holds, can it still be the case that all ﬁnancial markets equilibria fail to be Pareto efﬁcient? We begin with a deﬁnition.
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Arrow-Debreu equilibrium For an economy E, deﬁne an Arrow-Debreu equilibrium that would be obtained in a world with a contingent security for every date-event σ ∈ Σ. Deﬁnition 3 An Arrow-Debreu equilibrium for an economy E is a collection of prices (¯ p(σ))σ∈Σ and consumption plans (¯ c(σ))σ∈Σ satisfying the following conditions:



H h



H (1) ¯ (σ) = h=1 ω h (y) for all σ ∈ Σ h=1 c ∈ arg max Uh (c) s.t. (2) For : (¯ ch ) 



each agent h h h p(σ) · ω (σ) = σ∈Σ σ∈Σ p(σ) · c (σ) < ∞ Existence follows from Mas-Colell and Zame (1991). Of course, all equilibria will be Pareto efﬁcient if markets are complete. Huang and Werner (2000) show that in this case Arrow-Debreu equilibria and ﬁnancial markets equilibria are equivalent and it is well known that the ﬁrst welfare theorem holds for Arrow-Debreu equilibria. Complete markets means that at each node σ ∈ Σ the payoff matrix  1  q (σ1) + d1 (1) · · · q 1 (σS) + d1 (S) .. ..     . .  Jl  l l l  q (σ1) + dJ (1) · · · q J (σS) + dJ (S)   P = l l   dJ +1 (1) ··· dJ +1 (S)     . .   .. .. dJ (1)



dJ (S)



···



has full rank S. However, a violation of the conditions in Theorem 3 need not be equivalent with complete markets. For a given economy E with long-lived assets and with J = S, the rank of the payoff matrix is determined endogenously and there is no guarantee that markets are complete. Furthermore in the special case with only S − 1 securities where there are no long-lived assets and where ds (y0 ) = 0 (a violation of condition 3 in Theorem 3) markets will not be complete. The following theorem gives a sufﬁcient condition for efﬁciency. Theorem 4 Suppose that there are J s + J l = S assets. Then for a full measure set of short-lived asset dividends there exists at least one efﬁcient ﬁnancial markets equilibrium. In order to prove this theorem, we need the following lemma. Lemma 3 If equilibrium allocations are time-invariant functionsof the shock l alone, the assumption that the dividend matrix of the long-lived assets d1 d2 · · · dJ has full rank J l implies that in that equilibrium the payoff matrix for the long-lived assets  1  q (1) + d1 (1) · · · q 1 (S) + d1 (S) .. ..     . . l



l



l



l



q J (1) + dJ (1) · · · q J (S) + dJ (S)
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has also full rank J l . Proof. If all endogenous variables in a ﬁnancial markets equilibrium are time invariant, the stochastic Euler equations for agent 1, which are necessary conditions for optimality, see Lemma 2, for long-lived assets are   1 π(y|z)(q j (y) + dj (y))u1y (c1 (y)) = 0 q j (z)u1 z (c (z)) − β y∈Y l



for j ∈ J , z ∈ Y. 1



1 Denoting by u the vector with the zth element u1 z (c (z)) and the component-wise product of S-vectors x and y by x ◦ y we can rewrite the equations as   q j ◦ u1 − βΠ (q j + dj ) ◦ u1 = 0,



which in turn is equivalent to −1



q j ◦ u1 = [I − βΠ]



βΠ(dj ◦ u1 ).



Adding dj ◦ u1 to both sides yields −1



βΠ(dj ◦ u1 ) + dj ◦ u1



−1



(dj ◦ u1 ).



(q j + dj ) ◦ u1 = [I − βΠ]  l



= [I − βΠ]



 l Now rank d1 d2 · · · dJ = J l implies rank (d1 ◦ u1 )(d2 ◦ u1 ) · · · (dJ ◦ u1 ) =   l l J l and rank (q 1 + d1 )(q 2 + d2 ) · · · (q J + dJ ) = J l . 2 







With this lemma, the proof of the theorem follows immediately from Kreps (1982). For completeness we state the proof. Proof of Theorem 4. Since for economies with complete markets Arrow-Debreu equilibria and ﬁnancial market equilibria are equivalent it sufﬁces to show that for anyArrow-Debreu equilibrium (with efﬁcient and hence time-invariant allocations), the supporting asset prices are such that the payoff matrix P (q, d) has full rank for a set of asset dividends of the short-lived assets having full Lebesgue measure when J ≥ S. Lemma 3 implies that for P (q, d) to have a rank deﬁciency one of the dividend vector of a short-lived asset must be linearly dependent on the remaining payoff vectors. So there must exist a nonzero vector α ∈ RS such that P (q, d)α = 0 and, without loss of generality, αS = 0. Said equivalently, the system of equations J s ×S × RS → RS+1 is a smooth function deﬁned by G(ds , α) = 0 where G : R++ P (q, d)α = 0 αS − 1 = 0



(10) (11)



must have a solution. The function G depends on the J s × S exogenous parameters dj (y) for j ∈ J s , y ∈ Y, and the endogenous variables αy , y ∈ Y. A portion of the Jacobian of G appears as follows, dS αS G(10) Λ(αS ) S G(11) 0 1 1 S 1
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where Λ(αS ) is a diagonal matrix with all diagonal elements equal to αS . Once again applying Theorem 5 shows that {α ∈ RS : G(ds , α) = 0} = ∅ for almost s all ds ∈ RJ ×S , and so the matrix P (q, d) must have full rank S. 2 Remarkably, the theorem implies that all equilibria must be efﬁcient when there are S long-lived assets. Kreps (1982) states that given any equilibrium allocation, the payoff matrix supporting this allocation will have full rank generically in dividends. Theorem 4 generalizes the result of Kreps (1982) slightly, since it implies that, under the assumption that all dividend vectors are independent, we can focus on the dividends of the short-lived assets only.



Appendix Deﬁnition 4 Let a, b ∈ Rk with ai < bi , i = 1, . . . , k. Then the bounded rectangle R(a, b] is deﬁned by R(a, b] = {x ∈ Rk : ai < xi ≤ bi } and its Lebesgue measure k is deﬁned by λk (R(a, b]) = i=1 (bi − ai ). For a detailed exposition on the k-dimensional Lebesgue measure in Euclidean space see Billingsley (1986, Section 12). Deﬁnition 5 A subset C ⊂ Rk is said to have Lebesgue measure zero if for all  > 0 ∞ i there exists a countable collection of rectangles {Ri }∞ i=1 such that C ⊂ ∪i=1 R ∞ and i=1 λk (Ri ) < . For an exposition on sets of measure zero see Guillemin and Pollack (1974, Chap. 1, Paragraph 7) and Magill and Quinzii (1996b, Paragraph 11). A set is said to have full measure if its complement is a set of Lebesgue measure zero. Theorem 5 (Parametric Systems of Equations) Let Ω ⊂ Rk , X ⊂ Rn be open sets and let h : Ω × X → Rm be a smooth function. If n < m and for all ω, x ¯)] = m, then (¯ ω, x ¯) ∈ Ω × X such that h(¯ ω, x ¯) = 0 it holds that rank [Dω,x h(¯ there exists a set Ω ∗ ⊂ Ω with Ω − Ω ∗ a set of Lebesgue measure zero, such that {x ∈ X : h(ω, x) = 0} = ∅ for all ω ∈ Ω ∗ . For a detailed discussion of this theorem see Magill and Quinzii (1996b, Paragraph 11). This theorem is a specialized version of the parametric transversality theorem, see Guillemin and Pollack (1974, Chap. 2, Paragraph 3) and Mas-Colell (1985, Chap. 8).
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