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Abstract This paper considers the dynamics of a periodically forced particle in a 6 potential. Harmonic, subharmonic and superharmonic oscillatory states are obtained using the multiple time scales method. From the Melnikov theory, we derive the analytical criteria for the occurrence of transverse intersections on the surface of homoclinic and heteroclinic orbits both for the three potential well case and a single potential well case. Our analytical investigations are complemented by the numerical simulations from which we show the fractality of the basins of attracc 2002 Elsevier Science B.V. All rights reserved. tion.  Keywords: Extended Du8ng equation; Nonlinear oscillations; Melnikov chaos



1. Introduction and consideration of the potential A large number of studies have been dedicated to the dynamics of a harmonically excited particle moving in a 4 potential b c u(q) = q2 + q4 ; 2 4



(1)



where b and c are constant. The interest in such a model called the Du8ng oscillator is due to the fact that it describes various physical, electrical, mechanical and engineering devices [1– 4]. These studies have revealed various types of interesting behaviour: hysteresis, multistability, period-doubling bifurcation, intermittent transitions to chaos, fractal basin boundaries [1–9]. ∗
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Another important model corresponds to the case where the potential is of 6 type, deEned by d c b u(q) = q2 + q4 + q6 ; 2 4 6



(2)



where d is also a constant. The studies on that model are very limited. In Ref. [10], the authors analysed the stability, the response of the model and the onset of perioddoubling through the harmonic balance method. Our aim in this paper is to shed some light on other aspects of this 6 model. Firstly, in Section 2, we End and analyse the stability of the harmonic, subharmonic and superharmonic resonant states using the multiple time scales method [3]. Secondly, in Section 3 we follow the Melnikov method [11] to derive the criteria for the occurrence of fractal basin boundaries for homoclinic and heteroclinic orbits. The case where the potential has three wells and a single well are considered. We conclude in Section 4. Our analysis is restricted to the situation of linear restoring spring, e.g.; b ¿ 0. In this situation, the potential u(q) presents Eve equilibrium points if d ¿ 0 with two unstable −q1 and q1 and three stable ones −q2 ; 0; q2 . For d ¡ 0, there are three equilibrium points −q1 ; 0; q1 with q = 0 being the only stable equilibrium point. For d ¿ 0 we also distinguish two subcases. The Erst one corresponds to the√state where the minimum energy is at q = 0. It is obtained under the constraint (c2 + c − 2 )=d ¿ 0 with =c2 −4bd.The second subcase is obtained when the above constraint is not satisEed. It corresponds to the case where the minimum energy is attained at q = ±q2 . In the analysis hereafter, we will consider the following three sets of values for the parameters b, c and d. Set I: b = 1, c = −0:5, and d = 0:05. Set II: b = 1, c = −0:5, and d = 0:04. Set III: b = 1, c = −0:5, and d = −0:05. The forms of the potential U (q) are depicted in Fig. 1.



2. Resonant oscillation and their stability The equation of motion of the particle under a sinusoidal periodic force can be written as qF + aq˙ + w02 q + cq3 + dq5 = f cos t ;



(3)



where w02 = b and the parameters a, f and  are, respectively, the damping coe8cient, the amplitude and the frequency of the exciting force. t is the time and the dot over q stands for the time derivative. We assume that a, c and d are small quantities. For the multiple scales method, we expand q(t) in the form q = q0 (T0 ; T1 ) + q1 (T0 ; T1 ) ;



(4)
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Fig. 1. DiHerent shapes of the 6 potential (with b ¿ 0): (a) Potential with three wells and the absolute minimum at q = 0 with the Erst set of potential parameters. (b) Potential with three wells with the absolute minimum at q = ±q2 with the second set of potential parameters. (c) Potential with a single well with the third set of potential parameters.
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where  is a perturbative parameter. The quantities T0 =t and T1 =t are, respectively, the fast time scale and the slow time scale characterising the modulation in the amplitude and phase of q caused by the non-linearity and the damping. We thus set a = a0 , c = c0 and d = d0 . We have chosen a0 = 0:05 throughout the paper. 2.1. Primary resonant state To End the amplitude of the oscillations at the state  = !0 +  where  is a detuning quantity, we assume that the amplitude f of the external excitation is also small; that is f = f0 . Then, on calculating the derivatives with respect to the diHerent scales and inserting into Eq. (3), we obtain the following equations for q0 and q1 : D02 q0 + w02 q0 = 0 ;



(5a)



D02 q1 + w02 q1 = −a0 D0 q1 − c0 q03 − d0 q05 − 2D0 D1 q0 + f0 cos(t) ;



(5b)



where D0 = 9=9T0 and D1 = 9=9T1 . The general solution of Eq. (5a) is q0 = A(T1 ) exp(jw0 T0 ) + cc ;



(6)



where cc stands for the complex conjugates of the preceding terms. A(T1 ) is an arbitrary, complex function which is determined from Eq. (5b) by imposing the solvability or secular conditions. On substituting Eq. (6) into Eq. (5b), the solvability condition gives 2



a0 jw0 A − 3c0 A2AI − 10d0 A3AI − 2jw0 A +



f0 exp j( − !0 )T0 = 0 ; 2



(7)



where AI is the complex conjugate of A. Expressing A(T1 ) in the polar form A(T1 ) = a1 (T1 ) exp(j(T1 )) where a1 (T1 ) and (T1 ) are the amplitude and phase of q0 , leads to the Erst order diHerential equations 1 f0 sin  ; a1 = − a0 a1 + 2 2w0 a1  = a1  −



3c0 a31 5d0 a51 f0 − + cos  ; 8w0 16w0 2w0



(8a) (8b)



where =T1 − and the prime denotes the derivative with respect to T1 . The stationary condition leads to the following non-linear algebraic equation for a1 :  2   1 2 f2 3c0 a210 5d0 a410 2 a10 +  − = 02 ; a10 − (9) 4 8w0 16w0 aw0 where a10 and 0 are the values of a1 and  in the stationary state.



366



R. Tchoukuegno et al. / Physica A 304 (2002) 362 – 378



This stationary state is physically acceptable if and only if it is stable. To obtain the stability criterion, let us assume that the stationary state suHers a small perturbation which manifests itself by slight variations of a1 and ; e.g. we have a1 = a10 + a2 ;



(10a)



 = 0 + 1 :



(10b)



On inserting Eq. (10) into Eq. (8), we obtain the following system of diHerential equations:   3c0 a210 5d0 a410 1  1 ; − (11a) a2 = − a0 a2 − a10  − 8!0 16!0 2   9c0 a210 25d0 a410 1 1 − a2 − a0 1 : − (11b) 1 = a10 8!0 16!0 2 The stationary state is stable if all the eigenvalues of system (11) are situated at the left-half of the complex plane. This implies the unstability condition    3c0 a210 a2 9c0 a210 25d0 a410 9d0 a410 − + 0 ¡0 : − − − (12) 16!0 8!0 16!0 8!0 4 In Fig. 2 we have depicted two representatives of the variations of the stationary amplitude a1 as a function of the detuning . The instability domains are indicated by the dashed line parts of the curves. 2.2. Sub- and superharmonic resonance When the amplitude f of the external excitation is large, other types of oscillations appear in the model: the subharmonic and the superharmonic resonant states. In fact, assuming that f = f0 is of the leading order, the components q0 and q1 of q satisfy the following equations: D02 q1 + w02 q0 = f0 cos t ;



(13a)



D02 q1 + w02 q1 = −a0 D0 q0 − 2D0 D1 q0 − c0 q03 − d0 q05 :



(13b)



From Eq. (13a), we have q0 = A(T1 ) exp (jw0 T0 ) +  exp (jT0 ) + cc



(14)



with  = 12 f0 (w02 − 2 )−1 . On substituting Eq. (14) into Eq. (13b), it is found that secondary resonances appear at w0 = 3, w0 = 5 (superharmonic oscillations) and at  = 3w0 ,  = 5w0 (subharmonic oscillations). The amplitude and the stability of each resonant state can be obtained using the procedure described above for the primary resonance. For instance near the superharmonic state w0 = 3, the amplitude of the oscillations is governed by
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Fig. 2. (a) Frequency response curve for the primary resonance for a potential with three wells with f0 =0:05. (b) Idem for a potential with one well with f0 = 0:05.



the equation  a21



a20 =







3c0 + − w0







1 2 a + 2 8 1







5d0 − w0



(c0 3 + 5d0 5 + 5d0 3 a21 )2 w02







a41 3 + a21 2 + 34 16 2



2 



(15)



with the instability condition



or



c0  + 5d0 3 a31 ¿1 c0 3 + 5d0 5 + 5d0 3 a21 c0  + 5d0 3 a31 ¡1 c0 3 + 5d0 5 + 5d0 3 a21



(16)
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Fig. 3. EHects of the amplitude of the external excitation on the frequency response of the superharmonic resonant state 3 = !0 .



and



    3c0 a21 c0 3 + 5d0 5 − 5d0 3 a21 2 +  +  − w0 8 c0 3 + 5d0 2 + d0 3 a21  4     3c0 a21 5d0 a1 3a1 2 4 2 − 3 + − + + 3 w0 16 2 w0 8    4 5d0 a cos 1 a 1 2 − ¡0 5 1 − + 34 − 10d0 3 a1 w0 16 2 w0



−a20







with



 cos 1 = a1 × w0



−



3c0 w0







 a2 3 81 + 2 −



5d0 w0







a4



5 161 −



a1  2 2



c0 3 + 5d0 5 + 5d0 3 a21



+ 34



 :



 is the detuning parameter (e.g., 3 = w0 + ). The eHects of the amplitude f0 of the external force on the frequency response curves is depicted in Fig. 3. For the subharmonic state  = 3!0 , the amplitude is given by     2   5d0 a41 1 3c0 1 2 9 2 2 2 2 4 a0 + − a + − + a  + 3 3 w0 8 1 w0 16 2 1 =



3c0 a21 + 5d0 a41 + 30d0 3 a31 16w02



(17)



and the instability boundary is 3a20 − 12a20 P + 3Q(R − QP) ¡ 0 ;



(18)
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Fig. 4. Frequency response for the subharmonic state  = 3!0 .



where 3 2 2 c0+ 5d0 (a1



+ 32 ) ; 3c0 + 5d02 (a21 + 62 )     3c0 1 2 3 5d0 a41 1 a1 +  2 − + a21 2 + 34 Q= − 3 w0 8 w0 16 2



P=



and 3c0 1 R= − 3 w0







3 2 a + 2 8 1







5d0 − w0







9 a4 5 1 + a21 2 + 34 16 2



 :



A frequency response curve appears in Fig. 4. In a similar way, one can End the amplitudes of the subharmonic state  = 5!0 and the superharmonic state !0 = 5. Figs. 3 and 4 are obtained for the Erst set of the potential parameters. All the branches of Fig. 4 are stable. Considering the case of a single well potential, with the set of parameters III, the corresponding curves are shown in Fig. 5. The instability is also indicated by the dashed line parts of the curves. 2.3. Asymmetric resonant states Around the stable equilibrium points q = ±q2 , it can be found that in the Erst order approximation, the motion of the particle is deEned by q = ±q2 +



[( −



f0 cos(t + ’) ; + a2 2 ]1=2



)2



where  = w02 + 3c0 q22 + 5d0 q24 and ’ is a constant.



(19)
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Fig. 5. (a) EHects of the amplitude of the external excitation on the frequency response of the superharmonic resonant state 3 = !0 for a single well potential. (b) Frequency response for the subharmonic state  = 3!0 for a single well potential.



3. Melnikov’s criteria for chaos In view of deriving the condition for the appearance of chaos in our model, we use the Melnikov method. It helps to deEne the condition for the existence of the so-called transverse intersection points in the sense of PoincarJe maps. This may imply the existence of fractal basin boundaries and thus the so-called horseshoes structure of chaos. Consider the generalised dynamical equation of a given system written in vector form u˙ = g0 (u) + gp (u; t) ;



(20)



R. Tchoukuegno et al. / Physica A 304 (2002) 362 – 378



371



where u = (q; p); (p = q) ˙ is the state vector, g0 = (g1 ; g2 ) is the vector Eeld chosen Hamiltonian with the energy H0 so that g1 = 9H0 =9q˙ and g2 = −9H0 =9q and gp is a periodic perturbation function. In our model, we have g0 (u) = (p; −!02 q − cq3 − dq5 ) and gp (u; t) = (0; −a0 p + f0 cos t). Let us assume that the unperturbed Hamiltonian system possesses saddle points connected by a separatrix or heteroclinic orbit u(t) I or only one hyperbolic saddle point with a homoclinic orbit u(t). I In the presence of the perturbation gp (u; t), the orbits are perturbed. When the perturbed and the unperturbed manifolds intersect transversally, the geometry of the basin of attraction may become fractal, indicating the high sensivity to initial conditions, thus chaos. The Melnikov’s theorem which gives the condition for the fractal basin boundary can be given as follows [11]. Let the Melnikov’s function be deEned as +∞ g0 (u(t)) ∧ gp (u(t); t + t0 ) dt (21) M (t0 ) = −∞



with −∞ ¡ t0 ¡+∞. If M (t0 ) has simple zeros so that for a given t0% one has M (t0% )=0 with dH (t0 )=dt0 = 0 at t =t0% (condition for transversal intersection), then the system (2) can present fractal boundaries for motions around diHerent stable equilibrium points. To apply the Melnikov theorem to our model, we Erst derive the equations for the homoclinic and heteroclinic orbits. The Hamiltonian of the system is deEned by 1 b c d H0 (q; q˙ = p) = p2 + q2 + q4 + q6 : 2 2 4 6



(22)



Let us Erst consider the case of the potential with three wells (Figs. 1a,b). For these cases, we have to End heteroclinic orbits connecting the unstable points −q1 and q1 , and the homoclinic orbit connecting the unstable points −q1 (or q1 ) to itself. Making use of integrals tables [12] (see also Ref. [16]) and the method of residues, we obtain the heteroclinic orbit deEned by √ ±q1 2 sinh((=2)t) ; (23a) q= (− + cosh(t))1=2 √ ±( 2=2)q1 (1 − ) cosh((=2)t) p= ; (− + cosh(t))3=2 where  = (5 − 3& 2 )=(3& 2 − 1),  = q12 deEned as √ ±q1 2 cosh((=2)t) ; q= ( + cosh(t))1=2 







(23b)



2d(& 2 − 1), & = q2 =q1 and the homoclinic orbit



√ ±( 2=2)q1 ( − 1) sinh((=2)t) p= : ( + cosh(t))3=2



(24a)



(24b)
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In the case of the potential with a single well (see Fig. 1c), the heteroclinic orbit connecting the unstable points −q1 and q1 is deEned by the following equations: √ ±(A= 2)' sinh(t) ; (25a) q= (1 + (1 − '2 ) sinh2 (t))1=2



p=



±A' cosh(t) ; (2(1 + (1 − '2 ) sinh2 (t)))3=2



where



 A2 = q12 (3 + & 2 );



 = q12 &



(& 2 + 1) −d ; 2



(25b)



'=&



2 : 3(& 2 + 1)



With the expressions of Eqs. (23)–(25), we can calculate the Melnikov functions for each case. In the case of the potential with three wells, the calculations lead to the following conditions for the appearance of fractal basin boundaries. For the heteroclinic orbit, we have



 (2 + 1)  2 ( a0 q1 2 + 2 +  sinh Arc sin  + (26a) f0 ¿ 8(( + 1) (1 − 2 )1=2 2  while for the homoclinic orbit,



 (2 + 1)  1 ( a0 q1 2 + (2 + ) Arc sin  − : f0 ¿ 2 1=2 32(( + 1) (1 −  ) 2 sin(2=)



(26b)



In the case of the potential with a single well, we obtain



 ( a01 X 1=2 2 (1 − '2 ) (3'2 − 1) (1 + 3'2 ) ln((1 + ')=(1 − ')) sinh : + f0 ¿ 8'( (1 − '2 ) 2' 2 (26c) These conditions are depicted in Fig. 6 in the (; f0 ) plane. The chaotic behaviour occurs in the domains above the curve. These analytical results have been veriEed using the direct numerical simulation of the diHerential equation (3). Considering orbits starting at points su8ciently near the separatrix, the Melnikov criterion is fulElled when the perturbed orbits intersect with the separatrix. The numerical results are also reported in Fig. 6 with a dashdot line structure. It is found that the analytical treatment predicts in general too low a threshold for chaos. This gap had also been observed in other physical models such as the 4 model, the magnetic pendulum and multiple equilibrium systems [9,13]. A particular characteristic of the Melnikov chaos is the fractality of the basin of attraction and the resulting unpredictability due to the dependence on initial conditions.
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Fig. 6. Melnikov criteria for the appearance of chaos in the –f0 plane. (a) Case of a heteroclinic orbit (potential of Fig. 1a). (b) Case of a homoclinic orbit (potential of Fig. 1b). (c) Case of a single well potential (Fig. 1c).



This characteristic has also been analysed here to conErm the validity of our results. By performing a scan of the initial conditions in the (q; p) plane for various values of f0 , we End that when f0 is less than the critical values, the basins of attraction (marked regions) are regular (see Figs. 7a, 8a and 9a). For instance, in the case of a potential with three wells, the basin of attraction presents the classical shape of tongues spiralling toward the attractors.
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Fig. 7. Basins of attraction for motion around q = 0 in the case of the potential of Fig. 1a with  = 0:5. (a) f0 = 0:05; (b) f0 = 0:2; (c) f0 = 0:3.



This implies the non-existence of chaos. As f0 increases, the regular shape of the basins of attraction is destroyed and the fractal behaviour becomes more and more visible (see Figs. 7b, c, 8b, c and 9b, c). Let us note that the results of Fig. 7 are obtained in the case of a potential with the minimum of energy at q = 0 (Fig. 1a) and the
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Fig. 8. Basin of attraction for motion around q = q2 in the case of the potential of Fig. 1b with  = 3. (a) f0 = 0:1; (b) f0 = 0:2; (c) f0 = 0:5.



basin of attraction is that of motions inside the well q = 0. Fig. 8 corresponds to the basins of attraction of motions inside the well q = q2 with the potential of Fig. 1b. The result of Fig. 9 corresponds to the basin-boundary metamorphoses in the case of a potential with a single well (see Fig. 1c) with  = 1. As f0 increases, the smooth basin boundary Erst generates small tails (Fig. 9b) and Enally develops various Engers (Fig. 9c), a scenario well known in the case of a 4 potential with a single well
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Fig. 9. Basins of attraction for motion around q = 0 in the case of the potential of Fig. 1c with  = 1. (a) f0 = 0:05; (b) f0 = 0:12; (c) f0 = 0:20.



[14,15]. Let us also mention that in the case of a potential with three wells when a particle escapes chaotically from a basin of attraction, one cannot predict as to where it will undergo an oscillating behaviour. For instance, Fig. 10a shows that when the particle escapes from the well q = −q2 , it can oscillate around q = ±q2 or around q = 0
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Fig. 10. (a) Three diHerent time histories from the same initial conditions leading to diHerent basins of attraction. (b) Final point around which the particle oscillates for parameters of Fig. 1b and f0 variable. Note the Enal state sensitivity to variations of f0 .



(case of the potential of Fig. 1b). In Fig. 10b, we have drawn the point around which the particle Enally oscillates as f0 varies. As it can be seen, the Enal state is very sensitive to the variation of the amplitude f0 of the external excitation. 4. Conclusion In this paper, we have studied the dynamics of a particle in a 6 potential submitted to an external and sinusoidal excitation. The resonant oscillatory (harmonic, sub- and superharmonic) states have been obtained and their stability analysis performed. The criteria for the appearance of the horseshoes chaos have also been derived using the Melnikov theory. The analytical results have been complemented by the numerical simulation of the original non-linear equation and metamorphoses of the basin of attraction have been observed for diHerent forms of the 6 potential (three wells and single well potential).
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An interesting problem currently under consideration for practical purpose is to analyse the eHects of an active control or parametric control of this model both in the regular regime (reducing the amplitude of the oscillations) and in the chaotic regime (avoiding chaos). References [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16]
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