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Abstract This paper characterizes equilibria of an enlarged monetary union within a model of search with commodities divisibility. An unbiased integration between each member-country pair ensures existence of accession equilibria, and is a necessary and sufficient condition for both monies to be perfect substitutes to each country’s resident, and for no arbitrage to exist from using the same money in different countries. Accession equilibria can exist without unbiased integration. Monies are perfect substitutes within each single participating country in every accession equilibrium. Furthermore, prices in each country are decreasing in the degree of integration between any country-pair.
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Introduction “Ten new Member States joined the EU on 1 May 2004. Two other states... joined in 2007. They did not introduce the single currency straight away, however. As soon as ...conditions are met, the new Member States are required to introduce the euro.” [8]



Monetary Unions (MUs) evolve across groups of countries and over time. The European Monetary Union (EMU) is the most recent and prominent example of a MU. It provides an institutional setting that has been granting the euro coin the status of internationally accepted currency. The EMU is ongoing enlargement, the latest adjoint being Slovenia, and with foreseen further expansion toward 2004 and 2007 European Union (EU) acceding countries. The enlargement of MUs is a major institutional event that involves integration issues among participating and new coming countries, which effects on currencies substitution and prices have been studied, for example, by [2], [4], [6], [9], [13] and [21]. A now large strand of this literature includes search-theoretic models of money (e.g. [11], [14], [15], [17] and [18]). These models are well suited to study international money issues since they endogenously determine what money type is accepted by whom and where. [14] were the first to characterize currencies circulation in a search model of money. In their paper, prices and exchange rates are exogenous since goods and money are indivisible (first-generation models). Second-generation models of search monetary economics retain the assumption that money is indivisible and bounded to one unit, while relax the restricting hypothesis of goods indivisibility (e.g. [5], [18], [20] and [21]). This allows one to characterize the determination of prices and exchange rates. In their paper, Trejos and Wright [20] (hereafter, TW) combine the original framework of [14] with [18] in order to endogenize prices and exchange rates. [5] study currencies coexistence under alternative legal restrictions on the use of the foreign currency for internal trade. [21] proves existence of pure strategy equilibria when the local currency plays a primary role in commodity-currency trade, within a two-country two-currency model featuring currency-currency exchange. A com2



prehensive analysis of first- and second-generation dual-currency economies is provided by [3]. The assumption that money is indivisible and bounded to one unit has been relaxed by third-generation models (e.g. [12] and [16]). [12] and [16] both get, by different means, the distribution of money holdings degenerate. This dramatically improve their analytical tractability. Some attempts to study international money issues using these models include [9], [10] and [13]. The present paper extends the TW work of two-currency economies to a three-country setting, in order to characterize monetary equilibria associated with the accession of a new member country into an existing two-country MU. The main results of the paper are the following. Prices in each country are lower the more integrated each country-pair. Equal degree of integration between any country-pair is a necessary and sufficient condition for monies to be perfect substitutes within and across all countries. Furthermore, equal integration between any country-pair is also a sufficient condition for the existence of accession equilibria. The paper is organized as follows. Section 2 describes the general framework of analysis. Section 3 makes simplifying assumptions to characterize preaccession and accession equilibria and derive results. Section 4 ends the paper with a brief of results.
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The environment



The framework of analysis is a three-country extension of TW. Time is indexed by t ∈ {1, 2, ..., ∞}. There are three countries. Two of them, called incumbent countries (ICs) and labelled i = 1, 2 form a MU while the third country, called acceding country (AC) and labelled i = 3 does not initially (i.e. at time t = 1) belong to the MU. Each country is populated by a continuum of infinitely lived P agents and total population across countries sums to one, that is 3i=1 ni = 1 where ni ∈ R (0, 1) is the fraction of population living in country i. The growth rate of each country’s population is assumed to be zero. Agents are specialized in production and consumption. Each of K ∈ N specialization types of agents is uniformly distributed across each country’s population fraction and there are 3



K distinct divisible goods across countries at each date t. A specialization type k agent, with k = {1, 2, ..., K}, produces exclusively good k and consumes only good k + 1 (modulo K). The proportion of agents specialized in the production of a given good k is 1/K in each country. Consequently, the measure of agents specialized in the production of any good in country i is ni /K. A specialization type k agent producing q ∈ R+ units of the good suffers disutility q. A consumer of the same type of good enjoys utility u (q). The utility function u : R+ → R is strictly concave, strictly increasing, twice continuously differentiable, with u0 (∞) = 0, u0 (0) = ∞ and u (0) = 0. The consumption good is non-storable so that there cannot be any commodity money, and K ≥ 3 so that there can be no instance of “double-coincidence of wants” either. Furthermore, private agents’ histories are not public information. Hence, some form of fiat money is required for transactions to be accomplished. There are two fiat monies in the economy, the type 1 and the type 2. At time t = 1, the ICs government issues one unit of money 1 to a fraction m1 ∈ R (0, 1) of each IC population, while the AC government issues one unit of money 2 to a fraction m2 ∈ R (0, 1) of its residents (the subscript denotes the money type). After the initial date, t = 1, each country’s government shuts down. Let mij,t ∈ R (0, 1) be the fraction of the population in country i endowed with a unit of money type j at time t. Thus, total supply of money 1 and money 2 at time t amount to (n1 + n2 ) m1 = n1 m11,t + n2 m21,t + n3 m31,t



(1)



n3 m2 = n1 m12,t + n2 m22,t + n3 m32,t



(2)



and respectively. Equation (1) means that the total amount of money type 1 at time t = 1 (left hand side) must be equal to the total amount of money type 1 at any time t > 1 (right hand side). Equation (2) refers to money 2 and has a similar interpretation. Both types of monies are indivisible and an agent with a unit of money cannot acquire a second unit. Thus, no moneyholder delivers neither less nor more 4



than one unit of currency. As remarked by [1], this assumption ties the money supply to the population fraction of moneyholders. It also enables to partition the total population in each period into a subset of buyers (consumers), the individuals that hold a unit of money, and a disjoint subset of sellers (producers), the agents holding no money. The inventory distribution in each country i ∈ {1, 2, 3} at time t can be summarized by a vector (1 − mi1,t − mi2,t , mi1,t , mi2,t ) where mi1,t + mi2,t is the fraction of buyers, and 1 − mi1,t − mi2,t the fraction of sellers, in country i. Matching technology and integration. There are neither centralized markets nor auctioneers, and for trade to occur it is required that a buyer from any country meets an appropriate seller (i.e. a seller specialized in the production of the desired good) from any country. Assume, as in [18], that the amount of time it takes a buyer to move to a seller’s location is a random variable exponentially distributed. The rate at which a buyer (seller) from country h meets a seller (buyer) from country i is proportional to the number of sellers (buyers) in country i. Denote by βhi ∈ R (0, 1] , h, i ∈ {1, 2, 3}, the frequency of an agent from country h meeting an agent from country i, relative to the frequency of two country i nationals meeting. This can be interpreted as a measure of the degree of economic integration between countries h and i. Each country is perfectly integrated with itself and the chances of nationals meetings are equal across countries, i.e. βhi = 1 for h = i. Then, the rate at which a buyer (seller) from country h meets an appropriate seller (buyer) from country i at time t is given by βhi times the measure of specialized sellers (buyers) in country i at time t. For example, βhi ni (1 − mi1,t − mi2,t ) /K are the chances of a buyer from country h meeting an appropriate seller from country i at time t. The chances of a seller from country h meeting an appropriate buyer from country i at time t are given by βhi times the measure of appropriate buyers (i.e. a buyer specialized in the consumption of the seller’s production good) from country i at time t, i.e. βhi ni (mi1,t + mi2,t ) /K. 5



To derive analytical results the following simplifying assumptions are introduced when deriving equilibria. Assumption (A1) ni = 1/3 ∀ i ∈ {1, 2, 3}; Assumption (A2) 2m1 = m2 ; Assumption (A3) β31 = β13 = β32 = β23 ≤ β12 = β21 . By (A1), population is uniformly distributed across countries. Using (1) and (2) , assumptions (A1) and (A2) jointly imply m=



3 P



mi1,t =



3 P



mi2,t



(3)



i=1



i=1



where i denotes the country, and j the money type, with m = 2m1 = m2 . Assumption (A3) means that ICs residents meet ICs residents not less frequently than they meet AC residents. To simplify the exposition, the following notation will be used when discussing equilibria: (i) ni by n; (ii) β31 , β13 , β32 , β23 by β3 ; and (iii) β12 , β21 by β1 .
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Equilibria



The subsequent analysis focuses on pure-strategy and steady-state equilibria, in which agents do not randomize and both the asset distribution and trading strategies are constant over time, so that we can drop the time subscript t. Let λ ≡ (λ11 , λ21 , λ31 , λ12 , λ22 , λ32 ) be a vector, and the element λij ∈ {0, 1} be a binary variable which is equal to one if money type j circulates in country i, zero otherwise. For example, if in Poland (country 3) the euro coin (money 1) does not circulate, then λ31 = 0. As in TW, the following additional assumption is introduced: Assumption (A4) λ11 = λ21 = λ32 = 1. Assumption (A4) means that each money type is always accepted within the country of issuance, that is money 1 is accepted within ICs (countries 1 and 2) and money 2 is accepted within AC (country 3). 6



The next step is to obtain the steady-state conditions m ˙ 1j = m ˙ 2j = m ˙ 3j = 0, where m ˙ 1j = β12 nK2 [(1 − m11 − m12 ) m2j λ1j − (1 − m21 − m22 ) m1j λ2j ] +β13 nK3 [(1 − m11 − m12 ) m3j λ1j − (1 − m31 − m32 ) m1j λ3j ]



(4)



m ˙ 2j = β21 nK1 [(1 − m21 − m22 ) m1j λ2j − (1 − m11 − m12 ) m2j λ1j ] +β23 nK3 [(1 − m21 − m22 ) m3j λ2j − (1 − m31 − m32 ) m2j λ3j ]



(5)



m ˙ 3j = β31 nK1 [(1 − m31 − m32 ) m1j λ3j − (1 − m11 − m12 ) m3j λ1j ] +β32 nK2 [(1 − m31 − m32 ) m2j λ3j − (1 − m21 − m22 ) m3j λ2j ]



(6)



holds for any j ∈ {1, 2}. Let us consider equation (4). The first line means that the fraction of country 1 buyers with money j: (i) increases whenever a country 1 seller meets an appropriate buyer from country 2 (i.e. a buyer who is willing to consume the good produced by the seller), and they agree to exchange (i.e. the seller from country 1 agrees to accept money j, which implies λ1j = 1), and (ii) decreases whenever a buyer from country 1 holding money j meets an appropriate seller from country 2 (i.e. a seller who is willing to produce the good consumed by the buyer), and they agree to exchange (i.e. λ2j = 1). Similarly, the second line means that the fraction of country 1 buyers with money j: (i) increases whenever a country 1 seller meets an appropriate buyer from country 3 and they agree to exchange (λ1j = 1), and (ii) decreases whenever a buyer from country 1 holding money j meets an appropriate seller from country 3 and they agree to exchange (λ3j = 1). Transactions among country 1 fellows do not affect the aggregate distribution of buyers in country 1 and are accordingly not included in (4). Equations (5) and (6) have a similar interpretation. By construction, if λij = 0 then mij = 0 in steady-state. Namely, if a given money type is never accepted in a given country then the steady-state fraction of agents holding that money is zero in that country. For example, if residents in Poland never accept euros (λ31 = 0) they will not hold euros (m31 = 0) in equilibrium. Let Vij be the expected lifetime utility for a country i buyer with money j and Vi0 the expected lifetime utility for a country i seller. Let qij ∈ R+ be the quantity of good produced by a country i seller in exchange of one unit of 7



money j; hence, pij = 1/qij is the unit price of output in country i in terms of money j. Let r denote the discount rate, which is strictly positive and equal for all agents. Thus, the steady-state Bellman equations (in flow terms) for a buyer with money j from country 1, country 2, and country 3 are rV1j = β11 nK1 (1 − m11 − m12 ) λ1j [V10 + u (q1j ) − V1j ] +β12 nK2 (1 − m21 − m22 ) λ2j [V10 + u (q2j ) − V1j ] +β13 nK3 (1 − m31 − m32 ) λ3j [V10 + u (q3j ) − V1j ]



(7)



rV2j = β21 nK1 (1 − m11 − m12 ) λ1j [V20 + u (q1j ) − V2j ] +β22 nK2 (1 − m21 − m22 ) λ2j [V20 + u (q2j ) − V2j ] +β23 nK3 (1 − m31 − m32 ) λ3j [V20 + u (q3j ) − V2j ]



(8)



rV3j = β31 nK1 (1 − m11 − m12 ) λ1j [V30 + u (q1j ) − V3j ] +β32 nK2 (1 − m21 − m22 ) λ2j [V30 + u (q2j ) − V3j ] +β33 nK3 (1 − m31 − m32 ) λ3j [V30 + u (q3j ) − V3j ]



(9)



respectively. Consider equation (7). It means that the flow value for a country 1 buyer with money j is: (i) the rate at which he meets an appropriate seller from country 1 who takes money j (which he does if λ1j = 1) multiplied by the gain from trading, V10 + u (q1j ) − V1j , plus (ii) the rate at which he meets an appropriate seller from country 2 who takes money j (which he does if λ2j = 1) multiplied by the gain from trading, V10 + u (q2j ) − V1j , plus (iii) the rate at which he meets an appropriate seller from country 3 who takes money j (which he does if λ3j = 1) multiplied by the gain from trading, V10 + u (q3j ) − V1j . Equations (8) and (9) have a similar interpretation. The flow versions of the Bellman equations for a seller from country 1, country 2, and country 3 are P rV10 = 2j=1 β11 nK1 m1j λ1j (V1j − q1j − V10 ) P (10) + 2j=1 β12 nK2 m2j λ1j (V1j − q1j − V10 ) P2 + j=1 β13 nK3 m3j λ1j (V1j − q1j − V10 ) P2



n1 j=1 β21 K m1j λ2j (V2j − q2j − V20 ) P + 2j=1 β22 nK2 m2j λ2j (V2j − q2j − V20 ) P + 2j=1 β23 nK3 m3j λ2j (V2j − q2j − V20 )



rV20 =



8



(11)



rV30 = +



P2 j=1



P2



j=1 P2 + j=1



β31 nK1 m1j λ3j (V3j − q3j − V30 ) β32 nK2 m2j λ3j (V3j − q3j − V30 ) β33 nK3 m3j λ3j



(12)



(V3j − q3j − V30 )



respectively. Let us consider equation (10). It means that the flow value for a country 1 seller is: (i) the rate at which he meets an appropriate buyer from country 1 with money j, and they agree to trade (λ1j = 1), multiplied by the gain from trading, V1j − q1j − V10 , plus (ii) the rate at which he meets an appropriate buyer from country 2 with money j, and both agree to exchange (λ1j = 1), multiplied by the gain from trading, V1j − q1j − V10 , plus (iii) the rate at which he meets an appropriate buyer from country 3 with money j, and trade takes place (λ1j = 1), multiplied by the gain from trading, V1j − q1j − V10 . Again, equations (11) and (12) have a similar interpretation. Bargaining and nationality. Let θ be the seller’s bargaining power. If a buyer with money j meets an appropriate seller from country i, and they decide to bargain, the level of output qij to be produced by the seller is obtained by solving the Nash bargaining problem max



qij ∈R(0,∞]



such that



[−qij + Vij − Vi0 ]θ [u (qij ) + V10 − V1j ]1−θ



u (qij ) + V10 ≥ V1j −qij + Vij ≥ Vi0



if the buyer is from country 1, max



qij ∈R(0,∞]



such that



[−qij + Vij − Vi0 ]θ [u (qij ) + V20 − V2j ]1−θ



u (qij ) + V20 ≥ V2j −qij + Vij ≥ Vi0



if the buyer is from country 2, max



qij ∈R(0,∞]



[−qij + Vij − Vi0 ]θ [u (qij ) + V30 − V3j ]1−θ



9



such that



u (qij ) + V30 ≥ V3j −qij + Vij ≥ Vi0



if the buyer is from country 3. Negotiation takes place if and only if both agents can at least have some surplus by switching their status from buyer to seller and from seller to buyer; for example, a country 1 buyer with money j and an appropriate seller from country i negotiate if and only if u (qij ) + V10 ≥ V1j (buyer’s constraint) and −qij + Vij ≥ Vi0 (seller’s constraint) both hold. The right hand side of each constraint denotes the ‘threat point,’ that is what an agent gets if he does not trade. It is assumed that θ = 0, which means that buyers make a take-it-orleave-it offer. Also, it is assumed that a seller always accepts the offer when he is indifferent between trading and not trading. So the sellers’ constraint binds and buyers always demand qij = Vij − Vi0 . As in TW, θ = 0 simplifies things considerably by implying Vi0 = 0 (buyers extract all the surplus from trade) and identifying the buyers’ value function with quantities, qij = Vij .



(13)



Note that the quantity qij only depends on the seller’s nationality and on the money type the buyer is delivering. As in TW, here it is assumed that sellers cannot observe the buyers’ nationality. Using (13), expressions (7)-(9) reduce to rq1j = β11 nK1 (1 − m11 − m12 ) λ1j [q10 + u (q1j ) − q1j ] +β12 nK2 (1 − m21 − m22 ) λ2j [q10 + u (q2j ) − q1j ] +β13 nK3 (1 − m31 − m32 ) λ3j [q10 + u (q3j ) − q1j ]



(14)



rq2j = β21 nK1 (1 − m11 − m12 ) λ1j [q20 + u (q1j ) − q2j ] +β22 nK2 (1 − m21 − m22 ) λ2j [q20 + u (q2j ) − q2j ] +β23 nK3 (1 − m31 − m32 ) λ3j [q20 + u (q3j ) − q2j ]



(15)



rq3j = β31 nK1 (1 − m11 − m12 ) λ1j [q30 + u (q1j ) − q3j ] +β32 nK2 (1 − m21 − m22 ) λ2j [q30 + u (q2j ) − q3j ] +β33 nK3 (1 − m31 − m32 ) λ3j [q30 + u (q3j ) − q3j ] ,



(16)



respectively. 10



3.1



Pre-accession equilibria



In pre-accession equilibria, (A4) and the following condition λ12 = λ22 = λ31 = 0



(17)



are satisfied. Namely, money 1 circulates in ICs (λ11 = λ21 = 1) but not in the AC (λ31 = 0) , while money 2 circulates in the AC (λ32 = 1) but not in ICs (λ12 = λ22 = 0). Using (A1)-(A4), condition (17), equations (4)-(6) and (3), it holds that m11 = m21 = m/2, m32 = m and m12 = m22 = m31 = 0 are satisfied in steady-state pre-accession equilibria. Thus, equations (14)-(16) reduce to ¡ ¢ rq1 = (1 + β1 ) Kn 1 − m2 [u (q1 ) − q1 ] ¡ ¢ rq31 = 2β3 Kn 1 − m2 [u (q1 ) − q31 ] (18) rq2 = β3 Kn (1 − m) [u (q32 ) − q2 ] rq32 = Kn (1 − m) [u (q32 ) − q32 ] where q11 = q21 = q1 and q12 = q22 = q2 . That is, the unit price of good within ICs only depends on the money type held by the buyer. Using (A3), expressions in (18) imply q31 ≤ q1 ≤ u (q1 ) q2 ≤ q32 ≤ u (q32 ) .



(19)



Lemma 1 Under pre-accession equilibria an ICs buyer wants to exchange his money with ICs sellers but not with AC sellers while an AC buyer wants to spend his money acquiring goods from AC sellers but not from ICs sellers i.e. u (q31 ) ≤ q1 ≤ u (q1 ) u (q2 ) ≤ q32 ≤ u (q32 ) .



(20)



Proof. Assume θ = 0. The most a buyer (from any country) with money j can get from a country i seller is qij = Vij − Vi0 = Vij . Now, in pre-accession equilibria ICs buyers want to trade their money with ICs sellers (i.e. u (q1 ) ≥ q1 ) but not with AC sellers (i.e. u (q31 ) ≤ q1 ), while AC buyers want to trade their money with AC sellers (i.e. u (q32 ) ≥ q32 ) but not with ICs sellers (i.e. u (q2 ) ≤ q32 ). 11



In pre-accession equilibria, EMU citizens know that Polish do not value euros very much, and so EMU citizens holding a euro are willing to wait for a meeting with an EMU fellow, rather than trading with a Polish, who produces very little quantity for a euro. As in TW, the assumption that sellers cannot observe the buyers’ nationality is crucial here. In pre-accession equilibria, Polish expect that all buyers that carry euros are EMU citizens. Thus, even though Polish endowed with euros are always willing to trade with Polish sellers (i.e. u (q31 ) > q31 ), when a Polish seller happens to see an agent endowed with euros will not even negotiate, because he infers that the buyer is an EMU citizen and hence there is zero probability of an agreement. (To see that Polish with euros always wish to trade with Polish sellers note that (20) implies q1 > q31 . Now, by (18), it follows that q1 < q ∗ . Hence, it must hold that q31 < q ∗ which implies u (q31 ) > q31 .) Using (18), then expressions (20), which by (19) collapse to u (q31 ) ≤ q1 u (q2 ) ≤ q32 can be rewritten as



· q1 ≥ u



n 2rβ3 +2β3 (1+β)(1− m 2 )K



n r(1+β)+2β3 (1+β)(1− m 2 )K



h



q32 ≥ u



n rβ3 +β3 (1−m) K n r+β3 (1−m) K



i



¸ q1



q32 ,



which hold if and only if β1 is sufficiently large compared to β3 . The structure of economy in pre-accession equilibria is described in Fig. 1. We now define the pre-accession equilibrium. Definition 1 A pre-accession equilibrium is a list {q1 , q2 , q31 , q32 , m, β1 , β3 , λ} satisfying (17)-(20).



3.2



Accession equilibria



In accession equilibria, (A4) and λ12 = λ22 = λ31 = 1



(21)



must hold. That is, money 1 circulates in countries 1, 2 and 3 (λ11 = λ21 = λ31 = 1), and money 2 circulates in countries 1, 2 and 3 (λ12 = λ22 = λ32 = 1). 12



AC (money 2)



3



3



IC



IC 1



(money 1)



(money 1)



Figure 1: Pre-accession equilibria Lemma 2 For accession equilibria to exist it is sufficient that u (qij ) − q1j ≥ 0 u (qij ) − q2j ≥ 0



(22)



u (qij ) − q3j ≥ 0 for any i ∈ {1, 2, 3} , j ∈ {1, 2} , where i denotes the nationality of the seller. Proof. Assume (22) holds for any i ∈ {1, 2, 3} , j ∈ {1, 2}. Now, the country i seller decides to bargain if and only if −qij + Vij ≥ Vi0 . Since θ = 0, he will always accept to produce a quantity qij in exchange of money j if qij = Vij − Vi0 = Vij for any i ∈ {1, 2, 3} , j ∈ {1, 2}. This is the most a buyer can get from a country i seller; recall that the seller cannot observe the buyer’s nationality, so the quantity he produces depends only by the money type the buyer is delivering. Substituting qij = Vij into (22) and using Vi0 = 0 yields u (qij ) + V10 ≥ V1j u (qij ) + V20 ≥ V2j u (qij ) + V30 ≥ V3j 13



(23)



which implies a buyer (from any country) with money j always agrees to bargain with an appropriate seller from country i, for any i ∈ {1, 2, 3} , j ∈ {1, 2}. This entails that money 1 and money 2 both circulate in countries 1, 2 and 3. By Lemma 2, the system (14)-(16) reduces to ¡ ¢n rq1 = 1 − 2m {(1 + β1 ) [u (q1 ) − q1 ] + β3 [u (q31 ) − q1 ]} K¢ ¡ 3 2m rq31 = 1 − 3 Kn {2β3 [u (q1 ) − q31 ] + [u (q31 ) − q31 ]} ¡ ¢n (24) rq2 = 1 − 2m {(1 + β1 ) [u (q2 ) − q2 ] + β3 [u (q32 ) − q2 ]} 3 K ¢n ¡ rq32 = 1 − 2m {2β3 [u (q2 ) − q32 ] + [u (q32 ) − q32 ]} 3 K where, as above, q11 = q21 = q1 and q12 = q22 = q2 for convenience. Our first main result can now be established: Proposition 1 Money types 1 and 2 are perfect substitutes within each country (ICs and AC) in accession equilibria, i.e. Vij = Vi ∀i ∈ {1, 2, 3}. Proof. The first and third equations of (24) are identical, so do the second and the fourth – except that the subscript j = 1 is replaced by j = 2. This implies q1 = q2 = Q1 and q31 = q32 = Q3 . Hence, directly from (13), Vij = Vi ∀i ∈ {1, 2, 3}. This means that national sellers produce the same quantity of goods regardless of the money type held by the buyer, but a seller from the AC produces less output than a seller living in the ICs if integration is asymmetric (i.e. β3 < β1 ). Therefore, in an hypothetical market for currency exchange, the market clearing price would equal one, though the ratio Q1 /Q3 may not. Fig.2 shows the structure of the economy in accession equilibria. Let us introduce the following: Definition 2 An accession equilibrium is a list {Q1 , Q3 , m, β1 , β3 , λ} satisfying (21)-(24). At this point of the analysis, the next result can be established: Proposition 2 The unit price of good in each country (ICs and AC) is a decreasing function of the degree of integration between each country-pair (β3 and β1 ). 14



AC (money 1, money 2) Perfect Substitutability within
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Figure 2: Accession equilibria Proof. Using the relations Q1 = q1 = q2 and Q3 = q31 = q32 , and differentiating (24) one gets ³ ´ " #" # (1 + β1 ) Qu11 − u01 + β3 Qu31 − β3 u03 dQ1 dQ3 −2β u0 2β3 Qu13 + Qu33 − u03 " 3 1 # (25) u3 − Q 1 = dβ3 2 (u1 − Q3 ) where ui = u (Qi ) by ease of exposition. Premultiplying (25) by the inverse of the left-hand-side square matrix and then multiplying by 1/dβ3 one gets " # dQ 1 ∆ dβ3 dQ3 " #" # 2β3 Qu13 + Qu33 − u03 β3 u03 u − Q 3 1 ³ ´ = 2 (u1 − Q3 ) (1 + β1 ) Qu11 − u01 + β3 Qu31 2β3 u01



15



where ∆, the determinant of the square matrix in (25), is equal to ´³ ´ ³ ´ ³ u3 u1 u1 0 0 − u + 2 (1 + β ) β − u ∆ = (1 + β1 ) Qu11 − u01 1 3 Q3 3 1 Q3 Q1 ³ ´ ³ ´ u3 u3 u u +β3 Q1 Q3 − u03 + 2β32 Q11 Q33 − u01 u03 > 0



(26)



since ui /Qi > u0i by concavity of u. Thus, h³ i ´ u3 u1 0 1 ∆ dQ = − u (u3 − Q1 ) + 2β3 u03 (u1 − Q3 ) ≥ 0 + 2β 3 3 dβ3 Q3 h Q3 ³ ´ i dQ3 u1 u3 0 0 ∆ dβ3 = 2β3 u1 (u3 − Q1 ) + 2 (1 + β1 ) Q1 − u1 + β3 Q1 (u1 − Q3 ) ≥ 0 as both u1 ≥ Q3 and u3 ≥ Q1 always hold in accession equilibria. On the same lines, it can be shown that Q1 and Q3 are both increasing in β1 . Hence, p1 = 1/Q1 and p3 = 1/Q3 are decreasing in β3 and β1 . The intuition underlying Proposition 2 is the following. More likely the meetings between residents of different nationality the higher the value of each money type. This is due to the fact that each money type serves as a medium of exchange in international transactions in accession equilibrium. By (13), when money is more valued, buyers demand more quantity qij of goods in a meeting. This implies a lower price pij . Conversely, less integration implies higher prices. Proposition 3 The unit price of good within each country (ICs and AC) is an increasing function of the initial fraction of moneyholders m. Proof. Substituting Q1 and Q3 into (24) and differentiating it follows ³ ´ " #" # u1 0 (1 + β1 ) Q1 − u1 + β3 Qu31 − β3 u03 dQ1 dQ3 −2β3 u01 2β3 Qu13 + Qu33 − u03 " # (27) (1 + β ) (u − Q ) + β (u − Q ) 1 1 1 3 3 1 = − 3 1−22m dm ( 3) 2β3 (u1 − Q3 ) + u3 − Q3 or, rearranging, " # " # u1 u3 0 0 β u 2β + − u 3 3 3 3 dQ Q Q 1 3 3 ³ ´ ∆ = − 3 1−22m dm ( 3 ) 2β3 u01 dQ3 (1 + β1 ) Qu11 − u01 + β3 Qu31 # " (1 + β1 ) (u1 − Q1 ) + β3 (u3 − Q1 ) × 2β3 (u1 − Q3 ) + u3 − Q3 16



where ∆, the determinant of the square matrix in (27), is equal to (26). Thus, one obtains 1 ∆ dQ = − 3 1−22m {β3 u03 [2β3 (u1 − Q3 ) + u3 − Q3 ] dm ( 3) i h u1 + 2β3 Q3 + Qu33 − u03 [(1 + β1 ) (u1 − Q1 ) + β3 (u3 − Q1 )]} ≤ 0



and 3 = − 3 1−22m {2β3 u01 [(1 + β1 ) (u1 − Q1 ) + β3 (u3 − Q1 )] ∆ dQ dm (³ 3 ) ´ h i + (1 + β1 ) Qu11 − u01 + β3 Qu31 [2β3 (u1 − Q3 ) + u3 − Q3 ]} ≤ 0.



since both u1 ≥ Q3 and u3 ≥ Q1 always hold in accession equilibria. Now, p1 = 1/Q1 and p3 = 1/Q3 , then dp1 /dm ≥ 0 and dp3 /dm ≥ 0. The next result can now be stated: Proposition 4 Unbiased degree of integration between any country-pair (i.e. β3 = β1 ) is a necessary and sufficient condition for money types (1 and 2) to be perfect substitutes within each country and across each country-pair. Proof. (Sufficiency.) Assume β3 = β1 = β. Then, (24) becomes ¡ ¢n rQ1 = 1 − 2m {(1 + β) [u (Q1 ) − Q1 ] + β [u (Q3 ) − Q1 ]} 3 K¢ ¡ 2m n rQ3 = 1 − 3 K {2β [u (Q1 ) − Q3 ] + [u (Q3 ) − Q3 ]} or, rearranging terms, n (1+2β) K [r+(1− 2m ] 3 ) Q1 = (1 + β) u (Q1 ) + βu (Q3 ) 2m n (1− 3 ) K n (1+2β) K [r+(1− 2m ] 3 ) Q3 = 2βu (Q1 ) + u (Q3 ) 2m n (1− 3 ) K



then, combining the first and the second equation, one gets Q1 Q3



=



u(Q1 )+βu(Q3 )+βu(Q1 ) u(Q3 )+βu(Q1 )+βu(Q1 )



which implies Q1 = Q3 = Q by concavity of u. Using (A3) and (13), this implies Vij = V ∀i ∈ {1, 2, 3} , j ∈ {1, 2}. 17



(Necessity.) Assume Vij = V ∀ i ∈ {1, 2, 3} , j ∈ {1, 2}. This implies qij = q = Q directly from (13). Then, the system of equations (24) can be rewritten as ¡ ¢n rQ = 1 − 2m {(1 + β1 ) [u (Q) − Q] + β3 [u (Q) − Q]} 3 K¢ ¡ 2m n rQ = 1 − 3 K {2β3 [u (Q) − Q] + [u (Q) − Q]} or



¡ ¢n rQ = 1 − 2m {(1 + β1 + β3 ) [u (Q) − Q]} ¡ 3 2mK¢ n rQ = 1 − 3 K {(1 + 2β3 ) [u (Q) − Q]}



which implies β3 = β1 . By Proposition 4, the quantity of output produced by a seller is the same within and across countries (i.e. qij = Q) if and only if all countries are equally integrated one another (i.e. β1 = β3 ). In this case, the ICs money gives its holders as equal trading opportunities as the AC money does. Sellers of any nationality want to produce the same quantity of output Q. Thus, the ratio Q1 /Q3 equals unity and coincides with the exchange rate (i.e. the price of a currency in terms of the other currency) that would arise if there was a market for currencies. Proposition 5 Unbiased integration between any country-pair (i.e. β3 = β1 ) is a sufficient condition for the existence of accession equilibria. Proof. Assume β3 = β1 . This implies Q1 = Q3 directly from Proposition 4. Since each money type (1 and 2) is always accepted in the country where it was issued by assumption, i.e. u (Q1 ) ≥ Q1 and u (Q3 ) ≥ Q3 , then u (Q1 ) ≥ Q3 and u (Q3 ) ≥ Q1 must also be satisfied. To finish the proof, use (A3). As in TW, continuity of Q with respect to β ensures that accession equilibria exist as long as the integration between country-pairs is not too different, i.e. β1 ≈ β3 . If the AC is not sufficiently integrated with the ICs, then conditions for the existence of accession equilibria will be violated.



4



Conclusions



This paper characterized the accession of an AC in a two-country MU within a model of search with output divisibility. The main results of the paper are the 18



following. Prices in each country are lower the more integrated each countrypair. Equal degree of integration between any country-pair is a necessary and sufficient condition for monies to be perfect substitutes within and across all countries. Equal integration between any country-pair is also a sufficient condition for the existence of accession equilibria.
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